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Figure 7: This figure depicts the correspondence between compact supports of (B,A,A)-branes and
finite-dimensional modules of the spherical DAHA when ~ = 1/2n, ↵p/2~ = ` and �p = 0 = �p. Note
that n = 2`+ k + 1.

On the other hand, the ◆-image ◆(BP) intersects with V whereas it does not with exceptional
divisors Di. Consequently, there is a short exact sequence

0 �! D
(3) � D

(4) �! ◆(U (1)
n ) �! ◆(Vn�2`) �! 0 . (2.134)

Once we take ⇠2-image of this short exact sequence, we have

0 �! D
(1)
`

� D
(2)
`

g�! ⇠2 � ◆(U (1)
n ) �! ◆(Vn�2`) �! 0 . (2.135)

because ◆(Vn�2`) is ⇠2-invariant.
Now we are ready to compare the morphism structures of the two categories under the shortening

condition ~ = 1/2n and ↵p/~ = `. As Figure 7 illustrates, the supports of branes BV and BD1

intersect at one point q1 so that the morphism space between them is one-dimensional:

Hom1(BD1 ,BV) ⇠= Chq1i . (2.136)

This means that there is one bound state of BV and BD1 . Indeed, we find the corresponding repre-
sentation from (2.132):

0 �! ◆(Vk+1) �! f
�1(D (1)

`
) �! D

(1)
`

�! 0 . (2.137)

Its Poincare dual in the representation category can be obtained from (2.135)

0 �! D
(1)
`

�! ⇠2 � ◆(U (1)
n )/g(D (2)

`
) �! ◆(Vn�2`) �! 0 . (2.138)

By using the sign change group ⌅, we obtain short exact sequences analogous to (2.137), which changes
from D

(1)
`

to D
(i)
`

(i = 2, 3, 4). We can further pursue the comparison of the morphism structure. In
the A-brane category, the morphism space between BV and BD1 �BD2 is two-dimensional:

Hom1(BD1 �BD2 ,BV) ⇠= Chq1i � Chq2i . (2.139)

It is easy to find the corresponding representations
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�1(D (1)

`
)� D
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`

�! D
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`

� D
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`

�! 0 ,
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`
)� D

(1)
`

�! D
(1)
`

� D
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`

�! 0 .

(2.140)
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In fact, the Macdonald polynomials Pj form a basis for the ring P over Cq,t, so that the polynomial
representation can be studied with the help of raising and lowering operators [KN98]:

Rj := x� q
j� 1

2 tz = X(qjt�1
Y � q

2j
t
2) +X

�1(qjtY �1 � q
2j
t
2) ,

Lj := x� q
�j� 1

2 t
�1

z = X(q�j
t
�3

Y � q
�2j

t
�2) +X

�1(q�j
t
�1

Y
�1 � q

�2j
t
�2) .

(2.79)

These operators relate adjacent Macdonald polynomials, respectively increasing or decreasing the value
of j:

pol(Rj) · Pj(X; q, t) = (1� q
2j
t
2)Pj+1(X; q, t) , (2.80)

pol(Lj) · Pj(X; q, t) =
(1� q

2j)(1� q
2(j�1)

t
4)

q2jt2(q2(j�1)t2 � 1)
Pj�1(X; q, t) . (2.81)

See Figure 5 for a schematic diagram of this action. At t = 1, this representation reduces to the

1 P1 · · · · · · Pj�1 Pj · · ·
L1 L2 Lj�1 Lj Lj+1

R0 R1 Rj�2 Rj�1 Rj

Figure 5: The action of raising and lowering operators on Macdonald polynomials

pullback of the lift of P
y1=1 in Proposition C.6 so that Cherednik’s polynomial representation can

be understood as its deformation from the symmetrized quantum torus to DAHA. Since the classical
limit (q = 1) of the Macdonald eigenvalues (2.77) is always t + t

�1, the support of the corresponding
A-brane BP is given by

P = {y = t̃+ t̃
�1

, z = t̃
�1

x} . (2.82)

While the parameter t in S
..
H coincides with the monodromy parameter t̃ at the classical limit (q = 1)

(see (2.52)), we use t̃ to specify the position of the brane because it is the geometric parameter of X.
Since it is of type (A,B,A), it is happily a Lagrangian submanifold with respect to !X for any value
of ~ or q.

To understand the brane BP for the polynomial representation P of S
..
H better, it is illuminating

to consider its relation to the skein module. The skein module of type A1 [Tur90, Prz91] of an oriented
3-manifold M3 is defined as

Sk(M3, SU(2)) := Sk(M3) =
C[q± 1

2 ](isotopy classes of framed links in M3)
⇣

= q�1/2 + q1/2 , = �q � q�1
⌘ (2.83)

The skein algebra Sk(C) associated to an oriented closed surface C is defined as

Sk(C) := Sk(C ⇥ [0, 1], SU(2)) , (2.84)

where the multiplication Sk(C)⇥Sk(C) ! Sk(C) is given by stacking. As a result, Sk(C) is a C[q± 1
2 ]-

associative algebra [Tur91].
At the q = 1 specialization, the skein module Sk(M3) becomes a commutative algebra. Moreover,

it was shown in [Bul97, PS00] that by assigning a loop � : S1 ! M3 to Tr(⇢(�)) where ⇢ : ⇡1(M3) !
SL(2,C) is the holonomy homomorphism, the classical limit q = 1 of Sk(M3) is isomorphic to the
coordinate ring of the character variety Mflat(M3, SL(2,C)). Hence, the skein module Sk(M3) can be
understood as a BV quantization [GJS19a]

Sk(M3) ⇠= BVq(Mflat(M3, SL(2,C))) .

The skein module of a closed 3-manifold will be studied in §3.2.

– 22 –

2206.03565 with S. Gukov, S. Nawata, D. Pei,  and I. Saberi

https://arxiv.org/pdf/2206.03565.pdf


Symplectic Manifold
Harmonic oscillator

<latexit sha1_base64="ICjyYa8glZqhOruwAt8k4w99L+0=">AAACB3icbVDLSgMxFL1TX7W+Rl0KEiyCIJSZUtSNUHTTZQX7gHYsmTTThmYeJBmxDLNz46+4caGIW3/BnX9j2s5CWw8Ezj3nXm7ucSPOpLKsbyO3tLyyupZfL2xsbm3vmLt7TRnGgtAGCXko2i6WlLOANhRTnLYjQbHvctpyR9cTv3VPhWRhcKvGEXV8PAiYxwhWWuqZh7VL1PUEJkl0V06Tcno6qx5mVc8sWiVrCrRI7IwUIUO9Z351+yGJfRoowrGUHduKlJNgoRjhNC10Y0kjTEZ4QDuaBtin0kmmd6ToWCt95IVCv0Chqfp7IsG+lGPf1Z0+VkM5703E/7xOrLwLJ2FBFCsakNkiL+ZIhWgSCuozQYniY00wEUz/FZEh1jkoHV1Bh2DPn7xImuWSfVaq3FSK1assjjwcwBGcgA3nUIUa1KEBBB7hGV7hzXgyXox342PWmjOymX34A+PzBzcImOw=</latexit>

H =
p
2

2
+

x
2

2

Phase space — symplectic manifold  ℳ

Symplectic form ω = dp ∧ dx

Lagrangian  is a middle-dimensional submanifold and 

such that the restriction of the symplectic form on  vanishes 

ℒ ⊂ ℳ
ℒ
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Quantization as Symplectic Geometry
Quantum oscillator energy states
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Coordinates and momenta become operators Poisson brackets associated to  become commutatorsω

<latexit sha1_base64="1fnOtjGx2PXLC7S4i3bAqtnOQB0=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEF1oSKepGKLpxWcE+IAllMp20QyeTMDMRSwhu/BU3LhRx61e482+cpllo64HLPZxzLzP3+DGjUlnWt1FaWFxaXimvVtbWNza3zO2dtowSgUkLRywSXR9JwignLUUVI91YEBT6jHT80fXE79wTIWnE79Q4Jl6IBpwGFCOlpZ6557hDpNI4O877Q+ZdnlB36CPRM6tWzcoB54ldkCoo0OyZX24/wklIuMIMSenYVqy8FAlFMSNZxU0kiREeoQFxNOUoJNJL8xMyeKiVPgwioYsrmKu/N1IUSjkOfT0ZIjWUs95E/M9zEhVceCnlcaIIx9OHgoRBFcFJHrBPBcGKjTVBWFD9V4iHSCCsdGoVHYI9e/I8aZ/W7LNa/bZebVwVcZTBPjgAR8AG56ABbkATtAAGj+AZvII348l4Md6Nj+loySh2dsEfGJ8/WNiXaA==</latexit>

[p̂, x̂] = �i~
<latexit sha1_base64="RhMbT6T+nByhuxFWvgiJOT8cJbY=">AAACGXicbVC7TsMwFHXKq4RXgJHFokKUgSpBFbBUqmBhLBJ9SE1UOa7TWHUesh3UKspvsPArLAwgxAgTf4OTdoDCWXzuOffq+h43ZlRI0/zSSkvLK6tr5XV9Y3Nre8fY3euIKOGYtHHEIt5zkSCMhqQtqWSkF3OCApeRrju+zv3uPeGCRuGdnMbECdAopB7FSCppYJi2j2Q6yaBXnZzABpzkr23rhRxnedU4pbbvIg69Y1UNjIpZMwvAv8SakwqYozUwPuxhhJOAhBIzJETfMmPppIhLihnJdDsRJEZ4jEakr2iIAiKctLgsg0dKGUIvUsujUMJC/TmRokCIaeCqzgBJXyx6ufif10+kd+mkNIwTSUI8W+QlDMoI5jHBIeUESzZVBGFO1V8h9hFHWKowdRWCtXjyX9I5q1nntfptvdK8msdRBgfgEFSBBS5AE9yAFmgDDB7AE3gBr9qj9qy9ae+z1pI2n9kHv6B9fgPBEJ5E</latexit>

x̂f(x) = xf(x)

p̂f(x) = �i~f 0(x)
Lagrangian constraint 

<latexit sha1_base64="EpIcZ8FcKS6WIQ1jkJ+m6eMYEzc=">AAACCHicbVDLSsNAFL2pr1pfUZcuDBZBEEtSiroRiiK4rGAf0MYymU7aoZNJmJmIJWTpxl9x40IRt36CO//GaZuFVg8MnHvOvdy5x4sYlcq2v4zc3PzC4lJ+ubCyura+YW5uNWQYC0zqOGShaHlIEkY5qSuqGGlFgqDAY6TpDS/GfvOOCElDfqNGEXED1OfUpxgpLXXN3Y4vEE6i23KalNPDaXU/rY4uz+yuWbRL9gTWX+JkpAgZal3zs9MLcRwQrjBDUrYdO1JugoSimJG00IkliRAeoj5pa8pRQKSbTA5JrX2t9Cw/FPpxZU3UnxMJCqQcBZ7uDJAayFlvLP7ntWPln7oJ5VGsCMfTRX7MLBVa41SsHhUEKzbSBGFB9V8tPEA6C6WzK+gQnNmT/5JGueQclyrXlWL1PIsjDzuwBwfgwAlU4QpqUAcMD/AEL/BqPBrPxpvxPm3NGdnMNvyC8fENzOOZMA==</latexit>

p2

2
+

x2

2
� E = 0

Replaced by operator
<latexit sha1_base64="6txRGXDsbNJRErNu9+KE5tLjvfc="></latexit>✓
p̂2

2
+

x̂2

2
� E

◆
Z(x) = 0

This ODE has square integrable solutions only 

for special values of E
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Figure 7: This figure depicts the correspondence between compact supports of (B,A,A)-branes and
finite-dimensional modules of the spherical DAHA when ~ = 1/2n, ↵p/2~ = ` and �p = 0 = �p. Note
that n = 2`+ k + 1.

On the other hand, the ◆-image ◆(BP) intersects with V whereas it does not with exceptional
divisors Di. Consequently, there is a short exact sequence

0 �! D
(3) � D

(4) �! ◆(U (1)
n ) �! ◆(Vn�2`) �! 0 . (2.134)

Once we take ⇠2-image of this short exact sequence, we have
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(1)
`

� D
(2)
`

g�! ⇠2 � ◆(U (1)
n ) �! ◆(Vn�2`) �! 0 . (2.135)

because ◆(Vn�2`) is ⇠2-invariant.
Now we are ready to compare the morphism structures of the two categories under the shortening

condition ~ = 1/2n and ↵p/~ = `. As Figure 7 illustrates, the supports of branes BV and BD1

intersect at one point q1 so that the morphism space between them is one-dimensional:

Hom1(BD1 ,BV) ⇠= Chq1i . (2.136)

This means that there is one bound state of BV and BD1 . Indeed, we find the corresponding repre-
sentation from (2.132):

0 �! ◆(Vk+1) �! f
�1(D (1)

`
) �! D

(1)
`

�! 0 . (2.137)

Its Poincare dual in the representation category can be obtained from (2.135)

0 �! D
(1)
`

�! ⇠2 � ◆(U (1)
n )/g(D (2)

`
) �! ◆(Vn�2`) �! 0 . (2.138)

By using the sign change group ⌅, we obtain short exact sequences analogous to (2.137), which changes
from D

(1)
`

to D
(i)
`

(i = 2, 3, 4). We can further pursue the comparison of the morphism structure. In
the A-brane category, the morphism space between BV and BD1 �BD2 is two-dimensional:

Hom1(BD1 �BD2 ,BV) ⇠= Chq1i � Chq2i . (2.139)

It is easy to find the corresponding representations

0 �! ◆(Vk+1) �! f
�1(D (1)

`
)� D

(2)
`

�! D
(1)
`

� D
(2)
`

�! 0 ,

0 �! ◆(Vk+1) �! f
�1(D (2)

`
)� D

(1)
`

�! D
(1)
`

� D
(2)
`

�! 0 .

(2.140)
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and after setting � = 0 expressions in (2.4) become

hW i = X + X
�1

,

hT i = tX � t
�1

X
�1

X � X�1
$ +

t
�1

X � tX
�1

X � X�1
$

�1
,

hDi = X
�1 tX � t

�1
X

�1

X � X�1
$ + X

t
�1

X � tX
�1

X � X�1
$

�1
. (2.8)

Later we shall see that (X, $) represent Fenchel-Nielsen coordinates on the moduli space of
SL(2;C) flat connections on punctured torus X.

2.3 Highest Weight Vectors

Let us consider highest weight vector Z of Y with weight a 2 C
⇥

Y Z = aZ , (2.9)

Since we are interested in representations of spherical DAHA we will use

y Z = (Y + Y
�1)Z = (a + a

�1)Z (2.10)

instead. It can be shown (see [15] and references therein) that there are two formal solutions
of the above difference equation – one given by

Z(X, a, q, t) =
✓1(t�1

X, q)✓1(t X
�1

, q)

✓1(aX, q)✓1(a�1X�1, q)
· 2�1

�
t
2
, t

2
a
2; qa2; q; qt�2

X
�2

�
, (2.11)

and the other solutions is obtained by SU(2) Weyl reflection a ! a
�1. Here 2�1 is a q-

hypergeometric function, and ✓1(x, q) is theta function.
We have demonstrated above that for a generic value of weight a the eigenfunctions of

Macdonald operators are infinite hypergeometric series. However, under certain conditions
on a the above q-hypergeometric series truncate to polynomials. As discussed in [15] for one
highest weight vector (2.11) this condition reads

a
2 = q

�2`
t
�2

, ` 2 Z+ (2.12)

and correspondingly a
2 = q

2`
t
2 for the other solution. Thus when (2.12) holds series (2.11)

becomes
Z(X, a, q, t)

���
a
2
`
=q�2`t�2

= P`(X; q, t) , (2.13)

where P`(X; q, t) is the Macdonald polynomial of type A1 which is labelled by spin-` repre-
sentations

P`(X; q, t) := X
`
2�1(q

�2`
, t

2; q�2`+2
t
�2; q2; q2t�2

X
�2) . (2.14)

The eigenvalue of the Macdonald difference operator (2.10) is indeed

pl(y) · P`(X; q, t) = (q`t + q
�`

t
�1)P`(X; q, t) . (2.15)
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Double Affine Hecke Algebra

• DAHA (and related algebras) were introduced by I. Cherednik in the study 
of Macdonald polynomials from the viewpoint of representation theory


• A. Oblomkov demonstrated that in Type A DAHA is flat one-parameter 
deformation (deformation quantization) of the Poisson structure on the 
Calogero-Moser (CM) space


• The CM space can be described as an SL(2,C) character variety of a torus 
with puncture. Using this we shall provide geometric construction of 
DAHA representations



Main Theorem 

Let  be a punctured genus-one Riemann surface,  the moduli space of flat  connections with 

prescribed monodromy at the puncture, and  be the spherical subalgebra of DAHA of type . Then there is a derived 
equivalence between the Fukaya category of  and the category of finite-dimensional -modules

Cp 𝔛 = ℳflat(Cp, SL(2,ℂ)) SL(2,ℂ)
S ··H(ℤ2) A1
𝔛 S ··H(ℤ2)

Dbℱuk(𝔛, ω𝔛) ≃ DbRep( ··H)

The left had side can be upgraded to a larger category of A-branes, while the right had side to all representations



Related Developments

• Holomorphic Floer Theory (generalized Riemann-Hilbert correspondence). 
A rigorous definition of branes and quantization. Category of holonomic 
D-modules. [Kontsevich, Soibelman]


• Painleve equations [Iohara et al]


• Wrapped Fukaya categories [Etgu, Lekili]



Double Affine Hecke Algebra rank 1
Let  be Lie algebra. The (Iwahori)-Hecke algebra is defined as deformation of the group algebra of the Weyl group of  𝔤 𝔤

For (2) it is generated by  with relation  where 𝔰𝔩 T (T − t)(T + t−1) = 0 t ∈ ℂ×

Affine Hecke algebra (AHA) for :𝔰𝔩(2)
ℂ(t±1) ⊗ ℂ[X±1, T]

(TXT − X−1, (T − t)(T − t−1))

Double affine Hecke algebra for  — two copies of AHA  and  in the presence of additional relation and parameter  𝔰𝔩(2) (X, T ) (Y, T ) q ∈ ℂ×

··H(ℤ2) =
ℂ(q±1, t±1) ⊗ ℂ[X±1, Y±1, T ]

(TXT − X−1, TYT − Y−1, Y−1X−1YX − q−1, (T − t)(T + t−1))



DAHA from Affine Braid Group

T

Y

X

(a) (b) (c)

Figure 3: Generators and relations in the orbifold fundamental group of the once-punctured torus.
On the left, generators and relations are drawn on the double cover. The relations depicted are
TXT = X

�1, TY �1
T = Y , and Y

�1
X

�1
Y XT

2 = 1.

This coefficient ring contains the two central generators of the algebra
..
H(Z2), q and t, which can

be thought of as continuous deformation parameters and start life (in any irreducible representation)
as arbitrary complex numbers. Many remarkable things happen when these two parameters assume
special values, as will be further discussed in the sequel. In a way, the behavior of the algebra and its
representations under such specializations—and the match of this behavior to the A-brane category—is
one of the most interesting aspects of the geometric/physical approach.

Another standard notation for the second deformation parameter (which is convenient for some of
the specializations) is

t = q
c
. (2.42)

where c is often called the “central charge”. In what follows, we will use the shorthand notation
..
H =

..
H(Z2) unless we wish to make a statement about DAHA of Cartan type other than A1.

For further details and properties of DAHA, we refer the reader to the fundamental book [Che05].
The representation theory of DAHA there will be introduced throughout this section, as they emerge
from physics and geometry. Also, some basics of DAHA are assembled in Appendix B.

The construction of
..
H based on the punctured torus allows us to see the action of the symmetry

group (2.27), and the symmetry plays a pivotal role in the geometric understanding of the representa-
tion theory of (spherical) DAHA in what follows. Under ⌅, the generators are transformed as

⇠1 : T 7! T, X 7! �X, Y 7! Y, q 7! q, t 7! t,

⇠2 : T 7! T, X 7! X, Y 7! �Y, q 7! q, t 7! t .
(2.43)

The mapping class group SL(2,Z) acts on the generators of
..
H as follows5:

⌧+ : (X,Y, T ) 7! (X, q
� 1

2XY, T )

⌧� : (X,Y, T ) 7! (q
1
2Y X, Y, T )

� : (X,Y, T ) 7! (Y �1
, XT

2
, T )

(2.44)

Since � essentially exchanges the canonically conjugate variables X and Y , it is sometimes called the
Fourier transform of

..
H. Also,

..
H enjoys the following (non-inner) involution,

◆̃ : T 7! �T, X 7! X, Y 7! Y, q 7! q, t 7! t
�1

. (2.45)

It is easy to check from the Hecke relation that e = (T + t
�1)/(t+ t

�1) is an idempotent element
(e2 = e) of

..
H. Then, the spherical subalgebra S

..
H is defined by the idempotent projection

S
..
H := e

..
He . (2.46)

5Although we follow the notation of [Che05] for the transformations ⌧± on the generators of DAHA here and in (B.6),
we change matrix assignments to ⌧± as in (2.34) and (B.5) from [Che05] since it is consistent with the projective action
(2.37) of SL(2,Z) on the exceptional divisors geometrically.

– 14 –

T

Y

X

(a) (b) (c)

Figure 3: Generators and relations in the orbifold fundamental group of the once-punctured torus.
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This coefficient ring contains the two central generators of the algebra
..
H(Z2), q and t, which can

be thought of as continuous deformation parameters and start life (in any irreducible representation)
as arbitrary complex numbers. Many remarkable things happen when these two parameters assume
special values, as will be further discussed in the sequel. In a way, the behavior of the algebra and its
representations under such specializations—and the match of this behavior to the A-brane category—is
one of the most interesting aspects of the geometric/physical approach.

Another standard notation for the second deformation parameter (which is convenient for some of
the specializations) is

t = q
c
. (2.42)

where c is often called the “central charge”. In what follows, we will use the shorthand notation
..
H =

..
H(Z2) unless we wish to make a statement about DAHA of Cartan type other than A1.

For further details and properties of DAHA, we refer the reader to the fundamental book [Che05].
The representation theory of DAHA there will be introduced throughout this section, as they emerge
from physics and geometry. Also, some basics of DAHA are assembled in Appendix B.

The construction of
..
H based on the punctured torus allows us to see the action of the symmetry

group (2.27), and the symmetry plays a pivotal role in the geometric understanding of the representa-
tion theory of (spherical) DAHA in what follows. Under ⌅, the generators are transformed as

⇠1 : T 7! T, X 7! �X, Y 7! Y, q 7! q, t 7! t,

⇠2 : T 7! T, X 7! X, Y 7! �Y, q 7! q, t 7! t .
(2.43)

The mapping class group SL(2,Z) acts on the generators of
..
H as follows5:

⌧+ : (X,Y, T ) 7! (X, q
� 1

2XY, T )

⌧� : (X,Y, T ) 7! (q
1
2Y X, Y, T )

� : (X,Y, T ) 7! (Y �1
, XT
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, T )

(2.44)

Since � essentially exchanges the canonically conjugate variables X and Y , it is sometimes called the
Fourier transform of

..
H. Also,

..
H enjoys the following (non-inner) involution,

◆̃ : T 7! �T, X 7! X, Y 7! Y, q 7! q, t 7! t
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. (2.45)

It is easy to check from the Hecke relation that e = (T + t
�1)/(t+ t

�1) is an idempotent element
(e2 = e) of

..
H. Then, the spherical subalgebra S

..
H is defined by the idempotent projection
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5Although we follow the notation of [Che05] for the transformations ⌧± on the generators of DAHA here and in (B.6),
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Orbifold fundamental group 

of the torus with puncture (T2\p)/ℤ2

Generated by  modulo relationsX, T, Y

Its central extension is known as elliptic braid group is obtained 

by deforming the last relation to

In addition, these generators permute the singular fibers of type I2 in the Hitchin fibration as S3:

⇡
�1(b2)

⇡
�1(b1) ⇡

�1(b3)

�

⌧+

⌧�

⌧+

⌧� �

(2.38)

In the above, we pointed out that V is invariant under both symmetries ⌅ and PSL(2,Z) only as
a set, not pointwise. Also, the same is true about PSL(2,Z) action on D1. While in the case of V
the reason for both claims is fairly clear (e.g. it is manifest in the t̃ ! 1 limit (2.14)), the fact that
PSL(2,Z) fixes D1 only as a set and not pointwise is less obvious.In order to explain it, let us consider
the limit t̃ = 1 + ✏, with ✏ ⌧ 1, and take (x, y, z) = (2 + a, 2 + b, 2 + c). Then, for small values of
(a, b, c), the surface (2.10) looks like a quadric

a
2 + b

2 + c
2 � 2(ab+ bc+ ca) = 4✏2 ,

on which the generators ⌧± act as linear reparametrizations:

⌧+ : (a, b, c) 7! (a, 2a+ 2b� c, b) ,

⌧� : (a, b, c) 7! (2a+ 2b� c, b, a) .

2.2 DAHA of rank one and its spherical algebra

Now let us review a few necessary details of DAHA of rank one here. Much like the Hecke algebra
sits, loosely speaking, between the Weyl group and the braid group—in the sense that the latter
two can be obtained by either specialization or by omitting some of the relations—DAHA sits in
between the double affine Weyl group and the double affine braid group. This perspective, reviewed
in e.g. [Guk16], will be useful to us in what follows. In Cartan type A1, the double affine braid group

(a.k.a. the elliptic braid group), denoted
..
Brq=1(Z2), is simply the orbifold fundamental group of the

quotient space (T 2\p)/Z2, the quotient of a once-punctured torus by Z2. It is generated by three
generators X, Y , and T , illustrated in Figure 3:

⇡
orb
1

⇣
(T 2\p)/Z2

⌘
=

⇣
T,X, Y | TXT = X

�1
, TY

�1
T = Y, Y

�1
X

�1
Y XT

2 = 1
⌘
. (2.39)

Its central extension, denoted
..
Br(Z2), is obtained by deforming the last relation to Y

�1
X

�1
Y XT

2 =
q
�1.

Then, rank-one DAHA
..
H(Z2) is obtained by imposing one more quadratic (“Hecke”) relation:

..
H(Z2) = Cq,t

⇥
T
±1

, X
±1

, Y
±1

⇤�⇢
TXT = X

�1
, Y

�1
X

�1
Y XT

2 = q
�1

,

TY
�1

T = Y , (T � t)(T + t
�1) = 0

�
. (2.40)

This involves the second deformation parameter t. Here Cq,t is a ring of coefficients defined as follows.
Let C[q± 1

2 , t
±] be the ring of Laurent polynomials in the formal parameters q

1/2 and t, and consider
a multiplicative system M in C[q± 1

2 , t
±] generated by elements of the form (q`t � q

�`
t
�1) for any

non-negative integer ` 2 Z�0. We define the coefficient ring Cq,t to be the localization (or formal
“fraction”)4 of the ring C[q± 1

2 , t
±] at M :

Cq,t = M
�1C[q±

1
2 , t

±] . (2.41)

4In other words, Cq,t is the ring of rational functions in the formal parameters q
1
2 and t where denominators are

always elements in the multiplicative system M such as

f(X)

(t� t�1)k0(qt� q�1t�1)k1 · · · (q`t� q�`t�1)k`
, f(X) 2 C[q±

1
2 , t

±
, X

±
] .
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The full  DAHA is obtained by 
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Symmetries
Discrete symmetry

exceptional divisors Di directly, we claim

↵p

2
=

Z

Di

!I

2⇡
,

�p

2
=

Z

Di

!J

2⇡
,

�p

2
=

Z

Di

!K

2⇡
, (2.24)

independently of i = 1, 2, 3, 4. One way to justify this claim is to compute the periods for small values
of �p+i↵p ⇡ 0, i.e. for t̃ ⇡ 1. Another way is to use (2.17) together with the symmetries of MH(Cp, G)
that we discuss next. The Weyl group symmetry of the ramification parameters amounts to an overall
sign change

(↵p,�p,�p) ! (�↵p,��p,��p) (2.25)

is equivalent to a reversal of orientations of Di.
Furthermore, the “quantum” parameter that complexifies a Kähler parameter can be understood

as the period of the B-field in a 2d sigma-model over Di

⌘p =

Z

Di

B

2⇡
, diag(⌘p,�⌘p) ⇠ ⌘p 2 T

_
. (2.26)

In the following, we often use the parameters (↵p,�p,�p,⌘p) 2 S
1 ⇥ R ⇥ R ⇥ S

1 and the quadruple
(↵p,�p, �p, ⌘p) 2 T ⇥ t⇥ t⇥ T

_ of the tame ramification (2.4) at p 2 C in the same meaning.

Symmetries The target space (2.3) of our sigma-model has the symmetry group2

⌅⇥MCG(Cp) = Z2 ⇥ Z2 ⇥ SL(2,Z) (2.27)

where ⌅ = Z2⇥Z2 is the group of “sign changes” generated by twists of a Higgs bundle E ! Cp by line
bundles of order 2. Abusing notation, this group can be identified with H

1(C,Z2) = Z2 � Z2 where
Z2 is the center of SU(2). Obviously, SL(2,Z) is the mapping class of the (punctured) torus:

MCG(Cp) ⇠= SL(2,Z) . (2.28)

Both ⌅ and MCG(Cp) are symmetries in all complex and symplectic structures. In particular, in what
follows, we will need their explicit presentations as holomorphic symplectomorphisms with respect to
⌦J .

In complex structure J , the “sign changes” ⌅ = Z2 ⇥ Z2 are holomorphic involutions, and its
generators ⇠1, ⇠2 and their combination ⇠3 := ⇠1 � ⇠2 act as

⇠1 : (x, y, z) 7! (�x, y,�z) ,

⇠2 : (x, y, z) 7! (x,�y,�z) ,

⇠3 : (x, y, z) 7! (�x,�y, z) ,

(2.29)

respectively. The “sign changes” symmetry plays a very important role to understand mirror symmetry
[Guk11] and connections to 4d physics in §4.

The symmetry group ⌅ leaves V invariant (as a set, not pointwise) and acts on the exceptional
divisors Di as follows:

⇠1 : D1 $ D2 and D3 $ D4 ,

⇠2 : D1 $ D3 and D2 $ D4 ,

⇠3 : D1 $ D4 and D2 $ D3 .

(2.30)

This symmetry, illustrated in Figure 1, provides supporting evidence to our assumption in (2.24).
In complex structure I, a point in the Hitchin base BH is invariant under ⌅ so that it acts on each

fiber as translations of order two in the Hitchin fibration MH ! BH [FW08, §3.5]. It acts freely on a
generic fiber. On the other hand, ⇠i acts on each irreducible component of the singular fiber ⇡

�1(bi),
2The symmetry of the A-model can be larger or smaller than the group of geometric symmetries. It can be larger

due to quantum symmetries not directly visible from geometry, and it can be smaller if some geometric symmetries are
Q-exact from the A-model viewpoint.
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This coefficient ring contains the two central generators of the algebra
..
H(Z2), q and t, which can

be thought of as continuous deformation parameters and start life (in any irreducible representation)
as arbitrary complex numbers. Many remarkable things happen when these two parameters assume
special values, as will be further discussed in the sequel. In a way, the behavior of the algebra and its
representations under such specializations—and the match of this behavior to the A-brane category—is
one of the most interesting aspects of the geometric/physical approach.

Another standard notation for the second deformation parameter (which is convenient for some of
the specializations) is

t = q
c
. (2.42)

where c is often called the “central charge”. In what follows, we will use the shorthand notation
..
H =

..
H(Z2) unless we wish to make a statement about DAHA of Cartan type other than A1.

For further details and properties of DAHA, we refer the reader to the fundamental book [Che05].
The representation theory of DAHA there will be introduced throughout this section, as they emerge
from physics and geometry. Also, some basics of DAHA are assembled in Appendix B.

The construction of
..
H based on the punctured torus allows us to see the action of the symmetry

group (2.27), and the symmetry plays a pivotal role in the geometric understanding of the representa-
tion theory of (spherical) DAHA in what follows. Under ⌅, the generators are transformed as

⇠1 : T 7! T, X 7! �X, Y 7! Y, q 7! q, t 7! t,

⇠2 : T 7! T, X 7! X, Y 7! �Y, q 7! q, t 7! t .
(2.43)

The mapping class group SL(2,Z) acts on the generators of
..
H as follows5:

⌧+ : (X,Y, T ) 7! (X, q
� 1

2XY, T )

⌧� : (X,Y, T ) 7! (q
1
2Y X, Y, T )

� : (X,Y, T ) 7! (Y �1
, XT

2
, T )

(2.44)

Since � essentially exchanges the canonically conjugate variables X and Y , it is sometimes called the
Fourier transform of

..
H. Also,

..
H enjoys the following (non-inner) involution,

◆̃ : T 7! �T, X 7! X, Y 7! Y, q 7! q, t 7! t
�1

. (2.45)

It is easy to check from the Hecke relation that e = (T + t
�1)/(t+ t

�1) is an idempotent element
(e2 = e) of

..
H. Then, the spherical subalgebra S

..
H is defined by the idempotent projection

S
..
H := e

..
He . (2.46)

5Although we follow the notation of [Che05] for the transformations ⌧± on the generators of DAHA here and in (B.6),
we change matrix assignments to ⌧± as in (2.34) and (B.5) from [Che05] since it is consistent with the projective action
(2.37) of SL(2,Z) on the exceptional divisors geometrically.
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be thought of as continuous deformation parameters and start life (in any irreducible representation)
as arbitrary complex numbers. Many remarkable things happen when these two parameters assume
special values, as will be further discussed in the sequel. In a way, the behavior of the algebra and its
representations under such specializations—and the match of this behavior to the A-brane category—is
one of the most interesting aspects of the geometric/physical approach.

Another standard notation for the second deformation parameter (which is convenient for some of
the specializations) is

t = q
c
. (2.42)

where c is often called the “central charge”. In what follows, we will use the shorthand notation
..
H =

..
H(Z2) unless we wish to make a statement about DAHA of Cartan type other than A1.

For further details and properties of DAHA, we refer the reader to the fundamental book [Che05].
The representation theory of DAHA there will be introduced throughout this section, as they emerge
from physics and geometry. Also, some basics of DAHA are assembled in Appendix B.

The construction of
..
H based on the punctured torus allows us to see the action of the symmetry

group (2.27), and the symmetry plays a pivotal role in the geometric understanding of the representa-
tion theory of (spherical) DAHA in what follows. Under ⌅, the generators are transformed as

⇠1 : T 7! T, X 7! �X, Y 7! Y, q 7! q, t 7! t,

⇠2 : T 7! T, X 7! X, Y 7! �Y, q 7! q, t 7! t .
(2.43)

The mapping class group SL(2,Z) acts on the generators of
..
H as follows5:

⌧+ : (X,Y, T ) 7! (X, q
� 1

2XY, T )

⌧� : (X,Y, T ) 7! (q
1
2Y X, Y, T )

� : (X,Y, T ) 7! (Y �1
, XT

2
, T )

(2.44)

Since � essentially exchanges the canonically conjugate variables X and Y , it is sometimes called the
Fourier transform of

..
H. Also,

..
H enjoys the following (non-inner) involution,

◆̃ : T 7! �T, X 7! X, Y 7! Y, q 7! q, t 7! t
�1

. (2.45)

It is easy to check from the Hecke relation that e = (T + t
�1)/(t+ t

�1) is an idempotent element
(e2 = e) of

..
H. Then, the spherical subalgebra S

..
H is defined by the idempotent projection

S
..
H := e

..
He . (2.46)

5Although we follow the notation of [Che05] for the transformations ⌧± on the generators of DAHA here and in (B.6),
we change matrix assignments to ⌧± as in (2.34) and (B.5) from [Che05] since it is consistent with the projective action
(2.37) of SL(2,Z) on the exceptional divisors geometrically.
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This coefficient ring contains the two central generators of the algebra
..
H(Z2), q and t, which can

be thought of as continuous deformation parameters and start life (in any irreducible representation)
as arbitrary complex numbers. Many remarkable things happen when these two parameters assume
special values, as will be further discussed in the sequel. In a way, the behavior of the algebra and its
representations under such specializations—and the match of this behavior to the A-brane category—is
one of the most interesting aspects of the geometric/physical approach.

Another standard notation for the second deformation parameter (which is convenient for some of
the specializations) is

t = q
c
. (2.42)

where c is often called the “central charge”. In what follows, we will use the shorthand notation
..
H =

..
H(Z2) unless we wish to make a statement about DAHA of Cartan type other than A1.

For further details and properties of DAHA, we refer the reader to the fundamental book [Che05].
The representation theory of DAHA there will be introduced throughout this section, as they emerge
from physics and geometry. Also, some basics of DAHA are assembled in Appendix B.

The construction of
..
H based on the punctured torus allows us to see the action of the symmetry

group (2.27), and the symmetry plays a pivotal role in the geometric understanding of the representa-
tion theory of (spherical) DAHA in what follows. Under ⌅, the generators are transformed as

⇠1 : T 7! T, X 7! �X, Y 7! Y, q 7! q, t 7! t,

⇠2 : T 7! T, X 7! X, Y 7! �Y, q 7! q, t 7! t .
(2.43)

The mapping class group SL(2,Z) acts on the generators of
..
H as follows5:

⌧+ : (X,Y, T ) 7! (X, q
� 1

2XY, T )

⌧� : (X,Y, T ) 7! (q
1
2Y X, Y, T )

� : (X,Y, T ) 7! (Y �1
, XT

2
, T )

(2.44)

Since � essentially exchanges the canonically conjugate variables X and Y , it is sometimes called the
Fourier transform of

..
H. Also,

..
H enjoys the following (non-inner) involution,

◆̃ : T 7! �T, X 7! X, Y 7! Y, q 7! q, t 7! t
�1

. (2.45)

It is easy to check from the Hecke relation that e = (T + t
�1)/(t+ t

�1) is an idempotent element
(e2 = e) of

..
H. Then, the spherical subalgebra S

..
H is defined by the idempotent projection

S
..
H := e

..
He . (2.46)

5Although we follow the notation of [Che05] for the transformations ⌧± on the generators of DAHA here and in (B.6),
we change matrix assignments to ⌧± as in (2.34) and (B.5) from [Che05] since it is consistent with the projective action
(2.37) of SL(2,Z) on the exceptional divisors geometrically.
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This coefficient ring contains the two central generators of the algebra
..
H(Z2), q and t, which can

be thought of as continuous deformation parameters and start life (in any irreducible representation)
as arbitrary complex numbers. Many remarkable things happen when these two parameters assume
special values, as will be further discussed in the sequel. In a way, the behavior of the algebra and its
representations under such specializations—and the match of this behavior to the A-brane category—is
one of the most interesting aspects of the geometric/physical approach.

Another standard notation for the second deformation parameter (which is convenient for some of
the specializations) is

t = q
c
. (2.42)

where c is often called the “central charge”. In what follows, we will use the shorthand notation
..
H =

..
H(Z2) unless we wish to make a statement about DAHA of Cartan type other than A1.

For further details and properties of DAHA, we refer the reader to the fundamental book [Che05].
The representation theory of DAHA there will be introduced throughout this section, as they emerge
from physics and geometry. Also, some basics of DAHA are assembled in Appendix B.

The construction of
..
H based on the punctured torus allows us to see the action of the symmetry

group (2.27), and the symmetry plays a pivotal role in the geometric understanding of the representa-
tion theory of (spherical) DAHA in what follows. Under ⌅, the generators are transformed as

⇠1 : T 7! T, X 7! �X, Y 7! Y, q 7! q, t 7! t,

⇠2 : T 7! T, X 7! X, Y 7! �Y, q 7! q, t 7! t .
(2.43)

The mapping class group SL(2,Z) acts on the generators of
..
H as follows5:

⌧+ : (X,Y, T ) 7! (X, q
� 1

2XY, T )

⌧� : (X,Y, T ) 7! (q
1
2Y X, Y, T )

� : (X,Y, T ) 7! (Y �1
, XT

2
, T )

(2.44)

Since � essentially exchanges the canonically conjugate variables X and Y , it is sometimes called the
Fourier transform of

..
H. Also,

..
H enjoys the following (non-inner) involution,

◆̃ : T 7! �T, X 7! X, Y 7! Y, q 7! q, t 7! t
�1

. (2.45)

It is easy to check from the Hecke relation that e = (T + t
�1)/(t+ t

�1) is an idempotent element
(e2 = e) of

..
H. Then, the spherical subalgebra S

..
H is defined by the idempotent projection

S
..
H := e

..
He . (2.46)

5Although we follow the notation of [Che05] for the transformations ⌧± on the generators of DAHA here and in (B.6),
we change matrix assignments to ⌧± as in (2.34) and (B.5) from [Che05] since it is consistent with the projective action
(2.37) of SL(2,Z) on the exceptional divisors geometrically.
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This coefficient ring contains the two central generators of the algebra
..
H(Z2), q and t, which can

be thought of as continuous deformation parameters and start life (in any irreducible representation)
as arbitrary complex numbers. Many remarkable things happen when these two parameters assume
special values, as will be further discussed in the sequel. In a way, the behavior of the algebra and its
representations under such specializations—and the match of this behavior to the A-brane category—is
one of the most interesting aspects of the geometric/physical approach.

