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Problem 7. Sums of Cubes. Compute first seven sums of cubes of integers:

13 =?

13 + 23 =?

13 + 23 + 33 =?

13 + 23 + 33 + 43 =?

13 + 23 + 33 + 43 + 53 + 63 =?

13 + 23 + 33 + 43 + 53 + 63 + 73 =?

Did you notice anything special to these sums?

Problem 8. We are to paint two di↵erent equilateral triangles; the side of smaller triangle
is two times the side of the bigger one, We need one can of paint to paint the small triangle.
How many cans of paint do we need to paint the big triangle? Same question if the side
of the bigger triangle is three times the side of the smaller one.
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Problem 9. Back to truncated tetrahedron. The polyhedron on Figure below is
obtained from a regular tetrahedron: the four vertices cut o↵ such that one third of each
edge is cut o↵ at each of both ends. If each of the four small tetrahedra cut o↵ from the
corners of the original tetrahedron has volume 1, what is the volume of the truncated
tetrahedron obtained?
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UC Davis Junior Math Circle, Spring’20, Lesson 7, 5/16/2020.

Old Homework.

Problem 1. We are to paint two di↵erent equilateral triangles; the side of

smaller triangle is two times the side of the bigger one. We need one can of paint

to paint the small triangle. How many cans of paint do we need to paint the big

triangle? Same question if the side of the bigger triangle is three times the side of

the smaller one. (See Figure 1.)
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Figure 1

Solution. Since the equilateral triangle with the side two times the side of the

small one can be tiled by four small equilateral triangles, we need 4 cans to paint

the big triangle (see Figure 2, left). But if the side of the big triangle is three times

the small one, it is tiled by nine such small triangles. So, to paint such a triangle,

we need 9 cans of paint (Figure 2, right).
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Figure 2

In general, if the linear dimensions of a two-dimensional shape increase n times,

its area increases n2
times.

Problem 2. Back to truncated tetrahedron. The polyhedron on Figure 3 is

obtained from a regular tetrahedron: the four vertices cut o↵ such that one third

of each edge is cut o↵ at each of both ends. If each of the four small tetrahedra cut

o↵ from the corners of the original tetrahedron has volume 1, what is the volume

of the truncated tetrahedron obtained?
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Problem 1. We are to paint two di↵erent equilateral triangles; the side of

smaller triangle is two times the side of the bigger one. We need one can of paint

to paint the small triangle. How many cans of paint do we need to paint the big

triangle? Same question if the side of the bigger triangle is three times the side of

the smaller one. (See Figure 1.)
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Figure 1

Solution. Since the equilateral triangle with the side two times the side of the

small one can be tiled by four small equilateral triangles, we need 4 cans to paint

the big triangle (see Figure 2, left). But if the side of the big triangle is three times

the small one, it is tiled by nine such small triangles. So, to paint such a triangle,

we need 9 cans of paint (Figure 2, right).
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Figure 2

In general, if the linear dimensions of a two-dimensional shape increase n times,

its area increases n2
times.

Problem 2. Back to truncated tetrahedron. The polyhedron on Figure 3 is

obtained from a regular tetrahedron: the four vertices cut o↵ such that one third

of each edge is cut o↵ at each of both ends. If each of the four small tetrahedra cut

o↵ from the corners of the original tetrahedron has volume 1, what is the volume

of the truncated tetrahedron obtained?
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8

Problem 3. Let us consider one yellow equilateral triangle (see Figure 9, Step
1). Let us connect the midpoints of its sides as it is shown in the Figure 9, Step 2,
and let us color yellow three triangles at the vertices, leaving the central triangle
uncolored (white).
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Step 1 Step 2 Step 3

Figure 9

If we repeat this procedure with each yellow triangle obtained in Step 2; we will
get nine small yellow triangles and four white triangles, see the Figure 9, Step 3.

a) Use the handouts with big triangles (see attachment) to repeat this procedure
two more times: make Step 4 and Step 5. Count the number of yellow triangles
and the number of white triangles you obtained in each step. How many yellow
triangles will be in Step 6? In Step 7? In Step 8? How many white triangles will
be in Step 6? In Step 7? In Step 8? Fill in your counts into the table below.

b) Suppose that we continue infinitely the process of building yellow triangles
as it is described above. In Step 1, we have one yellow triangle. In Step 2, we have
three additional yellow triangles; so, it is four yellow triangles total (in Step 1 plus
in Step 2). In Step 3, we get nine more yellow triangles; so it is 4 + 9 = 13 yellow
triangles total in Steps 1, 2, and 3.