Another standard notation for the second deformation parameter (which is convenient for some of
the specializations) is

t = q
c
. (2.42)

where c is often called the “central charge”. In what follows, we will use the shorthand notation
..
H =

..
H(Z2) unless we wish to make a statement about DAHA of Cartan type other than A1.

For further details and properties of DAHA, we refer the reader to the fundamental book [Che05].
The representation theory of DAHA there will be introduced throughout this section, as they emerge
from physics and geometry. Also, some basics of DAHA are assembled in Appendix B.

The construction of
..
H based on the punctured torus allows us to see the action of the symmetry

group (2.27), and the symmetry plays a pivotal role in the geometric understanding of the representa-
tion theory of (spherical) DAHA in what follows. Under ⌅, the generators are transformed as

⇠1 : T 7! T, X 7! �X, Y 7! Y, q 7! q, t 7! t,

⇠2 : T 7! T, X 7! X, Y 7! �Y, q 7! q, t 7! t .
(2.43)

The mapping class group SL(2,Z) acts on the generators of
..
H as follows5:

⌧+ : (X,Y, T ) 7! (X, q
� 1

2XY, T )

⌧� : (X,Y, T ) 7! (q
1
2Y X, Y, T )

� : (X,Y, T ) 7! (Y �1
, XT
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, T )

(2.44)

Since � essentially exchanges the canonically conjugate variables X and Y , it is sometimes called the
Fourier transform of

..
H. Also,

..
H enjoys the following (non-inner) involution,

◆̃ : T 7! �T, X 7! X, Y 7! Y, q 7! q, t 7! t
�1

. (2.45)

It is easy to check from the Hecke relation that e = (T + t
�1)/(t+ t

�1) is an idempotent element
(e2 = e) of

..
H. Then, the spherical subalgebra S

..
H is defined by the idempotent projection
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..
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5Although we follow the notation of [Che05] for the transformations ⌧± on the generators of DAHA here and in (B.6),
we change matrix assignments to ⌧± as in (2.34) and (B.5) from [Che05] since it is consistent with the projective action
(2.37) of SL(2,Z) on the exceptional divisors geometrically.
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Generators of spherical DAHA Relations

The generators of S
..
H can be identified with

x = (1 + t
2)eXe = (X +X

�1)e (2.47)
y = (1 + t

�2)eY e = (Y + Y
�1)e (2.48)

z = (q�
1
2Y

�1
X + q

1
2X

�1
Y )e =

[x, y]q
(q�1 � q)

, (2.49)

and they satisfy relations

[x, y]q = (q�1 � q)z

[y, z]q = (q�1 � q)x

[z, x]q = (q�1 � q)y

q
�1

x
2 + qy

2 + q
�1

z
2 � q

� 1
2xyz = (q�

1
2 t� q

1
2 t

�1)2 + (q
1
2 + q

� 1
2 )2 ,

(2.50)

where q = e
2⇡i~ and the q-commutator is defined by

[a, b]q := q
� 1

2ab� q
1
2 ba .

See e.g. [Ter13] for further details. The key point is that the spherical DAHA S
..
H is commutative at

the “classical” limit q = 1 while the DAHA
..
H is not commutative even in the q = 1 limit. Indeed, it

is easy to see that in the “classical” limit q ! 1, the Casimir relation (the last one) in (2.50) becomes
the equation for the cubic surface (2.10):

S
..
H ���!

q!1
O(Mflat(Cp, SL(2,C))) . (2.51)

Thus, S
..
H is the deformation quantization O

q(X) of the coordinate ring (2.10) of the moduli space of
flat SL(2,C)-connections X = Mflat(Cp, SL(2,C)) with respect to the Poisson bracket defined by ⌦J

[Obl04a, Obl04b].
Here, it is worth commenting on an important issue in the context of the deformation quantization

of the coordinate ring on the affine cubic hypersurface of the form (2.10). It is clear that this equation
is Weyl-group invariant, so that the monodromy parameter t̃ appears only through the symmetric
combination t̃ + t̃

�1, and that the same symmetry applies to the Poisson structure. Moreover, if we
work with a specific value of t̃, we will obtain the deformation quantization at a specific value of the
parameters, i.e. for a specific choice of the central character (at least for the formal parameter t).

Since the inputs to deformation quantization depend on t̃ only in a Z2-invariant fashion, the output
O

q(X
t̃
) will also have the corresponding symmetry. However, this clarifies that t̃ 6= t, since the

relations (2.50) do not depend symmetrically on t. The proper identification is

t̃ = tq
�1/2

, (2.52)

as will be made clear by the discussion of the formal outer automorphism ◆ below. There is no
contradiction with the statement that S

..
H is the deformation quantization of O(X), since the classical

limit of S
..
H still recovers the same commutative Poisson algebra.

It is simple to check that the two involutions (2.43) straightforwardly reduce to the symmetry of
S
..
H, which is the same as (2.29). As in the classical case, the non-trivial central element �1 2 SL(2,Z)

acts trivially on the generators of S
..
H, and the action of PSL(2,Z) is quantized from (2.36)

⌧+ : (x, y, z) 7!
⇣
x,

xy + yx

q1/2 + q�1/2
� z, y

⌘
,

⌧� : (x, y, z) 7!
⇣

xy + yx

q1/2 + q�1/2
� z, y, x

⌘
,

� : (x, y, z) 7!
⇣
y, x,

xy + yx

q1/2 + q�1/2
� z

⌘
.

(2.53)
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x = (1 + t
2)eXe = (X +X

�1)e (2.47)
y = (1 + t

�2)eY e = (Y + Y
�1)e (2.48)

z = (q�
1
2Y

�1
X + q

1
2X

�1
Y )e =

[x, y]q
(q�1 � q)

, (2.49)

and they satisfy relations

[x, y]q = (q�1 � q)z

[y, z]q = (q�1 � q)x

[z, x]q = (q�1 � q)y

q
�1

x
2 + qy

2 + q
�1

z
2 � q

� 1
2xyz = (q�

1
2 t� q

1
2 t

�1)2 + (q
1
2 + q

� 1
2 )2 ,

(2.50)

where q = e
2⇡i~ and the q-commutator is defined by

[a, b]q := q
� 1

2ab� q
1
2 ba .

See e.g. [Ter13] for further details. The key point is that the spherical DAHA S
..
H is commutative at

the “classical” limit q = 1 while the DAHA
..
H is not commutative even in the q = 1 limit. Indeed, it

is easy to see that in the “classical” limit q ! 1, the Casimir relation (the last one) in (2.50) becomes
the equation for the cubic surface (2.10):

S
..
H ���!

q!1
O(Mflat(Cp, SL(2,C))) . (2.51)

Thus, S
..
H is the deformation quantization O

q(X) of the coordinate ring (2.10) of the moduli space of
flat SL(2,C)-connections X = Mflat(Cp, SL(2,C)) with respect to the Poisson bracket defined by ⌦J

[Obl04a, Obl04b].
Here, it is worth commenting on an important issue in the context of the deformation quantization

of the coordinate ring on the affine cubic hypersurface of the form (2.10). It is clear that this equation
is Weyl-group invariant, so that the monodromy parameter t̃ appears only through the symmetric
combination t̃ + t̃

�1, and that the same symmetry applies to the Poisson structure. Moreover, if we
work with a specific value of t̃, we will obtain the deformation quantization at a specific value of the
parameters, i.e. for a specific choice of the central character (at least for the formal parameter t).

Since the inputs to deformation quantization depend on t̃ only in a Z2-invariant fashion, the output
O

q(X
t̃
) will also have the corresponding symmetry. However, this clarifies that t̃ 6= t, since the

relations (2.50) do not depend symmetrically on t. The proper identification is

t̃ = tq
�1/2

, (2.52)

as will be made clear by the discussion of the formal outer automorphism ◆ below. There is no
contradiction with the statement that S

..
H is the deformation quantization of O(X), since the classical

limit of S
..
H still recovers the same commutative Poisson algebra.

It is simple to check that the two involutions (2.43) straightforwardly reduce to the symmetry of
S
..
H, which is the same as (2.29). As in the classical case, the non-trivial central element �1 2 SL(2,Z)

acts trivially on the generators of S
..
H, and the action of PSL(2,Z) is quantized from (2.36)
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`Classical’ limit

Coordinate ring of the moduli space of  flat connections on punctured torusSL(2,ℂ)
In terms of these holonomy variables, the space of SL(2,C)-representations ⇢ : ⇡1(Cp) ! SL(2,C) is a
cubic surface (see e.g. [Gol09, Guk11]):

Mflat(Cp, SL(2,C)) = {(x, y, z) 2 C3|x2 + y
2 + z

2 � xyz � 2 = Tr(⇢(c)) = t̃
2 + t̃

�2} . (2.10)

Here we used the fact that, according to (2.7), the holonomy of the complex flat connection around p

is conjugate to

⇢(c) ⇠
✓
t̃
�2 0
0 t̃

2

◆
. (2.11)

This section will be devoted to studying the deformation quantization O
q(X) of this coordinate ring

holomorphic in complex structure J , which is generated by x, y, z, and its representations geometrically.
For a complex surface defined by the zero locus of a polynomial f(x, y, z), the holomorphic sym-

plectic form (a.k.a. Atiyah-Bott-Goldman symplectic form) can be written as

⌦J =
1

2⇡i

dx ^ dy

@f/@z
=

1

2⇡i

dx ^ dy

2z � xy
. (2.12)

and the Kähler form is
!J =

i

4⇡
(dx ^ dx̄+ dy ^ dȳ + dz ^ dz̄) . (2.13)

In the special case ↵p = �p = �p = 0, the moduli space of SL(2,C) flat connections on Cp is simply
a quotient space

(C⇥ ⇥ C⇥)/Z2 (2.14)
by the Weyl group Z2. It can be understood as a moduli space of SL(2,C) flat connections on a torus
(without ramification), such that holonomy eigenvalues along A- and B-cycles each parametrize a copy
of C⇥. The “real slice” (S1 ⇥ S

1)/Z2 is the moduli space of SU(2) flat connections on the (punctured)
torus, and it is sometimes called the “pillowcase”. According to the theorem of [NS65] (resp. [MS80]),
it can be identified with the moduli space Bun(Cp, G) of stable (resp. parabolic) G-bundles on Cp. It
is easy to see that Bun(Cp, G) is a holomorphic submanifold of MH(Cp, G) in complex structure I.
Furthermore, because �' = 0 on Bun(Cp, G), it follows from (2.6) that Bun(Cp, G) is a holomorphic
Lagrangian submanifold with respect to ⌦I (in particular, Lagrangian with respect to !J and !K).
Following the notation in §2.4, we write it by V as a Lagrangian submanifold in the target (X,!X).

In addition to V, other special submanifolds of MH(Cp, G) will play a role in what follows. For
example, in complex structure I, the Hitchin moduli space is a completely integrable Hamiltonian
system [Hit87], i.e. a fibration

⇡ : MH(Cp, G) ! BH (2.15)
over an affine space, the “Hitchin base” BH , whose generic fibers are abelian varieties (sometimes
called “Liouville tori”). For G = SU(2), the map ⇡ takes a pair (E,') to Tr'2, which is holomorphic in
complex structure I. Specializing further to the case where Cp is a genus-one curve gives a particularly
simple integrable system: its generic fiber F is a torus that, just like V, is holomorphic in complex
structure I and Lagrangian with respect to !J and !K . We also note that the only singular fiber of
the Hitchin fibration ⇡ : MH(Cp, G) ! BH is the pre-image N = ⇡

�1(0) of 0 2 BH which, in the limit
↵p = �p = �p = 0, is the “pillowcase” V ⇠= (S1 ⇥ S

1)/Z2 with four orbifold points.
Now let us consider what happens when we go away from the limit ↵p = �p = �p = 0 and consider

generic values of the ramification parameters. From the viewpoint of the complex structure J , the
equation (2.10) describes the deformation of the four A1 singularities of the singular surface (2.14),
where t̃

2 (or, equivalently, �p+ i↵p) plays the role of the complex structure deformation. On the other
hand, turning on �p 6= 0 leads to a resolution of the A1-singularities. In other words, �p is the Kähler
structure parameter in complex structure J , cf. Table 1.

Recall that ↵p is the Kähler structure parameter in complex structure I. If we turn on ↵p while
keeping �p = �p = 0, then the four orbifold points are blown up in the Hitchin fibration. Consequently,
the singular fiber in the Hitchin fibration, called the global nilpotent cone N := ⇡

�1(0), now contains
five compact irreducible components (all rational) [Hau98, Guk11]:

N = V [
4[

i=1

Di . (2.16)

– 8 –

<latexit sha1_base64="pal6tMDHwGgAQLtf7jrRaCINfTw="></latexit>

x = X +X�1

y = Y + Y �1

z = q�
1
2Y 1X + q

1
2X�1Y



SL(2, ) Flat Connection on Punctured Torusℂ

In terms of these holonomy variables, the space of SL(2,C)-representations ⇢ : ⇡1(Cp) ! SL(2,C) is a
cubic surface (see e.g. [Gol09, Guk11]):

Mflat(Cp, SL(2,C)) = {(x, y, z) 2 C3|x2 + y
2 + z

2 � xyz � 2 = Tr(⇢(c)) = t̃
2 + t̃

�2} . (2.10)

Here we used the fact that, according to (2.7), the holonomy of the complex flat connection around p

is conjugate to

⇢(c) ⇠
✓
t̃
�2 0
0 t̃

2

◆
. (2.11)

This section will be devoted to studying the deformation quantization O
q(X) of this coordinate ring

holomorphic in complex structure J , which is generated by x, y, z, and its representations geometrically.
For a complex surface defined by the zero locus of a polynomial f(x, y, z), the holomorphic sym-
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Furthermore, because �' = 0 on Bun(Cp, G), it follows from (2.6) that Bun(Cp, G) is a holomorphic
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Following the notation in §2.4, we write it by V as a Lagrangian submanifold in the target (X,!X).

In addition to V, other special submanifolds of MH(Cp, G) will play a role in what follows. For
example, in complex structure I, the Hitchin moduli space is a completely integrable Hamiltonian
system [Hit87], i.e. a fibration

⇡ : MH(Cp, G) ! BH (2.15)
over an affine space, the “Hitchin base” BH , whose generic fibers are abelian varieties (sometimes
called “Liouville tori”). For G = SU(2), the map ⇡ takes a pair (E,') to Tr'2, which is holomorphic in
complex structure I. Specializing further to the case where Cp is a genus-one curve gives a particularly
simple integrable system: its generic fiber F is a torus that, just like V, is holomorphic in complex
structure I and Lagrangian with respect to !J and !K . We also note that the only singular fiber of
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�1(0) of 0 2 BH which, in the limit
↵p = �p = �p = 0, is the “pillowcase” V ⇠= (S1 ⇥ S

1)/Z2 with four orbifold points.
Now let us consider what happens when we go away from the limit ↵p = �p = �p = 0 and consider

generic values of the ramification parameters. From the viewpoint of the complex structure J , the
equation (2.10) describes the deformation of the four A1 singularities of the singular surface (2.14),
where t̃

2 (or, equivalently, �p+ i↵p) plays the role of the complex structure deformation. On the other
hand, turning on �p 6= 0 leads to a resolution of the A1-singularities. In other words, �p is the Kähler
structure parameter in complex structure J , cf. Table 1.

Recall that ↵p is the Kähler structure parameter in complex structure I. If we turn on ↵p while
keeping �p = �p = 0, then the four orbifold points are blown up in the Hitchin fibration. Consequently,
the singular fiber in the Hitchin fibration, called the global nilpotent cone N := ⇡
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Let

modulo gauge transformations. We denote this moduli space MH(Cp, G), where Cp is a Riemann
surface C with the tame ramification (2.4) at p 2 C. It is a hyper-Kähler space and the corresponding
Kähler forms are

!I = � i

2⇡

Z

C

|d2z| Tr
⇣
�Az̄ ^ �Az � �'̄ ^ �'

⌘
,

!J =
1

2⇡

Z

C

|d2z| Tr
⇣
�'̄ ^ �Az + �' ^ �Az̄

⌘
,

!K =
i

2⇡

Z

C

|d2z| Tr
⇣
�'̄ ^ �Az � �' ^ �Az̄

⌘
.

(2.6)

There is also a triplet of holomorphic symplectic forms ⌦I = !J + i!K , ⌦J = !K + i!I , and ⌦K =
!I + i!J , holomorphic in complex structures I, J , and K, respectively. In the absence of ramification,
it is easy to check that !J and !K are cohomologically trivial [KW07, §4.1], whereas !I is non-trivial
and, if properly normalized, can be taken as a generator of H

2(X,Z). On the other hand, in the
presence of ramification (2.4), the cohomology classes of !J and !K are proportional to �p and �p,
respectively.

The description of MH(Cp, G) as the moduli space of Higgs bundles given above is in complex
structure I. Another useful description, in complex structure J , comes from identifying a complex
combination AC = A+ i� with a GC-valued connection, where � = '+ '̄. The Hitchin equations then
become the flatness condition FC = dAC +AC ^AC = 0 for this GC-valued connection AC. According
to (2.4), it has a non-trivial monodromy around the point p:

U = exp(2⇡(�p + i↵p)) . (2.7)

which depends holomorphically on �p + i↵p and is independent of �p. Indeed, in complex structure
J , �p is a Kähler parameter and �p + i↵p is a complex structure parameter. Another useful fact, also
explained in [GW08], is that the cohomology class of the holomorphic symplectic form ⌦J = !K + i!I

is proportional to �p + i↵p and independent of �p.
Similarly, in complex structure I the Kähler modulus is ↵p, while �p + i�p is a complex structure

parameter. The cohomology class of the holomorphic symplectic form ⌦I = !J + i!K is �p + i�p.
There is a similar story for complex structure K and all these statements are summarized in Table 1.

Complex structure Complex modulus Kähler modulus
I �p + i�p ↵p

J �p + i↵p �p

K ↵p + i�p �p

Table 1: Complex and Kähler moduli of the moduli space MH with one ramification point.

In a supersymmetric sigma-model with target X, the Kähler modulus of the target space is always
complexified. This fact plays an important role in mirror symmetry. In the present setup, too, the
Kähler moduli are all complexified by the periods of the 2-form field B. For example, in complex
structure I, the complexified Kähler modulus is ↵p + i⌘p, where ⌘p 2 T

_ = Hom(⇤_
,U(1)) and

⇤_ is the cocharacter lattice of G. Therefore, taking into account the “quantum” parameter ⌘p, the
ramification data consists of the quadruple of parameters (↵p,�p, �p, ⌘p).

All of these structures can be made completely explicit in the case when Cp is a punctured torus.
In complex structure J , where X = MH(Cp, G) is the moduli space of complex flat connections on Cp,
we can then use an explicit presentation of the fundamental group

⇡1(Cp) = hm, l, c|mlm�1l�1 = ci . (2.8)

to describe flat connections concretely, in terms of holonomies along the (1, 0)-cycle m, the (0, 1)-cycle
l, and the loop c around p:

x = Tr(⇢(m)), y = Tr(⇢(l)), and z = Tr
�
⇢(ml�1)

�
. (2.9)
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In terms of these holonomy variables, the space of SL(2,C)-representations ⇢ : ⇡1(Cp) ! SL(2,C) is a
cubic surface (see e.g. [Gol09, Guk11]):

Mflat(Cp, SL(2,C)) = {(x, y, z) 2 C3|x2 + y
2 + z

2 � xyz � 2 = Tr(⇢(c)) = t̃
2 + t̃

�2} . (2.10)

Here we used the fact that, according to (2.7), the holonomy of the complex flat connection around p

is conjugate to

⇢(c) ⇠
✓
t̃
�2 0
0 t̃

2

◆
. (2.11)

This section will be devoted to studying the deformation quantization O
q(X) of this coordinate ring

holomorphic in complex structure J , which is generated by x, y, z, and its representations geometrically.
For a complex surface defined by the zero locus of a polynomial f(x, y, z), the holomorphic sym-

plectic form (a.k.a. Atiyah-Bott-Goldman symplectic form) can be written as

⌦J =
1

2⇡i

dx ^ dy

@f/@z
=

1

2⇡i

dx ^ dy

2z � xy
. (2.12)

and the Kähler form is
!J =
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structure I and Lagrangian with respect to !J and !K . We also note that the only singular fiber of
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Markov cubic

Theorem. Spherical DAHA is a deformation quantization of the coordinate ring of the moduli space of flat  connections

  with respect to Poisson structure  

SL(2,ℂ)
𝔛 = ℳflat(Cp, SL(2,ℂ)) ΩJ

[Oblomkov]

In terms of these holonomy variables, the space of SL(2,C)-representations ⇢ : ⇡1(Cp) ! SL(2,C) is a
cubic surface (see e.g. [Gol09, Guk11]):
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holomorphic in complex structure J , which is generated by x, y, z, and its representations geometrically.
For a complex surface defined by the zero locus of a polynomial f(x, y, z), the holomorphic sym-

plectic form (a.k.a. Atiyah-Bott-Goldman symplectic form) can be written as

⌦J =
1

2⇡i

dx ^ dy

@f/@z
=

1

2⇡i

dx ^ dy

2z � xy
. (2.12)

and the Kähler form is
!J =

i

4⇡
(dx ^ dx̄+ dy ^ dȳ + dz ^ dz̄) . (2.13)

In the special case ↵p = �p = �p = 0, the moduli space of SL(2,C) flat connections on Cp is simply
a quotient space
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N = V [
4[

i=1

Di . (2.16)
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Next: 1) Representations of (spherical) DAHA —   

          2) Lagrangian submanifolds of  whose quantization yields these representations —  

Rep( ··H)
𝔛 ℱuk(𝔛, ω𝔛)

Elliptic fibration of Kodaira type I*0
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DAHA Representations

and after setting � = 0 expressions in (2.4) become

hW i = X + X
�1

,

hT i = tX � t
�1

X
�1

X � X�1
$ +

t
�1

X � tX
�1

X � X�1
$

�1
,

hDi = X
�1 tX � t

�1
X

�1

X � X�1
$ + X

t
�1

X � tX
�1

X � X�1
$

�1
. (2.8)

Later we shall see that (X, $) represent Fenchel-Nielsen coordinates on the moduli space of
SL(2;C) flat connections on punctured torus X.

2.3 Highest Weight Vectors

Let us consider highest weight vector Z of Y with weight a 2 C
⇥

Y Z = aZ , (2.9)

Since we are interested in representations of spherical DAHA we will use

y Z = (Y + Y
�1)Z = (a + a

�1)Z (2.10)

instead. It can be shown (see [15] and references therein) that there are two formal solutions
of the above difference equation – one given by

Z(X, a, q, t) =
✓1(t�1

X, q)✓1(t X
�1

, q)

✓1(aX, q)✓1(a�1X�1, q)
· 2�1

�
t
2
, t

2
a
2; qa2; q; qt�2

X
�2

�
, (2.11)

and the other solutions is obtained by SU(2) Weyl reflection a ! a
�1. Here 2�1 is a q-

hypergeometric function, and ✓1(x, q) is theta function.
We have demonstrated above that for a generic value of weight a the eigenfunctions of

Macdonald operators are infinite hypergeometric series. However, under certain conditions
on a the above q-hypergeometric series truncate to polynomials. As discussed in [15] for one
highest weight vector (2.11) this condition reads

a
2 = q

�2`
t
�2

, ` 2 Z+ (2.12)

and correspondingly a
2 = q

2`
t
2 for the other solution. Thus when (2.12) holds series (2.11)

becomes
Z(X, a, q, t)

���
a
2
`
=q�2`t�2

= P`(X; q, t) , (2.13)

where P`(X; q, t) is the Macdonald polynomial of type A1 which is labelled by spin-` repre-
sentations

P`(X; q, t) := X
`
2�1(q

�2`
, t

2; q�2`+2
t
�2; q2; q2t�2

X
�2) . (2.14)

The eigenvalue of the Macdonald difference operator (2.10) is indeed

pl(y) · P`(X; q, t) = (q`t + q
�`

t
�1)P`(X; q, t) . (2.15)
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Highest weight representation for y

We will talk about polynomial representations of DAHA 

Bcc ⌦B�1
L . If X is a complexification of L in the sense of [GW09], then the action of End(Bcc) on the

quantization Hom(Bcc,BL) plays the role of the quantized algebra of operators.
Finally, let us mention a brief word about coefficients. In general, the Fukaya category is defined

with coefficients in the Novikov ring; this is necessary because the sums over instanton contributions
that define the differential are formal and not necessarily guaranteed to converge. Similarly, deforma-
tion quantization of a Poisson manifold [Gro46, Fed94, Kon03] is not guaranteed to produce convergent
series, but only a formal deformation in general. We will restrict ourselves to target spaces X for which
a “good A-model” is expected to exist, meaning that all the series involved should in fact converge.
The existence of a complete hyper-Kähler metric on X should be sufficient to ensure this; see [GW09]
for further discussion of this issue.

We will proceed to compare the two categories A-Brane(X,!X) and Rep(S
..
H) via the brane quanti-

zation.7 For the comparison, the symmetries play a crucial role. In fact, the symmetries of the target
space X become the group of auto-equivalences of the categories. More concretely, we will investigate
the action of ⌅⇥ PSL(2,Z) ((2.29) and (2.53)) and the Weyl group Z2 generated by ◆ (2.55) on both
categories.

Now we set up the framework so that we will start our expedition to “see” and “touch” representa-
tions of S

..
H as if they were geometric objects in the target X.

2.5 (A,B,A)-branes for polynomial representations

DAHA was introduced by Cherednik in the study of Macdonald polynomials from the viewpoint of
representation theory [Che95a] in which the distinguished infinite-dimensional representation on the
ring P := Cq,t[X±]Z2 of symmetric Laurent polynomials, called polynomial representation, plays an
important role. Here, Laurent polynomials in a single variable X over Cq,t are symmetrized under
the inversion Z2 : X 7! X

�1 so that the ring can also be expressed as P = Cq,t[X + X
�1]. This

polynomial representation of S
..
H is defined by the following formulas:

x 7! X +X
�1

,

pol : S
..
H ! End(P), y 7! tX � t

�1
X

�1

X �X�1
$ +

t
�1

X � tX
�1

X �X�1
$

�1
,

z 7! q
1
2X

tX � t
�1

X
�1

X �X�1
$ + q

1
2X

�1 t
�1

X � tX
�1

X �X�1
$

�1
,

(2.75)

where $
±(X) = q

±
X is the exponentiated degree operator, often called the q-shift operator, that

appeared in (C.15) for the quantum torus algebra. In particular, pol(y) is the so-called Macdonald

difference operator, whose eigenfunctions are symmetric Macdonald polynomials [Mac98, Che05]. The
Macdonald functions of type A1 are labeled by spin- j2 representations, and can be expressed in terms
of the basic hypergeometric series

Pj(X; q, t) := X
j
2�1(q

�2j
, t

2; q�2j+2
t
�2; q2; q2t�2

X
�2) . (2.76)

They are acted on diagonally by the Macdonald difference operator, with eigenvalues

pol(y) · Pj(X; q, t) = (qjt+ q
�j

t
�1)Pj(X; q, t) . (2.77)

Under this basis, the actions of the other generators are

pol(x) · Pj(X; q, t) =Pj+1(X; q, t) +

�
1� q

2j
� �

1� q
2j�2

t
4
�

(1� q2j�2t2) (1� q2jt2)
Pj�1(X; q, t) ,

pol(z) · Pj(X; q, t) =tq
j+ 1

2Pj+1(X; q, t) + t
�1

q
�j+ 1

2

�
1� q

2j
� �

1� q
2j�2

t
4
�

(1� q2j�2t2) (1� q2jt2)
Pj�1(X; q, t) .

(2.78)

7Note, that spherical DAHA is Morita-equivalent to DAHA (2.40), i.e the category of representations of DAHA is
equivalent to the category of representations of its spherical subalgebra [Obl04b]:

Rep(
..
H) ⇠= Rep(S

..
H) . (2.74)

See also (4.14) for the explanation from the 2d sigma-model.
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For arbitrary value of  the eigenvector is a series of hypergeometric type which arises in enumerative geometry [PK, Zeitlin]a

When  we get Macdonald polynomials of type  labelled spin- /2 representationa = qjt A1 j
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Shift operator



Macdonald Polynomials
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Polynomial Representation
Macdonald Polynomials generate the ring  over 𝒫 ℂ[q±1, t±1]

Raising and lowering operators

In fact, the Macdonald polynomials Pj form a basis for the ring P over Cq,t, so that the polynomial
representation can be studied with the help of raising and lowering operators [KN98]:

Rj := x� q
j� 1
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These operators relate adjacent Macdonald polynomials, respectively increasing or decreasing the value
of j:

pol(Rj) · Pj(X; q, t) = (1� q
2j
t
2)Pj+1(X; q, t) , (2.80)

pol(Lj) · Pj(X; q, t) =
(1� q

2j)(1� q
2(j�1)

t
4)

q2jt2(q2(j�1)t2 � 1)
Pj�1(X; q, t) . (2.81)

See Figure 5 for a schematic diagram of this action. At t = 1, this representation reduces to the

1 P1 · · · · · · Pj�1 Pj · · ·
L1 L2 Lj�1 Lj Lj+1

R0 R1 Rj�2 Rj�1 Rj

Figure 5: The action of raising and lowering operators on Macdonald polynomials

pullback of the lift of P
y1=1 in Proposition C.6 so that Cherednik’s polynomial representation can

be understood as its deformation from the symmetrized quantum torus to DAHA. Since the classical
limit (q = 1) of the Macdonald eigenvalues (2.77) is always t + t

�1, the support of the corresponding
A-brane BP is given by

P = {y = t̃+ t̃
�1

, z = t̃
�1

x} . (2.82)

While the parameter t in S
..
H coincides with the monodromy parameter t̃ at the classical limit (q = 1)

(see (2.52)), we use t̃ to specify the position of the brane because it is the geometric parameter of X.
Since it is of type (A,B,A), it is happily a Lagrangian submanifold with respect to !X for any value
of ~ or q.

To understand the brane BP for the polynomial representation P of S
..
H better, it is illuminating

to consider its relation to the skein module. The skein module of type A1 [Tur90, Prz91] of an oriented
3-manifold M3 is defined as

Sk(M3, SU(2)) := Sk(M3) =
C[q± 1

2 ](isotopy classes of framed links in M3)
⇣

= q�1/2 + q1/2 , = �q � q�1
⌘ (2.83)

The skein algebra Sk(C) associated to an oriented closed surface C is defined as

Sk(C) := Sk(C ⇥ [0, 1], SU(2)) , (2.84)

where the multiplication Sk(C)⇥Sk(C) ! Sk(C) is given by stacking. As a result, Sk(C) is a C[q± 1
2 ]-

associative algebra [Tur91].
At the q = 1 specialization, the skein module Sk(M3) becomes a commutative algebra. Moreover,

it was shown in [Bul97, PS00] that by assigning a loop � : S1 ! M3 to Tr(⇢(�)) where ⇢ : ⇡1(M3) !
SL(2,C) is the holonomy homomorphism, the classical limit q = 1 of Sk(M3) is isomorphic to the
coordinate ring of the character variety Mflat(M3, SL(2,C)). Hence, the skein module Sk(M3) can be
understood as a BV quantization [GJS19a]

Sk(M3) ⇠= BVq(Mflat(M3, SL(2,C))) .

The skein module of a closed 3-manifold will be studied in §3.2.
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Finite-Dimensional Representations
Shortening condition

However, it can occur that a lowering operator Lj annihilates one of the Macdonald polynomials Pj

when certain conditions on the central character are satisfied. If this occurs, Pj generates a subrepresen-
tation, and a finite-dimensional representation of the spherical DAHA appears as the quotient P/(Pj).
We can therefore study finite-dimensional representations by asking that the condition pol(Lj) ·Pj = 0
be satisfied for some j, i.e. that the factor

(1� q
2j)(1� q

(j�1)
t
2)(1 + q

(j�1)
t
2)

q2jt2(q2(j�1)t2 � 1)
(2.95)

on the right hand side of (2.81) vanishes.
This amounts to the following three cases:

q
2n = 1 , (2.96a)

t
2 = �q

�k
, (2.96b)

t
2 = q

�(2`�1)
. (2.96c)

Here, the exponent in the right hand side of (2.96c) must be an odd integer in order for the denominators
of Macdonald polynomials as well as (2.95) to be non-zero; even exponents are excluded by the definition
of the coefficient ring Cq,t in (2.41). We write this odd integer as 2` � 1. Each of these separate
shortening conditions will naturally appear as an existence condition of an A-brane with compact
support in what follows; we will examine each of the resulting finite-dimensional representations and
the corresponding compact Lagrangian branes in turn.

2.6.1 Generic fibers of the Hitchin fibration

First we consider analogous A-branes in this setting; the ones supported on generic fibers in the Hitchin
fibration. As explained in §2.1, the Hitchin fibration (2.15) is completely integrable, and a generic
Hitchin fiber F is holomorphic in complex structure I while it is a complex Lagrangian submanifold
from the viewpoint of the holomorphic two-form ⌦I for a generic ramification data (2.4). Namely, it
is a Lagrangian submanifold of type (B,A,A) for any values of (↵p,�p, �p)-triple. Therefore, a generic
fiber F can be Lagrangian in a symplectic manifold (X,!X) only when the canonical coisotropic brane
Bcc obeys the condition ✓ = 0 in (2.60) so that

!X = �!K

~ , and F +B =
!I

~ . (2.97)

With ✓ 6= 0, there is no A-brane supported on F in the symplectic manifold (X,!X). Accordingly,
~ = |~| is real (i.e. |q| = 1), and the canonical coisotropic brane Bcc is an A-brane of type (B,A,A).

An analogous brane appears in the brane quantization of C⇥ ⇥C⇥ for the quantum torus algebra.
As in §C.2.1, a brane is supported on a fiber T 2 of the elliptic fibration T

⇤
T
2 ⇠= C⇥ ⇥C⇥, which gives

rise to a finite-dimensional representation, called the cyclic representation. Therefore, we can study a
brane supported on a generic fiber F of the Hitchin fibration, comparing with the case of the quantum
torus algebra.

Like in §C.2.1, the branes are indexed by a position of the Hitchin base BH . Also, the flatness
condition (2.70) of the line bundle L0 an A-brane supported BF is

F
0
F +B

��
F
= 0 .

Since F is topologically a two-torus, the flat Spinc structure L0⌦K
�1/2
L of BF can have non-trivial U(1)2

holonomy with a choice of spin structure. The branes B�

F are parametrized by � = (xm, ym) 2 C⇥⇥C⇥

where the absolute values (|xm|, |ym|) describe its position and the angular phases illustrate the U(1)2

holonomy with a choice of spin structure. Namely, the angular phase U(1) encodes the holonomy U(1)
and a choice of spin structure Z2 along a one-cycle of a Riemann surface via

1 ! Z2 ! U(1) ! U(1) ! 1 .

We assign the plus sign + 2 Z2 to the Ramond spin structure, and the minus sign � 2 Z2 to the
Neveu-Schwarz spin structure.

– 25 –

Raising operator will never be null due to 

Note that the ◆ image ◆(P) of the polynomial representation can be obtained by changing t ! q/t in
(2.75).

The perspective from the brane quantization also sheds new light on infinite-dimensional represen-
tations. We have seen that Cherednik’s polynomial representation (2.75) corresponds to the A-brane
BP (2.82) at the particular value of y. It is natural to expect that it can be deformed in such a way
that the corresponding brane is supported on a generic point of y.

This consideration leads us to the following. Let us consider the multiplicative system fM ⇢
Cq,t[X±] generated by all elements of the form (q`X � q

�`
X

�1) for all integers ` 2 Z. Then there is a
family of representations of S

..
H on the localization 8 of the ring of Laurent polynomials by fM

P
y1 = fM�1Cq,t[X

±] , (2.93)

labeled by a parameter y1 2 C⇥ where the representations are defined by

x 7! X +X
�1

,
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..
H ! End(Py1), y 7! y1

tX � t
�1
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X �X�1
$ + y

�1
1
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$

�1
,

z 7! q
1
2 y1X
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X
�1

X �X�1
$ + q

1
2 (y1X)�1 t

�1
X � tX

�1

X �X�1
$

�1
.

(2.94)

Concretely, one is free to deform Cherednik’s polynomial representation (2.75) to this larger repre-
sentation parametrized by y1, as long as we allow denominators to be elements of the multiplicative
system fM . Only at y1 = 1, it decomposes into two irreducible representations where one is Cherednik’s
polynomial representation, and the other irreducible representation is

fM�1Cq,t[X
±]Z2 .

When t = 1, the story reduces to the polynomial representations of the symmetrized quantum torus
discussed in §C.3.2. Thus, the support of the corresponding brane By1

P is expected to be

supp By1
P = {y = y1t̃+ y

�1
1 t̃

�1} .

However, we do not find eigenfunctions of y under poly1 that generalize the Macdonald polynomials.
Certainly, it is worth investing more in the generalized polynomial representation (2.94).

A geometric interpretation of the multiplicative system fM can be given by thinking about the t = 1
limit, where we are interested in the quotient map C⇥ ⇥ C⇥ ! (C⇥ ⇥ C⇥)/Z2. After deforming the
target of this covering map, no natural ramified twofold cover by C⇥ ⇥ C⇥ exists. However, such a
cover can be constructed once we extract the Z2-invariant points X = ±1. In fact, O(C⇥\{X = ±1})
admits the generator 1

X�X�1 . A related story exists in the rational limit, where the relevant geometry
is the deformation of the A1 singularity (C ⇥ C)/Z2 to the total space of T ⇤CP 1; we discuss this in
detail in Appendix B.2.4.

2.6 Branes with compact supports and finite-dimensional representations:

object matching

Cherednik’s polynomial representation is of particular significance due to the theorems of Chered-
nik [Che05, §2.8–9], which classify finite-dimensional representations of S

..
H obtained as quotients of

the polynomial representation paired with the action of outer automorphisms. Similar to the theory
of Verma modules, the polynomial representation is generically irreducible. A raising operator (2.80)
never be null since the Macdonald polynomial P2j always has a factor (1� q

2j
t
2) in the denominator.

8In other words, P
y1 is the ring of rational functions with coefficients in Cq,t where denominators are always elements

in the multiplicative system fM such as

f(X)

(q�mX � qmX�1)k�m · · · (X �X�1)k0 · · · (q`X � q�`X�1)k`
, f(X) 2 Cq,t[X

±
] .
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However, it can occur that a lowering operator Lj annihilates one of the Macdonald polynomials Pj

when certain conditions on the central character are satisfied. If this occurs, Pj generates a subrepresen-
tation, and a finite-dimensional representation of the spherical DAHA appears as the quotient P/(Pj).
We can therefore study finite-dimensional representations by asking that the condition pol(Lj) ·Pj = 0
be satisfied for some j, i.e. that the factor
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must vanish
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the corresponding compact Lagrangian branes in turn.

2.6.1 Generic fibers of the Hitchin fibration

First we consider analogous A-branes in this setting; the ones supported on generic fibers in the Hitchin
fibration. As explained in §2.1, the Hitchin fibration (2.15) is completely integrable, and a generic
Hitchin fiber F is holomorphic in complex structure I while it is a complex Lagrangian submanifold
from the viewpoint of the holomorphic two-form ⌦I for a generic ramification data (2.4). Namely, it
is a Lagrangian submanifold of type (B,A,A) for any values of (↵p,�p, �p)-triple. Therefore, a generic
fiber F can be Lagrangian in a symplectic manifold (X,!X) only when the canonical coisotropic brane
Bcc obeys the condition ✓ = 0 in (2.60) so that

!X = �!K

~ , and F +B =
!I

~ . (2.97)

With ✓ 6= 0, there is no A-brane supported on F in the symplectic manifold (X,!X). Accordingly,
~ = |~| is real (i.e. |q| = 1), and the canonical coisotropic brane Bcc is an A-brane of type (B,A,A).

An analogous brane appears in the brane quantization of C⇥ ⇥C⇥ for the quantum torus algebra.
As in §C.2.1, a brane is supported on a fiber T 2 of the elliptic fibration T

⇤
T
2 ⇠= C⇥ ⇥C⇥, which gives

rise to a finite-dimensional representation, called the cyclic representation. Therefore, we can study a
brane supported on a generic fiber F of the Hitchin fibration, comparing with the case of the quantum
torus algebra.

Like in §C.2.1, the branes are indexed by a position of the Hitchin base BH . Also, the flatness
condition (2.70) of the line bundle L0 an A-brane supported BF is

F
0
F +B

��
F
= 0 .

Since F is topologically a two-torus, the flat Spinc structure L0⌦K
�1/2
L of BF can have non-trivial U(1)2

holonomy with a choice of spin structure. The branes B�

F are parametrized by � = (xm, ym) 2 C⇥⇥C⇥

where the absolute values (|xm|, |ym|) describe its position and the angular phases illustrate the U(1)2

holonomy with a choice of spin structure. Namely, the angular phase U(1) encodes the holonomy U(1)
and a choice of spin structure Z2 along a one-cycle of a Riemann surface via

1 ! Z2 ! U(1) ! U(1) ! 1 .

We assign the plus sign + 2 Z2 to the Ramond spin structure, and the minus sign � 2 Z2 to the
Neveu-Schwarz spin structure.
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In fact, the Macdonald polynomials Pj form a basis for the ring P over Cq,t, so that the polynomial
representation can be studied with the help of raising and lowering operators [KN98]:

Rj := x� q
j� 1

2 tz = X(qjt�1
Y � q

2j
t
2) +X

�1(qjtY �1 � q
2j
t
2) ,

Lj := x� q
�j� 1

2 t
�1

z = X(q�j
t
�3

Y � q
�2j

t
�2) +X

�1(q�j
t
�1

Y
�1 � q

�2j
t
�2) .

(2.79)

These operators relate adjacent Macdonald polynomials, respectively increasing or decreasing the value
of j:

pol(Rj) · Pj(X; q, t) = (1� q
2j
t
2)Pj+1(X; q, t) , (2.80)

pol(Lj) · Pj(X; q, t) =
(1� q

2j)(1� q
2(j�1)

t
4)

q2jt2(q2(j�1)t2 � 1)
Pj�1(X; q, t) . (2.81)

See Figure 5 for a schematic diagram of this action. At t = 1, this representation reduces to the

1 P1 · · · · · · Pj�1 Pj · · ·
L1 L2 Lj�1 Lj Lj+1

R0 R1 Rj�2 Rj�1 Rj

Figure 5: The action of raising and lowering operators on Macdonald polynomials

pullback of the lift of P
y1=1 in Proposition C.6 so that Cherednik’s polynomial representation can

be understood as its deformation from the symmetrized quantum torus to DAHA. Since the classical
limit (q = 1) of the Macdonald eigenvalues (2.77) is always t + t

�1, the support of the corresponding
A-brane BP is given by

P = {y = t̃+ t̃
�1

, z = t̃
�1

x} . (2.82)

While the parameter t in S
..
H coincides with the monodromy parameter t̃ at the classical limit (q = 1)

(see (2.52)), we use t̃ to specify the position of the brane because it is the geometric parameter of X.
Since it is of type (A,B,A), it is happily a Lagrangian submanifold with respect to !X for any value
of ~ or q.

To understand the brane BP for the polynomial representation P of S
..
H better, it is illuminating

to consider its relation to the skein module. The skein module of type A1 [Tur90, Prz91] of an oriented
3-manifold M3 is defined as

Sk(M3, SU(2)) := Sk(M3) =
C[q± 1

2 ](isotopy classes of framed links in M3)
⇣

= q�1/2 + q1/2 , = �q � q�1
⌘ (2.83)

The skein algebra Sk(C) associated to an oriented closed surface C is defined as

Sk(C) := Sk(C ⇥ [0, 1], SU(2)) , (2.84)

where the multiplication Sk(C)⇥Sk(C) ! Sk(C) is given by stacking. As a result, Sk(C) is a C[q± 1
2 ]-

associative algebra [Tur91].
At the q = 1 specialization, the skein module Sk(M3) becomes a commutative algebra. Moreover,

it was shown in [Bul97, PS00] that by assigning a loop � : S1 ! M3 to Tr(⇢(�)) where ⇢ : ⇡1(M3) !
SL(2,C) is the holonomy homomorphism, the classical limit q = 1 of Sk(M3) is isomorphic to the
coordinate ring of the character variety Mflat(M3, SL(2,C)). Hence, the skein module Sk(M3) can be
understood as a BV quantization [GJS19a]

Sk(M3) ⇠= BVq(Mflat(M3, SL(2,C))) .

The skein module of a closed 3-manifold will be studied in §3.2.

– 22 –

0

0 ! S ! V ! V/S ! 0Short exact sequence of modules



Higgs Bundles
Nonabelian Hodge correspondence relates representations of the fundamental group 
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X ' MH(Cp, SU(2))
Hitchin moduli space
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(E,')

Holomorphic  vector bundle over  with holomorphic section  (Higgs field)  of SU(2) Cp φ KCp
⊗ ad(E) ⊗ 𝒪(p)

Tame ramification at p

the representation theory of the quantum torus algebra is well-known, it can be a useful guide for
DAHA. Therefore, the reader can refer to Appendix C for the brane quantization of the quantum torus
algebra and symmetrized quantum torus.

The algebra
..
H(W ) is not commutative, even in the q = 1 limit. Nonetheless, it contains the

spherical subalgebra S
..
H(W ), obtained by idempotent projection, which is commutative as q = 1. In

the limit t = 1, S
..
Ht=1(W ) is isomorphic to the Weyl-invariant subalgebra of QT (P � P_

,!) (after a
lift of the Weyl group action is chosen). In the further specialization q = 1, S

..
H becomes precisely the

algebra of Weyl-invariant functions on

(tC/Q
_)⇥ (t_C/Q) = TC ⇥ TC .

Note that we take the coroot and root lattices Q_ � Q = Hom(P,Z) � Hom(P_
,Z) (namely the dual

lattice) as the quotient lattice. This space with group action is nothing other than the moduli space
of flat connections on a two-torus T

2, valued in the corresponding complex Lie group GC:

Mflat(T
2
, GC) = Hom(⇡1(T

2), GC)/GC

⇠=
TC ⇥ TC

W

(2.2)

We would like to consider an additional deformation of this moduli space to study the representation
theory of spherical DAHA geometrically. Happily, for type A, this can be achieved just by adding a
“puncture” on a two-torus T

2. Despite this rather simple “addition”, the story becomes incredibly
deeper and more interesting. This section focuses on DAHA of rank one to illustrate and highlight all
the delicate features and interesting phenomena. In rank one, we can perform concrete computations
as explicitly as possible. For that reason, we will first review some necessary background on the moduli
space of SL(2,C) flat connections on a once-punctured torus, which will play the role of the target
space X in the 2d sigma-model. Then, we will carve out A-branes in X for salient modules of the
spherical DAHA. This will give solid evidence of the functor (1.2) from the categories of A-branes in
X to the representation category of the spherical DAHA.

2.1 Higgs bundles and flat connections

Figuratively speaking, the target space of the 2d sigma-model is the stage where our main characters
(branes) will make their appearance. Thus, let us begin by setting the stage.

The target space of our system will be the moduli space of G = SU(2) Higgs bundles on a genus-one
curve Cp, ramified at one point p:

X := MH(Cp, G) (2.3)

Although the geometry of this space, also called the Hitchin moduli space, is a fairly familiar charac-
ter in mathematical physics literature, we review those aspects that will be especially important for
applications to DAHA representations.

Recall [Hit87, Sim90], that a ramified (or stable parabolic) Higgs bundle is a pair (E,') of a
holomorphic SU(2)-bundle E over a curve C and a holomorphic section ', called the Higgs field, of
the bundle KC ⌦ ad(E) ⌦ O(p). Here, KC denotes the canonical bundle of C, and O(p) is the line
bundle whose holomorphic sections are functions holomorphic away from p with a first-order pole at
p. The ramification at p — more precisely called tame ramification since we are considering first-order
pole — is described by the following conditions on the connection A on E and the Higgs field

A = ↵p d#+ · · ·

' =
1

2
(�p + i�p)

dz

z
+ · · ·

(2.4)

Here, z = re
i# is a local coordinate on a small disk centered at p, and the ramification data is a triple

of continuous parameters, (↵p,�p, �p) 2 T ⇥ t⇥ t where we denote the Cartan subgroup T ⇢ G and the
Cartan subalgebra t ⇢ g. With this prescribed behavior at p, the Hitchin moduli space is the space of
solutions to the equations

F � [','] =0

DA ' =0 ,
(2.5)
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Hitchin moduli space is the space of solutions of

Hitchin equations modulo gauge transformations
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2.1 Higgs bundles and flat connections

Figuratively speaking, the target space of the 2d sigma-model is the stage where our main characters
(branes) will make their appearance. Thus, let us begin by setting the stage.

The target space of our system will be the moduli space of G = SU(2) Higgs bundles on a genus-one
curve Cp, ramified at one point p:

X := MH(Cp, G) (2.3)

Although the geometry of this space, also called the Hitchin moduli space, is a fairly familiar charac-
ter in mathematical physics literature, we review those aspects that will be especially important for
applications to DAHA representations.

Recall [Hit87, Sim90], that a ramified (or stable parabolic) Higgs bundle is a pair (E,') of a
holomorphic SU(2)-bundle E over a curve C and a holomorphic section ', called the Higgs field, of
the bundle KC ⌦ ad(E) ⌦ O(p). Here, KC denotes the canonical bundle of C, and O(p) is the line
bundle whose holomorphic sections are functions holomorphic away from p with a first-order pole at
p. The ramification at p — more precisely called tame ramification since we are considering first-order
pole — is described by the following conditions on the connection A on E and the Higgs field
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Here, z = re
i# is a local coordinate on a small disk centered at p, and the ramification data is a triple

of continuous parameters, (↵p,�p, �p) 2 T ⇥ t⇥ t where we denote the Cartan subgroup T ⇢ G and the
Cartan subalgebra t ⇢ g. With this prescribed behavior at p, the Hitchin moduli space is the space of
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Complex and Kähler Structures

modulo gauge transformations. We denote this moduli space MH(Cp, G), where Cp is a Riemann
surface C with the tame ramification (2.4) at p 2 C. It is a hyper-Kähler space and the corresponding
Kähler forms are

!I = � i

2⇡

Z

C

|d2z| Tr
⇣
�Az̄ ^ �Az � �'̄ ^ �'

⌘
,

!J =
1

2⇡

Z

C

|d2z| Tr
⇣
�'̄ ^ �Az + �' ^ �Az̄

⌘
,

!K =
i

2⇡

Z

C

|d2z| Tr
⇣
�'̄ ^ �Az � �' ^ �Az̄

⌘
.

(2.6)

There is also a triplet of holomorphic symplectic forms ⌦I = !J + i!K , ⌦J = !K + i!I , and ⌦K =
!I + i!J , holomorphic in complex structures I, J , and K, respectively. In the absence of ramification,
it is easy to check that !J and !K are cohomologically trivial [KW07, §4.1], whereas !I is non-trivial
and, if properly normalized, can be taken as a generator of H

2(X,Z). On the other hand, in the
presence of ramification (2.4), the cohomology classes of !J and !K are proportional to �p and �p,
respectively.

The description of MH(Cp, G) as the moduli space of Higgs bundles given above is in complex
structure I. Another useful description, in complex structure J , comes from identifying a complex
combination AC = A+ i� with a GC-valued connection, where � = '+ '̄. The Hitchin equations then
become the flatness condition FC = dAC +AC ^AC = 0 for this GC-valued connection AC. According
to (2.4), it has a non-trivial monodromy around the point p:

U = exp(2⇡(�p + i↵p)) . (2.7)

which depends holomorphically on �p + i↵p and is independent of �p. Indeed, in complex structure
J , �p is a Kähler parameter and �p + i↵p is a complex structure parameter. Another useful fact, also
explained in [GW08], is that the cohomology class of the holomorphic symplectic form ⌦J = !K + i!I

is proportional to �p + i↵p and independent of �p.
Similarly, in complex structure I the Kähler modulus is ↵p, while �p + i�p is a complex structure

parameter. The cohomology class of the holomorphic symplectic form ⌦I = !J + i!K is �p + i�p.
There is a similar story for complex structure K and all these statements are summarized in Table 1.

Complex structure Complex modulus Kähler modulus
I �p + i�p ↵p

J �p + i↵p �p

K ↵p + i�p �p

Table 1: Complex and Kähler moduli of the moduli space MH with one ramification point.

In a supersymmetric sigma-model with target X, the Kähler modulus of the target space is always
complexified. This fact plays an important role in mirror symmetry. In the present setup, too, the
Kähler moduli are all complexified by the periods of the 2-form field B. For example, in complex
structure I, the complexified Kähler modulus is ↵p + i⌘p, where ⌘p 2 T

_ = Hom(⇤_
,U(1)) and

⇤_ is the cocharacter lattice of G. Therefore, taking into account the “quantum” parameter ⌘p, the
ramification data consists of the quadruple of parameters (↵p,�p, �p, ⌘p).

All of these structures can be made completely explicit in the case when Cp is a punctured torus.
In complex structure J , where X = MH(Cp, G) is the moduli space of complex flat connections on Cp,
we can then use an explicit presentation of the fundamental group

⇡1(Cp) = hm, l, c|mlm�1l�1 = ci . (2.8)

to describe flat connections concretely, in terms of holonomies along the (1, 0)-cycle m, the (0, 1)-cycle
l, and the loop c around p:

x = Tr(⇢(m)), y = Tr(⇢(l)), and z = Tr
�
⇢(ml�1)

�
. (2.9)
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to describe flat connections concretely, in terms of holonomies along the (1, 0)-cycle m, the (0, 1)-cycle
l, and the loop c around p:

x = Tr(⇢(m)), y = Tr(⇢(l)), and z = Tr
�
⇢(ml�1)

�
. (2.9)
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Triplet of holomorphic symplectic forms

modulo gauge transformations. We denote this moduli space MH(Cp, G), where Cp is a Riemann
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Kähler forms are

!I = � i

2⇡

Z

C

|d2z| Tr
⇣
�Az̄ ^ �Az � �'̄ ^ �'

⌘
,

!J =
1

2⇡

Z

C

|d2z| Tr
⇣
�'̄ ^ �Az + �' ^ �Az̄

⌘
,

!K =
i

2⇡

Z

C

|d2z| Tr
⇣
�'̄ ^ �Az � �' ^ �Az̄

⌘
.

(2.6)

There is also a triplet of holomorphic symplectic forms ⌦I = !J + i!K , ⌦J = !K + i!I , and ⌦K =
!I + i!J , holomorphic in complex structures I, J , and K, respectively. In the absence of ramification,
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respectively.

The description of MH(Cp, G) as the moduli space of Higgs bundles given above is in complex
structure I. Another useful description, in complex structure J , comes from identifying a complex
combination AC = A+ i� with a GC-valued connection, where � = '+ '̄. The Hitchin equations then
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parameter. The cohomology class of the holomorphic symplectic form ⌦I = !J + i!K is �p + i�p.
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Table 1: Complex and Kähler moduli of the moduli space MH with one ramification point.

In a supersymmetric sigma-model with target X, the Kähler modulus of the target space is always
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In complex structure J , where X = MH(Cp, G) is the moduli space of complex flat connections on Cp,
we can then use an explicit presentation of the fundamental group

⇡1(Cp) = hm, l, c|mlm�1l�1 = ci . (2.8)

to describe flat connections concretely, in terms of holonomies along the (1, 0)-cycle m, the (0, 1)-cycle
l, and the loop c around p:
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x2 + y2 + z2 � xyz � 2� t2 � t�2 = 0

In terms of these holonomy variables, the space of SL(2,C)-representations ⇢ : ⇡1(Cp) ! SL(2,C) is a
cubic surface (see e.g. [Gol09, Guk11]):

Mflat(Cp, SL(2,C)) = {(x, y, z) 2 C3|x2 + y
2 + z

2 � xyz � 2 = Tr(⇢(c)) = t̃
2 + t̃

�2} . (2.10)

Here we used the fact that, according to (2.7), the holonomy of the complex flat connection around p

is conjugate to

⇢(c) ⇠
✓
t̃
�2 0
0 t̃

2

◆
. (2.11)

This section will be devoted to studying the deformation quantization O
q(X) of this coordinate ring

holomorphic in complex structure J , which is generated by x, y, z, and its representations geometrically.
For a complex surface defined by the zero locus of a polynomial f(x, y, z), the holomorphic sym-

plectic form (a.k.a. Atiyah-Bott-Goldman symplectic form) can be written as

⌦J =
1

2⇡i

dx ^ dy

@f/@z
=

1

2⇡i

dx ^ dy

2z � xy
. (2.12)

and the Kähler form is
!J =

i

4⇡
(dx ^ dx̄+ dy ^ dȳ + dz ^ dz̄) . (2.13)

In the special case ↵p = �p = �p = 0, the moduli space of SL(2,C) flat connections on Cp is simply
a quotient space

(C⇥ ⇥ C⇥)/Z2 (2.14)
by the Weyl group Z2. It can be understood as a moduli space of SL(2,C) flat connections on a torus
(without ramification), such that holonomy eigenvalues along A- and B-cycles each parametrize a copy
of C⇥. The “real slice” (S1 ⇥ S

1)/Z2 is the moduli space of SU(2) flat connections on the (punctured)
torus, and it is sometimes called the “pillowcase”. According to the theorem of [NS65] (resp. [MS80]),
it can be identified with the moduli space Bun(Cp, G) of stable (resp. parabolic) G-bundles on Cp. It
is easy to see that Bun(Cp, G) is a holomorphic submanifold of MH(Cp, G) in complex structure I.
Furthermore, because �' = 0 on Bun(Cp, G), it follows from (2.6) that Bun(Cp, G) is a holomorphic
Lagrangian submanifold with respect to ⌦I (in particular, Lagrangian with respect to !J and !K).
Following the notation in §2.4, we write it by V as a Lagrangian submanifold in the target (X,!X).

In addition to V, other special submanifolds of MH(Cp, G) will play a role in what follows. For
example, in complex structure I, the Hitchin moduli space is a completely integrable Hamiltonian
system [Hit87], i.e. a fibration

⇡ : MH(Cp, G) ! BH (2.15)
over an affine space, the “Hitchin base” BH , whose generic fibers are abelian varieties (sometimes
called “Liouville tori”). For G = SU(2), the map ⇡ takes a pair (E,') to Tr'2, which is holomorphic in
complex structure I. Specializing further to the case where Cp is a genus-one curve gives a particularly
simple integrable system: its generic fiber F is a torus that, just like V, is holomorphic in complex
structure I and Lagrangian with respect to !J and !K . We also note that the only singular fiber of
the Hitchin fibration ⇡ : MH(Cp, G) ! BH is the pre-image N = ⇡

�1(0) of 0 2 BH which, in the limit
↵p = �p = �p = 0, is the “pillowcase” V ⇠= (S1 ⇥ S

1)/Z2 with four orbifold points.
Now let us consider what happens when we go away from the limit ↵p = �p = �p = 0 and consider

generic values of the ramification parameters. From the viewpoint of the complex structure J , the
equation (2.10) describes the deformation of the four A1 singularities of the singular surface (2.14),
where t̃

2 (or, equivalently, �p+ i↵p) plays the role of the complex structure deformation. On the other
hand, turning on �p 6= 0 leads to a resolution of the A1-singularities. In other words, �p is the Kähler
structure parameter in complex structure J , cf. Table 1.

Recall that ↵p is the Kähler structure parameter in complex structure I. If we turn on ↵p while
keeping �p = �p = 0, then the four orbifold points are blown up in the Hitchin fibration. Consequently,
the singular fiber in the Hitchin fibration, called the global nilpotent cone N := ⇡

�1(0), now contains
five compact irreducible components (all rational) [Hau98, Guk11]:

N = V [
4[

i=1

Di . (2.16)
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cubic surface (see e.g. [Gol09, Guk11]):

Mflat(Cp, SL(2,C)) = {(x, y, z) 2 C3|x2 + y
2 + z

2 � xyz � 2 = Tr(⇢(c)) = t̃
2 + t̃

�2} . (2.10)

Here we used the fact that, according to (2.7), the holonomy of the complex flat connection around p

is conjugate to
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✓
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0 t̃

2

◆
. (2.11)
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holomorphic in complex structure J , which is generated by x, y, z, and its representations geometrically.
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torus, and it is sometimes called the “pillowcase”. According to the theorem of [NS65] (resp. [MS80]),
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Furthermore, because �' = 0 on Bun(Cp, G), it follows from (2.6) that Bun(Cp, G) is a holomorphic
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Following the notation in §2.4, we write it by V as a Lagrangian submanifold in the target (X,!X).
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example, in complex structure I, the Hitchin moduli space is a completely integrable Hamiltonian
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over an affine space, the “Hitchin base” BH , whose generic fibers are abelian varieties (sometimes
called “Liouville tori”). For G = SU(2), the map ⇡ takes a pair (E,') to Tr'2, which is holomorphic in
complex structure I. Specializing further to the case where Cp is a genus-one curve gives a particularly
simple integrable system: its generic fiber F is a torus that, just like V, is holomorphic in complex
structure I and Lagrangian with respect to !J and !K . We also note that the only singular fiber of
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�1(0) of 0 2 BH which, in the limit
↵p = �p = �p = 0, is the “pillowcase” V ⇠= (S1 ⇥ S
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generic values of the ramification parameters. From the viewpoint of the complex structure J , the
equation (2.10) describes the deformation of the four A1 singularities of the singular surface (2.14),
where t̃

2 (or, equivalently, �p+ i↵p) plays the role of the complex structure deformation. On the other
hand, turning on �p 6= 0 leads to a resolution of the A1-singularities. In other words, �p is the Kähler
structure parameter in complex structure J , cf. Table 1.

Recall that ↵p is the Kähler structure parameter in complex structure I. If we turn on ↵p while
keeping �p = �p = 0, then the four orbifold points are blown up in the Hitchin fibration. Consequently,
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the representation theory of the quantum torus algebra is well-known, it can be a useful guide for
DAHA. Therefore, the reader can refer to Appendix C for the brane quantization of the quantum torus
algebra and symmetrized quantum torus.

The algebra
..
H(W ) is not commutative, even in the q = 1 limit. Nonetheless, it contains the

spherical subalgebra S
..
H(W ), obtained by idempotent projection, which is commutative as q = 1. In

the limit t = 1, S
..
Ht=1(W ) is isomorphic to the Weyl-invariant subalgebra of QT (P � P_

,!) (after a
lift of the Weyl group action is chosen). In the further specialization q = 1, S

..
H becomes precisely the

algebra of Weyl-invariant functions on

(tC/Q
_)⇥ (t_C/Q) = TC ⇥ TC .

Note that we take the coroot and root lattices Q_ � Q = Hom(P,Z) � Hom(P_
,Z) (namely the dual

lattice) as the quotient lattice. This space with group action is nothing other than the moduli space
of flat connections on a two-torus T

2, valued in the corresponding complex Lie group GC:

Mflat(T
2
, GC) = Hom(⇡1(T

2), GC)/GC

⇠=
TC ⇥ TC

W

(2.2)

We would like to consider an additional deformation of this moduli space to study the representation
theory of spherical DAHA geometrically. Happily, for type A, this can be achieved just by adding a
“puncture” on a two-torus T

2. Despite this rather simple “addition”, the story becomes incredibly
deeper and more interesting. This section focuses on DAHA of rank one to illustrate and highlight all
the delicate features and interesting phenomena. In rank one, we can perform concrete computations
as explicitly as possible. For that reason, we will first review some necessary background on the moduli
space of SL(2,C) flat connections on a once-punctured torus, which will play the role of the target
space X in the 2d sigma-model. Then, we will carve out A-branes in X for salient modules of the
spherical DAHA. This will give solid evidence of the functor (1.2) from the categories of A-branes in
X to the representation category of the spherical DAHA.

2.1 Higgs bundles and flat connections

Figuratively speaking, the target space of the 2d sigma-model is the stage where our main characters
(branes) will make their appearance. Thus, let us begin by setting the stage.

The target space of our system will be the moduli space of G = SU(2) Higgs bundles on a genus-one
curve Cp, ramified at one point p:

X := MH(Cp, G) (2.3)

Although the geometry of this space, also called the Hitchin moduli space, is a fairly familiar charac-
ter in mathematical physics literature, we review those aspects that will be especially important for
applications to DAHA representations.

Recall [Hit87, Sim90], that a ramified (or stable parabolic) Higgs bundle is a pair (E,') of a
holomorphic SU(2)-bundle E over a curve C and a holomorphic section ', called the Higgs field, of
the bundle KC ⌦ ad(E) ⌦ O(p). Here, KC denotes the canonical bundle of C, and O(p) is the line
bundle whose holomorphic sections are functions holomorphic away from p with a first-order pole at
p. The ramification at p — more precisely called tame ramification since we are considering first-order
pole — is described by the following conditions on the connection A on E and the Higgs field

A = ↵p d#+ · · ·

' =
1

2
(�p + i�p)

dz

z
+ · · ·

(2.4)

Here, z = re
i# is a local coordinate on a small disk centered at p, and the ramification data is a triple

of continuous parameters, (↵p,�p, �p) 2 T ⇥ t⇥ t where we denote the Cartan subgroup T ⇢ G and the
Cartan subalgebra t ⇢ g. With this prescribed behavior at p, the Hitchin moduli space is the space of
solutions to the equations

F � [','] =0

DA ' =0 ,
(2.5)
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Holonomy around puncture
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⇡ : MH(Cp, SU(2)) ! BH

<latexit sha1_base64="ouAs+t8IfRk/V/DPQffP+55VRM4=">AAACDnicbVDLSgMxFM34rPU16tJNsBQqSJkpRV0WRXBZoS/ojCWTpm1o5kFyp1iGfoEbf8WNC0Xcunbn35i2s9DWA4HDOfdyc44XCa7Asr6NldW19Y3NzFZ2e2d3b988OGyoMJaU1WkoQtnyiGKCB6wOHARrRZIR3xOs6Q2vp35zxKTiYVCDccRcn/QD3uOUgJY6Zr5wc+aMiIwG/NTxSaQgxA6wB0hqcpIa96WOmbOK1gx4mdgpyaEU1Y755XRDGvssACqIUm3bisBNiAROBZtknVixiNAh6bO2pgHxmXKTWZwJzmuli3uh1C8APFN/byTEV2rse3rSJzBQi95U/M9rx9C7dBMeRDGwgM4P9WKBdeZpN7jLJaMgxpoQKrn+K6YDIgkF3WBWl2AvRl4mjVLRPi+W78q5ylVaRwYdoxNUQDa6QBV0i6qojih6RM/oFb0ZT8aL8W58zEdXjHTnCP2B8fkDIyKcMw==</latexit>

(E,') 7! Tr'2
Holomorphic in complex structure I

The only singular fiber is pre-image of zero 

In terms of these holonomy variables, the space of SL(2,C)-representations ⇢ : ⇡1(Cp) ! SL(2,C) is a
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it can be identified with the moduli space Bun(Cp, G) of stable (resp. parabolic) G-bundles on Cp. It
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generic values of the ramification parameters. From the viewpoint of the complex structure J , the
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where t̃

2 (or, equivalently, �p+ i↵p) plays the role of the complex structure deformation. On the other
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components V and Di of the global nilpotent cone are holomorphic Lagrangians with respect to ⌦I ,
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for the second homology groups H2(MH(Cp, G),Z), and their intersection form is the affine Cartan
matrix of type bD4, as illustrated in Figure 1. The intersection form has only one null vector, which
must be identified with the class of a generic fiber F of the Hitchin fibration, resulting in the relation

[F] = 2[V] +
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Once we move away from �p = �p = 0, we are deforming the complex structure modulus �p + i�p

of complex structure I, and so the structure of the Hitchin fibration drastically changes. For generic
values of (�p, �p), the embeddings of the two-cycles V and Di (i = 1, . . . , 4) into MH(Cp, G) are no
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0 splits into
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is conjugate to

⇢(c) ⇠
✓
t̃
�2 0
0 t̃
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◆
. (2.11)

This section will be devoted to studying the deformation quantization O
q(X) of this coordinate ring
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(C⇥ ⇥ C⇥)/Z2 (2.14)
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Figure 1: Schematic illustration of the Hitchin fibration MH(Cp, SU(2)) ! BH and global nilpotent
cone at �p = 0 = �p and a generic value of ↵p.

In fact, it is a singular fiber of Kodaira type I⇤0 [Kod64, Kod66] in the elliptic fibration ⇡. The irreducible
components V and Di of the global nilpotent cone are holomorphic Lagrangians with respect to ⌦I ,
sometimes called Lagrangians of type (B,A,A). The homology classes of V and Di provide a basis
for the second homology groups H2(MH(Cp, G),Z), and their intersection form is the affine Cartan
matrix of type bD4, as illustrated in Figure 1. The intersection form has only one null vector, which
must be identified with the class of a generic fiber F of the Hitchin fibration, resulting in the relation

[F] = 2[V] +
4X

i=1

[Di] . (2.17)

Once we move away from �p = �p = 0, we are deforming the complex structure modulus �p + i�p

of complex structure I, and so the structure of the Hitchin fibration drastically changes. For generic
values of (�p, �p), the embeddings of the two-cycles V and Di (i = 1, . . . , 4) into MH(Cp, G) are no
longer holomorphic with respect to complex structure I, and the singular fiber of type I

⇤
0 splits into

three singular fibers of type I2 [FW08, §3.4]. If we write the base genus-one curve Cp of the Hitchin
system by an algebraic equation y

2 = (x�e1)(x�e2)(x�e3) with e1+e2+e3 = 0 where the ramification
point p is located at infinity, then the singular fibers of type I2 are preimages of points

BH 3 bi := eiTr (�p + i�p)
2 (i = 1, 2, 3) , (2.18)

under the Hitchin fibration as depicted in Figure 2. In the singular fiber at bi 2 BH , two irreducible
components U2i�1 and U2i, which are topologically CP1, meet at two double points.

Hence, the two-cycles V and Di (i = 1, . . . , 4) are not projected to a point by the Hitchin fibra-
tion with a generic ramification, though they still give a basis of H2(MH(Cp, G),Z) and satisfy the
relation (2.17). An analysis by the Mayer–Vietoris sequence tells us that the homology class of each
irreducible component in a singular fiber I2 can be expressed as

[U1] = [V] + [D1] + [D2] , [U3] = [V] + [D1] + [D3] , [U5] = [V] + [D1] + [D4] ,

[U2] = [V] + [D3] + [D4] , [U4] = [V] + [D2] + [D4] , [U6] = [V] + [D2] + [D3] ,
(2.19)

and there is another two-cycle W as in Figure 2 with homology class [W] = [D1]. With respect to the
new basis

[U1], [U2], [U3], [U5], [W] 2 H2(MH(Cp, G),Z) , (2.20)
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Null vector of intersection form



Complex/Kähler Structure Deformations
For generic values of  the embeddings of two-cycles  intro  are no longer  holomorphic w.r.t.  and singular fiber of type         

splits into three singular fibers of type 
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Figure 2: The Hitchin fibration with a generic ramification contains three singular fibers of Kodaira
type I2 at the base points bi (i = 1, 2, 3).

the intersection form becomes 0

BBBB@

2 �2 0 0 1
�2 2 0 0 �1
0 0 2 0 1
0 0 0 2 1
1 �1 1 1 2

1

CCCCA
. (2.21)

Note that the upper-left two-by-two matrix is the Cartan matrix of the affine type bA1 as the intersection
form of a singular fiber of type I2.

For our applications to branes and representations, we also need to know the type of the five
compact two-cycles V, Di (i = 1, . . . , 4) and periods of the Kähler forms over them. The integrals of
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where in the latter we used the fact that the Hitchin fiber F is holomorphic in complex structure I

and Lagrangian with respect to ⌦I for any (↵p,�p, �p). We assume that ↵p takes its value in the
range �1

2 < ↵p  1
2 . Although we did not compute the periods of the 2-forms (2.12) and (2.13) over

– 10 –

V

D4D3

D2D1

q4q3

q2q1

NF ⇠= T
2

BH

MH

0gen pt

⇡

⇠1

⇠2
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In fact, it is a singular fiber of Kodaira type I⇤0 [Kod64, Kod66] in the elliptic fibration ⇡. The irreducible
components V and Di of the global nilpotent cone are holomorphic Lagrangians with respect to ⌦I ,
sometimes called Lagrangians of type (B,A,A). The homology classes of V and Di provide a basis
for the second homology groups H2(MH(Cp, G),Z), and their intersection form is the affine Cartan
matrix of type bD4, as illustrated in Figure 1. The intersection form has only one null vector, which
must be identified with the class of a generic fiber F of the Hitchin fibration, resulting in the relation

[F] = 2[V] +
4X

i=1

[Di] . (2.17)

Once we move away from �p = �p = 0, we are deforming the complex structure modulus �p + i�p

of complex structure I, and so the structure of the Hitchin fibration drastically changes. For generic
values of (�p, �p), the embeddings of the two-cycles V and Di (i = 1, . . . , 4) into MH(Cp, G) are no
longer holomorphic with respect to complex structure I, and the singular fiber of type I

⇤
0 splits into

three singular fibers of type I2 [FW08, §3.4]. If we write the base genus-one curve Cp of the Hitchin
system by an algebraic equation y

2 = (x�e1)(x�e2)(x�e3) with e1+e2+e3 = 0 where the ramification
point p is located at infinity, then the singular fibers of type I2 are preimages of points

BH 3 bi := eiTr (�p + i�p)
2 (i = 1, 2, 3) , (2.18)

under the Hitchin fibration as depicted in Figure 2. In the singular fiber at bi 2 BH , two irreducible
components U2i�1 and U2i, which are topologically CP1, meet at two double points.

Hence, the two-cycles V and Di (i = 1, . . . , 4) are not projected to a point by the Hitchin fibra-
tion with a generic ramification, though they still give a basis of H2(MH(Cp, G),Z) and satisfy the
relation (2.17). An analysis by the Mayer–Vietoris sequence tells us that the homology class of each
irreducible component in a singular fiber I2 can be expressed as

[U1] = [V] + [D1] + [D2] , [U3] = [V] + [D1] + [D3] , [U5] = [V] + [D1] + [D4] ,

[U2] = [V] + [D3] + [D4] , [U4] = [V] + [D2] + [D4] , [U6] = [V] + [D2] + [D3] ,
(2.19)

and there is another two-cycle W as in Figure 2 with homology class [W] = [D1]. With respect to the
new basis

[U1], [U2], [U3], [U5], [W] 2 H2(MH(Cp, G),Z) , (2.20)
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the intersection form becomes 0

BBBB@

2 �2 0 0 1
�2 2 0 0 �1
0 0 2 0 1
0 0 0 2 1
1 �1 1 1 2

1

CCCCA
. (2.21)

Note that the upper-left two-by-two matrix is the Cartan matrix of the affine type bA1 as the intersection
form of a singular fiber of type I2.

For our applications to branes and representations, we also need to know the type of the five
compact two-cycles V, Di (i = 1, . . . , 4) and periods of the Kähler forms over them. The integrals of
⌦J over V and over F were computed e.g. in [Guk11]. They can be expressed as the following set of
relations: Z

V

!I

2⇡
=

1

2
� |↵p| , diag(↵p,�↵p) ⇠ ↵p 2 T ,

Z

V

!J

2⇡
= ��p , diag(�p,��p) ⇠ �p 2 t ,

Z

V

!K

2⇡
= ��p , diag(�p,��p) ⇠ �p 2 t

(2.22)

and Z

F

!I

2⇡
= 1 ,

Z

F

!J

2⇡
= 0 =

Z

F

!K

2⇡
, (2.23)

where in the latter we used the fact that the Hitchin fiber F is holomorphic in complex structure I

and Lagrangian with respect to ⌦I for any (↵p,�p, �p). We assume that ↵p takes its value in the
range �1

2 < ↵p  1
2 . Although we did not compute the periods of the 2-forms (2.12) and (2.13) over
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Pillowcase Hitchin fiber

Exceptional divisorsexceptional divisors Di directly, we claim

↵p

2
=

Z

Di

!I

2⇡
,

�p

2
=

Z

Di

!J

2⇡
,

�p

2
=

Z

Di

!K

2⇡
, (2.24)

independently of i = 1, 2, 3, 4. One way to justify this claim is to compute the periods for small values
of �p+i↵p ⇡ 0, i.e. for t̃ ⇡ 1. Another way is to use (2.17) together with the symmetries of MH(Cp, G)
that we discuss next. The Weyl group symmetry of the ramification parameters amounts to an overall
sign change

(↵p,�p,�p) ! (�↵p,��p,��p) (2.25)

is equivalent to a reversal of orientations of Di.
Furthermore, the “quantum” parameter that complexifies a Kähler parameter can be understood

as the period of the B-field in a 2d sigma-model over Di

⌘p =

Z

Di

B

2⇡
, diag(⌘p,�⌘p) ⇠ ⌘p 2 T

_
. (2.26)

In the following, we often use the parameters (↵p,�p,�p,⌘p) 2 S
1 ⇥ R ⇥ R ⇥ S

1 and the quadruple
(↵p,�p, �p, ⌘p) 2 T ⇥ t⇥ t⇥ T

_ of the tame ramification (2.4) at p 2 C in the same meaning.

Symmetries The target space (2.3) of our sigma-model has the symmetry group2

⌅⇥MCG(Cp) = Z2 ⇥ Z2 ⇥ SL(2,Z) (2.27)

where ⌅ = Z2⇥Z2 is the group of “sign changes” generated by twists of a Higgs bundle E ! Cp by line
bundles of order 2. Abusing notation, this group can be identified with H

1(C,Z2) = Z2 � Z2 where
Z2 is the center of SU(2). Obviously, SL(2,Z) is the mapping class of the (punctured) torus:

MCG(Cp) ⇠= SL(2,Z) . (2.28)

Both ⌅ and MCG(Cp) are symmetries in all complex and symplectic structures. In particular, in what
follows, we will need their explicit presentations as holomorphic symplectomorphisms with respect to
⌦J .

In complex structure J , the “sign changes” ⌅ = Z2 ⇥ Z2 are holomorphic involutions, and its
generators ⇠1, ⇠2 and their combination ⇠3 := ⇠1 � ⇠2 act as

⇠1 : (x, y, z) 7! (�x, y,�z) ,

⇠2 : (x, y, z) 7! (x,�y,�z) ,

⇠3 : (x, y, z) 7! (�x,�y, z) ,

(2.29)

respectively. The “sign changes” symmetry plays a very important role to understand mirror symmetry
[Guk11] and connections to 4d physics in §4.

The symmetry group ⌅ leaves V invariant (as a set, not pointwise) and acts on the exceptional
divisors Di as follows:

⇠1 : D1 $ D2 and D3 $ D4 ,

⇠2 : D1 $ D3 and D2 $ D4 ,

⇠3 : D1 $ D4 and D2 $ D3 .

(2.30)

This symmetry, illustrated in Figure 1, provides supporting evidence to our assumption in (2.24).
In complex structure I, a point in the Hitchin base BH is invariant under ⌅ so that it acts on each

fiber as translations of order two in the Hitchin fibration MH ! BH [FW08, §3.5]. It acts freely on a
generic fiber. On the other hand, ⇠i acts on each irreducible component of the singular fiber ⇡

�1(bi),
2The symmetry of the A-model can be larger or smaller than the group of geometric symmetries. It can be larger

due to quantum symmetries not directly visible from geometry, and it can be smaller if some geometric symmetries are
Q-exact from the A-model viewpoint.
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1(C,Z2) = Z2 � Z2 where
Z2 is the center of SU(2). Obviously, SL(2,Z) is the mapping class of the (punctured) torus:
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generators ⇠1, ⇠2 and their combination ⇠3 := ⇠1 � ⇠2 act as
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respectively. The “sign changes” symmetry plays a very important role to understand mirror symmetry
[Guk11] and connections to 4d physics in §4.

The symmetry group ⌅ leaves V invariant (as a set, not pointwise) and acts on the exceptional
divisors Di as follows:

⇠1 : D1 $ D2 and D3 $ D4 ,

⇠2 : D1 $ D3 and D2 $ D4 ,
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(2.30)

This symmetry, illustrated in Figure 1, provides supporting evidence to our assumption in (2.24).
In complex structure I, a point in the Hitchin base BH is invariant under ⌅ so that it acts on each

fiber as translations of order two in the Hitchin fibration MH ! BH [FW08, §3.5]. It acts freely on a
generic fiber. On the other hand, ⇠i acts on each irreducible component of the singular fiber ⇡

�1(bi),
2The symmetry of the A-model can be larger or smaller than the group of geometric symmetries. It can be larger

due to quantum symmetries not directly visible from geometry, and it can be smaller if some geometric symmetries are
Q-exact from the A-model viewpoint.
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namely U2i�1 and U2i, respectively, where the fixed points are exactly the two double points. At the
other singular fibers, it exchanges the two double points and swaps the two irreducible components

⇠i : U2i+1 $ U2i+2 and U2i+3 $ U2i+4 , (2.31)

where the indices of U are counted modulo 6. This is consistent with the homology classes (2.19) and
the actions (2.30).

The action of SL(2,Z) on the eigenvalues of the holonomies ⇢(m) and ⇢(l) is indeed given in (C.30).
In particular, the non-trivial central element �1 of SL(2,Z) indeed exchanges the eigenvalues of the
holonomies ⇢(m) and ⇢(l) as well as the one around the puncture (2.11) to their inverses. Therefore, it
acts as the Weyl group symmetry of SL(2,C). Subsequently, the trace coordinates x, y, z are invariant
under the non-trivial central element �1 so that SL(2,Z) acts projectively on the coordinate ring O(X)
holomorphic in complex structure J . However, the eigenvalues of the holonomy around the puncture
are exchanged, which we denote

◆ : t̃ ! et�1
. (2.32)

A quotient of MCG(Cp) ⇠= SL(2,Z) by the center is PSL(2,Z) = SL(2,Z)/± 1, which is the mapping
class group of a 4-punctured sphere. In order to find an explicit presentation of PSL(2,Z), it is
convenient to note that T

2 ! S
2 is a double cover branched at 4 points, cf. (2.14)

PSL(2,Z) ⇠= Br3 /Z (2.33)

where the second equality is a well-known relation to the Artin braid group Br3. In terms of standard
generators ⌧+ and ⌧

�1
� , which satisfy the braid relation ⌧+⌧

�1
� ⌧+ = ⌧

�1
� ⌧+⌧

�1
� , the center Z of Br3 is

generated by (⌧+⌧
�1
� )3. Under the surjective map onto PSL(2,Z), we have

⌧+ 7!
✓
1 0
1 1

◆
, ⌧� 7!

✓
1 1
0 1

◆
(2.34)

and
� := ⌧+⌧

�1
� ⌧+ = ⌧

�1
� ⌧+⌧

�1
� 7!

✓
0 �1
1 0

◆
, ⌧+⌧

�1
� 7!

✓
1 �1
1 0

◆
. (2.35)

In the quotient (2.33), the latter two elements have order 2 and 3, respectively.
Using (2.33), we can relate our present problem to the mapping class group action on the character

variety of the 4-punctured sphere3 which is also a cubic surface of the form (2.10) and on various branes
(submanifolds) on this surface [Guk07]:

⌧+ : (x, y, z) 7! (x, xy � z, y) ,

⌧� : (x, y, z) 7! (xy � z, y, x) ,

� : (x, y, z) 7! (y, x, xy � z) .

(2.36)

It is easy to verify that these are indeed polynomial automorphisms of the cubic surface (2.10) and
that they satisfy the braid relation.

Note, the action of PSL(2,Z) leaves V invariant (as a set, not pointwise) and acts on the exceptional
divisors Di as on the set of Z2 torsion points on an elliptic curve, In other words, D1 is fixed by the
PSL(2,Z), also as a set, not pointwise, whereas D2, D3 and D4 transform as points 1

2 ,
⌧

2 , and 1
2 + ⌧

2 ,
respectively. In terms of the generators of PSL(2,Z), we have explicit transformation rules

⌧+ : D2 $ D4 and D1, D3 are fixed as a set ,

⌧� : D3 $ D4 and D1, D2 are fixed as a set ,

� : D2 $ D3 and D1, D4 are fixed as a set .

(2.37)

3In the notations of [Guk07] we need to take (x1, x2, x3) = (�x,�y,�z), ✓1 = ✓2 = ✓3 = 0, and ✓4 = �2� t̃
2 � t̃

�2.
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A-branes are flat unitary bundles over Lagrangian submanifold with respect to ω𝔛 = Im ( i
ℏ

ΩJ)

[Gukov Witten]

[Kapustin Orlov]

Thus, the symmetries ⌅ ⇥ PSL(2,Z) can be seen in outer automorphisms of S
..
H. The other outer

automorphism ◆̃ in (2.45) is somewhat more complicated; it does not preserve the idempotent, but it
rather brings it into the other idempotent element

◆̃ : e =
T + t

�1

t+ t�1
7! ee =

�T + t

t+ t�1
. (2.54)

Thus, ◆̃ maps S
..
H to the other spherical subalgebra ee

..
Hee where the Casimir relations are different by

t $ t
�1. However, the involution ◆̃ on

..
H does correspond in a sense to an outer automorphism of S

..
H,

which acts simply by
◆ : t 7! qt

�1
. (2.55)

Indeed, it is easy to check that this map preserves the Casimir relation in (2.50). (Note that this
automorphism only acts nontrivially when q and t are regarded as formal elements; it does not preserve
the central character.)

In general, we are free to think of any commutative algebra as the coordinate ring of a certain affine
space. In addition to the example above, we consider the case of X = C⇥ ⇥C⇥ for the quantum torus
algebra in Appendix C, and X as 3d N = 4 Coulomb branches in Appendix D in this paper. What is
common between all of these examples are certain key properties of X: First of all, it will always be
a non-compact manifold, so that it has a large and interesting algebra O(X) of holomorphic functions
with polynomial growth at infinity. (In fact, in this paper, X will always be an affine variety over C.)
It will also be a hyper-Kähler manifold, and an algebra is obtained by the deformation quantization
of the coordinate ring of X with respect to a certain holomorphic symplectic form. These conditions
fit into the context of brane quantization [GW09] in a 2d sigma-model. It is the central idea of this
paper, and this will pave the way towards a geometric angle on the representation theory of S

..
H.

2.3 Canonical coisotropic branes in A-models

Here, we will obtain the deformation quantization of the coordinate ring of X with respect to ⌦J by
using the 2d A-model on a symplectic manifold (X,!X). The main character in our story is the canonical

coisotropic brane, denoted Bcc. Eventually, we will investigate the representation theory of S
..
H by the

2d A-model, but we begin by constructing the (presumably less familiar) canonical coisotropic brane
Bcc here. Subsequently, we will discuss standard Lagrangian branes and some methods for computing
spaces of morphisms in what follows. Our review is necessarily cursory; for more details, we refer to
the literature [GW09, Guk11].

In general, as was pointed out in [KO03], the A-model admits branes with support on coisotropic
submanifolds which are equipped with a transverse holomorphic structure. The canonical coisotropic
brane is supported on the target space X itself, which is a coisotropic submanifold of the target space X
in a rather trivial way. More precisely, there is a family of such branes, labeled by a complex parameter

~ = |~|ei✓ , (2.56)

and we will identify it with the parameter of deformation quantizations by q = e
2⇡i~. The fact that

the support involves no additional choice is (at least part of) the reason for the term “canonical.” On
a 2n-dimensional target space, coisotropic branes can therefore be supported in dimension n + 2j for
integer j; when n is even, there can be branes supported throughout the entire target. In our example,
n = 2, so that no other coisotropic branes can occur just for dimension reasons.

In complex structure I = I cos ✓�K sin ✓, the data defining the brane Bcc is simply a holomorphic
line bundle L ! X, equipped with a connection whose curvature F is of course equal to the first Chern
class:

Bcc :
L

X

c1(L) = [F/2⇡] 2 H
2(X,Z) . (2.57)

As usual, open strings ending on Bcc source the gauge-invariant combination F +B, where

B 2 H
2(X,U(1)) (2.58)
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It will also be a hyper-Kähler manifold, and an algebra is obtained by the deformation quantization
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using the 2d A-model on a symplectic manifold (X,!X). The main character in our story is the canonical

coisotropic brane, denoted Bcc. Eventually, we will investigate the representation theory of S
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H by the

2d A-model, but we begin by constructing the (presumably less familiar) canonical coisotropic brane
Bcc here. Subsequently, we will discuss standard Lagrangian branes and some methods for computing
spaces of morphisms in what follows. Our review is necessarily cursory; for more details, we refer to
the literature [GW09, Guk11].

In general, as was pointed out in [KO03], the A-model admits branes with support on coisotropic
submanifolds which are equipped with a transverse holomorphic structure. The canonical coisotropic
brane is supported on the target space X itself, which is a coisotropic submanifold of the target space X
in a rather trivial way. More precisely, there is a family of such branes, labeled by a complex parameter

~ = |~|ei✓ , (2.56)

and we will identify it with the parameter of deformation quantizations by q = e
2⇡i~. The fact that

the support involves no additional choice is (at least part of) the reason for the term “canonical.” On
a 2n-dimensional target space, coisotropic branes can therefore be supported in dimension n + 2j for
integer j; when n is even, there can be branes supported throughout the entire target. In our example,
n = 2, so that no other coisotropic branes can occur just for dimension reasons.

In complex structure I = I cos ✓�K sin ✓, the data defining the brane Bcc is simply a holomorphic
line bundle L ! X, equipped with a connection whose curvature F is of course equal to the first Chern
class:

Bcc :
L

X

c1(L) = [F/2⇡] 2 H
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As usual, open strings ending on Bcc source the gauge-invariant combination F +B, where

B 2 H
2(X,U(1)) (2.58)
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2d sigma model into 𝔛

Family of  branes parameterized by   on symplectic manifold 𝔅cc ℏ (𝔛, ω𝔛)

Values of the B-field are determined by equation

is the 2-form B-field. For our family of the canonical coisotropic branes Bcc parametrized by ~ on
a symplectic manifold (X,!X), the values of [B/2⇡] 2 H

2(X,U(1)) and the integral class [F/2⇡] 2
H

2(X,Z) are determined by the equation

⌦ := F +B + i!X =
⌦J

i~ , (2.59)

so that at a generic value of ~ in (2.56) we can write

F +B = Re ⌦ =
1

|~|(!I cos ✓ � !K sin ✓) ,

!X = Im ⌦ = � 1

|~|(!I sin ✓ + !K cos ✓) . (2.60)

Since the hyper-Kähler conditions ensure that J = !
�1
X (F + B), we have the condition for Bcc to be

a coisotropic A-brane [KO03] �
!
�1
X (B + F )

�2
= J

2 = �1 . (2.61)

In particular, when ~ is real, !X = !K and Bcc is a brane of type (B,A,A), whereas for ~ purely
imaginary, !X = !I and Bcc is an (A,A,B)-brane. Bcc is also called “canonical” because its extra
data corresponds in this fashion to the holomorphic symplectic structure.

Now comes the key point. Under this circumstance, the space Hom(Bcc,Bcc) of open (Bcc,Bcc)
strings with both ends on the canonical coisotropic brane Bcc is a non-commutative deformation of the
Dolbeault cohomology H

0,⇤
@

(X) when X is regarded as a complex manifold with J , and we are interested
in its zeroth degree, namely the space of holomorphic functions. Moreover, for X an affine variety, a
suitable condition at infinity for a “good A-model” is to allow only functions of polynomial growth.
In the presence of non-trivial background F + B 6= 0, Hom0(Bcc,Bcc) is therefore the deformation
quantization of the coordinate ring on X, holomorphic in complex structure J [AZ05, GW09]. 6

In general, for any brane B, in either the A-model or the B-model, the space of open strings states
End(B) forms an algebra. This can be easily understood by considering the process of joining open
strings, illustrated in Figure 4 (left). However, generically, this algebra of (B,B) strings is rather simple
and not very interesting. Even if the brane B is “big enough,” the algebra End(B) can be interesting,
but may be hard to identify or relate to more familiar algebras. For example, various (B,B,B) branes
represented by hyper-holomorphic sheaves in [Guk11] lead to interesting endomorphism algebras, but
apart from some special cases it is hard to recognize them in the world of more familiar algebras. What
makes the canonical coisotropic brane special is that the algebra End(Bcc) can be identified with the
deformation quantization O

q(X) of the target manifold X [KW07].

B B

B

Bcc B0

Bcc

Figure 4: (Left) Open strings that start and end on the same brane B form an algebra.
(Right) Joining a (Bcc,Bcc)-string with a (Bcc,B0)-string leads to another (Bcc,B0)-string.

6Since we are mainly interested in the zeroth degree of morphism spaces, we will usually omit the superscript 0,
meaning Hom = Hom

0 unless it is specified.
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brane is supported on the target space X itself, which is a coisotropic submanifold of the target space X
in a rather trivial way. More precisely, there is a family of such branes, labeled by a complex parameter
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and we will identify it with the parameter of deformation quantizations by q = e
2⇡i~. The fact that

the support involves no additional choice is (at least part of) the reason for the term “canonical.” On
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integer j; when n is even, there can be branes supported throughout the entire target. In our example,
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HyperKahler condition

E.g. for real  we have  and  brane is of type , for purely imaginary of type ℏ ω𝔛 = ωK 𝔅cc (B, A, A) (A, A, B)
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imaginary, !X = !I and Bcc is an (A,A,B)-brane. Bcc is also called “canonical” because its extra
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(X) when X is regarded as a complex manifold with J , and we are interested
in its zeroth degree, namely the space of holomorphic functions. Moreover, for X an affine variety, a
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2.3.1 Spherical DAHA as the algebra of (Bcc,Bcc)-strings

In our example, the target space X = Mflat(Cp, SL(2,C)) is the moduli space of flat SL(2,C)-
connections over a punctured torus, which is a hyper-Kähler manifold. Then, by construction, the
algebra of (Bcc,Bcc) strings is the deformation quantization O

q(X) of the coordinate ring on X with
respect to ⌦J , which is the spherical DAHA S

..
H.

The parameter q of S
..
H is identified with ~ in the data (2.59) of Bcc via q = exp(2⇡i~). It is worth

emphasizing that for a generic value of q 2 C⇥, the B-field needs to be turned on in the sigma-model.
In fact, the target admits the Hitchin fibration (2.15) where a generic fiber is a two-torus T

2. Since a
generic fiber F is Lagrangian with respect to !J and !K and it sees only !I , the evaluation of ⌦ in
(2.59) over F yields Z

F

⌦

2⇡
=

1

~ ,

where F + B is responsible for its real part. Because [F/2⇡] 2 H
2(X,Z) is an element of the second

integral cohomology class, the B-field needs to be switched on unless the real value of 1/~ is an integer.
Thus, a 2d A-model has to incorporate the B-field for a generic value of ~, and we will moreover witness
that the B-field plays a more important role in the subsequent sections.

The parameter t of S
..
H is related to the ramification parameters of the target space. In fact, the

monodromy parameter (2.11) around the puncture can be expressed by the ramification parameters
(2.7) as

t̃ = exp(�⇡(�p + i↵p)) .

Furthermore, (2.52) compares the monodromy parameter t̃ with the central character t of S
..
H. Then,

it is easy to see from (2.24) that the evaluation of (2.59) on an exceptional divisor yields

1

2⇡

Z

Di

F +B + i!X =

Z

Di

⌦J

2⇡i~ =
�p + i↵p

2i~ = �c+
1

2
. (2.62)

where c is the central charge in (2.42).
The canonical coisotropic brane enjoys the symmetries ⌅⇥PSL(2,Z) of the target space X analyzed

in §2.1, which become the outer automorphisms of S
..
H given by (2.29) and (2.53). The symmetry (2.55)

of S
..
H is indeed the Weyl group symmetry t̃ $ t̃

�1 of the monodromy matrix (2.11). In fact, the Weyl
group symmetry (2.25) of the ramification parameters preserves the target space. Since the canonical
coisotropic brane is sensitive only to (↵p,�p) or t̃, the symmetry (2.55) of S

..
H is equivalent to the fact

that the canonical coisotropic branes supported on X
t̃

and X
t̃�1 related by the Weyl group symmetry

give rise to the isomorphic algebra

End(Bcc) ⇠= S
..
H ⇠= End(◆(Bcc)) . (2.63)

2.4 Lagrangian A-branes and modules of O
q(X)

Now we lay out the approach to the representation theory of O
q(X) by the 2d A-model on (X,!X).

This subsection also serves as a lightning review about the category of A-branes.
The approach to the representation theory of O

q from the 2d A-model arises from a simple idea:
given an open string boundary condition (or an A-brane) B0, the space of (Bcc,B0) open strings forms
a vector space. As in the right of Figure 4, a joining of (Bcc,Bcc) and (Bcc,B0) string leads to another
(Bcc,B0) string. This implies that the space of (Bcc,B0) strings receives an action of the algebra of
(Bcc,Bcc) strings [GW09]. Namely, other A-branes B0 on X give rise to modules for O

q(X):

O
q(X) = Hom(Bcc,Bcc)� �

B
0 = Hom(Bcc,B0)

(2.64)

In our example, supports of other branes B0 are always Lagrangian submanifolds so that we will review
Lagrangian A-branes BL in the next subsection. If the support of B0 is a Lagrangian submanifold
contained in the fixed point set of an antiholomorphic involution ⇣ : X ! X with ⇣

⇤
J = �J , then the

corresponding representation admits unitarity.
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Lagrangian Branes

the cocycle cancels out in the transition functions gijwij of an honest vector bundle L0 ⌦K
�1/2
L ! L,

called a Spinc structure. The K
�1/2
L part in a Spinc structure arises from boundary fermions of the

open worldsheet [Hor00, §5] [HHP08, §3.2], which gives rise to a Spinc structure of the normal bundle
to the support of a brane. (This proposal is explicitly checked by Hemisphere partition functions in
[KLY14].) Thus, the canonical coisotropic brane Bcc is endowed with an ordinary line bundle whereas
a Lagrangian A-brane is equipped with a Spinc structure. Since most of the Lagrangian submanifolds
in this paper are of real two dimensions, there always exists a spin bundle of L, which is a square-
root of the canonical bundle K

±1/2
L of L, though it is not necessarily unique. Hence, both L0 and

K
�1/2
L exist as genuine line bundles in most of the examples in this paper and we treat their tensor

product L0 ⌦ K
�1/2
L as a Spinc structure. However, a subtlety arises when an A-brane degenerates

into a different spin structure, which will be considered in §2.7. Moreover, a Lagrangian A-brane is
endowed with a flat Spinc structure: if L0 exists as a line bundle, the curvature F

0
L of L0 must obey a

gauge-invariant version of the flatness condition

F
0
L + B|L = 0 , (2.70)

in the presence of a B-field. Even if L0 does not exist as a line bundle, its square (L0)2 does so that
a half of the curvature of (L0)2 is subject to (2.70). In sum, for a Lagrangian A-brane, we have a
Chan-Paton bundle

BL :
L0 ⌦K

�1/2
L

L

(2.71)

with a flat Spinc structure (2.70). We will sometimes denote a Chan-Paton bundle by BL ! L, abusing
notation. Morphisms between Lagrangian objects are defined in the usual way using the Floer–Fukaya
complex generated by intersection points between the Lagrangians; see [Aur14] for details.

Defining the space of morphisms between Lagrangian and coisotropic objects is a bit more subtle,
and is discussed in detail for flat targets in [AZ05]. The essential idea is that the morphism space
should be thought of as related to the space of holomorphic functions on the intersection, with respect
to the transverse holomorphic structure on coisotropic objects. For Lagrangian objects, this complex
structure obviously plays no role, but instanton corrections can appear, in the guise of the contributions
of holomorphic disks to the differential in the Floer–Fukaya complex. On the other hand, for Bcc, the
transverse holomorphic structure is just a standard complex structure and plays an essential role, but
instanton corrections are forbidden. In the case of general coisotropic branes, both phenomena can be
expected to be relevant. (For some further discussion of this fact from the worldsheet perspective, as
well as generalizations to branes of higher rank, see [Her12].)

In a hyper-Kähler manifold, we can make use of a B-model analysis as in [GW09, Guk11] to
compute the dimension of open strings. The dimension of the representation space L := Hom(Bcc,BL)
associated to a compact Lagrangian brane BL can be computed with the help of the Grothendieck–
Riemann–Roch formula:

dimL = dimH
0(L,Bcc ⌦B�1

L )

=

Z

L
ch(Bcc) ^ ch(B�1

L ) ^ Td(TL) ,
(2.72)

Here we denote, by B, a bundle for the corresponding brane including an effect of the B-field, abusing
notation.

If a Lagrangian L is of real two dimensions, then the Todd class Td(TL) = ch(K�1/2
L ) bA(TL) is

equivalent to ch(K�1/2
L ). Consequently, the formula becomes a very simple form

dimL =

Z

L
ch(Bcc) =

Z

L

F +B

2⇡
, (2.73)

for a real two-dimensional Lagrangian L.
As explained in [GW09], for a Lagrangian brane BL, the space of open strings Hom(Bcc,BL)

can be understood as a geometric quantization of L with a curvature on a “prequantum line bundle”
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the cocycle cancels out in the transition functions gijwij of an honest vector bundle L0 ⌦K
�1/2
L ! L,

called a Spinc structure. The K
�1/2
L part in a Spinc structure arises from boundary fermions of the

open worldsheet [Hor00, §5] [HHP08, §3.2], which gives rise to a Spinc structure of the normal bundle
to the support of a brane. (This proposal is explicitly checked by Hemisphere partition functions in
[KLY14].) Thus, the canonical coisotropic brane Bcc is endowed with an ordinary line bundle whereas
a Lagrangian A-brane is equipped with a Spinc structure. Since most of the Lagrangian submanifolds
in this paper are of real two dimensions, there always exists a spin bundle of L, which is a square-
root of the canonical bundle K

±1/2
L of L, though it is not necessarily unique. Hence, both L0 and

K
�1/2
L exist as genuine line bundles in most of the examples in this paper and we treat their tensor

product L0 ⌦ K
�1/2
L as a Spinc structure. However, a subtlety arises when an A-brane degenerates

into a different spin structure, which will be considered in §2.7. Moreover, a Lagrangian A-brane is
endowed with a flat Spinc structure: if L0 exists as a line bundle, the curvature F

0
L of L0 must obey a

gauge-invariant version of the flatness condition

F
0
L + B|L = 0 , (2.70)

in the presence of a B-field. Even if L0 does not exist as a line bundle, its square (L0)2 does so that
a half of the curvature of (L0)2 is subject to (2.70). In sum, for a Lagrangian A-brane, we have a
Chan-Paton bundle

BL :
L0 ⌦K

�1/2
L

L

(2.71)

with a flat Spinc structure (2.70). We will sometimes denote a Chan-Paton bundle by BL ! L, abusing
notation. Morphisms between Lagrangian objects are defined in the usual way using the Floer–Fukaya
complex generated by intersection points between the Lagrangians; see [Aur14] for details.

Defining the space of morphisms between Lagrangian and coisotropic objects is a bit more subtle,
and is discussed in detail for flat targets in [AZ05]. The essential idea is that the morphism space
should be thought of as related to the space of holomorphic functions on the intersection, with respect
to the transverse holomorphic structure on coisotropic objects. For Lagrangian objects, this complex
structure obviously plays no role, but instanton corrections can appear, in the guise of the contributions
of holomorphic disks to the differential in the Floer–Fukaya complex. On the other hand, for Bcc, the
transverse holomorphic structure is just a standard complex structure and plays an essential role, but
instanton corrections are forbidden. In the case of general coisotropic branes, both phenomena can be
expected to be relevant. (For some further discussion of this fact from the worldsheet perspective, as
well as generalizations to branes of higher rank, see [Her12].)

In a hyper-Kähler manifold, we can make use of a B-model analysis as in [GW09, Guk11] to
compute the dimension of open strings. The dimension of the representation space L := Hom(Bcc,BL)
associated to a compact Lagrangian brane BL can be computed with the help of the Grothendieck–
Riemann–Roch formula:

dimL = dimH
0(L,Bcc ⌦B�1

L )

=

Z

L
ch(Bcc) ^ ch(B�1

L ) ^ Td(TL) ,
(2.72)

Here we denote, by B, a bundle for the corresponding brane including an effect of the B-field, abusing
notation.

If a Lagrangian L is of real two dimensions, then the Todd class Td(TL) = ch(K�1/2
L ) bA(TL) is

equivalent to ch(K�1/2
L ). Consequently, the formula becomes a very simple form

dimL =

Z

L
ch(Bcc) =

Z

L

F +B

2⇡
, (2.73)

for a real two-dimensional Lagrangian L.
As explained in [GW09], for a Lagrangian brane BL, the space of open strings Hom(Bcc,BL)

can be understood as a geometric quantization of L with a curvature on a “prequantum line bundle”
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Flatness condition

the cocycle cancels out in the transition functions gijwij of an honest vector bundle L0 ⌦K
�1/2
L ! L,

called a Spinc structure. The K
�1/2
L part in a Spinc structure arises from boundary fermions of the

open worldsheet [Hor00, §5] [HHP08, §3.2], which gives rise to a Spinc structure of the normal bundle
to the support of a brane. (This proposal is explicitly checked by Hemisphere partition functions in
[KLY14].) Thus, the canonical coisotropic brane Bcc is endowed with an ordinary line bundle whereas
a Lagrangian A-brane is equipped with a Spinc structure. Since most of the Lagrangian submanifolds
in this paper are of real two dimensions, there always exists a spin bundle of L, which is a square-
root of the canonical bundle K

±1/2
L of L, though it is not necessarily unique. Hence, both L0 and

K
�1/2
L exist as genuine line bundles in most of the examples in this paper and we treat their tensor

product L0 ⌦ K
�1/2
L as a Spinc structure. However, a subtlety arises when an A-brane degenerates

into a different spin structure, which will be considered in §2.7. Moreover, a Lagrangian A-brane is
endowed with a flat Spinc structure: if L0 exists as a line bundle, the curvature F

0
L of L0 must obey a

gauge-invariant version of the flatness condition

F
0
L + B|L = 0 , (2.70)

in the presence of a B-field. Even if L0 does not exist as a line bundle, its square (L0)2 does so that
a half of the curvature of (L0)2 is subject to (2.70). In sum, for a Lagrangian A-brane, we have a
Chan-Paton bundle

BL :
L0 ⌦K

�1/2
L

L

(2.71)

with a flat Spinc structure (2.70). We will sometimes denote a Chan-Paton bundle by BL ! L, abusing
notation. Morphisms between Lagrangian objects are defined in the usual way using the Floer–Fukaya
complex generated by intersection points between the Lagrangians; see [Aur14] for details.

Defining the space of morphisms between Lagrangian and coisotropic objects is a bit more subtle,
and is discussed in detail for flat targets in [AZ05]. The essential idea is that the morphism space
should be thought of as related to the space of holomorphic functions on the intersection, with respect
to the transverse holomorphic structure on coisotropic objects. For Lagrangian objects, this complex
structure obviously plays no role, but instanton corrections can appear, in the guise of the contributions
of holomorphic disks to the differential in the Floer–Fukaya complex. On the other hand, for Bcc, the
transverse holomorphic structure is just a standard complex structure and plays an essential role, but
instanton corrections are forbidden. In the case of general coisotropic branes, both phenomena can be
expected to be relevant. (For some further discussion of this fact from the worldsheet perspective, as
well as generalizations to branes of higher rank, see [Her12].)

In a hyper-Kähler manifold, we can make use of a B-model analysis as in [GW09, Guk11] to
compute the dimension of open strings. The dimension of the representation space L := Hom(Bcc,BL)
associated to a compact Lagrangian brane BL can be computed with the help of the Grothendieck–
Riemann–Roch formula:

dimL = dimH
0(L,Bcc ⌦B�1

L )

=

Z

L
ch(Bcc) ^ ch(B�1

L ) ^ Td(TL) ,
(2.72)

Here we denote, by B, a bundle for the corresponding brane including an effect of the B-field, abusing
notation.

If a Lagrangian L is of real two dimensions, then the Todd class Td(TL) = ch(K�1/2
L ) bA(TL) is

equivalent to ch(K�1/2
L ). Consequently, the formula becomes a very simple form

dimL =

Z

L
ch(Bcc) =

Z

L

F +B

2⇡
, (2.73)

for a real two-dimensional Lagrangian L.
As explained in [GW09], for a Lagrangian brane BL, the space of open strings Hom(Bcc,BL)

can be understood as a geometric quantization of L with a curvature on a “prequantum line bundle”
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Representation space

Grothendieck-Riemann-Roch formula

the cocycle cancels out in the transition functions gijwij of an honest vector bundle L0 ⌦K
�1/2
L ! L,

called a Spinc structure. The K
�1/2
L part in a Spinc structure arises from boundary fermions of the

open worldsheet [Hor00, §5] [HHP08, §3.2], which gives rise to a Spinc structure of the normal bundle
to the support of a brane. (This proposal is explicitly checked by Hemisphere partition functions in
[KLY14].) Thus, the canonical coisotropic brane Bcc is endowed with an ordinary line bundle whereas
a Lagrangian A-brane is equipped with a Spinc structure. Since most of the Lagrangian submanifolds
in this paper are of real two dimensions, there always exists a spin bundle of L, which is a square-
root of the canonical bundle K

±1/2
L of L, though it is not necessarily unique. Hence, both L0 and

K
�1/2
L exist as genuine line bundles in most of the examples in this paper and we treat their tensor

product L0 ⌦ K
�1/2
L as a Spinc structure. However, a subtlety arises when an A-brane degenerates

into a different spin structure, which will be considered in §2.7. Moreover, a Lagrangian A-brane is
endowed with a flat Spinc structure: if L0 exists as a line bundle, the curvature F

0
L of L0 must obey a

gauge-invariant version of the flatness condition

F
0
L + B|L = 0 , (2.70)

in the presence of a B-field. Even if L0 does not exist as a line bundle, its square (L0)2 does so that
a half of the curvature of (L0)2 is subject to (2.70). In sum, for a Lagrangian A-brane, we have a
Chan-Paton bundle

BL :
L0 ⌦K

�1/2
L

L

(2.71)

with a flat Spinc structure (2.70). We will sometimes denote a Chan-Paton bundle by BL ! L, abusing
notation. Morphisms between Lagrangian objects are defined in the usual way using the Floer–Fukaya
complex generated by intersection points between the Lagrangians; see [Aur14] for details.

Defining the space of morphisms between Lagrangian and coisotropic objects is a bit more subtle,
and is discussed in detail for flat targets in [AZ05]. The essential idea is that the morphism space
should be thought of as related to the space of holomorphic functions on the intersection, with respect
to the transverse holomorphic structure on coisotropic objects. For Lagrangian objects, this complex
structure obviously plays no role, but instanton corrections can appear, in the guise of the contributions
of holomorphic disks to the differential in the Floer–Fukaya complex. On the other hand, for Bcc, the
transverse holomorphic structure is just a standard complex structure and plays an essential role, but
instanton corrections are forbidden. In the case of general coisotropic branes, both phenomena can be
expected to be relevant. (For some further discussion of this fact from the worldsheet perspective, as
well as generalizations to branes of higher rank, see [Her12].)

In a hyper-Kähler manifold, we can make use of a B-model analysis as in [GW09, Guk11] to
compute the dimension of open strings. The dimension of the representation space L := Hom(Bcc,BL)
associated to a compact Lagrangian brane BL can be computed with the help of the Grothendieck–
Riemann–Roch formula:

dimL = dimH
0(L,Bcc ⌦B�1

L )

=

Z

L
ch(Bcc) ^ ch(B�1

L ) ^ Td(TL) ,
(2.72)

Here we denote, by B, a bundle for the corresponding brane including an effect of the B-field, abusing
notation.

If a Lagrangian L is of real two dimensions, then the Todd class Td(TL) = ch(K�1/2
L ) bA(TL) is

equivalent to ch(K�1/2
L ). Consequently, the formula becomes a very simple form

dimL =

Z

L
ch(Bcc) =

Z

L

F +B

2⇡
, (2.73)

for a real two-dimensional Lagrangian L.
As explained in [GW09], for a Lagrangian brane BL, the space of open strings Hom(Bcc,BL)

can be understood as a geometric quantization of L with a curvature on a “prequantum line bundle”
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For a Lagrangian in two dimensions

the cocycle cancels out in the transition functions gijwij of an honest vector bundle L0 ⌦K
�1/2
L ! L,

called a Spinc structure. The K
�1/2
L part in a Spinc structure arises from boundary fermions of the

open worldsheet [Hor00, §5] [HHP08, §3.2], which gives rise to a Spinc structure of the normal bundle
to the support of a brane. (This proposal is explicitly checked by Hemisphere partition functions in
[KLY14].) Thus, the canonical coisotropic brane Bcc is endowed with an ordinary line bundle whereas
a Lagrangian A-brane is equipped with a Spinc structure. Since most of the Lagrangian submanifolds
in this paper are of real two dimensions, there always exists a spin bundle of L, which is a square-
root of the canonical bundle K

±1/2
L of L, though it is not necessarily unique. Hence, both L0 and

K
�1/2
L exist as genuine line bundles in most of the examples in this paper and we treat their tensor

product L0 ⌦ K
�1/2
L as a Spinc structure. However, a subtlety arises when an A-brane degenerates

into a different spin structure, which will be considered in §2.7. Moreover, a Lagrangian A-brane is
endowed with a flat Spinc structure: if L0 exists as a line bundle, the curvature F

0
L of L0 must obey a

gauge-invariant version of the flatness condition

F
0
L + B|L = 0 , (2.70)

in the presence of a B-field. Even if L0 does not exist as a line bundle, its square (L0)2 does so that
a half of the curvature of (L0)2 is subject to (2.70). In sum, for a Lagrangian A-brane, we have a
Chan-Paton bundle

BL :
L0 ⌦K

�1/2
L

L

(2.71)

with a flat Spinc structure (2.70). We will sometimes denote a Chan-Paton bundle by BL ! L, abusing
notation. Morphisms between Lagrangian objects are defined in the usual way using the Floer–Fukaya
complex generated by intersection points between the Lagrangians; see [Aur14] for details.

Defining the space of morphisms between Lagrangian and coisotropic objects is a bit more subtle,
and is discussed in detail for flat targets in [AZ05]. The essential idea is that the morphism space
should be thought of as related to the space of holomorphic functions on the intersection, with respect
to the transverse holomorphic structure on coisotropic objects. For Lagrangian objects, this complex
structure obviously plays no role, but instanton corrections can appear, in the guise of the contributions
of holomorphic disks to the differential in the Floer–Fukaya complex. On the other hand, for Bcc, the
transverse holomorphic structure is just a standard complex structure and plays an essential role, but
instanton corrections are forbidden. In the case of general coisotropic branes, both phenomena can be
expected to be relevant. (For some further discussion of this fact from the worldsheet perspective, as
well as generalizations to branes of higher rank, see [Her12].)

In a hyper-Kähler manifold, we can make use of a B-model analysis as in [GW09, Guk11] to
compute the dimension of open strings. The dimension of the representation space L := Hom(Bcc,BL)
associated to a compact Lagrangian brane BL can be computed with the help of the Grothendieck–
Riemann–Roch formula:

dimL = dimH
0(L,Bcc ⌦B�1

L )

=

Z

L
ch(Bcc) ^ ch(B�1

L ) ^ Td(TL) ,
(2.72)

Here we denote, by B, a bundle for the corresponding brane including an effect of the B-field, abusing
notation.

If a Lagrangian L is of real two dimensions, then the Todd class Td(TL) = ch(K�1/2
L ) bA(TL) is

equivalent to ch(K�1/2
L ). Consequently, the formula becomes a very simple form

dimL =

Z

L
ch(Bcc) =

Z

L

F +B

2⇡
, (2.73)

for a real two-dimensional Lagrangian L.
As explained in [GW09], for a Lagrangian brane BL, the space of open strings Hom(Bcc,BL)

can be understood as a geometric quantization of L with a curvature on a “prequantum line bundle”
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So the dimension reads

the cocycle cancels out in the transition functions gijwij of an honest vector bundle L0 ⌦K
�1/2
L ! L,

called a Spinc structure. The K
�1/2
L part in a Spinc structure arises from boundary fermions of the

open worldsheet [Hor00, §5] [HHP08, §3.2], which gives rise to a Spinc structure of the normal bundle
to the support of a brane. (This proposal is explicitly checked by Hemisphere partition functions in
[KLY14].) Thus, the canonical coisotropic brane Bcc is endowed with an ordinary line bundle whereas
a Lagrangian A-brane is equipped with a Spinc structure. Since most of the Lagrangian submanifolds
in this paper are of real two dimensions, there always exists a spin bundle of L, which is a square-
root of the canonical bundle K

±1/2
L of L, though it is not necessarily unique. Hence, both L0 and

K
�1/2
L exist as genuine line bundles in most of the examples in this paper and we treat their tensor

product L0 ⌦ K
�1/2
L as a Spinc structure. However, a subtlety arises when an A-brane degenerates

into a different spin structure, which will be considered in §2.7. Moreover, a Lagrangian A-brane is
endowed with a flat Spinc structure: if L0 exists as a line bundle, the curvature F

0
L of L0 must obey a

gauge-invariant version of the flatness condition

F
0
L + B|L = 0 , (2.70)

in the presence of a B-field. Even if L0 does not exist as a line bundle, its square (L0)2 does so that
a half of the curvature of (L0)2 is subject to (2.70). In sum, for a Lagrangian A-brane, we have a
Chan-Paton bundle

BL :
L0 ⌦K

�1/2
L

L

(2.71)

with a flat Spinc structure (2.70). We will sometimes denote a Chan-Paton bundle by BL ! L, abusing
notation. Morphisms between Lagrangian objects are defined in the usual way using the Floer–Fukaya
complex generated by intersection points between the Lagrangians; see [Aur14] for details.

Defining the space of morphisms between Lagrangian and coisotropic objects is a bit more subtle,
and is discussed in detail for flat targets in [AZ05]. The essential idea is that the morphism space
should be thought of as related to the space of holomorphic functions on the intersection, with respect
to the transverse holomorphic structure on coisotropic objects. For Lagrangian objects, this complex
structure obviously plays no role, but instanton corrections can appear, in the guise of the contributions
of holomorphic disks to the differential in the Floer–Fukaya complex. On the other hand, for Bcc, the
transverse holomorphic structure is just a standard complex structure and plays an essential role, but
instanton corrections are forbidden. In the case of general coisotropic branes, both phenomena can be
expected to be relevant. (For some further discussion of this fact from the worldsheet perspective, as
well as generalizations to branes of higher rank, see [Her12].)

In a hyper-Kähler manifold, we can make use of a B-model analysis as in [GW09, Guk11] to
compute the dimension of open strings. The dimension of the representation space L := Hom(Bcc,BL)
associated to a compact Lagrangian brane BL can be computed with the help of the Grothendieck–
Riemann–Roch formula:

dimL = dimH
0(L,Bcc ⌦B�1

L )

=

Z

L
ch(Bcc) ^ ch(B�1

L ) ^ Td(TL) ,
(2.72)

Here we denote, by B, a bundle for the corresponding brane including an effect of the B-field, abusing
notation.

If a Lagrangian L is of real two dimensions, then the Todd class Td(TL) = ch(K�1/2
L ) bA(TL) is

equivalent to ch(K�1/2
L ). Consequently, the formula becomes a very simple form

dimL =

Z

L
ch(Bcc) =

Z

L

F +B

2⇡
, (2.73)

for a real two-dimensional Lagrangian L.
As explained in [GW09], for a Lagrangian brane BL, the space of open strings Hom(Bcc,BL)

can be understood as a geometric quantization of L with a curvature on a “prequantum line bundle”
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Lagrangian branes are objects in Fukaya category

We now briefly recall a few standard facts about Lagrangian A-branes [Flo88, Flo89] and their
mathematical incarnation, the Fukaya category Fuk(X,!X). For more detail, the reader is referred to
the literature, which is substantial; [Aur14] is a good starting point, or [Kon95] for the fundamentals
of homological mirror symmetry.

The Lagrangian Grassmannian, denoted LGr, of a symplectic vector space parameterizes the collec-
tion of its Lagrangian subspaces. We can obtain a description of this space by thinking of the standard
symplectic vector space (R2n

,!), which can be equipped with a metric via a contractible choice. By
the two-of-three property, the group preserving both the symplectic and orthogonal structures is U(n),
which therefore acts on LGr(2n); the subgroup stabilizing a fixed Lagrangian subspace is O(n), so
that

LGr(2n) = U(n)/O(n) . (2.65)

There is furthermore an obvious map

det2 : LGr(2n) ! U(1) (2.66)

which can be shown to induce an isomorphism of fundamental groups. The Maslov index [Arn67] of
a loop in LGr(2n) is its image under this induced map in ⇡1(U(1)) ⇠= Z; it is responsible for both
obstructions and gradings in the Fukaya category. The universal cover gLGr(2n) of LGr(2n) thus has
deck group Z, and the Maslov index of a loop is simply the element of Z that connects the endpoints
of a lift to gLGr(2n).

Let (X,!X) be a symplectic manifold with zero first Chern class (as is obviously the case in our
hyper-Kähler examples). There is a bundle

LGr(X) ! X (2.67)

whose fiber over x 2 X is LGr(TxX). (We hope the reader will forgive the moderately abusive notation.)
We can furthermore define a bundle gLGr(X), which is a covering space of the total space LGr(X), such
that the covering map is a bundle map and restricts over each fiber to the universal covering map.

A Lagrangian subspace L ⇢ X comes with an obvious lift

LGr(X)

L X
⇢

(2.68)

defined by the Lagrangian subbundle TL ⇢ TX|L. Lifting this canonical map to gLGr(X) is obstructed
by the image of ⇡1(L) under the Maslov map, which is an element of H1(L,Z) called the Maslov class.
Lagrangians with zero Maslov class admit so-called graded lifts, which are maps

gLGr(X) LGr(X)

L X

·/Z

g

⇢

(2.69)

making the square commute. The set of such maps is naturally a Z-torsor under the action of deck trans-
formations, but no canonical choice of graded lift exists. Given a Lagrangian object of A-Brane(X,!X),
the set of graded lifts plays the role of its shifts.

A (rank-one) Lagrangian object of A-Brane(X,!X) is supported on a Lagrangian submanifold L ⇢ X
of zero Maslov class, which is considered up to Hamiltonian isotopy. The additional data required to
define a Lagrangian A-brane consists of a “Chan-Paton” bundle with unitary connection; a flat Spinc

structure on L; and a grade lift. A Chan-Paton bundle for a Lagrangian A-brane is generally endowed
with a flat Spinc structure [Wit98, FW99, KS03, GW09]. A Spinc structure arises if L0 does not exist
as a line bundle, but is obstructed by the same cocycle that obstructs the existence of the square root
K

�1/2
L of the canonical bundle over the Lagrangian L. Namely, putative transition functions gij and

wij of L0 and K
�1/2
L , respectively, obey gijgjkgki = �ijk = wijwjkwki where �ijk = ±1. In this case,
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Representations vs Branes: Generic fiber F

Generic fiber

However, it can occur that a lowering operator Lj annihilates one of the Macdonald polynomials Pj

when certain conditions on the central character are satisfied. If this occurs, Pj generates a subrepresen-
tation, and a finite-dimensional representation of the spherical DAHA appears as the quotient P/(Pj).
We can therefore study finite-dimensional representations by asking that the condition pol(Lj) ·Pj = 0
be satisfied for some j, i.e. that the factor

(1� q
2j)(1� q

(j�1)
t
2)(1 + q

(j�1)
t
2)

q2jt2(q2(j�1)t2 � 1)
(2.95)

on the right hand side of (2.81) vanishes.
This amounts to the following three cases:

q
2n = 1 , (2.96a)

t
2 = �q

�k
, (2.96b)

t
2 = q

�(2`�1)
. (2.96c)

Here, the exponent in the right hand side of (2.96c) must be an odd integer in order for the denominators
of Macdonald polynomials as well as (2.95) to be non-zero; even exponents are excluded by the definition
of the coefficient ring Cq,t in (2.41). We write this odd integer as 2` � 1. Each of these separate
shortening conditions will naturally appear as an existence condition of an A-brane with compact
support in what follows; we will examine each of the resulting finite-dimensional representations and
the corresponding compact Lagrangian branes in turn.

2.6.1 Generic fibers of the Hitchin fibration

First we consider analogous A-branes in this setting; the ones supported on generic fibers in the Hitchin
fibration. As explained in §2.1, the Hitchin fibration (2.15) is completely integrable, and a generic
Hitchin fiber F is holomorphic in complex structure I while it is a complex Lagrangian submanifold
from the viewpoint of the holomorphic two-form ⌦I for a generic ramification data (2.4). Namely, it
is a Lagrangian submanifold of type (B,A,A) for any values of (↵p,�p, �p)-triple. Therefore, a generic
fiber F can be Lagrangian in a symplectic manifold (X,!X) only when the canonical coisotropic brane
Bcc obeys the condition ✓ = 0 in (2.60) so that

!X = �!K

~ , and F +B =
!I

~ . (2.97)

With ✓ 6= 0, there is no A-brane supported on F in the symplectic manifold (X,!X). Accordingly,
~ = |~| is real (i.e. |q| = 1), and the canonical coisotropic brane Bcc is an A-brane of type (B,A,A).

An analogous brane appears in the brane quantization of C⇥ ⇥C⇥ for the quantum torus algebra.
As in §C.2.1, a brane is supported on a fiber T 2 of the elliptic fibration T

⇤
T
2 ⇠= C⇥ ⇥C⇥, which gives

rise to a finite-dimensional representation, called the cyclic representation. Therefore, we can study a
brane supported on a generic fiber F of the Hitchin fibration, comparing with the case of the quantum
torus algebra.

Like in §C.2.1, the branes are indexed by a position of the Hitchin base BH . Also, the flatness
condition (2.70) of the line bundle L0 an A-brane supported BF is

F
0
F +B

��
F
= 0 .

Since F is topologically a two-torus, the flat Spinc structure L0⌦K
�1/2
L of BF can have non-trivial U(1)2

holonomy with a choice of spin structure. The branes B�

F are parametrized by � = (xm, ym) 2 C⇥⇥C⇥

where the absolute values (|xm|, |ym|) describe its position and the angular phases illustrate the U(1)2

holonomy with a choice of spin structure. Namely, the angular phase U(1) encodes the holonomy U(1)
and a choice of spin structure Z2 along a one-cycle of a Riemann surface via

1 ! Z2 ! U(1) ! U(1) ! 1 .

We assign the plus sign + 2 Z2 to the Ramond spin structure, and the minus sign � 2 Z2 to the
Neveu-Schwarz spin structure.
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However, it can occur that a lowering operator Lj annihilates one of the Macdonald polynomials Pj
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from the viewpoint of the holomorphic two-form ⌦I for a generic ramification data (2.4). Namely, it
is a Lagrangian submanifold of type (B,A,A) for any values of (↵p,�p, �p)-triple. Therefore, a generic
fiber F can be Lagrangian in a symplectic manifold (X,!X) only when the canonical coisotropic brane
Bcc obeys the condition ✓ = 0 in (2.60) so that
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With ✓ 6= 0, there is no A-brane supported on F in the symplectic manifold (X,!X). Accordingly,
~ = |~| is real (i.e. |q| = 1), and the canonical coisotropic brane Bcc is an A-brane of type (B,A,A).

An analogous brane appears in the brane quantization of C⇥ ⇥C⇥ for the quantum torus algebra.
As in §C.2.1, a brane is supported on a fiber T 2 of the elliptic fibration T
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2 ⇠= C⇥ ⇥C⇥, which gives

rise to a finite-dimensional representation, called the cyclic representation. Therefore, we can study a
brane supported on a generic fiber F of the Hitchin fibration, comparing with the case of the quantum
torus algebra.

Like in §C.2.1, the branes are indexed by a position of the Hitchin base BH . Also, the flatness
condition (2.70) of the line bundle L0 an A-brane supported BF is

F
0
F +B
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= 0 .

Since F is topologically a two-torus, the flat Spinc structure L0⌦K
�1/2
L of BF can have non-trivial U(1)2

holonomy with a choice of spin structure. The branes B�

F are parametrized by � = (xm, ym) 2 C⇥⇥C⇥

where the absolute values (|xm|, |ym|) describe its position and the angular phases illustrate the U(1)2

holonomy with a choice of spin structure. Namely, the angular phase U(1) encodes the holonomy U(1)
and a choice of spin structure Z2 along a one-cycle of a Riemann surface via

1 ! Z2 ! U(1) ! U(1) ! 1 .

We assign the plus sign + 2 Z2 to the Ramond spin structure, and the minus sign � 2 Z2 to the
Neveu-Schwarz spin structure.
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Consequently, the computation of the dimension (2.73) of the space Hom(Bcc,B�

F) is reduced to
the period integral (2.23)

dimHom(Bcc,B
�

F) =

Z

F

F +B

2⇡
=

Z

F

!I

2⇡~ =
1

~ (2.98)

for arbitrary �. Hence, this leads to the Bohr-Sommerfeld quantization condition ~ = 1/m, or equiva-
lently that q = e

2⇡i/m is a primitive m-th root of unity for m 2 Z>0. In fact, since [F/2⇡] is an integral
cohomology class in H

2(X,Z), the fiber class relation (2.17) requires
R
F F/2⇡ to be an even integer.

Thus, if m is an odd positive integer, then we need non-trivial the B-flux with
Z

F

B

2⇡
= �

Z

F

F
0
F

2⇡
= 1 , (2.99)

up to an even integer shift. For instance, this can be achieved if the B-field flux over V is 1/2 and
those over the exceptional divisors Di (i = 1, . . . , 4) are zero.

In order for the (Bcc,B�

F)-strings exist, q has to be a primitive m-th root of unity whereas t can
be generic. Under this condition, the action of S

..
H under the generalized polynomial representation

poly1 in (2.94) commute with X
m � xm for xm 2 C⇥ because the shift operator $ acts trivially on it.

Consequently, the ideal (Xm � xm) is invariant under poly1 so that the quotient space

F
�

m = P
y1/(Xm � xm) ,

is also a representation of S
..
H. Since the Taylor expansion of a denominator in the multiplicative system

fM always truncates under the condition X
m = xm, this is indeed an m-dimensional representation

parametrized by � = (xm, ym) where y1 is any m-th root of ym. Hence, we can identify Hom(Bcc,B�

F)
with F

�
m when q is a primitive m-th root of unity where the parameter � 2 C⇥⇥C⇥ exactly matches.

For generic values of � = (xm, ym), the support of a brane B�

F is mapped to another Hitchin fiber
up to Hamiltonian isotopy under the PSL(2,Z) action, and the holonomy of the Chan-Paton bundle,
which is a point in the dual torus Jac(F), is also transformed appropriately. Namely, PSL(2,Z) acts
on �. On the other hand, a generic fiber is invariant as a set under the group ⌅ of the sign changes as
we have seen in §2.1. Correspondingly, the representation F

�
m is invariant under ⌅ at a generic value

of �.
Setting y1 = 1, we can symmetrize the story [Che05, Thm 2.8.5 (iv)]. Namely, since the ideal

(Xm+X
�m�xm�x

�1
m ) is invariant under Cherednik’s polynomial representation P due to the same

reason, we have an m-dimensional representation

F
(xm,+)
m = P/(Xm +X

�m � xm � x
�1
m ) . (2.100)

In this case, the corresponding brane B(xm,+)
F supported on a Hitchin fiber intersects with the support

P (2.82) of the polynomial representation. Also, the Chan-Paton bundle has the trivial holonomy
and the Ramond spin structure around one generator, say the (0, 1)-cycle, of ⇡1(F) ⇠= Z � Z. The
parameter xm encodes its position in the x coordinate and the holonomy around the other generator
of ⇡1(F).

Therefore, the representations of this family are analogous to the finite-dimensional representations
of both symmetrized and ordinary quantum torus in terms of A-branes on fibers of the elliptic fibration
of the target in the 2d A-models as illustrated in Appendix C. As in the case of the symmetrized
quantum torus Appendix C.3, if a brane BF with trivial holonomies moves to a special position, we
will see below that a special phenomenon occurs.

2.6.2 Irreducible components in singular fibers of type I2

As in Figure 2, the Hitchin fibration has three singular fibers of Kodaira type I2 for generic ramification
parameters of (↵p,�p, �p). Since they are still fibers in the Hitchin fibration, the irreducible components
Ui (i = 1, . . . , 6) in a singular fiber are also Lagrangian submanifolds of type (B,A,A). Therefore,
Bcc needs to satisfy (2.97) in order for BUi to be A-branes as in the previous subsection.
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Quantization condition
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for arbitrary �. Hence, this leads to the Bohr-Sommerfeld quantization condition ~ = 1/m, or equiva-
lently that q = e
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up to an even integer shift. For instance, this can be achieved if the B-field flux over V is 1/2 and
those over the exceptional divisors Di (i = 1, . . . , 4) are zero.

In order for the (Bcc,B�

F)-strings exist, q has to be a primitive m-th root of unity whereas t can
be generic. Under this condition, the action of S
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H under the generalized polynomial representation

poly1 in (2.94) commute with X
m � xm for xm 2 C⇥ because the shift operator $ acts trivially on it.
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F is mapped to another Hitchin fiber
up to Hamiltonian isotopy under the PSL(2,Z) action, and the holonomy of the Chan-Paton bundle,
which is a point in the dual torus Jac(F), is also transformed appropriately. Namely, PSL(2,Z) acts
on �. On the other hand, a generic fiber is invariant as a set under the group ⌅ of the sign changes as
we have seen in §2.1. Correspondingly, the representation F
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Setting y1 = 1, we can symmetrize the story [Che05, Thm 2.8.5 (iv)]. Namely, since the ideal
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In this case, the corresponding brane B(xm,+)
F supported on a Hitchin fiber intersects with the support

P (2.82) of the polynomial representation. Also, the Chan-Paton bundle has the trivial holonomy
and the Ramond spin structure around one generator, say the (0, 1)-cycle, of ⇡1(F) ⇠= Z � Z. The
parameter xm encodes its position in the x coordinate and the holonomy around the other generator
of ⇡1(F).

Therefore, the representations of this family are analogous to the finite-dimensional representations
of both symmetrized and ordinary quantum torus in terms of A-branes on fibers of the elliptic fibration
of the target in the 2d A-models as illustrated in Appendix C. As in the case of the symmetrized
quantum torus Appendix C.3, if a brane BF with trivial holonomies moves to a special position, we
will see below that a special phenomenon occurs.

2.6.2 Irreducible components in singular fibers of type I2

As in Figure 2, the Hitchin fibration has three singular fibers of Kodaira type I2 for generic ramification
parameters of (↵p,�p, �p). Since they are still fibers in the Hitchin fibration, the irreducible components
Ui (i = 1, . . . , 6) in a singular fiber are also Lagrangian submanifolds of type (B,A,A). Therefore,
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Consequently, the computation of the dimension (2.73) of the space Hom(Bcc,B�
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the period integral (2.23)
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for arbitrary �. Hence, this leads to the Bohr-Sommerfeld quantization condition ~ = 1/m, or equiva-
lently that q = e

2⇡i/m is a primitive m-th root of unity for m 2 Z>0. In fact, since [F/2⇡] is an integral
cohomology class in H

2(X,Z), the fiber class relation (2.17) requires
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F F/2⇡ to be an even integer.

Thus, if m is an odd positive integer, then we need non-trivial the B-flux with
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up to an even integer shift. For instance, this can be achieved if the B-field flux over V is 1/2 and
those over the exceptional divisors Di (i = 1, . . . , 4) are zero.

In order for the (Bcc,B�

F)-strings exist, q has to be a primitive m-th root of unity whereas t can
be generic. Under this condition, the action of S

..
H under the generalized polynomial representation

poly1 in (2.94) commute with X
m � xm for xm 2 C⇥ because the shift operator $ acts trivially on it.

Consequently, the ideal (Xm � xm) is invariant under poly1 so that the quotient space

F
�

m = P
y1/(Xm � xm) ,

is also a representation of S
..
H. Since the Taylor expansion of a denominator in the multiplicative system

fM always truncates under the condition X
m = xm, this is indeed an m-dimensional representation

parametrized by � = (xm, ym) where y1 is any m-th root of ym. Hence, we can identify Hom(Bcc,B�

F)
with F

�
m when q is a primitive m-th root of unity where the parameter � 2 C⇥⇥C⇥ exactly matches.

For generic values of � = (xm, ym), the support of a brane B�

F is mapped to another Hitchin fiber
up to Hamiltonian isotopy under the PSL(2,Z) action, and the holonomy of the Chan-Paton bundle,
which is a point in the dual torus Jac(F), is also transformed appropriately. Namely, PSL(2,Z) acts
on �. On the other hand, a generic fiber is invariant as a set under the group ⌅ of the sign changes as
we have seen in §2.1. Correspondingly, the representation F

�
m is invariant under ⌅ at a generic value

of �.
Setting y1 = 1, we can symmetrize the story [Che05, Thm 2.8.5 (iv)]. Namely, since the ideal

(Xm+X
�m�xm�x
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m ) is invariant under Cherednik’s polynomial representation P due to the same

reason, we have an m-dimensional representation

F
(xm,+)
m = P/(Xm +X

�m � xm � x
�1
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In this case, the corresponding brane B(xm,+)
F supported on a Hitchin fiber intersects with the support

P (2.82) of the polynomial representation. Also, the Chan-Paton bundle has the trivial holonomy
and the Ramond spin structure around one generator, say the (0, 1)-cycle, of ⇡1(F) ⇠= Z � Z. The
parameter xm encodes its position in the x coordinate and the holonomy around the other generator
of ⇡1(F).

Therefore, the representations of this family are analogous to the finite-dimensional representations
of both symmetrized and ordinary quantum torus in terms of A-branes on fibers of the elliptic fibration
of the target in the 2d A-models as illustrated in Appendix C. As in the case of the symmetrized
quantum torus Appendix C.3, if a brane BF with trivial holonomies moves to a special position, we
will see below that a special phenomenon occurs.

2.6.2 Irreducible components in singular fibers of type I2

As in Figure 2, the Hitchin fibration has three singular fibers of Kodaira type I2 for generic ramification
parameters of (↵p,�p, �p). Since they are still fibers in the Hitchin fibration, the irreducible components
Ui (i = 1, . . . , 6) in a singular fiber are also Lagrangian submanifolds of type (B,A,A). Therefore,
Bcc needs to satisfy (2.97) in order for BUi to be A-branes as in the previous subsection.
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Finite-dimensional representation

Consequently, the computation of the dimension (2.73) of the space Hom(Bcc,B�

F) is reduced to
the period integral (2.23)

dimHom(Bcc,B
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Z

F
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=

Z

F

!I

2⇡~ =
1

~ (2.98)

for arbitrary �. Hence, this leads to the Bohr-Sommerfeld quantization condition ~ = 1/m, or equiva-
lently that q = e

2⇡i/m is a primitive m-th root of unity for m 2 Z>0. In fact, since [F/2⇡] is an integral
cohomology class in H

2(X,Z), the fiber class relation (2.17) requires
R
F F/2⇡ to be an even integer.

Thus, if m is an odd positive integer, then we need non-trivial the B-flux with
Z

F

B

2⇡
= �

Z

F

F
0
F

2⇡
= 1 , (2.99)

up to an even integer shift. For instance, this can be achieved if the B-field flux over V is 1/2 and
those over the exceptional divisors Di (i = 1, . . . , 4) are zero.

In order for the (Bcc,B�

F)-strings exist, q has to be a primitive m-th root of unity whereas t can
be generic. Under this condition, the action of S

..
H under the generalized polynomial representation

poly1 in (2.94) commute with X
m � xm for xm 2 C⇥ because the shift operator $ acts trivially on it.

Consequently, the ideal (Xm � xm) is invariant under poly1 so that the quotient space

F
�

m = P
y1/(Xm � xm) ,

is also a representation of S
..
H. Since the Taylor expansion of a denominator in the multiplicative system

fM always truncates under the condition X
m = xm, this is indeed an m-dimensional representation

parametrized by � = (xm, ym) where y1 is any m-th root of ym. Hence, we can identify Hom(Bcc,B�

F)
with F

�
m when q is a primitive m-th root of unity where the parameter � 2 C⇥⇥C⇥ exactly matches.

For generic values of � = (xm, ym), the support of a brane B�

F is mapped to another Hitchin fiber
up to Hamiltonian isotopy under the PSL(2,Z) action, and the holonomy of the Chan-Paton bundle,
which is a point in the dual torus Jac(F), is also transformed appropriately. Namely, PSL(2,Z) acts
on �. On the other hand, a generic fiber is invariant as a set under the group ⌅ of the sign changes as
we have seen in §2.1. Correspondingly, the representation F

�
m is invariant under ⌅ at a generic value

of �.
Setting y1 = 1, we can symmetrize the story [Che05, Thm 2.8.5 (iv)]. Namely, since the ideal

(Xm+X
�m�xm�x

�1
m ) is invariant under Cherednik’s polynomial representation P due to the same

reason, we have an m-dimensional representation

F
(xm,+)
m = P/(Xm +X

�m � xm � x
�1
m ) . (2.100)

In this case, the corresponding brane B(xm,+)
F supported on a Hitchin fiber intersects with the support

P (2.82) of the polynomial representation. Also, the Chan-Paton bundle has the trivial holonomy
and the Ramond spin structure around one generator, say the (0, 1)-cycle, of ⇡1(F) ⇠= Z � Z. The
parameter xm encodes its position in the x coordinate and the holonomy around the other generator
of ⇡1(F).

Therefore, the representations of this family are analogous to the finite-dimensional representations
of both symmetrized and ordinary quantum torus in terms of A-branes on fibers of the elliptic fibration
of the target in the 2d A-models as illustrated in Appendix C. As in the case of the symmetrized
quantum torus Appendix C.3, if a brane BF with trivial holonomies moves to a special position, we
will see below that a special phenomenon occurs.

2.6.2 Irreducible components in singular fibers of type I2

As in Figure 2, the Hitchin fibration has three singular fibers of Kodaira type I2 for generic ramification
parameters of (↵p,�p, �p). Since they are still fibers in the Hitchin fibration, the irreducible components
Ui (i = 1, . . . , 6) in a singular fiber are also Lagrangian submanifolds of type (B,A,A). Therefore,
Bcc needs to satisfy (2.97) in order for BUi to be A-branes as in the previous subsection.
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Shortening condition



Singular fibers of type I2

For instance, let us investigate a module that the brane BU1 gives rise to. The curvature of the
line bundle L0 should obey the flatness condition (2.70)

F
0
U1

+ B|U1
= 0 . (2.101)

Since U1 is topologically CP1 and a position is fixed, there is no deformation parameter associated to
the brane BU1 . Subsequently, one can evaluate the dimension formula (2.73)

dimHom(Bcc,BU1) =

Z

U1

F +B

2⇡
=

Z

U1

!I

2⇡~ =
1

2~ (2.102)

Consequently, the brane BU1 can exist only at 1/(2~) = n 2 Z>0, or equivalently when q is a primitive
2n-th root of unity.

This is exactly one (2.96a) of the shortening conditions, and under this condition a lowering operator
(2.81) annihilates the Macdonald polynomial

pol(Ln) · Pn(X; q, t) = 0 where Pn(X; q, t) = X
n +X

�n
. (2.103)

Therefore, the quotient space
U

(1)
n := P/(Pn)

by an ideal (Pn) is an n-dimensional irreducible representation of spherical DAHA [Che05, Thm 2.8.5
(ii)] so that one can identify

U
(1)
n = Hom(Bcc,BU1) .

As seen in §2.1, the irreducible component U1 is invariant under the sign change ⇠1 whereas it
is mapped to U2 under ⇠2 (2.31). In fact, it follows from the form (2.103) of Pn(X) that the finite-
dimensional module U

(1)
n is invariant under the sign flip ⇠1. On the other hand, the sign change ⇠2

leads to another non-isomorphic finite-dimensional module. Thus, the brane ⇠2(BU1) corresponds to
a brane supported on the other irreducible component U2 in the same singular fiber from which the
module comes from

U
(2)
n := ⇠2(U

(1)
n ) = Hom(Bcc,BU2) .

In a similar fashion, a brane BUi supported on another irreducible component in a singular fiber gives
rise to an image of U

(1)
n under PSL(2,Z) and the sign changes ⇠1,2. The transformation rule can be

read off from (2.38) so that the branes BU1,2 are invariant under ⌧� whereas they are mapped as

�(BU1) = BU3 , �(BU2) = BU4 ,

⌧+(BU1) = BU5 , ⌧+(BU2) = BU6 .
(2.104)

The corresponding modules U
(i)
n are obtained from U

(1)
n in the same way.

2.6.3 Moduli space of G-bundles

Next, we consider a brane BV supported on the moduli space V of G-bundles. For the sake of brevity,
let us first see the case of �p = 0. If ~ is real, only ↵p can be turned on while �p must vanish in order
for V to be Lagrangian with respect to !K . As ~ = |~|ei✓ is rotated ✓ 6= 0 in the complex plane, the
symplectic form we are interested in is also rotated from !K to !X according to (2.60). However, this
rotation can be actually compensated by switching on �p so that V can stay Lagrangian with respect
to !X. According to (2.22) and (2.60), the set V is Lagrangian with respect to !X when the following
condition holds:

Im

�
1
2 � ↵p

�
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For instance, let us investigate a module that the brane BU1 gives rise to. The curvature of the
line bundle L0 should obey the flatness condition (2.70)
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the brane BU1 . Subsequently, one can evaluate the dimension formula (2.73)
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Consequently, the brane BU1 can exist only at 1/(2~) = n 2 Z>0, or equivalently when q is a primitive
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There is no deformation parameter

In addition, if �p = 0, the submanifold V is also Lagrangian with respect to !J . Namely, it is a complex
Lagrangian submanifold with respect to a holomorphic two-form !X+ i!J . When �p is varied, V stays
as a Lagrangian submanifold with respect to !X while they are no longer Lagrangian with respect to
!J . In fact, the variation of �p does not change the holomorphic symplectic form ⌦J = !K + i!I , and
therefore keeps !X fixed. In conclusion, V can be Lagrangian with respect to !X only when (2.105)
holds. Since our concern is the A-model in the symplectic manifold (X,!X), the value of �p can be
arbitrary. For generic (�p, �p), V is no longer a Lagrangian of type (B,A,A), and it is therefore not
contained in a fiber of the Hitchin fibration. Nonetheless, unlike a Hitchin fiber, we can consider the
A-model in a generic symplectic form !X in (2.60) where ~ can take any complex value.

Under the condition (2.105) with a generic value of ~, V is a unique compact Lagrangian submani-
fold, which is topologically CP1. Hence, there is no deformation parameter for BV. Consequently, we
obtain the dimension of the space of (Bcc,BV)-strings from (2.62)

dimHom(Bcc,BV) =

Z

V

F +B

2⇡
=

1

2~ � �p + i↵p

i~ =
1

2~ + 2c� 1 . (2.107)

The Bohr-Sommerfeld quantization condition imposes its dimension as a positive integer 1/2~+2c�1 =
k + 1 2 Z>0, or equivalently t

2 = �q
k+2.

One can observe that this quantization condition is equivalent to the image of the shortening
condition (2.96b) under the involution ◆. In fact, under the shortening condition t

2 = �q
k+2, the

lowering operator in the ◆-image of the polynomial representation becomes an annihilation operator

pol(Lk+1) · Pk+1(X; q, t)
���
t! q

t

= 0 .

Consequently, the quotient space by an ideal (Pk+1)

◆(Vk+1) := ◆(P)/(Pk+1(X; q, q
t
)) (2.108)

is a (k + 1)-dimensional irreducible representation of S
..
H [OS09]. This representation is called the

additional series in [Che05, §2.8.2], and we identify

◆(Vk+1) = Hom(Bcc,BV) .

In fact, the support (2.92) of the brane ◆(BP) intersects with V at t2 = �q
k+2 so that Hom(◆(BP),BV) ⇠=

C becomes non-trivial. Hence, ◆(Vk+1) can be obtained as the quotient of ◆(P) as in (2.108).
As we have seen at the end of §2.1, the submanifold V is geometrically invariant under the sign

changes ⇠1,2 so that we expect that the corresponding module Vk+1 is also endowed with the same
property. When t

2 = �q
k+2, the Macdonald polynomials obey

Pk+1(�X; q, q
t
) = (�1)kPk+1(X; q, q

t
) ,

which implies that ◆(Vk+1) is indeed invariant under ⇠1. In addition, it is easy to check that the full
set of y-eigenvalues (the ◆-image of (2.77)) of ◆(Vk+1) is also invariant under ⇠2.

What makes the space of (Bcc,BV)-strings even more interesting is that it also carries a PSL(2,Z)
action. Indeed, as also explained in §2.1, the submanifold V is invariant under PSL(2,Z) symmetry
and, as a result, the module ◆(Vk+1) is a PSL(2,Z) representation.

Of course, it is then natural to ask which representation it is, and in particular, what the correspond-
ing S and T matrices are. To this end, it is more convenient to consider the space of (Bcc,BV)-strings
in the target X

t̃�1 under (2.32) or (2.25). Then, the corresponding representation is given by

Vk+1 := P/(Pk+1) (2.109)

under the shortening condition (2.96b). Since the basis fo Vk+1 is spanned by the Macdonald poly-
nomials Pj(X) (j = 0, . . . , k), the modular T -transformation ⌧� acts diagonally in this basis due to
(2.90). Under the modular S transformation, this basis is transformed to Pj(Y ) and the submanifold
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Shortening condition
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i~ =
1

2~ + 2c� 1 . (2.107)

The Bohr-Sommerfeld quantization condition imposes its dimension as a positive integer 1/2~+2c�1 =
k + 1 2 Z>0, or equivalently t

2 = �q
k+2.

One can observe that this quantization condition is equivalent to the image of the shortening
condition (2.96b) under the involution ◆. In fact, under the shortening condition t

2 = �q
k+2, the

lowering operator in the ◆-image of the polynomial representation becomes an annihilation operator

pol(Lk+1) · Pk+1(X; q, t)
���
t! q

t

= 0 .

Consequently, the quotient space by an ideal (Pk+1)

◆(Vk+1) := ◆(P)/(Pk+1(X; q, q
t
)) (2.108)

is a (k + 1)-dimensional irreducible representation of S
..
H [OS09]. This representation is called the

additional series in [Che05, §2.8.2], and we identify

◆(Vk+1) = Hom(Bcc,BV) .

In fact, the support (2.92) of the brane ◆(BP) intersects with V at t2 = �q
k+2 so that Hom(◆(BP),BV) ⇠=

C becomes non-trivial. Hence, ◆(Vk+1) can be obtained as the quotient of ◆(P) as in (2.108).
As we have seen at the end of §2.1, the submanifold V is geometrically invariant under the sign

changes ⇠1,2 so that we expect that the corresponding module Vk+1 is also endowed with the same
property. When t

2 = �q
k+2, the Macdonald polynomials obey

Pk+1(�X; q, q
t
) = (�1)kPk+1(X; q, q

t
) ,

which implies that ◆(Vk+1) is indeed invariant under ⇠1. In addition, it is easy to check that the full
set of y-eigenvalues (the ◆-image of (2.77)) of ◆(Vk+1) is also invariant under ⇠2.

What makes the space of (Bcc,BV)-strings even more interesting is that it also carries a PSL(2,Z)
action. Indeed, as also explained in §2.1, the submanifold V is invariant under PSL(2,Z) symmetry
and, as a result, the module ◆(Vk+1) is a PSL(2,Z) representation.

Of course, it is then natural to ask which representation it is, and in particular, what the correspond-
ing S and T matrices are. To this end, it is more convenient to consider the space of (Bcc,BV)-strings
in the target X

t̃�1 under (2.32) or (2.25). Then, the corresponding representation is given by

Vk+1 := P/(Pk+1) (2.109)

under the shortening condition (2.96b). Since the basis fo Vk+1 is spanned by the Macdonald poly-
nomials Pj(X) (j = 0, . . . , k), the modular T -transformation ⌧� acts diagonally in this basis due to
(2.90). Under the modular S transformation, this basis is transformed to Pj(Y ) and the submanifold
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Figure 1: Schematic illustration of the Hitchin fibration MH(Cp, SU(2)) ! BH and global nilpotent
cone at �p = 0 = �p and a generic value of ↵p.

In fact, it is a singular fiber of Kodaira type I⇤0 [Kod64, Kod66] in the elliptic fibration ⇡. The irreducible
components V and Di of the global nilpotent cone are holomorphic Lagrangians with respect to ⌦I ,
sometimes called Lagrangians of type (B,A,A). The homology classes of V and Di provide a basis
for the second homology groups H2(MH(Cp, G),Z), and their intersection form is the affine Cartan
matrix of type bD4, as illustrated in Figure 1. The intersection form has only one null vector, which
must be identified with the class of a generic fiber F of the Hitchin fibration, resulting in the relation

[F] = 2[V] +
4X

i=1

[Di] . (2.17)

Once we move away from �p = �p = 0, we are deforming the complex structure modulus �p + i�p

of complex structure I, and so the structure of the Hitchin fibration drastically changes. For generic
values of (�p, �p), the embeddings of the two-cycles V and Di (i = 1, . . . , 4) into MH(Cp, G) are no
longer holomorphic with respect to complex structure I, and the singular fiber of type I

⇤
0 splits into

three singular fibers of type I2 [FW08, §3.4]. If we write the base genus-one curve Cp of the Hitchin
system by an algebraic equation y

2 = (x�e1)(x�e2)(x�e3) with e1+e2+e3 = 0 where the ramification
point p is located at infinity, then the singular fibers of type I2 are preimages of points

BH 3 bi := eiTr (�p + i�p)
2 (i = 1, 2, 3) , (2.18)

under the Hitchin fibration as depicted in Figure 2. In the singular fiber at bi 2 BH , two irreducible
components U2i�1 and U2i, which are topologically CP1, meet at two double points.

Hence, the two-cycles V and Di (i = 1, . . . , 4) are not projected to a point by the Hitchin fibra-
tion with a generic ramification, though they still give a basis of H2(MH(Cp, G),Z) and satisfy the
relation (2.17). An analysis by the Mayer–Vietoris sequence tells us that the homology class of each
irreducible component in a singular fiber I2 can be expressed as

[U1] = [V] + [D1] + [D2] , [U3] = [V] + [D1] + [D3] , [U5] = [V] + [D1] + [D4] ,

[U2] = [V] + [D3] + [D4] , [U4] = [V] + [D2] + [D4] , [U6] = [V] + [D2] + [D3] ,
(2.19)

and there is another two-cycle W as in Figure 2 with homology class [W] = [D1]. With respect to the
new basis

[U1], [U2], [U3], [U5], [W] 2 H2(MH(Cp, G),Z) , (2.20)
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In addition, if �p = 0, the submanifold V is also Lagrangian with respect to !J . Namely, it is a complex
Lagrangian submanifold with respect to a holomorphic two-form !X+ i!J . When �p is varied, V stays
as a Lagrangian submanifold with respect to !X while they are no longer Lagrangian with respect to
!J . In fact, the variation of �p does not change the holomorphic symplectic form ⌦J = !K + i!I , and
therefore keeps !X fixed. In conclusion, V can be Lagrangian with respect to !X only when (2.105)
holds. Since our concern is the A-model in the symplectic manifold (X,!X), the value of �p can be
arbitrary. For generic (�p, �p), V is no longer a Lagrangian of type (B,A,A), and it is therefore not
contained in a fiber of the Hitchin fibration. Nonetheless, unlike a Hitchin fiber, we can consider the
A-model in a generic symplectic form !X in (2.60) where ~ can take any complex value.

Under the condition (2.105) with a generic value of ~, V is a unique compact Lagrangian submani-
fold, which is topologically CP1. Hence, there is no deformation parameter for BV. Consequently, we
obtain the dimension of the space of (Bcc,BV)-strings from (2.62)

dimHom(Bcc,BV) =

Z

V

F +B
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1

2~ � �p + i↵p
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1

2~ + 2c� 1 . (2.107)

The Bohr-Sommerfeld quantization condition imposes its dimension as a positive integer 1/2~+2c�1 =
k + 1 2 Z>0, or equivalently t

2 = �q
k+2.

One can observe that this quantization condition is equivalent to the image of the shortening
condition (2.96b) under the involution ◆. In fact, under the shortening condition t

2 = �q
k+2, the

lowering operator in the ◆-image of the polynomial representation becomes an annihilation operator

pol(Lk+1) · Pk+1(X; q, t)
���
t! q

t

= 0 .

Consequently, the quotient space by an ideal (Pk+1)

◆(Vk+1) := ◆(P)/(Pk+1(X; q, q
t
)) (2.108)

is a (k + 1)-dimensional irreducible representation of S
..
H [OS09]. This representation is called the

additional series in [Che05, §2.8.2], and we identify

◆(Vk+1) = Hom(Bcc,BV) .

In fact, the support (2.92) of the brane ◆(BP) intersects with V at t2 = �q
k+2 so that Hom(◆(BP),BV) ⇠=

C becomes non-trivial. Hence, ◆(Vk+1) can be obtained as the quotient of ◆(P) as in (2.108).
As we have seen at the end of §2.1, the submanifold V is geometrically invariant under the sign

changes ⇠1,2 so that we expect that the corresponding module Vk+1 is also endowed with the same
property. When t

2 = �q
k+2, the Macdonald polynomials obey

Pk+1(�X; q, q
t
) = (�1)kPk+1(X; q, q

t
) ,

which implies that ◆(Vk+1) is indeed invariant under ⇠1. In addition, it is easy to check that the full
set of y-eigenvalues (the ◆-image of (2.77)) of ◆(Vk+1) is also invariant under ⇠2.

What makes the space of (Bcc,BV)-strings even more interesting is that it also carries a PSL(2,Z)
action. Indeed, as also explained in §2.1, the submanifold V is invariant under PSL(2,Z) symmetry
and, as a result, the module ◆(Vk+1) is a PSL(2,Z) representation.

Of course, it is then natural to ask which representation it is, and in particular, what the correspond-
ing S and T matrices are. To this end, it is more convenient to consider the space of (Bcc,BV)-strings
in the target X

t̃�1 under (2.32) or (2.25). Then, the corresponding representation is given by

Vk+1 := P/(Pk+1) (2.109)

under the shortening condition (2.96b). Since the basis fo Vk+1 is spanned by the Macdonald poly-
nomials Pj(X) (j = 0, . . . , k), the modular T -transformation ⌧� acts diagonally in this basis due to
(2.90). Under the modular S transformation, this basis is transformed to Pj(Y ) and the submanifold
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Figure 1: Schematic illustration of the Hitchin fibration MH(Cp, SU(2)) ! BH and global nilpotent
cone at �p = 0 = �p and a generic value of ↵p.

In fact, it is a singular fiber of Kodaira type I⇤0 [Kod64, Kod66] in the elliptic fibration ⇡. The irreducible
components V and Di of the global nilpotent cone are holomorphic Lagrangians with respect to ⌦I ,
sometimes called Lagrangians of type (B,A,A). The homology classes of V and Di provide a basis
for the second homology groups H2(MH(Cp, G),Z), and their intersection form is the affine Cartan
matrix of type bD4, as illustrated in Figure 1. The intersection form has only one null vector, which
must be identified with the class of a generic fiber F of the Hitchin fibration, resulting in the relation

[F] = 2[V] +
4X

i=1

[Di] . (2.17)

Once we move away from �p = �p = 0, we are deforming the complex structure modulus �p + i�p

of complex structure I, and so the structure of the Hitchin fibration drastically changes. For generic
values of (�p, �p), the embeddings of the two-cycles V and Di (i = 1, . . . , 4) into MH(Cp, G) are no
longer holomorphic with respect to complex structure I, and the singular fiber of type I

⇤
0 splits into

three singular fibers of type I2 [FW08, §3.4]. If we write the base genus-one curve Cp of the Hitchin
system by an algebraic equation y

2 = (x�e1)(x�e2)(x�e3) with e1+e2+e3 = 0 where the ramification
point p is located at infinity, then the singular fibers of type I2 are preimages of points

BH 3 bi := eiTr (�p + i�p)
2 (i = 1, 2, 3) , (2.18)

under the Hitchin fibration as depicted in Figure 2. In the singular fiber at bi 2 BH , two irreducible
components U2i�1 and U2i, which are topologically CP1, meet at two double points.

Hence, the two-cycles V and Di (i = 1, . . . , 4) are not projected to a point by the Hitchin fibra-
tion with a generic ramification, though they still give a basis of H2(MH(Cp, G),Z) and satisfy the
relation (2.17). An analysis by the Mayer–Vietoris sequence tells us that the homology class of each
irreducible component in a singular fiber I2 can be expressed as

[U1] = [V] + [D1] + [D2] , [U3] = [V] + [D1] + [D3] , [U5] = [V] + [D1] + [D4] ,

[U2] = [V] + [D3] + [D4] , [U4] = [V] + [D2] + [D4] , [U6] = [V] + [D2] + [D3] ,
(2.19)

and there is another two-cycle W as in Figure 2 with homology class [W] = [D1]. With respect to the
new basis

[U1], [U2], [U3], [U5], [W] 2 H2(MH(Cp, G),Z) , (2.20)
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Exceptional divisors  are Lagrangian w.r.t.   if deformation parameter  in complex structure  is proportional to Di ω𝔛 γi + iαp J iℏ

V intersects with both the support (2.82) of the branes BP and that (2.89) of �(BP). Hence, the
modular S-matrix can be written as

Sjj0 = pol(Pj(Y
�1)) · Pj0(X)

��
X=t�1 = Pj(tq

j
0
; q, t)Pj0(t

�1; q, t) . (2.110)

This is first introduced by Cherednik [Che95b] as a symmetric bilinear pairing of Macdonald poly-
nomials, which we also denote by [Pj , Pj0] as in (B.20). Moreover, it becomes of rank (k + 1) when
t
2 = �q

�k, and it acts on Vk+1. Therefore, we find explicit forms of the S and T matrices as follows,
and we will also find a 3d interpretation of this PSL(2,Z) representation in §3.1.1.

Conjecture 2.1. The space Vk+1 is a (k + 1)-dimensional PSL(2,Z) representation, with modular S

and T matrices given by

Tjj0
��
Vk+1

= e
⇡ik
12 q

� k(k�1)
12 i

�j
q

j(k�j)
2 �jj0 0  j, j

0  k

Sjj0
��
Vk+1

= a
�1
k

gj(q, t = iq
�k/2)�1

Pj(iq
j
0�k/2; q, t = iq

�k/2)Pj0(iq
k/2; q, t = iq

�k/2) .
(2.111)

These matrices provide the PSL(2,Z) representation for “refined Chern-Simons theory”.

Here we normalize the modular S-transformation (2.110) by the Macdonald norm of type A1 (See
(B.14) for the definition)

gj(q, t) :=
(q2j ; q�2)j(t4; q2)j

(q2j�2; q�2)j(t2q2; q2)j
(2.112)

and

ak =

8
<

:

p
2
Q k�3

2
i=0 (q

1
4+

i
2 + q

� 1
4�

i
2 ) k : odd

2
Q k�4

2
i=0 (q

1
2+

i
2 + q

� 1
2�

i
2 ) k : even

so that S2 = 1. We also normalize the T -transformation (2.90) by e
⇡ik/12

q
�k(k�1)/12 so that (ST )3 = 1.

For example, the first non-trivial case occurs at k = 1

T
��
V2

= e
⇡i/12

✓
1 0
0 �i

◆
, S

��
V2

=
1p
2

 
1 �i(q

1
2 � q

� 1
2 )

i(q
1
2 � q

� 1
2 )�1 �1

!
.

Next, we turn to less familiar and more interesting modular representation that arises from another
Lagrangian A-brane in a similar fashion.

2.6.4 Exceptional divisors

Now let us consider an interesting A-brane BDi supported on an exceptional divisor Di, i = 1, . . . , 4.
As we reviewed in the earlier part of this section, the ramification parameters (↵p,�p,�p) play the role
of resolution/deformation parameters for Di. In particular, when �p = 0 and ~ is real, only ↵p can be
turned on while �p must vanish in order for Di to be Lagrangian with respect to !K . As ~ = |~|ei✓ is
rotated ✓ 6= 0 in the complex plane, the exceptional divisors Di stay Lagrangian with respect to !X if
the deformation parameter �p + i↵p 2 C in complex structure J is proportional to i~, namely,

Im
�p + i↵p

2i~ = 0 . (2.113)

Here the value of �p can be arbitrary as in the previous case. It is easy to verify from (2.24) and (2.62)
that Z

Di

Im ⌦

2⇡
=

Z

Di

!X

2⇡
= 0 .

The story goes as before. The flatness condition (2.70) of the Chan-Paton bundle for the brane
BDi is

F
0
Di

+B
��
Di

= 0 ,
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Value of  can be arbitraryβp
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Next, we turn to less familiar and more interesting modular representation that arises from another
Lagrangian A-brane in a similar fashion.

2.6.4 Exceptional divisors

Now let us consider an interesting A-brane BDi supported on an exceptional divisor Di, i = 1, . . . , 4.
As we reviewed in the earlier part of this section, the ramification parameters (↵p,�p,�p) play the role
of resolution/deformation parameters for Di. In particular, when �p = 0 and ~ is real, only ↵p can be
turned on while �p must vanish in order for Di to be Lagrangian with respect to !K . As ~ = |~|ei✓ is
rotated ✓ 6= 0 in the complex plane, the exceptional divisors Di stay Lagrangian with respect to !X if
the deformation parameter �p + i↵p 2 C in complex structure J is proportional to i~, namely,
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Here the value of �p can be arbitrary as in the previous case. It is easy to verify from (2.24) and (2.62)
that Z
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Flatness condition

V intersects with both the support (2.82) of the branes BP and that (2.89) of �(BP). Hence, the
modular S-matrix can be written as

Sjj0 = pol(Pj(Y
�1)) · Pj0(X)

��
X=t�1 = Pj(tq
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This is first introduced by Cherednik [Che95b] as a symmetric bilinear pairing of Macdonald poly-
nomials, which we also denote by [Pj , Pj0] as in (B.20). Moreover, it becomes of rank (k + 1) when
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Next, we turn to less familiar and more interesting modular representation that arises from another
Lagrangian A-brane in a similar fashion.

2.6.4 Exceptional divisors

Now let us consider an interesting A-brane BDi supported on an exceptional divisor Di, i = 1, . . . , 4.
As we reviewed in the earlier part of this section, the ramification parameters (↵p,�p,�p) play the role
of resolution/deformation parameters for Di. In particular, when �p = 0 and ~ is real, only ↵p can be
turned on while �p must vanish in order for Di to be Lagrangian with respect to !K . As ~ = |~|ei✓ is
rotated ✓ 6= 0 in the complex plane, the exceptional divisors Di stay Lagrangian with respect to !X if
the deformation parameter �p + i↵p 2 C in complex structure J is proportional to i~, namely,
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Here the value of �p can be arbitrary as in the previous case. It is easy to verify from (2.24) and (2.62)
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The story goes as before. The flatness condition (2.70) of the Chan-Paton bundle for the brane
BDi is
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The Bohr-Sommerfeld quantization condition imposes its dimension as a positive integer �c + 1/2 =
` 2 Z>0, or equivalently t
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�(2`�1)/2, the lowering operator annihilates the Macdonald polynomial

pol(L2`) · P2`(X; q, t) = 0 . (2.115)

Therefore, the quotient space
D2` := P/(P2`) (2.116)

by an ideal (P2`) is a 2`-dimensional representation of S
..
H. In fact, it is not irreducible, and decomposes

into two irreducible representations
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Because Pj and P2`�j�1 have the same eigenvalue of the Macdonald difference operator (2.77) when
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Consequently, they are related by the sign change D
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can be obtained as the quotient of
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Even when t = �q
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y-operator have the opposite sign as in (2.91). Therefore, the corresponding irreducible representations
can be obtained by the sign change ⇠2 in (2.29) from D
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.
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The modules D
(1,2)
`

can be obtained as the quotient of the polynomial representation because the
support (2.82) of BP intersects with D1 and D2. On the other hand, its ⇠2-image (2.92) intersects
with D3 and D4. (See also Figure 7.)

Under the PSL(2,Z) action, the four irreducible representations are transformed as in (2.37).
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quently, the dimension can be computed as

dimHom(Bcc,BDi) =

Z

Di

F +B

2⇡
= �c+

1

2
. (2.114)

The Bohr-Sommerfeld quantization condition imposes its dimension as a positive integer �c + 1/2 =
` 2 Z>0, or equivalently t

2 = q
�(2`�1), which is (2.96c).

When t = q
�(2`�1)/2, the lowering operator annihilates the Macdonald polynomial

pol(L2`) · P2`(X; q, t) = 0 . (2.115)

Therefore, the quotient space
D2` := P/(P2`) (2.116)

by an ideal (P2`) is a 2`-dimensional representation of S
..
H. In fact, it is not irreducible, and decomposes

into two irreducible representations
D2` = D

(1)
`

� D
(2)
`

. (2.117)

Because Pj and P2`�j�1 have the same eigenvalue of the Macdonald difference operator (2.77) when
t = q

�(2`�1)/2, their combinations indeed form bases of D
(1,2)
`

D
(1)
`

=
`�1M

j=0

Cq,t

h
Pj(X)

Pj(t�1)
+

P2`�j�1(X)

P2`�j�1(t�1)

i
, D

(2)
`

=
`�1M

j=0

Cq,t

h
Pj(X)

Pj(t�1)
�

P2`�j�1(X)

P2`�j�1(t�1)

i
. (2.118)

Consequently, they are related by the sign change D
(2)
`

= ⇠1(D
(1)
`

). In fact, the support (2.82) of the
brane BP intersects with D1,2 at t = q

�(2`�1)/2 so that D
(1)
`

�D
(2)
`

can be obtained as the quotient of
P as in (2.116).

Even when t = �q
�(2`�1)/2, the shortening condition (2.115) holds, but the eigenvalues (2.77) of the

y-operator have the opposite sign as in (2.91). Therefore, the corresponding irreducible representations
can be obtained by the sign change ⇠2 in (2.29) from D

(1,2)
`

.
As a result, for t

2 = q
�(2`�1), there are four irreducible finite-dimensional representations [Che05,

Thm 2.8.1] that are obtained from D
(1)
`

by the sign changes ⇠1,2. This is analogous to the relationship
among the exceptional divisors under the sign changes (2.30). Therefore, we identify these modules to
the spaces of open (Bcc,BDi)-strings as

D
(1)
`

= Hom(Bcc,BD1) , D
(2)
`

= ⇠1(D
(1)
`

) = Hom(Bcc,BD2) ,

D
(3)
`

:= ⇠2(D
(1)
`

) = Hom(Bcc,BD3) , D
(4)
`

:= ⇠2(D
(2)
`

) = ⇠3(D
(1)
`

) = Hom(Bcc,BD4) .
(2.119)

The modules D
(1,2)
`

can be obtained as the quotient of the polynomial representation because the
support (2.82) of BP intersects with D1 and D2. On the other hand, its ⇠2-image (2.92) intersects
with D3 and D4. (See also Figure 7.)

Under the PSL(2,Z) action, the four irreducible representations are transformed as in (2.37).
Namely, the modular T -transformation ⌧� exchanges D

(3)
`

and D
(4)
`

whereas D
(1)
`

and D
(2)
`

are in-
variant. Also, the modular S-transformation � exchanges D

(2)
`

and D
(3)
`

whereas the modules D
(1)
`

and D
(4)
`

are invariant.

⌧+ : D
(2)
`

$ D
(4)
`

and D
(1)
`

, D
(3)
`

are invariant ,

⌧� : D
(3)
`

$ D
(4)
`

and D
(1)
`

, D
(2)
`

are invariant ,

� : D
(2)
`

$ D
(3)
`

and D
(1)
`

, D
(4)
`

are invariant .

(2.120)

Thus, only the module D
(1)
`

= Hom(Bcc,BD1) among the four modules becomes a PSL(2,Z) repre-
sentation.
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Summary

Let us find the modular S and T matrices for this PSL(2,Z) representation. As we have seen, the
polynomial representation P captures both D

(1)
`

and D
(2)
`

so that the S-matrix (2.110) truncates a
matrix of size 2` ⇥ 2` under the shortening condition (2.96c). However, the matrix has rank ` and it
acts non-trivially only on D

(1)
`

under the change (2.118) of basis

eSjj0 := G
�1

Sjj0G(q, t = q
�(2`�1)/2)

��
D

(1)
`

, 0  j, j
0  `� 1 (2.121)

where G is a matrix of size 2`⇥2` that changes the basis according to (2.118). This gives the geometric
interpretation of the basis change in [KSY18, §4.1]. As a result, we find the following explicit forms of
the S and T matrices, and a 3d interpretation of our A-model setup in §3.1.1 will identify an intrinsic
physical meaning of the PSL(2,Z) representation:

Conjecture 2.2. The space D
(1)
`

is an `-dimensional PSL(2,Z) representation, with modular S and

T matrices given by

Tjj0
��
D

(1)
`

= e
(`�1)⇡i

6 q
� (2`�1)(`�1)

6 q
j(k�j)

2 �jj0 0  j, j
0  `� 1

Sjj0
��
D

(1)
`

= b
�1
`

gj(q, t = q
�(2`�1)/2)�1 eSjj0 .

(2.122)

The PSL(2,Z) representation comes from a modular tensor category associated to the Argyres-Douglas

theory of type (A1, A2(`�1)). These matrices coincide with those of the (2, 2` + 1) Virasoro minimal

model at q = e
�2⇡i/(2`+1)

.

Here we normalize (2.121) by the Macdonald norm (2.112) and

b` = 2
`�2Y

i=0

(q1/2+i � q
�1/2�i)

so that S
2 = 1. We also normalize (2.90) by e

(`�1)⇡i/6
q
�(2`�1)(`�1)/6 so that (ST )3 = 1.

For instance, when ` = 2, these matrices become

T
��
D

(1)
`=2

= e
⇡i
6

 
q
� 1

2 0

0 q
1
2

!
, S

��
D

(1)
`=2

=
i

q
1
2 � q

� 1
2

✓
1 �(q � 1 + q

�1)
1 �1

◆
.

When q = e
�2⇡i/5, they coincide with the modular matrices of the (2, 5) Virasoro minimal model

although an appropriate change of basis is required to bring the S-matrix into the standard form.

finite-dim rep shortening condition A-brane condition

F
(xm,ym)
m q

m = 1 m = 1
~

Un q
2n = 1 n = 1

2~

Vk+1 t
2 = �q

�k
k = 1

2~ + �p+i↵p

i~

D` t
2 = q

�`+1/2
` = �p+i↵p

2i~

Table 2: A summary of finite-dimensional representations of S
..
H with corresponding shortening and

A-brane conditions.

2.7 Bound states of branes and short exact sequences: morphism matching

We have hitherto studied generic conditions when an individual A-brane supported on a compact
irreducible Lagrangian can exist. Next, we will figure out the situation in which two distinct A-branes
are present at a singular fiber of the Hitchin fibration. When two distinct A-branes intersect at a
singular fiber, they will form a bound state. By identifying the corresponding representation of S

..
H,

we will provide evidence of the equivalent morphism structure of the two categories (1.3).
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U
(1)
n

◆(Vk+1)

D
(4)
`

D
(3)
`

D
(2)
`

D
(1)
`

q4q3

q2q1

NF

F
�

2n

BH

MH

0gen pt

⇡

⇠1

⇠2

Figure 7: This figure depicts the correspondence between compact supports of (B,A,A)-branes and
finite-dimensional modules of the spherical DAHA when ~ = 1/2n, ↵p/2~ = ` and �p = 0 = �p. Note
that n = 2`+ k + 1.

On the other hand, the ◆-image ◆(BP) intersects with V whereas it does not with exceptional
divisors Di. Consequently, there is a short exact sequence

0 �! D
(3) � D

(4) �! ◆(U (1)
n ) �! ◆(Vn�2`) �! 0 . (2.134)

Once we take ⇠2-image of this short exact sequence, we have

0 �! D
(1)
`

� D
(2)
`

g�! ⇠2 � ◆(U (1)
n ) �! ◆(Vn�2`) �! 0 . (2.135)

because ◆(Vn�2`) is ⇠2-invariant.
Now we are ready to compare the morphism structures of the two categories under the shortening

condition ~ = 1/2n and ↵p/~ = `. As Figure 7 illustrates, the supports of branes BV and BD1

intersect at one point q1 so that the morphism space between them is one-dimensional:

Hom1(BD1 ,BV) ⇠= Chq1i . (2.136)

This means that there is one bound state of BV and BD1 . Indeed, we find the corresponding repre-
sentation from (2.132):

0 �! ◆(Vk+1) �! f
�1(D (1)

`
) �! D

(1)
`

�! 0 . (2.137)

Its Poincare dual in the representation category can be obtained from (2.135)

0 �! D
(1)
`

�! ⇠2 � ◆(U (1)
n )/g(D (2)

`
) �! ◆(Vn�2`) �! 0 . (2.138)

By using the sign change group ⌅, we obtain short exact sequences analogous to (2.137), which changes
from D

(1)
`

to D
(i)
`

(i = 2, 3, 4). We can further pursue the comparison of the morphism structure. In
the A-brane category, the morphism space between BV and BD1 �BD2 is two-dimensional:

Hom1(BD1 �BD2 ,BV) ⇠= Chq1i � Chq2i . (2.139)

It is easy to find the corresponding representations

0 �! ◆(Vk+1) �! f
�1(D (1)

`
)� D

(2)
`

�! D
(1)
`

� D
(2)
`

�! 0 ,

0 �! ◆(Vk+1) �! f
�1(D (2)

`
)� D

(1)
`

�! D
(1)
`

� D
(2)
`

�! 0 .

(2.140)
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Extensions 

2.7.1 At singular fiber of type I2

As seen in §2.6.1 and §2.6.2, the compact branes BF and BUi can exist when q is a root of unity and
t is generic. As Figure 6 shows, the irreducible components U1 and U2 at the singular fiber ⇡�1(b1) of
type I2 intersect at two points p1 and p2. Therefore, the Floer complex [Flo88, Flo89] (or morphisms)
of the two A-branes BU1 and BU2 is

Hom⇤(BU1 ,BU2) := CF
⇤(BU1 ,BU2)

⇠= Chp1i � Chp2i . (2.123)

Note that the Floer complexes CF
⇤(BU1 ,BU2) and CF

⇤(BU2 ,BU1) and the differentials on them are
Poincaré-dual to each other. Namely, each intersection point pi defines generators of both complexes,
whose degrees sum to 2 (the complex dimension of the target).

U1

U2

◆

⇠2

⇠1

p2 p1

Figure 6: At the singular fiber ⇡
�1(b1), ⇠2 exchanges the irreducible components, U1 and U2, by

the 180� rotation along the (0, 1)-circle (longitude). Therefore, ⇠2 exchanges p1 and p2. On the other
hand, ◆ exchanges U1 and U2 by fixing p1 and p2. Besides, ⇠1 maps each irreducible component to
itself by the 180� rotation along the (1, 0)-circle (meridian).

This implies that there are two bound states of BU1 and BU2 as A-branes. Let us consider one
natural candidate for them: a brane B�

F degenerating into the singular fiber ⇡
�1(b1) of type I2. First

of all, the dimension m of Hom(Bcc,B�

F) needs to be even m = 2n in order for the brane to be
supported a singular fiber because the evaluation of the integral cohomology class [F 0

F/(2⇡)] over a
singular fiber cannot be odd like (2.99). There is also a topological constraint to be a bound state of
the compound branes BU1 and BU2 . As illustrated in Figure 6, a one-cycle, say the (1, 0)-cycle, of
a torus is pinched to a double point at two locations so that the singular fiber ⇡

�1(b1) topologically
consists of two copies of CP1. Therefore, it has a unique spin structure along the (1, 0)-cycle, which
is Neveu-Schwarz. Consequently, only a brane B(�,+)

F with trivial holonomy and the Neveu-Schwarz
spin structure along the (1, 0)-cycle of F can enter the singular fiber ⇡

�1(b1), which becomes a bound
state of the compound branes BU1 and BU2 .

There is indeed the corresponding representation of S
..
H. We see that a composite brane, U1,2,

supported on the singular fiber is invariant under ⌧� as a set. Thus, a brane B(x2n,+)
F can enter the

singular fiber when the corresponding module F
(�,+)
2n is ⌧�-invariant, namely when the ideals coincide

(X2n +X
�2n � x2n � x

�1
2n ) = (⌧�(X

2n +X
�2n � x2n � x

�1
2n )) .

Under the condition (2.96a), the 2n-th Macdonald polynomial takes the form P2n = X
2n+X

�2n+2 =
(Xn +X

�n)2, and (2.90) yields ⌧�(1) = 1 and ⌧�(P2n) = t
�2n

P2n. For a generic value of t, only when
x2n = �1, we therefore have the ⌧�-invariant module F

(�,+)
2n

⇠= P/(P2n). Moreover, since P2n = (Pn)2

under (2.96a), the quotient of the polynomial representation P yields a short exact sequence

0 ! U
(2)
n ! F

(�,+)
2n ! U

(1)
n ! 0 . (2.124)
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The representation F
(�,+)
2n corresponds to the bound state B(�,+)

F . As explained in §2.6, the raising
operator (2.80) of P does not become null because the prefactor (1� q

2j
t
2) cancels with the denom-

inator of Pj+1. Consequently, this short exact sequence (2.124) does not split into the direct sum so
that U

(2)
n is a subrepresentation of F

(�,+)
2n and U

(1)
n is the quotient. This is analogous to the fact

that C[X]/(X2n) ! C[X]/(Xn) cannot split as a C[X]-module. This implies that the degree of the
morphism between the A-branes is one:

B(�,+)
F 2 Hom1(BU1 ,BU2) .

Although we do not determine the degree of the morphism in the A-brane category in this paper, the
representation category of S

..
H always implies one. Even in what follows, we conjecture from comparison

with the representation category that the degree of a morphism of two distinct A-branes is always one.
Determining the degree of the morphism in the A-brane category is left for future work.

Since Hom⇤(BU1 ,BU2) is two-dimensional, there must be another generator. To identify it, we
consider the symmetries. As Figure 6 illustrates, ⇠2 and ◆ exchange the irreducible components U1

and U2 at the singular fiber. More precisely, ⇠2 acts on the singular fiber as the 180� rotation along
the (0, 1)-circle (longitude) so that the intersection points p1,2 are exchanged by ⇠2. On the other
hand, ◆ exchanges U1 and U2 by fixing p1,2. Consequently, the images of the brane B(�,+)

F under the
symmetries ⇠2 and ◆ are non-isomorphic objects in the A-brane category although they have the same
support and the same holonomy. They indeed span the morphism space9

Hom1(BU2 ,BU1)
⇠= Ch⇠2(B(�,+)

F )i � Ch◆(B(�,+)
F )i . (2.125)

Similarly, the images of the brane F
(�,+)
2n under the symmetries ⇠2 and ◆ are non-isomorphic in the

representation category of S
..
H for n > 1. The image of the short exact sequence (2.124) under ⇠2

becomes
0 ! U

(1)
n ! ⇠2(F

(�,+)
2n ) ! U

(2)
n ! 0 . (2.126)

Likewise, The image of the short exact sequence (2.124) under ◆ becomes

0 ! U
(1)
n ! ◆(F (�,+)

2n ) ! U
(2)
n ! 0 . (2.127)

By using the polynomial representation (2.75), one can read off the action of the generators x and y

on these representations as

x

���
⇠2(F

(�,+)
2n )

=

U (2)
nz }| { U (1)

nz }| {0

BBBBBBBBBBBBBBBB@

0 ⇤ . . . 0 0
⇤ 0 ⇤ 0 0

0 ⇤
. . . ⇤ 0

0 0 0 ⇤
0 0 . . . ⇤ 0

0

⇤ 0 ⇤ . . . 0 0
⇤ 0 ⇤ 0 0

0 ⇤
. . . ⇤ 0

0 0 0 ⇤
0 0 . . . ⇤ 0

1

CCCCCCCCCCCCCCCCA

, x

���
◆(F

(�,+)
2n )

=

U (2)
nz }| { U (1)

nz }| {0

BBBBBBBBBBBBBBBB@

0 ⇤ . . . 0 0
⇤ 0 ⇤ 0 0

0 ⇤
. . . ⇤ 0

0 0 0 ⇤
0 0 . . . ⇤ 0

0

0

⇤

0 ⇤ . . . 0 0
⇤ 0 ⇤ 0 0

0 ⇤
. . . ⇤ 0

0 0 0 ⇤
0 0 . . . ⇤ 0

1

CCCCCCCCCCCCCCCCA

,

(2.128)

on the basis where y acts diagonally as diag(t+ t
�1

, qt+ q
�1

t
�1

, . . . , q
2n�1

t+ q
1�2n

t
�1). Note that the

upper-left block and lower-right matrices of the x actions are the same whereas the lower-left matrices
are different. These matrices explicitly show that ⇠2(F

(�,+)
2n ) and ◆(F (�,+)

2n ) are not isomorphic.
In fact, the composition ⇠2�◆ leaves BU1 and BU2 as they are, respectively. However, it maps B(�,+)

F
to a different object although they have the same support and the same holonomy. Correspondingly,
we have a short exact sequence

0 ! U
(2)
n ! ⇠2 � ◆(F (�,+)

2n ) ! U
(1)
n ! 0 , (2.129)

9Often literature in mathematics uses the notation Ext1 instead of Hom
1. Here they have the same meaning.

– 33 –

Generic fiber  over  may split into F b1
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 and U1 U2

Corresponding representation of DAHA — -invariant moduleτ−

2.7.1 At singular fiber of type I2

As seen in §2.6.1 and §2.6.2, the compact branes BF and BUi can exist when q is a root of unity and
t is generic. As Figure 6 shows, the irreducible components U1 and U2 at the singular fiber ⇡�1(b1) of
type I2 intersect at two points p1 and p2. Therefore, the Floer complex [Flo88, Flo89] (or morphisms)
of the two A-branes BU1 and BU2 is

Hom⇤(BU1 ,BU2) := CF
⇤(BU1 ,BU2)

⇠= Chp1i � Chp2i . (2.123)

Note that the Floer complexes CF
⇤(BU1 ,BU2) and CF

⇤(BU2 ,BU1) and the differentials on them are
Poincaré-dual to each other. Namely, each intersection point pi defines generators of both complexes,
whose degrees sum to 2 (the complex dimension of the target).

U1

U2

◆

⇠2

⇠1

p2 p1

Figure 6: At the singular fiber ⇡
�1(b1), ⇠2 exchanges the irreducible components, U1 and U2, by

the 180� rotation along the (0, 1)-circle (longitude). Therefore, ⇠2 exchanges p1 and p2. On the other
hand, ◆ exchanges U1 and U2 by fixing p1 and p2. Besides, ⇠1 maps each irreducible component to
itself by the 180� rotation along the (1, 0)-circle (meridian).

This implies that there are two bound states of BU1 and BU2 as A-branes. Let us consider one
natural candidate for them: a brane B�

F degenerating into the singular fiber ⇡
�1(b1) of type I2. First

of all, the dimension m of Hom(Bcc,B�

F) needs to be even m = 2n in order for the brane to be
supported a singular fiber because the evaluation of the integral cohomology class [F 0

F/(2⇡)] over a
singular fiber cannot be odd like (2.99). There is also a topological constraint to be a bound state of
the compound branes BU1 and BU2 . As illustrated in Figure 6, a one-cycle, say the (1, 0)-cycle, of
a torus is pinched to a double point at two locations so that the singular fiber ⇡

�1(b1) topologically
consists of two copies of CP1. Therefore, it has a unique spin structure along the (1, 0)-cycle, which
is Neveu-Schwarz. Consequently, only a brane B(�,+)

F with trivial holonomy and the Neveu-Schwarz
spin structure along the (1, 0)-cycle of F can enter the singular fiber ⇡

�1(b1), which becomes a bound
state of the compound branes BU1 and BU2 .

There is indeed the corresponding representation of S
..
H. We see that a composite brane, U1,2,

supported on the singular fiber is invariant under ⌧� as a set. Thus, a brane B(x2n,+)
F can enter the

singular fiber when the corresponding module F
(�,+)
2n is ⌧�-invariant, namely when the ideals coincide

(X2n +X
�2n � x2n � x

�1
2n ) = (⌧�(X

2n +X
�2n � x2n � x

�1
2n )) .

Under the condition (2.96a), the 2n-th Macdonald polynomial takes the form P2n = X
2n+X

�2n+2 =
(Xn +X

�n)2, and (2.90) yields ⌧�(1) = 1 and ⌧�(P2n) = t
�2n

P2n. For a generic value of t, only when
x2n = �1, we therefore have the ⌧�-invariant module F

(�,+)
2n

⇠= P/(P2n). Moreover, since P2n = (Pn)2

under (2.96a), the quotient of the polynomial representation P yields a short exact sequence

0 ! U
(2)
n ! F

(�,+)
2n ! U

(1)
n ! 0 . (2.124)
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Short exact sequence
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Figure 7: This figure depicts the correspondence between compact supports of (B,A,A)-branes and
finite-dimensional modules of the spherical DAHA when ~ = 1/2n, ↵p/2~ = ` and �p = 0 = �p. Note
that n = 2`+ k + 1.

On the other hand, the ◆-image ◆(BP) intersects with V whereas it does not with exceptional
divisors Di. Consequently, there is a short exact sequence

0 �! D
(3) � D

(4) �! ◆(U (1)
n ) �! ◆(Vn�2`) �! 0 . (2.134)

Once we take ⇠2-image of this short exact sequence, we have

0 �! D
(1)
`

� D
(2)
`

g�! ⇠2 � ◆(U (1)
n ) �! ◆(Vn�2`) �! 0 . (2.135)

because ◆(Vn�2`) is ⇠2-invariant.
Now we are ready to compare the morphism structures of the two categories under the shortening

condition ~ = 1/2n and ↵p/~ = `. As Figure 7 illustrates, the supports of branes BV and BD1

intersect at one point q1 so that the morphism space between them is one-dimensional:

Hom1(BD1 ,BV) ⇠= Chq1i . (2.136)

This means that there is one bound state of BV and BD1 . Indeed, we find the corresponding repre-
sentation from (2.132):

0 �! ◆(Vk+1) �! f
�1(D (1)

`
) �! D

(1)
`

�! 0 . (2.137)

Its Poincare dual in the representation category can be obtained from (2.135)

0 �! D
(1)
`

�! ⇠2 � ◆(U (1)
n )/g(D (2)

`
) �! ◆(Vn�2`) �! 0 . (2.138)

By using the sign change group ⌅, we obtain short exact sequences analogous to (2.137), which changes
from D

(1)
`

to D
(i)
`

(i = 2, 3, 4). We can further pursue the comparison of the morphism structure. In
the A-brane category, the morphism space between BV and BD1 �BD2 is two-dimensional:

Hom1(BD1 �BD2 ,BV) ⇠= Chq1i � Chq2i . (2.139)

It is easy to find the corresponding representations

0 �! ◆(Vk+1) �! f
�1(D (1)

`
)� D

(2)
`

�! D
(1)
`

� D
(2)
`

�! 0 ,

0 �! ◆(Vk+1) �! f
�1(D (2)

`
)� D

(1)
`

�! D
(1)
`

� D
(2)
`

�! 0 .

(2.140)
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In order to  and  be Lagrangian two conditions must be satisfied at the same time 𝔅V 𝔅Di

For instance, let us investigate a module that the brane BU1 gives rise to. The curvature of the
line bundle L0 should obey the flatness condition (2.70)

F
0
U1

+ B|U1
= 0 . (2.101)

Since U1 is topologically CP1 and a position is fixed, there is no deformation parameter associated to
the brane BU1 . Subsequently, one can evaluate the dimension formula (2.73)

dimHom(Bcc,BU1) =

Z

U1

F +B

2⇡
=

Z

U1

!I

2⇡~ =
1

2~ (2.102)

Consequently, the brane BU1 can exist only at 1/(2~) = n 2 Z>0, or equivalently when q is a primitive
2n-th root of unity.

This is exactly one (2.96a) of the shortening conditions, and under this condition a lowering operator
(2.81) annihilates the Macdonald polynomial

pol(Ln) · Pn(X; q, t) = 0 where Pn(X; q, t) = X
n +X

�n
. (2.103)

Therefore, the quotient space
U

(1)
n := P/(Pn)

by an ideal (Pn) is an n-dimensional irreducible representation of spherical DAHA [Che05, Thm 2.8.5
(ii)] so that one can identify

U
(1)
n = Hom(Bcc,BU1) .

As seen in §2.1, the irreducible component U1 is invariant under the sign change ⇠1 whereas it
is mapped to U2 under ⇠2 (2.31). In fact, it follows from the form (2.103) of Pn(X) that the finite-
dimensional module U

(1)
n is invariant under the sign flip ⇠1. On the other hand, the sign change ⇠2

leads to another non-isomorphic finite-dimensional module. Thus, the brane ⇠2(BU1) corresponds to
a brane supported on the other irreducible component U2 in the same singular fiber from which the
module comes from

U
(2)
n := ⇠2(U

(1)
n ) = Hom(Bcc,BU2) .

In a similar fashion, a brane BUi supported on another irreducible component in a singular fiber gives
rise to an image of U

(1)
n under PSL(2,Z) and the sign changes ⇠1,2. The transformation rule can be

read off from (2.38) so that the branes BU1,2 are invariant under ⌧� whereas they are mapped as

�(BU1) = BU3 , �(BU2) = BU4 ,

⌧+(BU1) = BU5 , ⌧+(BU2) = BU6 .
(2.104)

The corresponding modules U
(i)
n are obtained from U

(1)
n in the same way.

2.6.3 Moduli space of G-bundles

Next, we consider a brane BV supported on the moduli space V of G-bundles. For the sake of brevity,
let us first see the case of �p = 0. If ~ is real, only ↵p can be turned on while �p must vanish in order
for V to be Lagrangian with respect to !K . As ~ = |~|ei✓ is rotated ✓ 6= 0 in the complex plane, the
symplectic form we are interested in is also rotated from !K to !X according to (2.60). However, this
rotation can be actually compensated by switching on �p so that V can stay Lagrangian with respect
to !X. According to (2.22) and (2.60), the set V is Lagrangian with respect to !X when the following
condition holds:

Im

�
1
2 � ↵p

�
+ i�p

~ = 0 (2.105)

As a simple check, one can easily see from (2.22) and (2.62) that the integral of the symplectic form is
zero Z

V

Im ⌦

2⇡
=

Z

V

!X

2⇡
= 0 , (2.106)
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V intersects with both the support (2.82) of the branes BP and that (2.89) of �(BP). Hence, the
modular S-matrix can be written as

Sjj0 = pol(Pj(Y
�1)) · Pj0(X)

��
X=t�1 = Pj(tq

j
0
; q, t)Pj0(t

�1; q, t) . (2.110)

This is first introduced by Cherednik [Che95b] as a symmetric bilinear pairing of Macdonald poly-
nomials, which we also denote by [Pj , Pj0] as in (B.20). Moreover, it becomes of rank (k + 1) when
t
2 = �q

�k, and it acts on Vk+1. Therefore, we find explicit forms of the S and T matrices as follows,
and we will also find a 3d interpretation of this PSL(2,Z) representation in §3.1.1.

Conjecture 2.1. The space Vk+1 is a (k + 1)-dimensional PSL(2,Z) representation, with modular S

and T matrices given by
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These matrices provide the PSL(2,Z) representation for “refined Chern-Simons theory”.

Here we normalize the modular S-transformation (2.110) by the Macdonald norm of type A1 (See
(B.14) for the definition)
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Next, we turn to less familiar and more interesting modular representation that arises from another
Lagrangian A-brane in a similar fashion.

2.6.4 Exceptional divisors

Now let us consider an interesting A-brane BDi supported on an exceptional divisor Di, i = 1, . . . , 4.
As we reviewed in the earlier part of this section, the ramification parameters (↵p,�p,�p) play the role
of resolution/deformation parameters for Di. In particular, when �p = 0 and ~ is real, only ↵p can be
turned on while �p must vanish in order for Di to be Lagrangian with respect to !K . As ~ = |~|ei✓ is
rotated ✓ 6= 0 in the complex plane, the exceptional divisors Di stay Lagrangian with respect to !X if
the deformation parameter �p + i↵p 2 C in complex structure J is proportional to i~, namely,

Im
�p + i↵p

2i~ = 0 . (2.113)

Here the value of �p can be arbitrary as in the previous case. It is easy to verify from (2.24) and (2.62)
that Z

Di
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2⇡
=
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Di
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2⇡
= 0 .

The story goes as before. The flatness condition (2.70) of the Chan-Paton bundle for the brane
BDi is

F
0
Di
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��
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This implies ,  is real, and  are arbitrary γp = 0 ℏ αp, γp

which is not isomorphic to (2.124). Therefore, they span the morphism space of two dimensions

Hom1(BU1 ,BU2)
⇠= ChB(�,+)

F i � Ch⇠2 � ◆(B(�,+)
F )i , (2.130)

which is Poincaré-dual to (2.125). In conclusion, when two compound branes intersect two points, they
can form non-isomorphic bound states with the same support and the same holonomy in the A-brane
category.

At the other singular fibers ⇡
�1(b2,3), there are similar bound states. As in (2.104), � 2 PSL(2,Z)

maps (2.125) to Hom1(BU3 ,BU4)). Also, ⌧+ 2 PSL(2,Z) maps (2.125) Hom1(BU5 ,BU6)).

2.7.2 At global nilpotent cone of type I
⇤
0

Next, let us consider the case in which both the A-branes BV and BDi exist. In order for both
BV and BDi to be Lagrangian, (2.105) and (2.113) need to be satisfied, which implies �p = 0 and
~ is real whereas ↵p and �p can be arbitrary. Therefore, the symplectic form must be !X = !K/~.
In this situation, F and Ui are also Lagrangian with respect to the symplectic form. Moreover, the
quantization conditions, (2.114) and (2.107), for both BDi and BV are

� c+
1

2
= ` ,

1

2~ + 2c� 1 = k + 1 , (2.131)

which implies that 1/2~ = 2`+ k + 1. In other words, the two shortening conditions lead to the other
one

(2.96c) and ◆(2.96b) �! (2.96a) where n = 2`+ k + 1 .

Under this condition, there are therefore finite-dimensional representations of three kinds, Hom(Bcc,BUi),
Hom(Bcc,BV) and Hom(Bcc,BDi). On the representation theory side, the quotient of the polynomial
representation yields a short exact sequence

0 �! ◆(Vk+1) �! U
(1)
n

f�! D
(1)
`

� D
(2)
`

�! 0 . (2.132)

We also note that there exist similar short exact sequences for the images of U
(1)
n under the symmetry

⌅⇥ PSL(2,Z) in §2.6.2 under the same shortening condition.
In a similar fashion, if the branes BDi and BUi exist simultaneously, their quantization conditions

guarantee the existence of BV. Also, if we assume the presence of the branes BV and BUi , then the
quantization condition for BDi follows. In fact, it is straightforward to check that, under the relation
n = k + 1 + 2`, we have

(2.96c) and (2.96a) �! ◆(2.96b) ,

(2.96a) and ◆(2.96b) �! (2.96c) .
(2.133)

Subsequently, we have the short exact sequence (2.132).
If �p 6= 0, the Hitchin fibration has the three singular fibers of type I2 (Figure 2), and the La-

grangians V and BDi are not contained in a Hitchin fiber. Thus, the short exact sequence (2.132)
implies that a Hamiltonian isotopy can deform the brane BU1 in such a way that it contains BV as
subbranes. The situation becomes much more lucid when �p = 0. As �p ! 0, the three singular fibers
meet simultaneously and transform into the singular fiber of type I

⇤
0 , which is the global nilpotent

cone. In this process, the A-brane BU1 becomes a bound state of BD1 , BD2 and BV because of
(2.19). The short exact sequence (2.132) indeed corresponds to the bound state as illustrated in Figure
7. A similar story holds for the other branes BUi and they become bound states of irreducible branes
according to the relation (2.19) of the second homology group.

As explained above, the short exact sequence (2.132) does not split into the direct sum because
the raising operator (2.80) of P never becomes null. Geometrically, the choice of the direction of the
arrows in (2.132) comes from how the support (2.82) of BP intersects with the global nilpotent cone.
As explained in §2.6.3 and §2.6.4, the support (2.82) of BP cuts through real one-dimensional slices of
the exceptional divisors D1,2, but it does not intersect with V. As a result, the brane BV becomes a
subbrane of BU1 whereas BD1 �BD2 becomes its quotient.
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Quantization conditions
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Entail
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Morphism matching
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`

q4q3
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2n
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MH
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⇡
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⇠2

Figure 7: This figure depicts the correspondence between compact supports of (B,A,A)-branes and
finite-dimensional modules of the spherical DAHA when ~ = 1/2n, ↵p/2~ = ` and �p = 0 = �p. Note
that n = 2`+ k + 1.

On the other hand, the ◆-image ◆(BP) intersects with V whereas it does not with exceptional
divisors Di. Consequently, there is a short exact sequence

0 �! D
(3) � D

(4) �! ◆(U (1)
n ) �! ◆(Vn�2`) �! 0 . (2.134)

Once we take ⇠2-image of this short exact sequence, we have

0 �! D
(1)
`

� D
(2)
`

g�! ⇠2 � ◆(U (1)
n ) �! ◆(Vn�2`) �! 0 . (2.135)

because ◆(Vn�2`) is ⇠2-invariant.
Now we are ready to compare the morphism structures of the two categories under the shortening

condition ~ = 1/2n and ↵p/~ = `. As Figure 7 illustrates, the supports of branes BV and BD1

intersect at one point q1 so that the morphism space between them is one-dimensional:

Hom1(BD1 ,BV) ⇠= Chq1i . (2.136)

This means that there is one bound state of BV and BD1 . Indeed, we find the corresponding repre-
sentation from (2.132):

0 �! ◆(Vk+1) �! f
�1(D (1)

`
) �! D

(1)
`

�! 0 . (2.137)

Its Poincare dual in the representation category can be obtained from (2.135)

0 �! D
(1)
`

�! ⇠2 � ◆(U (1)
n )/g(D (2)

`
) �! ◆(Vn�2`) �! 0 . (2.138)

By using the sign change group ⌅, we obtain short exact sequences analogous to (2.137), which changes
from D

(1)
`

to D
(i)
`

(i = 2, 3, 4). We can further pursue the comparison of the morphism structure. In
the A-brane category, the morphism space between BV and BD1 �BD2 is two-dimensional:

Hom1(BD1 �BD2 ,BV) ⇠= Chq1i � Chq2i . (2.139)

It is easy to find the corresponding representations
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�! 0 ,
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)� D
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� D
(2)
`

�! 0 .

(2.140)
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(1)
`

� D
(2)
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g�! ⇠2 � ◆(U (1)
n ) �! ◆(Vn�2`) �! 0 . (2.135)

because ◆(Vn�2`) is ⇠2-invariant.
Now we are ready to compare the morphism structures of the two categories under the shortening

condition ~ = 1/2n and ↵p/~ = `. As Figure 7 illustrates, the supports of branes BV and BD1

intersect at one point q1 so that the morphism space between them is one-dimensional:
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This means that there is one bound state of BV and BD1 . Indeed, we find the corresponding repre-
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0 �! ◆(Vk+1) �! f
�1(D (1)

`
) �! D

(1)
`
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Its Poincare dual in the representation category can be obtained from (2.135)

0 �! D
(1)
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n )/g(D (2)
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By using the sign change group ⌅, we obtain short exact sequences analogous to (2.137), which changes
from D

(1)
`

to D
(i)
`

(i = 2, 3, 4). We can further pursue the comparison of the morphism structure. In
the A-brane category, the morphism space between BV and BD1 �BD2 is two-dimensional:

Hom1(BD1 �BD2 ,BV) ⇠= Chq1i � Chq2i . (2.139)

It is easy to find the corresponding representations

0 �! ◆(Vk+1) �! f
�1(D (1)

`
)� D

(2)
`

�! D
(1)
`

� D
(2)
`

�! 0 ,

0 �! ◆(Vk+1) �! f
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Line operators and DAHA
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•

on S
1 ⇥ S

1
q

Figure 14: An algebra of line operators (colored circles) in a 4d N = 2 theory becomes non-
commutative in the ⌦-background S

1 ⇥ R ⇥q R2, which provides deformation quantization of holo-
morphic coordinate ring of the Coulomb branch. The 4d N = 2 theory compactified on S

1 ⇥ S
1
q is

described by 2d A-model ⌃ ! MC on the Coulomb branch where the boundary condition at @⌃ is
given by Bcc. Here R2 � S

1
q is the circle generating the ⌦-deformation.

is isomorphic to the ⇠1-invariant subalgebra of S
..
H

O
q(MC(Cp, SO(3)+)) ⇠= S

..
H

⇠1 (4.6)

generated by
x
2 � 1 = (X2 + 1 +X

�2)e , y = (Y + Y
�1)e . (4.7)

• The SO(3)� theory has line operators of charge (�e,�m) with �e,�m 2 Z such that �e+�m 2 2Z,
including a minimal dyonic operator (�e,�m) = (1, 1). Therefore, the quantized Coulomb branch
is isomorphic to the ⇠3-invariant subalgebra of S

..
H

O
q(MC(Cp, SO(3)�)) ⇠= S

..
H

⇠3 (4.8)

generated by

x
2 � 1 = (X2 + 1 +X

�2)e , z = (q�1/2
Y

�1
X + q

1/2
X

�1
Y )e . (4.9)

To see the connection to a 2d sigma-model in §2, we can employ a trick similar to Figure 8. Namely,
we can compactify a 4d N = 2 theory on T

2 ⇠= S
1 ⇥ S

1
q as illustrated in Figure 14, which leads to 2d

A-model R⇥ R+
⇠= ⌃ ! MC(C,G, L) on the Coulomb branch. Here S

1
q ⇢ R2 is the circle around the

axis of the ⌦-background. As a result, the axis of the ⌦-background on which loop operators meet
each other becomes the boundary @⌃. Therefore, the boundary @⌃ should give rise the quantized
Coulomb branch O

q(MC) so that the canonical coistoropic boundary condition Bcc naturally shows
up at @⌃ [NW10]. By the state-operator correspondence, a loop operator in the 4d N = 2 theory
becomes a state in Hom(Bcc,Bcc) up on the compactification. In this way, Bcc arises from “the axis
of the ⌦-deformation” (or a tip of a cigar as in [NW10]).

We have seen that the SU(2) and SO(3)± theories are related by PSL(2,Z) so that the quantized
Coulomb branches are indeed isomorphic. We expect the conjectural functor (1.3) exists even when
X = MC(Cp, SU(2), L) are the Coulomb branches of the 4d N = 2⇤ theories of rank one. Thus, we can
compare the representation category Rep(Oq(X)) of the quantized Coulomb branch with the A-brane
category A-Brane(X,!X) of the Coulomb branch as in §2. In fact, we can construct a polynomial
representation of a quantized Coulomb branch by using the two generators, and finite-dimensional
modules can be obtained by quotients of the polynomial representation under the corresponding short-
ening conditions. The geometry of the Coulomb branches is explored in the previous section, and we
confirm that there is a one-to-one correspondence between finite-dimensional modules of the quantized
Coulomb branch and compact A-branes in the Coulomb branch as in §2.
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Invariant under isotropic 

lattice

infinite-dimensional complex Floer homology of M3 is re-packaged into its finite-dimensional version
K

0 (MTC[M3, G]). Moreover, half-BPS line operators in T [M3, G] are in one-to-one correspondence
with states of the Hilbert space of T [M3, G] on T

2. The mapping class group of T 2 acts on this Hilbert
space, justifying the name for K

0(MTC[M3]). In practice, this can be a log-modular action, as in
[CCF+19].

A somewhat similar “regularization” of the complex Floer theory is provided by the skein module
Sk(M3, G), which was recently shown to be finite-dimensional [GJS19b] for any closed oriented 3-
manifold M3. Physically, the SU(N)-skein module of M3 is a set of all formal linear combinations of
line operators in complex SL(N,C) Chern-Simons theory, defined as [Tur90, Prz91]:

Sk(M3, SU(N)) = C[q±](isotopy classes of framed oriented links in M3)/skein relations .

where the skein relations are given by

q
� 1

N � q
1
N = (q�1 � q)

= q
1
N �N = q

N� 1
N = q

N�q
�N

q�q�1

.

The analogue for Cartan types other than A is not well explored, and would be an excellent direction
for future work.

Focusing on G = SU(N) and GC = SL(N,C), the above discussion suggests that there may be
a relation between K

0(MTC[M3, G]) that describes line operators in T [M3] and the skein module
Sk(M3, G). This relation cannot be a simple isomorphism because, e.g. for M3 = T

3 and G = SU(2),
K

0(MTC[M3, G]) has 10 simple objects whereas rank Sk(M3, G) = 9 [Car17, Gil18]. Relegating a
better understanding of this relation to future work,16 here we merely conjecture that it commutes
with the SL(2,Z) action, so that Sk(M3, G) also enjoys a (possibly, log-) modular action

SL(2,Z) �

Sk(M3, G) .

As a next natural step, we now turn our attention to a relation between the skein algebra Sk(C) of
a Riemann surface C and line operators of the 4d N = 2 theory T [C], in particular in the case when
C is a (punctured) torus.

4 4d theories, fivebranes, and M-theory

In this section, we study line operators in the 4d N = 2⇤ theories. A 4d N = 2 theory of class S
arises from a compactification of 6d N = (2, 0) theory on a once-punctured torus C. The spectrum
of line operators in the theory depends on additional discrete data, a maximal isotropic lattice L ⇢
H

1(C,Z(G)) where line operators must be invariant under the discrete group L. Therefore, we will
show that a non-commutative algebra of line operators of a 4d N = 2⇤ theory on S

1 ⇥ R ⇥q R2 with
the ⌦-background is the L-invariant subalgebra of spherical DAHA. Also, we give an explicit geometric
relation between Hitchin moduli spaces and an elliptic fibration of the Coulomb branch of a 4d N = 2⇤

theory in the rank-one case. Besides, we include a surface operator of Gukov-Witten type in the
story, and consider an algebra of line operators on a surface operator to realize the full DAHA instead
of the spherical DAHA. An advantage of the fivebrane system of class S is that we can relate line
operators of a 4d theory to boundary conditions of a 2d sigma-model by a compactification. Taking
this advantage, we propose a canonical coisotropic brane bBcc of higher rank which realizes the full
DAHA as Hom(bBcc,

bBcc).
16The above mentioned examples of the Poincaré sphere and M3 = T

3 suggest that the general relation for G = SU(2)

might be rank Sk(M3, G) = rankK
0
(MTC[M3, G])� 1. Although we do not know any counterexample to this potential

relation, we should stress that the role of “�1” is likely to be delicate and can not be simply attributed to, say, reducible
flat connections (as in the case of the Poincaré sphere). For example, in the case of M3 = T

3, all complex flat connections
are reducible, as was already pointed out in the main text.
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Algebra of line operators 

yields L-invariant subalgebra

of DAHA   

Coulomb branch

4.1 Coulomb branches of 4d N = 2⇤ theories of rank one

In this subsection, we study a stack of M5-branes on C ⇥ S
1 ⇥ R3. A 4d N = 2 theory of class S

is constructed by a compactification of the 6d (2,0) theory of type G (G is of Cartan type ADE)
on a Riemann surface C [Gai12, GMN13b] (generally with punctures) with additional discrete data
L [Tac14] (see also [GHP21] where such choice is referred to as a “polarization on C”), denoted by
T [C,G, L]. The basic information of a theory of class S is encoded in a Hitchin system

⌃ T
⇤
C

C

, (4.1)

where ⌃ is a Seiberg-Witten curve. The Coulomb branch of the theory on R4, called the u-plane, is an
affine space Bu =

L
r

k=1H
0(C,K⌦dk

C
) where the exponents dk depend on G. Given a point u 2 Bu, the

Seiberg-Witten curve ⌃ is expressed as the characteristic polynomial det(xdz � ') = f(x, u(z)) where
x, z are local coordinates of the fiber and base of T ⇤

C. To introduce the additional data, we pick a
symplectic basis of H1(C) of C of genus g in terms of intersection numbers

(↵1, . . . ,↵g,�1, . . . ,�g) 2 H1(C) , ↵i · ↵j = 0 = �i · �j , ↵i · �j = �ij = ��j · ↵i ,

which yields a symplectic lattice (H1(C,Z(G)),!) where Z(G) is the center of G. In fact, the additional
data are given by a maximal isotropic sublattice L ⇢ (H1(C,Z(G)),!), and they specify an allowed
set of charges of line operators that are compatible with the Dirac quantization conditions [AST13].
Given a maximal isotropic sublattice L ⇢ (H1(C,Z(G)),!), the Coulomb branch MC(C,G, L) of the
T [C,G, L] theory on S

1 ⇥ R3 admits an elliptic fibration over the u-plane Bu [GMN13a, Tac14]

⇡ : MC(C,G, L) ! Bu .

This is sometimes called the Donagi-Witten integrable system of class S. In fact, H1(C,Z(G)) freely
acts on the Hitchin fibration ⇡ : MH(C,G) ! BH fiberwise, and the Coulomb branch can be obtained
by the quotient of ⇡ : MH(C,G) ! BH by a fiberwise action of L so that

MC(C,G, L) = MH(C,G)/L .

Note that this action can be obtained by twists of a Higgs bundle by a flat Z(G)-bundle over C

associated to L, and it acts freely on a generic fiber of the Hitchin fibration. Therefore, the Coulomb
branch MC(C,G, L) inherits a hyper-Kähler structure from the Hitchin moduli space MH(C,G).

Of our interest are certainly the class S theories of type A1 associated to the once-punctured torus
Cp, namely 4d N = 2⇤ theories of rank one [GN95, DW96]. The lattice H

1(Cp,Z2) = Z2 � Z2 with
the natural symplectic form can be identified with the electric and magnetic charges of line operators
of the N = 2⇤ theory wrapping S

1.Line operators with charges � = (�e,�m) and ⌫ = (⌫e, ⌫m) must be
subject to the Dirac quantization condition

!(�, ⌫) = �e⌫m � �m⌫e 2 2Z .

There are three ways to pick a maximal isotropic lattice, corresponding to (0,1) (1,0) and (1,1) 2
H

1(Cp,Z2) = Z2 � Z2. They are known as SU(2), SO(3)+ and SO(3)� gauge theories, respectively,
where the theta angles of SO(3)± differ by 2⇡. Under the SL(2,Z) transformation on the complexified
gauge coupling (electromagnetic duality), these theories are related to each other as follows:

SU(2)

SO(3)+ SO(3)�

S

T

TST

T

TST S

(4.2)
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Elliptic fibration over the base

4.1 Coulomb branches of 4d N = 2⇤ theories of rank one

In this subsection, we study a stack of M5-branes on C ⇥ S
1 ⇥ R3. A 4d N = 2 theory of class S

is constructed by a compactification of the 6d (2,0) theory of type G (G is of Cartan type ADE)
on a Riemann surface C [Gai12, GMN13b] (generally with punctures) with additional discrete data
L [Tac14] (see also [GHP21] where such choice is referred to as a “polarization on C”), denoted by
T [C,G, L]. The basic information of a theory of class S is encoded in a Hitchin system

⌃ T
⇤
C

C

, (4.1)

where ⌃ is a Seiberg-Witten curve. The Coulomb branch of the theory on R4, called the u-plane, is an
affine space Bu =

L
r

k=1H
0(C,K⌦dk

C
) where the exponents dk depend on G. Given a point u 2 Bu, the

Seiberg-Witten curve ⌃ is expressed as the characteristic polynomial det(xdz � ') = f(x, u(z)) where
x, z are local coordinates of the fiber and base of T ⇤

C. To introduce the additional data, we pick a
symplectic basis of H1(C) of C of genus g in terms of intersection numbers

(↵1, . . . ,↵g,�1, . . . ,�g) 2 H1(C) , ↵i · ↵j = 0 = �i · �j , ↵i · �j = �ij = ��j · ↵i ,

which yields a symplectic lattice (H1(C,Z(G)),!) where Z(G) is the center of G. In fact, the additional
data are given by a maximal isotropic sublattice L ⇢ (H1(C,Z(G)),!), and they specify an allowed
set of charges of line operators that are compatible with the Dirac quantization conditions [AST13].
Given a maximal isotropic sublattice L ⇢ (H1(C,Z(G)),!), the Coulomb branch MC(C,G, L) of the
T [C,G, L] theory on S

1 ⇥ R3 admits an elliptic fibration over the u-plane Bu [GMN13a, Tac14]

⇡ : MC(C,G, L) ! Bu .

This is sometimes called the Donagi-Witten integrable system of class S. In fact, H1(C,Z(G)) freely
acts on the Hitchin fibration ⇡ : MH(C,G) ! BH fiberwise, and the Coulomb branch can be obtained
by the quotient of ⇡ : MH(C,G) ! BH by a fiberwise action of L so that

MC(C,G, L) = MH(C,G)/L .

Note that this action can be obtained by twists of a Higgs bundle by a flat Z(G)-bundle over C

associated to L, and it acts freely on a generic fiber of the Hitchin fibration. Therefore, the Coulomb
branch MC(C,G, L) inherits a hyper-Kähler structure from the Hitchin moduli space MH(C,G).

Of our interest are certainly the class S theories of type A1 associated to the once-punctured torus
Cp, namely 4d N = 2⇤ theories of rank one [GN95, DW96]. The lattice H

1(Cp,Z2) = Z2 � Z2 with
the natural symplectic form can be identified with the electric and magnetic charges of line operators
of the N = 2⇤ theory wrapping S

1.Line operators with charges � = (�e,�m) and ⌫ = (⌫e, ⌫m) must be
subject to the Dirac quantization condition

!(�, ⌫) = �e⌫m � �m⌫e 2 2Z .

There are three ways to pick a maximal isotropic lattice, corresponding to (0,1) (1,0) and (1,1) 2
H

1(Cp,Z2) = Z2 � Z2. They are known as SU(2), SO(3)+ and SO(3)� gauge theories, respectively,
where the theta angles of SO(3)± differ by 2⇡. Under the SL(2,Z) transformation on the complexified
gauge coupling (electromagnetic duality), these theories are related to each other as follows:

SU(2)

SO(3)+ SO(3)�

S

T

TST

T

TST S

(4.2)

– 50 –

4.1 Coulomb branches of 4d N = 2⇤ theories of rank one

In this subsection, we study a stack of M5-branes on C ⇥ S
1 ⇥ R3. A 4d N = 2 theory of class S

is constructed by a compactification of the 6d (2,0) theory of type G (G is of Cartan type ADE)
on a Riemann surface C [Gai12, GMN13b] (generally with punctures) with additional discrete data
L [Tac14] (see also [GHP21] where such choice is referred to as a “polarization on C”), denoted by
T [C,G, L]. The basic information of a theory of class S is encoded in a Hitchin system

⌃ T
⇤
C

C

, (4.1)

where ⌃ is a Seiberg-Witten curve. The Coulomb branch of the theory on R4, called the u-plane, is an
affine space Bu =

L
r

k=1H
0(C,K⌦dk

C
) where the exponents dk depend on G. Given a point u 2 Bu, the

Seiberg-Witten curve ⌃ is expressed as the characteristic polynomial det(xdz � ') = f(x, u(z)) where
x, z are local coordinates of the fiber and base of T ⇤

C. To introduce the additional data, we pick a
symplectic basis of H1(C) of C of genus g in terms of intersection numbers

(↵1, . . . ,↵g,�1, . . . ,�g) 2 H1(C) , ↵i · ↵j = 0 = �i · �j , ↵i · �j = �ij = ��j · ↵i ,

which yields a symplectic lattice (H1(C,Z(G)),!) where Z(G) is the center of G. In fact, the additional
data are given by a maximal isotropic sublattice L ⇢ (H1(C,Z(G)),!), and they specify an allowed
set of charges of line operators that are compatible with the Dirac quantization conditions [AST13].
Given a maximal isotropic sublattice L ⇢ (H1(C,Z(G)),!), the Coulomb branch MC(C,G, L) of the
T [C,G, L] theory on S

1 ⇥ R3 admits an elliptic fibration over the u-plane Bu [GMN13a, Tac14]

⇡ : MC(C,G, L) ! Bu .

This is sometimes called the Donagi-Witten integrable system of class S. In fact, H1(C,Z(G)) freely
acts on the Hitchin fibration ⇡ : MH(C,G) ! BH fiberwise, and the Coulomb branch can be obtained
by the quotient of ⇡ : MH(C,G) ! BH by a fiberwise action of L so that

MC(C,G, L) = MH(C,G)/L .

Note that this action can be obtained by twists of a Higgs bundle by a flat Z(G)-bundle over C

associated to L, and it acts freely on a generic fiber of the Hitchin fibration. Therefore, the Coulomb
branch MC(C,G, L) inherits a hyper-Kähler structure from the Hitchin moduli space MH(C,G).

Of our interest are certainly the class S theories of type A1 associated to the once-punctured torus
Cp, namely 4d N = 2⇤ theories of rank one [GN95, DW96]. The lattice H

1(Cp,Z2) = Z2 � Z2 with
the natural symplectic form can be identified with the electric and magnetic charges of line operators
of the N = 2⇤ theory wrapping S

1.Line operators with charges � = (�e,�m) and ⌫ = (⌫e, ⌫m) must be
subject to the Dirac quantization condition

!(�, ⌫) = �e⌫m � �m⌫e 2 2Z .

There are three ways to pick a maximal isotropic lattice, corresponding to (0,1) (1,0) and (1,1) 2
H

1(Cp,Z2) = Z2 � Z2. They are known as SU(2), SO(3)+ and SO(3)� gauge theories, respectively,
where the theta angles of SO(3)± differ by 2⇡. Under the SL(2,Z) transformation on the complexified
gauge coupling (electromagnetic duality), these theories are related to each other as follows:

SU(2)

SO(3)+ SO(3)�

S

T

TST

T

TST S

(4.2)

– 50 –

L is compatible with Dirac quantization condition



Coulomb Branches
Three ways to pick maximal isotropic lattice L

4.1 Coulomb branches of 4d N = 2⇤ theories of rank one

In this subsection, we study a stack of M5-branes on C ⇥ S
1 ⇥ R3. A 4d N = 2 theory of class S

is constructed by a compactification of the 6d (2,0) theory of type G (G is of Cartan type ADE)
on a Riemann surface C [Gai12, GMN13b] (generally with punctures) with additional discrete data
L [Tac14] (see also [GHP21] where such choice is referred to as a “polarization on C”), denoted by
T [C,G, L]. The basic information of a theory of class S is encoded in a Hitchin system

⌃ T
⇤
C

C

, (4.1)

where ⌃ is a Seiberg-Witten curve. The Coulomb branch of the theory on R4, called the u-plane, is an
affine space Bu =

L
r

k=1H
0(C,K⌦dk

C
) where the exponents dk depend on G. Given a point u 2 Bu, the

Seiberg-Witten curve ⌃ is expressed as the characteristic polynomial det(xdz � ') = f(x, u(z)) where
x, z are local coordinates of the fiber and base of T ⇤

C. To introduce the additional data, we pick a
symplectic basis of H1(C) of C of genus g in terms of intersection numbers

(↵1, . . . ,↵g,�1, . . . ,�g) 2 H1(C) , ↵i · ↵j = 0 = �i · �j , ↵i · �j = �ij = ��j · ↵i ,

which yields a symplectic lattice (H1(C,Z(G)),!) where Z(G) is the center of G. In fact, the additional
data are given by a maximal isotropic sublattice L ⇢ (H1(C,Z(G)),!), and they specify an allowed
set of charges of line operators that are compatible with the Dirac quantization conditions [AST13].
Given a maximal isotropic sublattice L ⇢ (H1(C,Z(G)),!), the Coulomb branch MC(C,G, L) of the
T [C,G, L] theory on S

1 ⇥ R3 admits an elliptic fibration over the u-plane Bu [GMN13a, Tac14]

⇡ : MC(C,G, L) ! Bu .

This is sometimes called the Donagi-Witten integrable system of class S. In fact, H1(C,Z(G)) freely
acts on the Hitchin fibration ⇡ : MH(C,G) ! BH fiberwise, and the Coulomb branch can be obtained
by the quotient of ⇡ : MH(C,G) ! BH by a fiberwise action of L so that

MC(C,G, L) = MH(C,G)/L .

Note that this action can be obtained by twists of a Higgs bundle by a flat Z(G)-bundle over C

associated to L, and it acts freely on a generic fiber of the Hitchin fibration. Therefore, the Coulomb
branch MC(C,G, L) inherits a hyper-Kähler structure from the Hitchin moduli space MH(C,G).

Of our interest are certainly the class S theories of type A1 associated to the once-punctured torus
Cp, namely 4d N = 2⇤ theories of rank one [GN95, DW96]. The lattice H

1(Cp,Z2) = Z2 � Z2 with
the natural symplectic form can be identified with the electric and magnetic charges of line operators
of the N = 2⇤ theory wrapping S

1.Line operators with charges � = (�e,�m) and ⌫ = (⌫e, ⌫m) must be
subject to the Dirac quantization condition

!(�, ⌫) = �e⌫m � �m⌫e 2 2Z .

There are three ways to pick a maximal isotropic lattice, corresponding to (0,1) (1,0) and (1,1) 2
H

1(Cp,Z2) = Z2 � Z2. They are known as SU(2), SO(3)+ and SO(3)� gauge theories, respectively,
where the theta angles of SO(3)± differ by 2⇡. Under the SL(2,Z) transformation on the complexified
gauge coupling (electromagnetic duality), these theories are related to each other as follows:

SU(2)

SO(3)+ SO(3)�

S

T

TST

T

TST S

(4.2)

– 50 –

4.1 Coulomb branches of 4d N = 2⇤ theories of rank one

In this subsection, we study a stack of M5-branes on C ⇥ S
1 ⇥ R3. A 4d N = 2 theory of class S

is constructed by a compactification of the 6d (2,0) theory of type G (G is of Cartan type ADE)
on a Riemann surface C [Gai12, GMN13b] (generally with punctures) with additional discrete data
L [Tac14] (see also [GHP21] where such choice is referred to as a “polarization on C”), denoted by
T [C,G, L]. The basic information of a theory of class S is encoded in a Hitchin system

⌃ T
⇤
C

C

, (4.1)

where ⌃ is a Seiberg-Witten curve. The Coulomb branch of the theory on R4, called the u-plane, is an
affine space Bu =

L
r

k=1H
0(C,K⌦dk

C
) where the exponents dk depend on G. Given a point u 2 Bu, the

Seiberg-Witten curve ⌃ is expressed as the characteristic polynomial det(xdz � ') = f(x, u(z)) where
x, z are local coordinates of the fiber and base of T ⇤

C. To introduce the additional data, we pick a
symplectic basis of H1(C) of C of genus g in terms of intersection numbers

(↵1, . . . ,↵g,�1, . . . ,�g) 2 H1(C) , ↵i · ↵j = 0 = �i · �j , ↵i · �j = �ij = ��j · ↵i ,

which yields a symplectic lattice (H1(C,Z(G)),!) where Z(G) is the center of G. In fact, the additional
data are given by a maximal isotropic sublattice L ⇢ (H1(C,Z(G)),!), and they specify an allowed
set of charges of line operators that are compatible with the Dirac quantization conditions [AST13].
Given a maximal isotropic sublattice L ⇢ (H1(C,Z(G)),!), the Coulomb branch MC(C,G, L) of the
T [C,G, L] theory on S

1 ⇥ R3 admits an elliptic fibration over the u-plane Bu [GMN13a, Tac14]

⇡ : MC(C,G, L) ! Bu .

This is sometimes called the Donagi-Witten integrable system of class S. In fact, H1(C,Z(G)) freely
acts on the Hitchin fibration ⇡ : MH(C,G) ! BH fiberwise, and the Coulomb branch can be obtained
by the quotient of ⇡ : MH(C,G) ! BH by a fiberwise action of L so that

MC(C,G, L) = MH(C,G)/L .

Note that this action can be obtained by twists of a Higgs bundle by a flat Z(G)-bundle over C

associated to L, and it acts freely on a generic fiber of the Hitchin fibration. Therefore, the Coulomb
branch MC(C,G, L) inherits a hyper-Kähler structure from the Hitchin moduli space MH(C,G).

Of our interest are certainly the class S theories of type A1 associated to the once-punctured torus
Cp, namely 4d N = 2⇤ theories of rank one [GN95, DW96]. The lattice H

1(Cp,Z2) = Z2 � Z2 with
the natural symplectic form can be identified with the electric and magnetic charges of line operators
of the N = 2⇤ theory wrapping S

1.Line operators with charges � = (�e,�m) and ⌫ = (⌫e, ⌫m) must be
subject to the Dirac quantization condition

!(�, ⌫) = �e⌫m � �m⌫e 2 2Z .

There are three ways to pick a maximal isotropic lattice, corresponding to (0,1) (1,0) and (1,1) 2
H

1(Cp,Z2) = Z2 � Z2. They are known as SU(2), SO(3)+ and SO(3)� gauge theories, respectively,
where the theta angles of SO(3)± differ by 2⇡. Under the SL(2,Z) transformation on the complexified
gauge coupling (electromagnetic duality), these theories are related to each other as follows:

SU(2)

SO(3)+ SO(3)�

S

T

TST

T

TST S

(4.2)

– 50 –

4.1 Coulomb branches of 4d N = 2⇤ theories of rank one

In this subsection, we study a stack of M5-branes on C ⇥ S
1 ⇥ R3. A 4d N = 2 theory of class S

is constructed by a compactification of the 6d (2,0) theory of type G (G is of Cartan type ADE)
on a Riemann surface C [Gai12, GMN13b] (generally with punctures) with additional discrete data
L [Tac14] (see also [GHP21] where such choice is referred to as a “polarization on C”), denoted by
T [C,G, L]. The basic information of a theory of class S is encoded in a Hitchin system

⌃ T
⇤
C

C

, (4.1)

where ⌃ is a Seiberg-Witten curve. The Coulomb branch of the theory on R4, called the u-plane, is an
affine space Bu =

L
r

k=1H
0(C,K⌦dk

C
) where the exponents dk depend on G. Given a point u 2 Bu, the

Seiberg-Witten curve ⌃ is expressed as the characteristic polynomial det(xdz � ') = f(x, u(z)) where
x, z are local coordinates of the fiber and base of T ⇤

C. To introduce the additional data, we pick a
symplectic basis of H1(C) of C of genus g in terms of intersection numbers

(↵1, . . . ,↵g,�1, . . . ,�g) 2 H1(C) , ↵i · ↵j = 0 = �i · �j , ↵i · �j = �ij = ��j · ↵i ,

which yields a symplectic lattice (H1(C,Z(G)),!) where Z(G) is the center of G. In fact, the additional
data are given by a maximal isotropic sublattice L ⇢ (H1(C,Z(G)),!), and they specify an allowed
set of charges of line operators that are compatible with the Dirac quantization conditions [AST13].
Given a maximal isotropic sublattice L ⇢ (H1(C,Z(G)),!), the Coulomb branch MC(C,G, L) of the
T [C,G, L] theory on S

1 ⇥ R3 admits an elliptic fibration over the u-plane Bu [GMN13a, Tac14]

⇡ : MC(C,G, L) ! Bu .

This is sometimes called the Donagi-Witten integrable system of class S. In fact, H1(C,Z(G)) freely
acts on the Hitchin fibration ⇡ : MH(C,G) ! BH fiberwise, and the Coulomb branch can be obtained
by the quotient of ⇡ : MH(C,G) ! BH by a fiberwise action of L so that

MC(C,G, L) = MH(C,G)/L .

Note that this action can be obtained by twists of a Higgs bundle by a flat Z(G)-bundle over C

associated to L, and it acts freely on a generic fiber of the Hitchin fibration. Therefore, the Coulomb
branch MC(C,G, L) inherits a hyper-Kähler structure from the Hitchin moduli space MH(C,G).

Of our interest are certainly the class S theories of type A1 associated to the once-punctured torus
Cp, namely 4d N = 2⇤ theories of rank one [GN95, DW96]. The lattice H

1(Cp,Z2) = Z2 � Z2 with
the natural symplectic form can be identified with the electric and magnetic charges of line operators
of the N = 2⇤ theory wrapping S

1.Line operators with charges � = (�e,�m) and ⌫ = (⌫e, ⌫m) must be
subject to the Dirac quantization condition

!(�, ⌫) = �e⌫m � �m⌫e 2 2Z .

There are three ways to pick a maximal isotropic lattice, corresponding to (0,1) (1,0) and (1,1) 2
H

1(Cp,Z2) = Z2 � Z2. They are known as SU(2), SO(3)+ and SO(3)� gauge theories, respectively,
where the theta angles of SO(3)± differ by 2⇡. Under the SL(2,Z) transformation on the complexified
gauge coupling (electromagnetic duality), these theories are related to each other as follows:

SU(2)

SO(3)+ SO(3)�

S

T

TST

T

TST S

(4.2)

– 50 –

4.1 Coulomb branches of 4d N = 2⇤ theories of rank one

In this subsection, we study a stack of M5-branes on C ⇥ S
1 ⇥ R3. A 4d N = 2 theory of class S

is constructed by a compactification of the 6d (2,0) theory of type G (G is of Cartan type ADE)
on a Riemann surface C [Gai12, GMN13b] (generally with punctures) with additional discrete data
L [Tac14] (see also [GHP21] where such choice is referred to as a “polarization on C”), denoted by
T [C,G, L]. The basic information of a theory of class S is encoded in a Hitchin system

⌃ T
⇤
C

C

, (4.1)

where ⌃ is a Seiberg-Witten curve. The Coulomb branch of the theory on R4, called the u-plane, is an
affine space Bu =

L
r

k=1H
0(C,K⌦dk

C
) where the exponents dk depend on G. Given a point u 2 Bu, the

Seiberg-Witten curve ⌃ is expressed as the characteristic polynomial det(xdz � ') = f(x, u(z)) where
x, z are local coordinates of the fiber and base of T ⇤

C. To introduce the additional data, we pick a
symplectic basis of H1(C) of C of genus g in terms of intersection numbers

(↵1, . . . ,↵g,�1, . . . ,�g) 2 H1(C) , ↵i · ↵j = 0 = �i · �j , ↵i · �j = �ij = ��j · ↵i ,

which yields a symplectic lattice (H1(C,Z(G)),!) where Z(G) is the center of G. In fact, the additional
data are given by a maximal isotropic sublattice L ⇢ (H1(C,Z(G)),!), and they specify an allowed
set of charges of line operators that are compatible with the Dirac quantization conditions [AST13].
Given a maximal isotropic sublattice L ⇢ (H1(C,Z(G)),!), the Coulomb branch MC(C,G, L) of the
T [C,G, L] theory on S

1 ⇥ R3 admits an elliptic fibration over the u-plane Bu [GMN13a, Tac14]

⇡ : MC(C,G, L) ! Bu .

This is sometimes called the Donagi-Witten integrable system of class S. In fact, H1(C,Z(G)) freely
acts on the Hitchin fibration ⇡ : MH(C,G) ! BH fiberwise, and the Coulomb branch can be obtained
by the quotient of ⇡ : MH(C,G) ! BH by a fiberwise action of L so that

MC(C,G, L) = MH(C,G)/L .

Note that this action can be obtained by twists of a Higgs bundle by a flat Z(G)-bundle over C

associated to L, and it acts freely on a generic fiber of the Hitchin fibration. Therefore, the Coulomb
branch MC(C,G, L) inherits a hyper-Kähler structure from the Hitchin moduli space MH(C,G).

Of our interest are certainly the class S theories of type A1 associated to the once-punctured torus
Cp, namely 4d N = 2⇤ theories of rank one [GN95, DW96]. The lattice H

1(Cp,Z2) = Z2 � Z2 with
the natural symplectic form can be identified with the electric and magnetic charges of line operators
of the N = 2⇤ theory wrapping S

1.Line operators with charges � = (�e,�m) and ⌫ = (⌫e, ⌫m) must be
subject to the Dirac quantization condition

!(�, ⌫) = �e⌫m � �m⌫e 2 2Z .

There are three ways to pick a maximal isotropic lattice, corresponding to (0,1) (1,0) and (1,1) 2
H

1(Cp,Z2) = Z2 � Z2. They are known as SU(2), SO(3)+ and SO(3)� gauge theories, respectively,
where the theta angles of SO(3)± differ by 2⇡. Under the SL(2,Z) transformation on the complexified
gauge coupling (electromagnetic duality), these theories are related to each other as follows:

SU(2)

SO(3)+ SO(3)�

S

T

TST

T

TST S

(4.2)

– 50 –

I4

I1

I1

Bu

A1 A1

Figure 11: Schematic illustration of elliptic fibration of Coulomb branch MC(Cp, SO(3)+) ! Bu
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A1

A1

Figure 12: Schematic illustration of the Hitchin fibration of MH(Cp, SO(3)) ! BH
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Dirac quantization

SO(3)+

MH(Cp, SU(2))

MC(Cp, SO(3)+)MC(Cp, SU(2)) MC(Cp, SO(3)�)

MH(Cp, SO(3))

⇠2 ⇠1 ⇠3

⇠1 ⇠2 ⇠1

(4.3)

Next, we study the geometry of the Coulomb branches of the 4d N = 2⇤ theories of rank one
on S

1 ⇥ R3. The Coulomb branches can be obtained by Z2 quotients of the Hitchin moduli space
MH(Cp, SU(2)) by ⇠i 2 ⌅ = H

1(Cp,Z2) (i = 1, 2, 3) [GMN13a, §8.4] as in (4.3). The ramification
parameters 1

2(�p + i�p) at the Higgs field ' is indeed equivalent to the complex mass of the adjoint
hypermultiplet in the 4d N = 2⇤ theory. The ramification parameter ↵p is the holonomy along
S
1 for the U(1) flavor symmetry. Let us investigate the action of ⌅ on the Hitchin moduli space

MH(Cp, SU(2)) at a generic ramification more in detail. As in Figure 2, MH(Cp, SU(2)) with a
generic ramification has three singular fibers of Kodaira type I2. As described in §2.1, the action
of ⌅ on each fiber in the Hitchin fibration MH(Cp, SU(2)) ! BH is of order two, and the action is
moreover free on a generic fiber. Hence, an interesting part is the action on the singular fibers. Two
irreducible components, U2i�1 and U2i, in the singular fiber ⇡

�1(bi) can be understood as two CP1’s
meeting at the north and south pole as double points. As illustrated in Figure 6, the element ⇠1 in
(2.29) acts on each irreducible component of the singular fiber ⇡

�1(b1) as the 180� rotation around
the polar axis of CP1. Likewise, ⇠1 acts on a generic fiber F nearby as the 180� rotation along the
(1, 0)-cycle (meridian) of F. As we have seen in §2.6.2, the singular fiber ⇡�1(b1) is mapped to ⇡

�1(b2)
by the modular S-transformation �. Therefore, in the neighborhood of the singular fiber ⇡

�1(b2), ⇠1
acts on a generic fiber F as the 180� rotation along the (0, 1)-cycle (longitude) of F. Consequently, ⇠1
exchanges the two irreducible components U3 and U4 by the corresponding rotation on the singular
fiber ⇡

�1(b2). In a similar fashion, ⌧+ 2 PSL(2,Z) maps the singular fiber ⇡
�1(b1) to the other fiber

⇡
�1(b3). Therefore, ⇠1 acts on a generic fiber F as the 180� rotation along the (1, 1)-cycle of F around

the singular fiber ⇡
�1(b3). Moreover, it exchanges the two irreducible components U5 and U6 with

additional rotation around the polar axis of CP1. The actions of ⇠2 and ⇠3 are obtained by the cyclic
permutations of bi (i = 1, 2, 3).

Since ⇠i acts freely on a generic Hitchin fiber with order two, the quotient of the Hitchin fibration
MH(Cp, SU(2)) ! BH by ⇠i provides the structure of an elliptic fibration of the Coulomb branch.
Namely, this double cover is obtained by an isogeny of each elliptic fiber of degree two [ALLM18a,
ALLM18b]. As illustrated in Figure 6, ⇠1 acts on each irreducible component of the singular fiber
⇡
�1(b1) by the 180� rotation so that the quotient by its action turns the double points p1,2 into the A1

orbifold points. In fact, the quotient can be understood as a particular limit of the fiber of Kodaira
type I4. Generically, the fiber of type I4 consists of four CP1’s joining like a necklace, or the affine bA3

Dynkin diagram. The quotient is indeed the zero-volume limit of the two disjoint CP1’s as in Figure
13. On the other hand, the quotient of the other singular fibers ⇡

�1(b2,3) by ⇠1 identifies the two
irreducible components and the two double points by the rotation, yielding the fiber of Kodaira type
I1. Again, the quotients of ⇠2 and ⇠3 are obtained by the cyclic permutations of bi (i = 1, 2, 3). As
a result, the quotient of the Hitchin moduli space MH(Cp, SU(2)) by ⇠i leads to an elliptic fibration
MC ! Bu of the Coulomb branch with one singular fiber of type I4 at bi 2 Bu and two singular fibers
of type I1 at bi+1, bi+2 2 Bu [ALLM18a, ALLM18b] as illustrated in Figure 11. Hence, an N = 2⇤

theory of rank one enjoys a subgroup of SL(2,Z) that fixes the singular fiber of type I4. One can easily
read off such a subgroup from (2.38) that is consistent with a duality group (4.2) of an N = 2⇤ theory.
Note that ⌧+ and ⌧� correspond to the T and TST elements, respectively, of the electromagnetic
duality of the 4d N = 2⇤ theories of rank one, which is different from the matrix assignment in (2.34).

So far we have studied the Coulomb branches with generic ramification parameters (↵p,�p,�p).
When �p = 0 = �p, the Hitchin fibration MH(Cp, SU(2)) ! BH has one singular fiber of type I

⇤
0 at

the global nilpotent cone, and it is easy from Figure 1 to see the quotient by ⇠i. For instance, at generic
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Algebra of Line Operators

There is yet another way [KW07, KS09] to connect the 4d N = 4 theory to a 2d sigma-model and
to see a category of line operators in the 4d N = 4 theory. (See also [DGGH20] for a similar analysis
in 3d.) Let us consider a line operator supported on R ⇥ pt ⇢ R ⇥ R3 in the 4d N = 4 theory with
gauge group G. Then, the neighborhood around the line operator at pt 2 R3 consists of two disks
glued along with a punctured disk = C[C⇥ C, called a “raviolo” [BDG+18, Nak17]. The “effect”
of a line operator is measured by the modification of field configurations from one disk C to the other
disk C, namely a Hecke modification. The compactification of the 4d N = 4 theory on the raviolo leads
to a 2d sigma-model on the Hitchin moduli space MH( , G) of the raviolo, and a line operator
gives rise to a boundary condition of the worldsheet as depicted in Figure 15. It was shown [KW07]
that a Wilson operator provides a boundary condition of type (B,B,B) whereas an ’t Hooft operator
gives a boundary condition of type (B,A,A) in MH( , G). Since a boundary condition for a
Wilson operator is holomorphic (B,B,B) in every complex structure on MH( , G), its fusion
with another line operator preserves all supersymmetry. Taking into account the fact that the fusion
of a Wilson and an ’t Hooft operator leads to a dyonic operator, a dyonic operator hence gives rise to
a brane of type (B,A,A) in 2d sigma-model on MH( , G). Thus, upon the compactification, line
operators in the 4d N = 4 theory all become B-branes of type I on MH( , G), and an algebra
structure can be defined by the convolution product of B-branes.

• on
⌃

Figure 15: (Left) The neighborhood around a line operator at pt 2 R3 is a “raviolo”. (Right) A line
operator (blue) gives rise to a boundary condition in the 2d sigma-model upon the compactification of
the 4d N = 4 theory on the raviolo.

To formulate this idea into a mathematical model [GG95, Vas05, BFM05], let us first consider the
moduli space of G-bundles over the raviolo. Since the coordinate ring of C is the formal power series
ring O := CJzK and that of C⇥ is its field K := C((z)) of fractions, the moduli space of G-bundles
over can be expressed as a double coset model, namely the space G

K

C := GC((z)) of transition
functions over the punctured disk C⇥ modulo the spaces of gauge transformations G

O

C := GCJzK over
each C:

BunG( ) = G
O

C\GK

C /G
O

C . (4.16)
In fact, if we take only the right quotient by the gauge transformation, the resulting space Gr(GC) :=
G

K

C /G
O

C is called the affine Grassmannian.
To consider the Hitchin moduli space, we need to introduce the Higgs field. This can be achieved

by considering the affine Grassmannian Steinberg variety

R = {(x, [g]) 2 gO

C ⇥ Gr(GC) | Adg�1(x) 2 gO

C} . (4.17)

The quotient G
O

C\R is the moduli space of a pair of G-bundles and sections of its adjoint associated
bundle over the raviolo, which can be regarded as the mathematical model of MH( , G). Taking
the B-model viewpoint in complex structure I, the category Line of line operators in the 4d N = 4
theory with gauge group G and zero theta angle is equivalent to the derived category of GO

C -equivariant
coherent sheaves on R

Line
⇥
T [C,G, L]

⇤ ⇠= D
bCohG

O

C (R) ,

where a maximal isotropic lattice L is chosen in such a way that the theta angle is zero. For instance,
it is easy to see that it automatically incorporates the category of Wilson operators as

CohG
O

C (pt) ⇠= CohG(pt) ⇠= Rep(G) .
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Hecke modifications
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that a Wilson operator provides a boundary condition of type (B,B,B) whereas an ’t Hooft operator
gives a boundary condition of type (B,A,A) in MH( , G). Since a boundary condition for a
Wilson operator is holomorphic (B,B,B) in every complex structure on MH( , G), its fusion
with another line operator preserves all supersymmetry. Taking into account the fact that the fusion
of a Wilson and an ’t Hooft operator leads to a dyonic operator, a dyonic operator hence gives rise to
a brane of type (B,A,A) in 2d sigma-model on MH( , G). Thus, upon the compactification, line
operators in the 4d N = 4 theory all become B-branes of type I on MH( , G), and an algebra
structure can be defined by the convolution product of B-branes.
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⌃

Figure 15: (Left) The neighborhood around a line operator at pt 2 R3 is a “raviolo”. (Right) A line
operator (blue) gives rise to a boundary condition in the 2d sigma-model upon the compactification of
the 4d N = 4 theory on the raviolo.

To formulate this idea into a mathematical model [GG95, Vas05, BFM05], let us first consider the
moduli space of G-bundles over the raviolo. Since the coordinate ring of C is the formal power series
ring O := CJzK and that of C⇥ is its field K := C((z)) of fractions, the moduli space of G-bundles
over can be expressed as a double coset model, namely the space G

K

C := GC((z)) of transition
functions over the punctured disk C⇥ modulo the spaces of gauge transformations G

O

C := GCJzK over
each C:

BunG( ) = G
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C\GK
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C . (4.16)
In fact, if we take only the right quotient by the gauge transformation, the resulting space Gr(GC) :=
G

K

C /G
O

C is called the affine Grassmannian.
To consider the Hitchin moduli space, we need to introduce the Higgs field. This can be achieved

by considering the affine Grassmannian Steinberg variety

R = {(x, [g]) 2 gO

C ⇥ Gr(GC) | Adg�1(x) 2 gO

C} . (4.17)

The quotient G
O

C\R is the moduli space of a pair of G-bundles and sections of its adjoint associated
bundle over the raviolo, which can be regarded as the mathematical model of MH( , G). Taking
the B-model viewpoint in complex structure I, the category Line of line operators in the 4d N = 4
theory with gauge group G and zero theta angle is equivalent to the derived category of GO

C -equivariant
coherent sheaves on R

Line
⇥
T [C,G, L]

⇤ ⇠= D
bCohG
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C (R) ,

where a maximal isotropic lattice L is chosen in such a way that the theta angle is zero. For instance,
it is easy to see that it automatically incorporates the category of Wilson operators as

CohG
O

C (pt) ⇠= CohG(pt) ⇠= Rep(G) .
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Raviolo [BDG]
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There is yet another way [KW07, KS09] to connect the 4d N = 4 theory to a 2d sigma-model and
to see a category of line operators in the 4d N = 4 theory. (See also [DGGH20] for a similar analysis
in 3d.) Let us consider a line operator supported on R ⇥ pt ⇢ R ⇥ R3 in the 4d N = 4 theory with
gauge group G. Then, the neighborhood around the line operator at pt 2 R3 consists of two disks
glued along with a punctured disk = C[C⇥ C, called a “raviolo” [BDG+18, Nak17]. The “effect”
of a line operator is measured by the modification of field configurations from one disk C to the other
disk C, namely a Hecke modification. The compactification of the 4d N = 4 theory on the raviolo leads
to a 2d sigma-model on the Hitchin moduli space MH( , G) of the raviolo, and a line operator
gives rise to a boundary condition of the worldsheet as depicted in Figure 15. It was shown [KW07]
that a Wilson operator provides a boundary condition of type (B,B,B) whereas an ’t Hooft operator
gives a boundary condition of type (B,A,A) in MH( , G). Since a boundary condition for a
Wilson operator is holomorphic (B,B,B) in every complex structure on MH( , G), its fusion
with another line operator preserves all supersymmetry. Taking into account the fact that the fusion
of a Wilson and an ’t Hooft operator leads to a dyonic operator, a dyonic operator hence gives rise to
a brane of type (B,A,A) in 2d sigma-model on MH( , G). Thus, upon the compactification, line
operators in the 4d N = 4 theory all become B-branes of type I on MH( , G), and an algebra
structure can be defined by the convolution product of B-branes.
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Figure 15: (Left) The neighborhood around a line operator at pt 2 R3 is a “raviolo”. (Right) A line
operator (blue) gives rise to a boundary condition in the 2d sigma-model upon the compactification of
the 4d N = 4 theory on the raviolo.

To formulate this idea into a mathematical model [GG95, Vas05, BFM05], let us first consider the
moduli space of G-bundles over the raviolo. Since the coordinate ring of C is the formal power series
ring O := CJzK and that of C⇥ is its field K := C((z)) of fractions, the moduli space of G-bundles
over can be expressed as a double coset model, namely the space G

K

C := GC((z)) of transition
functions over the punctured disk C⇥ modulo the spaces of gauge transformations G

O

C := GCJzK over
each C:

BunG( ) = G
O
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In fact, if we take only the right quotient by the gauge transformation, the resulting space Gr(GC) :=
G

K

C /G
O

C is called the affine Grassmannian.
To consider the Hitchin moduli space, we need to introduce the Higgs field. This can be achieved

by considering the affine Grassmannian Steinberg variety

R = {(x, [g]) 2 gO

C ⇥ Gr(GC) | Adg�1(x) 2 gO

C} . (4.17)

The quotient G
O

C\R is the moduli space of a pair of G-bundles and sections of its adjoint associated
bundle over the raviolo, which can be regarded as the mathematical model of MH( , G). Taking
the B-model viewpoint in complex structure I, the category Line of line operators in the 4d N = 4
theory with gauge group G and zero theta angle is equivalent to the derived category of GO

C -equivariant
coherent sheaves on R

Line
⇥
T [C,G, L]

⇤ ⇠= D
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C (R) ,

where a maximal isotropic lattice L is chosen in such a way that the theta angle is zero. For instance,
it is easy to see that it automatically incorporates the category of Wilson operators as
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C (pt) ⇠= CohG(pt) ⇠= Rep(G) .
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Line operator — worldsheet boundary condition
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There is yet another way [KW07, KS09] to connect the 4d N = 4 theory to a 2d sigma-model and
to see a category of line operators in the 4d N = 4 theory. (See also [DGGH20] for a similar analysis
in 3d.) Let us consider a line operator supported on R ⇥ pt ⇢ R ⇥ R3 in the 4d N = 4 theory with
gauge group G. Then, the neighborhood around the line operator at pt 2 R3 consists of two disks
glued along with a punctured disk = C[C⇥ C, called a “raviolo” [BDG+18, Nak17]. The “effect”
of a line operator is measured by the modification of field configurations from one disk C to the other
disk C, namely a Hecke modification. The compactification of the 4d N = 4 theory on the raviolo leads
to a 2d sigma-model on the Hitchin moduli space MH( , G) of the raviolo, and a line operator
gives rise to a boundary condition of the worldsheet as depicted in Figure 15. It was shown [KW07]
that a Wilson operator provides a boundary condition of type (B,B,B) whereas an ’t Hooft operator
gives a boundary condition of type (B,A,A) in MH( , G). Since a boundary condition for a
Wilson operator is holomorphic (B,B,B) in every complex structure on MH( , G), its fusion
with another line operator preserves all supersymmetry. Taking into account the fact that the fusion
of a Wilson and an ’t Hooft operator leads to a dyonic operator, a dyonic operator hence gives rise to
a brane of type (B,A,A) in 2d sigma-model on MH( , G). Thus, upon the compactification, line
operators in the 4d N = 4 theory all become B-branes of type I on MH( , G), and an algebra
structure can be defined by the convolution product of B-branes.

• on
⌃

Figure 15: (Left) The neighborhood around a line operator at pt 2 R3 is a “raviolo”. (Right) A line
operator (blue) gives rise to a boundary condition in the 2d sigma-model upon the compactification of
the 4d N = 4 theory on the raviolo.

To formulate this idea into a mathematical model [GG95, Vas05, BFM05], let us first consider the
moduli space of G-bundles over the raviolo. Since the coordinate ring of C is the formal power series
ring O := CJzK and that of C⇥ is its field K := C((z)) of fractions, the moduli space of G-bundles
over can be expressed as a double coset model, namely the space G

K

C := GC((z)) of transition
functions over the punctured disk C⇥ modulo the spaces of gauge transformations G

O

C := GCJzK over
each C:

BunG( ) = G
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In fact, if we take only the right quotient by the gauge transformation, the resulting space Gr(GC) :=
G

K

C /G
O

C is called the affine Grassmannian.
To consider the Hitchin moduli space, we need to introduce the Higgs field. This can be achieved

by considering the affine Grassmannian Steinberg variety

R = {(x, [g]) 2 gO

C ⇥ Gr(GC) | Adg�1(x) 2 gO

C} . (4.17)

The quotient G
O

C\R is the moduli space of a pair of G-bundles and sections of its adjoint associated
bundle over the raviolo, which can be regarded as the mathematical model of MH( , G). Taking
the B-model viewpoint in complex structure I, the category Line of line operators in the 4d N = 4
theory with gauge group G and zero theta angle is equivalent to the derived category of GO

C -equivariant
coherent sheaves on R

Line
⇥
T [C,G, L]

⇤ ⇠= D
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C (R) ,

where a maximal isotropic lattice L is chosen in such a way that the theta angle is zero. For instance,
it is easy to see that it automatically incorporates the category of Wilson operators as
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C (pt) ⇠= CohG(pt) ⇠= Rep(G) .
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Affine Steinberg variety

There is yet another way [KW07, KS09] to connect the 4d N = 4 theory to a 2d sigma-model and
to see a category of line operators in the 4d N = 4 theory. (See also [DGGH20] for a similar analysis
in 3d.) Let us consider a line operator supported on R ⇥ pt ⇢ R ⇥ R3 in the 4d N = 4 theory with
gauge group G. Then, the neighborhood around the line operator at pt 2 R3 consists of two disks
glued along with a punctured disk = C[C⇥ C, called a “raviolo” [BDG+18, Nak17]. The “effect”
of a line operator is measured by the modification of field configurations from one disk C to the other
disk C, namely a Hecke modification. The compactification of the 4d N = 4 theory on the raviolo leads
to a 2d sigma-model on the Hitchin moduli space MH( , G) of the raviolo, and a line operator
gives rise to a boundary condition of the worldsheet as depicted in Figure 15. It was shown [KW07]
that a Wilson operator provides a boundary condition of type (B,B,B) whereas an ’t Hooft operator
gives a boundary condition of type (B,A,A) in MH( , G). Since a boundary condition for a
Wilson operator is holomorphic (B,B,B) in every complex structure on MH( , G), its fusion
with another line operator preserves all supersymmetry. Taking into account the fact that the fusion
of a Wilson and an ’t Hooft operator leads to a dyonic operator, a dyonic operator hence gives rise to
a brane of type (B,A,A) in 2d sigma-model on MH( , G). Thus, upon the compactification, line
operators in the 4d N = 4 theory all become B-branes of type I on MH( , G), and an algebra
structure can be defined by the convolution product of B-branes.
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⌃

Figure 15: (Left) The neighborhood around a line operator at pt 2 R3 is a “raviolo”. (Right) A line
operator (blue) gives rise to a boundary condition in the 2d sigma-model upon the compactification of
the 4d N = 4 theory on the raviolo.

To formulate this idea into a mathematical model [GG95, Vas05, BFM05], let us first consider the
moduli space of G-bundles over the raviolo. Since the coordinate ring of C is the formal power series
ring O := CJzK and that of C⇥ is its field K := C((z)) of fractions, the moduli space of G-bundles
over can be expressed as a double coset model, namely the space G

K

C := GC((z)) of transition
functions over the punctured disk C⇥ modulo the spaces of gauge transformations G

O

C := GCJzK over
each C:

BunG( ) = G
O

C\GK
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C . (4.16)
In fact, if we take only the right quotient by the gauge transformation, the resulting space Gr(GC) :=
G

K

C /G
O

C is called the affine Grassmannian.
To consider the Hitchin moduli space, we need to introduce the Higgs field. This can be achieved

by considering the affine Grassmannian Steinberg variety

R = {(x, [g]) 2 gO

C ⇥ Gr(GC) | Adg�1(x) 2 gO

C} . (4.17)

The quotient G
O

C\R is the moduli space of a pair of G-bundles and sections of its adjoint associated
bundle over the raviolo, which can be regarded as the mathematical model of MH( , G). Taking
the B-model viewpoint in complex structure I, the category Line of line operators in the 4d N = 4
theory with gauge group G and zero theta angle is equivalent to the derived category of GO
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⇥
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C (R) ,

where a maximal isotropic lattice L is chosen in such a way that the theta angle is zero. For instance,
it is easy to see that it automatically incorporates the category of Wilson operators as
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C (pt) ⇠= CohG(pt) ⇠= Rep(G) .
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Category of line operators

There is yet another way [KW07, KS09] to connect the 4d N = 4 theory to a 2d sigma-model and
to see a category of line operators in the 4d N = 4 theory. (See also [DGGH20] for a similar analysis
in 3d.) Let us consider a line operator supported on R ⇥ pt ⇢ R ⇥ R3 in the 4d N = 4 theory with
gauge group G. Then, the neighborhood around the line operator at pt 2 R3 consists of two disks
glued along with a punctured disk = C[C⇥ C, called a “raviolo” [BDG+18, Nak17]. The “effect”
of a line operator is measured by the modification of field configurations from one disk C to the other
disk C, namely a Hecke modification. The compactification of the 4d N = 4 theory on the raviolo leads
to a 2d sigma-model on the Hitchin moduli space MH( , G) of the raviolo, and a line operator
gives rise to a boundary condition of the worldsheet as depicted in Figure 15. It was shown [KW07]
that a Wilson operator provides a boundary condition of type (B,B,B) whereas an ’t Hooft operator
gives a boundary condition of type (B,A,A) in MH( , G). Since a boundary condition for a
Wilson operator is holomorphic (B,B,B) in every complex structure on MH( , G), its fusion
with another line operator preserves all supersymmetry. Taking into account the fact that the fusion
of a Wilson and an ’t Hooft operator leads to a dyonic operator, a dyonic operator hence gives rise to
a brane of type (B,A,A) in 2d sigma-model on MH( , G). Thus, upon the compactification, line
operators in the 4d N = 4 theory all become B-branes of type I on MH( , G), and an algebra
structure can be defined by the convolution product of B-branes.

• on
⌃

Figure 15: (Left) The neighborhood around a line operator at pt 2 R3 is a “raviolo”. (Right) A line
operator (blue) gives rise to a boundary condition in the 2d sigma-model upon the compactification of
the 4d N = 4 theory on the raviolo.

To formulate this idea into a mathematical model [GG95, Vas05, BFM05], let us first consider the
moduli space of G-bundles over the raviolo. Since the coordinate ring of C is the formal power series
ring O := CJzK and that of C⇥ is its field K := C((z)) of fractions, the moduli space of G-bundles
over can be expressed as a double coset model, namely the space G

K

C := GC((z)) of transition
functions over the punctured disk C⇥ modulo the spaces of gauge transformations G

O

C := GCJzK over
each C:

BunG( ) = G
O

C\GK

C /G
O

C . (4.16)
In fact, if we take only the right quotient by the gauge transformation, the resulting space Gr(GC) :=
G

K

C /G
O

C is called the affine Grassmannian.
To consider the Hitchin moduli space, we need to introduce the Higgs field. This can be achieved

by considering the affine Grassmannian Steinberg variety

R = {(x, [g]) 2 gO

C ⇥ Gr(GC) | Adg�1(x) 2 gO

C} . (4.17)

The quotient G
O

C\R is the moduli space of a pair of G-bundles and sections of its adjoint associated
bundle over the raviolo, which can be regarded as the mathematical model of MH( , G). Taking
the B-model viewpoint in complex structure I, the category Line of line operators in the 4d N = 4
theory with gauge group G and zero theta angle is equivalent to the derived category of GO

C -equivariant
coherent sheaves on R

Line
⇥
T [C,G, L]
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bCohG
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C (R) ,

where a maximal isotropic lattice L is chosen in such a way that the theta angle is zero. For instance,
it is easy to see that it automatically incorporates the category of Wilson operators as

CohG
O

C (pt) ⇠= CohG(pt) ⇠= Rep(G) .
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[BFM]Algebra of line operators from Grothendieck ring

By taking the Grothendieck ring of this category, we obtain the algebra of line operators in the 4d
N = 4 theory [BFM05]

K
G

O

C (R) ⇠= C[TC ⇥ T
_
C ]

W
, (4.18)

which is indeed isomorphic to the coordinate ring of the Coulomb branch

MC(C,G, L) =
TC ⇥ T

_
C

W
(4.19)

of the 4d N = 4 theory on S
1 ⇥ R3 holomorphic in complex structure J [GG95, Vas05, BFM05]. The

coordinates C[TC]W and C[T_
C ]

W are spanned by Wilson and ’t Hooft line operators, respectively. It
is important to note that the Coulomb branch is not isomorphic to the moduli space Mflat(C,GC) of
GC flat connections on a two-torus C ⇠= T

2 in (B.6) as a holomorphic symplectic manifold. It is rather
a quotient of Mflat(C,GC) by L.

To obtain the algebra of line operators in the 4d N = 2⇤ theory, we turn on the equivariant action
C⇥
t

on the cotangent fiber of the affine Grassmannian Gr(GC), which is equivalent to switching on
the ramification parameters (3.12). Moreover, its quantization can be further achieved by introducing
the equivariant action C⇥

q of the loop rotation z 7! qz. In this way, we obtain the quantized Coulomb
branch of the 4d N = 2⇤ theory on S

1 ⇥ R3

K
(GO

C ⇥C⇥
t )oC⇥

q (R) ⇠= S
..
H(W )L . (4.20)

As we have seen in the examples of rank one, it is not isomorphic to the spherical subalgebra S
..
H(W )

of DAHA associated to W . It is rather the L-invariant subalgebra of S
..
H(W ).

Even with the same gauge group G, discrete theta angles provide different theories as in the
examples of rank one. Generally, they are distinguished by characteristic classes of Higgs bundles such
as the Stiefel-Whitney classes w2 and w4 [FW08, AST13]. Above we consider only the cases in which
the theta angle is zero, but we can generalize it to a theory with non-trivial discrete theta angle by
constructing the moduli space of Higgs bundles with non-trivial topological classes over the raviolo.

4.3 Including surface operator

So far, we focus on physical realizations of the spherical DAHA S
..
H(W ) and its subalgebras, and it is

natural to ask whether we can realize DAHA
..
H(W ) itself. To see that, let us consider an algebra of line

operators on a surface operator of Gukov-Witten type [GW08]. A surface operator of Gukov-Witten
type arises as an intersection of M5-branes at codimension two locus:

space-time: R4 ⇥ T
⇤
C ⇥ R3

N M5-branes: R4 ⇥ C ⇥ pt
(surface operator) M5’-brane: R2 ⇥ C ⇥ R2

where C ⇠= T
2 is a two-torus. Here a surface operator is supported on R2 ⇥ pt ⇢ R4 in the N = 4

SU(N) theory T [C, SU(N), L]. A half-BPS surface operator breaks the gauge group down to a Levi

subgroup L ⇢ G, and as in (2.4) the singular behavior of the gauge field around the surface operator is

A = ↵d#+ . . . , (4.21)

where z = re
i# is a local coordinate of the plane normal to the surface operator. The singular behavior

for one � of the adjoint chiral scalars is described by

Dz̄� = (� + i�)�(2)(z, z̄) .

A surface operator can also be microscopically realized as a 2d N = (4, 4) theory coupled to the
4d N = 4 theory where the triple (↵,�, �) can be understood as the N = (4, 4) Fayet-Iliopoulos
parameters. In addition to the triple (↵,�, �), they are also labeled by the theta angles ⌘ of the 2d
theory. The quadruple (↵,�, �, ⌘) takes a value in the WL-invariant part of T ⇥ t ⇥ t ⇥ T

_ where
we write WL for the Weyl group of the Levi subgroup L. We remark that surface operators exist in

– 57 –

Quantized Coulomb branch

By taking the Grothendieck ring of this category, we obtain the algebra of line operators in the 4d
N = 4 theory [BFM05]
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which is indeed isomorphic to the coordinate ring of the Coulomb branch
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of the 4d N = 4 theory on S
1 ⇥ R3 holomorphic in complex structure J [GG95, Vas05, BFM05]. The

coordinates C[TC]W and C[T_
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W are spanned by Wilson and ’t Hooft line operators, respectively. It
is important to note that the Coulomb branch is not isomorphic to the moduli space Mflat(C,GC) of
GC flat connections on a two-torus C ⇠= T

2 in (B.6) as a holomorphic symplectic manifold. It is rather
a quotient of Mflat(C,GC) by L.

To obtain the algebra of line operators in the 4d N = 2⇤ theory, we turn on the equivariant action
C⇥
t

on the cotangent fiber of the affine Grassmannian Gr(GC), which is equivalent to switching on
the ramification parameters (3.12). Moreover, its quantization can be further achieved by introducing
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branch of the 4d N = 2⇤ theory on S
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As we have seen in the examples of rank one, it is not isomorphic to the spherical subalgebra S
..
H(W )

of DAHA associated to W . It is rather the L-invariant subalgebra of S
..
H(W ).

Even with the same gauge group G, discrete theta angles provide different theories as in the
examples of rank one. Generally, they are distinguished by characteristic classes of Higgs bundles such
as the Stiefel-Whitney classes w2 and w4 [FW08, AST13]. Above we consider only the cases in which
the theta angle is zero, but we can generalize it to a theory with non-trivial discrete theta angle by
constructing the moduli space of Higgs bundles with non-trivial topological classes over the raviolo.

4.3 Including surface operator

So far, we focus on physical realizations of the spherical DAHA S
..
H(W ) and its subalgebras, and it is

natural to ask whether we can realize DAHA
..
H(W ) itself. To see that, let us consider an algebra of line

operators on a surface operator of Gukov-Witten type [GW08]. A surface operator of Gukov-Witten
type arises as an intersection of M5-branes at codimension two locus:

space-time: R4 ⇥ T
⇤
C ⇥ R3

N M5-branes: R4 ⇥ C ⇥ pt
(surface operator) M5’-brane: R2 ⇥ C ⇥ R2

where C ⇠= T
2 is a two-torus. Here a surface operator is supported on R2 ⇥ pt ⇢ R4 in the N = 4

SU(N) theory T [C, SU(N), L]. A half-BPS surface operator breaks the gauge group down to a Levi

subgroup L ⇢ G, and as in (2.4) the singular behavior of the gauge field around the surface operator is

A = ↵d#+ . . . , (4.21)

where z = re
i# is a local coordinate of the plane normal to the surface operator. The singular behavior

for one � of the adjoint chiral scalars is described by

Dz̄� = (� + i�)�(2)(z, z̄) .

A surface operator can also be microscopically realized as a 2d N = (4, 4) theory coupled to the
4d N = 4 theory where the triple (↵,�, �) can be understood as the N = (4, 4) Fayet-Iliopoulos
parameters. In addition to the triple (↵,�, �), they are also labeled by the theta angles ⌘ of the 2d
theory. The quadruple (↵,�, �, ⌘) takes a value in the WL-invariant part of T ⇥ t ⇥ t ⇥ T

_ where
we write WL for the Weyl group of the Levi subgroup L. We remark that surface operators exist in

– 57 –

[KW]



Full DAHA

By taking the Grothendieck ring of this category, we obtain the algebra of line operators in the 4d
N = 4 theory [BFM05]
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, (4.18)

which is indeed isomorphic to the coordinate ring of the Coulomb branch

MC(C,G, L) =
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W
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of the 4d N = 4 theory on S
1 ⇥ R3 holomorphic in complex structure J [GG95, Vas05, BFM05]. The

coordinates C[TC]W and C[T_
C ]

W are spanned by Wilson and ’t Hooft line operators, respectively. It
is important to note that the Coulomb branch is not isomorphic to the moduli space Mflat(C,GC) of
GC flat connections on a two-torus C ⇠= T

2 in (B.6) as a holomorphic symplectic manifold. It is rather
a quotient of Mflat(C,GC) by L.

To obtain the algebra of line operators in the 4d N = 2⇤ theory, we turn on the equivariant action
C⇥
t

on the cotangent fiber of the affine Grassmannian Gr(GC), which is equivalent to switching on
the ramification parameters (3.12). Moreover, its quantization can be further achieved by introducing
the equivariant action C⇥
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branch of the 4d N = 2⇤ theory on S
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As we have seen in the examples of rank one, it is not isomorphic to the spherical subalgebra S
..
H(W )

of DAHA associated to W . It is rather the L-invariant subalgebra of S
..
H(W ).

Even with the same gauge group G, discrete theta angles provide different theories as in the
examples of rank one. Generally, they are distinguished by characteristic classes of Higgs bundles such
as the Stiefel-Whitney classes w2 and w4 [FW08, AST13]. Above we consider only the cases in which
the theta angle is zero, but we can generalize it to a theory with non-trivial discrete theta angle by
constructing the moduli space of Higgs bundles with non-trivial topological classes over the raviolo.

4.3 Including surface operator

So far, we focus on physical realizations of the spherical DAHA S
..
H(W ) and its subalgebras, and it is

natural to ask whether we can realize DAHA
..
H(W ) itself. To see that, let us consider an algebra of line

operators on a surface operator of Gukov-Witten type [GW08]. A surface operator of Gukov-Witten
type arises as an intersection of M5-branes at codimension two locus:

space-time: R4 ⇥ T
⇤
C ⇥ R3

N M5-branes: R4 ⇥ C ⇥ pt
(surface operator) M5’-brane: R2 ⇥ C ⇥ R2

where C ⇠= T
2 is a two-torus. Here a surface operator is supported on R2 ⇥ pt ⇢ R4 in the N = 4

SU(N) theory T [C, SU(N), L]. A half-BPS surface operator breaks the gauge group down to a Levi

subgroup L ⇢ G, and as in (2.4) the singular behavior of the gauge field around the surface operator is

A = ↵d#+ . . . , (4.21)

where z = re
i# is a local coordinate of the plane normal to the surface operator. The singular behavior

for one � of the adjoint chiral scalars is described by

Dz̄� = (� + i�)�(2)(z, z̄) .

A surface operator can also be microscopically realized as a 2d N = (4, 4) theory coupled to the
4d N = 4 theory where the triple (↵,�, �) can be understood as the N = (4, 4) Fayet-Iliopoulos
parameters. In addition to the triple (↵,�, �), they are also labeled by the theta angles ⌘ of the 2d
theory. The quadruple (↵,�, �, ⌘) takes a value in the WL-invariant part of T ⇥ t ⇥ t ⇥ T

_ where
we write WL for the Weyl group of the Levi subgroup L. We remark that surface operators exist in
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By taking the Grothendieck ring of this category, we obtain the algebra of line operators in the 4d
N = 4 theory [BFM05]
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, (4.18)
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Figure 16: The raviolo around a line operator (blue) on the surface operator (red) has tame ramifi-
cations at the centers of the two disks. A line operator (blue) gives rise to a boundary condition in the
2d sigma-model upon the compactification of the 4d N = 4 theory on the raviolo.

N = 2 supersymmetric gauge theories where the parameters � and � are absent due to the number of
supersymmetry.

In the following, we consider a category and algebra of line operators on a surface operator that
breaks the gauge group G to its maximal torus T , which is often called the full surface operator. In
this case, the corresponding Weyl group is that of the gauge group WT = W . Since we will eventually
consider the 4d N = 2⇤ theory, we set � = 0 = � and the surface operator is parametrized by the pair
(↵, ⌘). As in the previous subsection, we can study this by compactifying the 4d theory on the “raviolo”.
However, due to the presence of the surface operator, there are ramifications at the centers of the two
disks of the raviolo •

• around a line operator (Figure 16). We write the resulting Hitchin moduli
space by MH( •

• , G), and we are interested in a category of B-branes of type I on MH( •
• , G).

Again, we first consider the moduli space of G-bundles over the ramified raviolo •
• to formulate

this into a mathematical model [Vas05, VV09, VV10]. The full surface operator breaks the space of
gauge transformations on a disk from the loop group G

O

C to the Iwahori subgroup

I := {a0 + a1z + a2z
2 + · · · 2 G

O

C |a0 2 B} (4.22)

that is the preimage of a Borel subgroup B under the projection G
O

C ! GC. Hence, the moduli space
of G-bundles over •

• can be expressed as the double coset space

BunG(
•
• ) = I \GK

C /I .

Actually, F l(GC) := G
K

C /I is called the affine flag variety, which is the fiber bundle over the affine
Grassmannian with the full flag variety GC/B a fiber

GC/B F l(GC)

Gr(GC)

.

As a mathematical model of the Hitchin moduli space MH( •
• , G), we can consider the moduli

space I \Z of a pair of G-bundles and sections of its adjoint associated bundles on •
• where Z is

the affine flag Steinberg variety defined as

Z = {(x, [g]) 2 Lie(I )⇥ F l(GC) | Adg�1(x) 2 Lie(I )} . (4.23)

Consequently, the category of line operators on the full surface operator in the 4d N = 4 theory with
gauge group G and zero theta angle is equivalent to the derived category of I -equivariant coherent
sheaves on Z

Line[T [C,G, L], T ] ⇠= D
bCohI (Z) , (4.24)
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Category, algebra

where a maximal isotropic lattice L is chosen in such a way that the theta angle is zero. This includes
the category of Wilson operators on the full surface operator

CohI (pt) ⇠= CohT (pt) ⇠= Rep(T ) ,

which sees that the gauge group G is broken to the maximal torus T due to the surface operator.
Clearly, the Grothendieck ring of the category (4.24) is the algebra of line operators on the full surface
operator in the 4d N = 4 theory [Vas05, VV09, VV10]

K
I (Z) = C[TC ⇥ T

_
C ]o C[W ] .

Unlike (4.18), this ring is non-commutative because line operators on the surface operators know the
order of multiplications even without quantization (⌦-deformation).

By introducing the equivariant actions as in (4.20), we obtain an algebra of line operators on
the full surface operator in the 4d N = 2⇤ theory with gauge group G and zero theta angle on the
⌦-background

K
(I⇥C⇥

t )oC⇥
q (Z) ⇠=

..
H(W )L . (4.25)

This is isomorphic to the L-invariant subalgebra of DAHA
..
H(W ). In the case of G = SU(2), this is

isomorphic to the ⇠2-invariant subalgebra of DAHA
..
H generated by X,Y

2
, T . For G = SO(3), it is

isomorphic to the ⇠1-invariant subalgebra of DAHA
..
H generated by X

2
, Y, T . (See §2.2.)

Although we consider the full surface operator that breaks a gauge group SU(N) to S[U(1)N ] here,
we can instead include a surface operator of another type associated to a partition of N . For this, we
replace the Borel subgroup B in (4.22) by a parabolic subgroup P associated to a partition of N . In
this way, we can obtain a variant of DAHA as an algebra of line operators on a surface operator.

Canonical coisotropic brane of higher ranks

In the previous subsection, the canonical coisotropic brane Bcc emerges as the boundary condition at
the axis of the ⌦-deformation by compactifying the 4d N = 2⇤ theory on T

2 ⇠= S
1 ⇥ S

1
q . Moreover,

an algebra of line operators can be understood as the algebra of (Bcc,Bcc)-strings in 2d A-model on
the Coulomb branch. It is natural to ask how to describe the boundary condition at the axis of the
⌦-deformation in the presence of the full surface operator up on the same compactification (Figure
17).

q

q

•

•

•

bBcc

⌃

on S
1 ⇥ S

1
q

•

•

•

Figure 17: The 4d N = 2⇤ theory with the Gukov-Witten surface operator on S
1 ⇥ S

1
q is described

by 2d A-model ⌃ ! MC(Cp, G, L) where the boundary condition at @⌃ is described by the canonical
coisotropic brane bBcc of higher rank.

For this purpose, we refer to the idea [Hai02, BFG06] employed in the geometric construction of
rational Cherednik algebra. Roughly speaking, spherical DAHA S

..
H(W ) can be interpreted as the

subalgebra averaged over the action of the Weyl group W . We want to construct the part of the Weyl
group by constructing a brane of higher rank since the algebra of line operators on the full surface
operator realizes (4.25). In fact, there is the natural construction of the Weyl group just by taking
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In Omega background

where a maximal isotropic lattice L is chosen in such a way that the theta angle is zero. This includes
the category of Wilson operators on the full surface operator

CohI (pt) ⇠= CohT (pt) ⇠= Rep(T ) ,

which sees that the gauge group G is broken to the maximal torus T due to the surface operator.
Clearly, the Grothendieck ring of the category (4.24) is the algebra of line operators on the full surface
operator in the 4d N = 4 theory [Vas05, VV09, VV10]

K
I (Z) = C[TC ⇥ T

_
C ]o C[W ] .

Unlike (4.18), this ring is non-commutative because line operators on the surface operators know the
order of multiplications even without quantization (⌦-deformation).

By introducing the equivariant actions as in (4.20), we obtain an algebra of line operators on
the full surface operator in the 4d N = 2⇤ theory with gauge group G and zero theta angle on the
⌦-background

K
(I⇥C⇥

t )oC⇥
q (Z) ⇠=

..
H(W )L . (4.25)

This is isomorphic to the L-invariant subalgebra of DAHA
..
H(W ). In the case of G = SU(2), this is

isomorphic to the ⇠2-invariant subalgebra of DAHA
..
H generated by X,Y

2
, T . For G = SO(3), it is

isomorphic to the ⇠1-invariant subalgebra of DAHA
..
H generated by X

2
, Y, T . (See §2.2.)

Although we consider the full surface operator that breaks a gauge group SU(N) to S[U(1)N ] here,
we can instead include a surface operator of another type associated to a partition of N . For this, we
replace the Borel subgroup B in (4.22) by a parabolic subgroup P associated to a partition of N . In
this way, we can obtain a variant of DAHA as an algebra of line operators on a surface operator.

Canonical coisotropic brane of higher ranks

In the previous subsection, the canonical coisotropic brane Bcc emerges as the boundary condition at
the axis of the ⌦-deformation by compactifying the 4d N = 2⇤ theory on T

2 ⇠= S
1 ⇥ S

1
q . Moreover,

an algebra of line operators can be understood as the algebra of (Bcc,Bcc)-strings in 2d A-model on
the Coulomb branch. It is natural to ask how to describe the boundary condition at the axis of the
⌦-deformation in the presence of the full surface operator up on the same compactification (Figure
17).
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Full DAHA

projection TC ⇥ T
_
C ! (TC ⇥ T

_
C )/W . If we regard the Coulomb branch of the 4d N = 2⇤ theory as

the resolution ⌘ : MC(Cp, G, L) ! (TC ⇥ T
_
C )/W , we can define their fiber-product Y via

Y TC ⇥ T
_
C

MC(Cp, G, L)
TC⇥T

_
C

W

⇢

⌘

.

Therefore, Y can be understood as the universal family of MC(Cp, G, L). Following [Hai02], we define
the “unusual” tautological bundle P := ⇢⇤O(Y) on MC(Cp, G, L), which is called Procesi bundle, by
the push-forward of the sheaf O(Y) of regular functions (or the trivial bundle) on Y. By construction,
the Procesi bundle P has rank |W |, with the regular representation of the Weyl group W on every
fiber. Then, the canonical coisotropic brane bBcc := P⌦Bcc in the presence of the full surface operator
is indeed the tensor product of the original line bundle L for Bcc (2.57) with the Procesi bundle P.
Consequently, the algebra of (bBcc,

bBcc)-strings realizes an algebra of line operators on the full surface
operator

Hom(bBcc,
bBcc) ⇠=

..
H(W )L .

If we replace MC(Cp, G, L) and T
_
C by the Hitchin moduli space MH(Cp, G) and TC, respectively,

in the construction above, we obtain the full DAHA as End(bBcc) ⇠=
..
H(W ). In particular, when q = 1,

the bundle P ⌦ L is equivalent to the vector bundle E constructed in [Obl04a, Corollary 6.1 and 6.2].
In fact, the space of (bBcc,Bcc)-strings can be understood as

..
H(W )-left and S

..
H(W )-right module

..
H(W )e, to which the Procesi bundle P is associated (Figure 18).
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Figure 18: (bBcc,
bBcc)-strings and (Bcc,Bcc)-strings form DAHA

..
H and spherical DAHA S

..
H, respec-

tively. Hence, a (bBcc,Bcc)-string leads to
..
H-left and S

..
H-right module

..
He.

This has the following remarkable consequence. In §2, we have seen that given an A-brane B0, the
space of (Bcc,B0)-strings can be understood as a representation of spherical DAHA S

..
H(W ). In fact,

given a (Bcc,B0)-string, its joining with a (bBcc,Bcc)-string always yields a (bBcc,B0)-string (Figure
19), which receives the action of the full DAHA

..
H(W ). In a similar fashion, by reversing a (Bcc,B0)-

string, one can obtain a (Bcc,B0)-string from a (bBcc,B0)-string. This leads to the Morita equivalence
of the two representation categories

Hom(bBcc,Bcc) : Rep(S
..
H(W ))

⇠�! Rep(
..
H(W )) . (4.26)

Of course, not every object produces an equivalence of this type. We expect that both Bcc and bBcc

can be understood as generating objects of the category of A-branes. In general, generating objects
are far from unique, and their non-uniqueness is one way that Morita equivalences arise. For example,
any free R-module is a generating object, giving rise to the usual Morita equivalences between matrix
algebras. Since B̂cc is, in a sense, analogous to a higher-rank module over Bcc, we expect a similar
story here, but do not pursue this in this paper.

In particular, since the space of (bBcc,Bcc)-strings is associated to the Procesi bundle P, the di-
mension formula for the representation corresponding to the space of (bBcc,BL)-strings for a compact
Lagrangian submanifold L is obtained by just tensoring P in (2.72)

dimHom(bBcc,BL) = dimH
0(L,P ⌦Bcc ⌦B�1

L ) ,

= |W | dimHom(Bcc,BL) .
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Morita equivalence

bBcc B0

Bcc

Figure 19: Joining of a (bBcc,Bcc)-string and a (Bcc,B0)-string leads to (bBcc,B0)-string.
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