Find how many yellow triangles (the running total number) we will get up to
Step 4; then up to Step 5; then up to Step 6; then up to Step 7 (and so on;
inclusively). Fill in your counts into the Table.
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Step 1 2 3 4 5 6 7 8

Number of
yellow triangles 1 3 9

Number of
white triangles 0 1 4

Total number of
yellow triangles 1 4 13

c) Describe and explain the patterns in the table you got.

8

Problem 3. Let us consider one yellow equilateral triangle (see Figure 9, Step
1). Let us connect the midpoints of its sides as it is shown in the Figure 9, Step 2,
and let us color yellow three triangles at the vertices, leaving the central triangle
uncolored (white).
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Figure 9

If we repeat this procedure with each yellow triangle obtained in Step 2; we will
get nine small yellow triangles and four white triangles, see the Figure 9, Step 3.

a) Use the handouts with big triangles (see attachment) to repeat this procedure
two more times: make Step 4 and Step 5. Count the number of yellow triangles
and the number of white triangles you obtained in each step. How many yellow
triangles will be in Step 6? In Step 7? In Step 8? How many white triangles will
be in Step 6? In Step 7? In Step 8? Fill in your counts into the table below.

b) Suppose that we continue infinitely the process of building yellow triangles
as it is described above. In Step 1, we have one yellow triangle. In Step 2, we have
three additional yellow triangles; so, it is four yellow triangles total (in Step 1 plus
in Step 2). In Step 3, we get nine more yellow triangles; so it is 4 + 9 = 13 yellow
triangles total in Steps 1, 2, and 3.

Find how many yellow triangles (the running total number) we will get up to
Step 4; then up to Step 5; then up to Step 6; then up to Step 7 (and so on;
inclusively). Fill in your counts into the Table.
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Step 1 2 3 4 5 6 7 8

Number of
yellow triangles 1 3 9

Number of
white triangles 0 1 4

Total number of
yellow triangles 1 4 13

c) Describe and explain the patterns in the table you got.
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at each step. So, the numbers of yellow triangles obtained in Step 1, Step 2, Step 3,
. . . form the sequence of powers of 3:

. So, there will be 243 ⇥ 3 = 729 yellow triangles in Step
7, and 729 ⇥ 3 = 2187 yellow triangles in Step 8.

Then we counted the white triangles. In Step 1, there are no white triangles. In Step
2, one white triangle appears in the center. From this moment, each new yellow triangle
obtained at some step will produce one additional white triangle in its center in the next
step. Therefore, since in Step 2 we got three yellow triangles, we will get 1 + 3 = 4 white
triangles in Step 3. In Step 4, nine yellow tingles from Step 3 will create nine more white
triangles (in addition to four white triangles in Step 3); so there will be 4 + 9 = 13 white
triangles in Step 4. Continuing this count, we get 13 + 27 = 40 white triangles in Step
5; then 40 + 81 = 121 white triangles in Step 6; then 121 + 243 = 364 white triangles
in Step 7; and 364 + 729 = 1093 white triangles Step 8. Actually, we got a rule:

.

b) The running total number of yellow triangles obtained in Steps 1 and 2 together
equals 1 + 3 = 4; the running total number of yellow triangles obtained in Steps 1, 2,
and 3 together equals 4 + 9 = 13; the running total number of yellow triangles obtained
in Steps 1, 2, 3 and 4 equals 13 + 27 = 40; the running total number of yellow triangles
obtained in Steps 1, 2, 3 ,4 and 5 equals 40 + 81 = 121; and so on. We see that the
count of the running total number of yellow triangles obtained in Step 1 through Step
N is exactly the same as the count of white triangles obtained in the following step
(Step (N + 1)). This observation allows to fill in the red numbers in the row of “Total
number of yellow triangles” very quickly: we just have to add the numbers of yellow and
white triangles that are written right above the “red” cell we are filling in. Actually, it is
equivalent to shifting the counts of numbers of white triangles (blue numbers in the table)
one step to the left. These numbers (blue and red) in the “Number of white triangles”
row and in the “Total number of yellow triangles” row are shifted with respect to each
other because in Step 1 there is one yellow triangle, but zero white triangles.

Step
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1 2 3 4 5 6 7 8

Number of
yellow triangles 1 3 9 27 81 243 729 2187

Number of
white triangles 0 1 4 13 40 121 364 1093

Total number of
yellow triangles 1 4 13 40 121 364 1093 3280

We shall discuss part c) next class.
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triangle (Step 1) is not included into this count, we have to add 1. In general, this

pattern follows from the rule how the yellow triangles are generated (see Figure 5):

going from each triangle in the top row to the triangle in the bottom row, we see

that the number of yellow triangles triples. Thus, the total number of triangles in

the bottom row is three times the total number of yellow triangles in the top row,

plus 1 (the first big yellow triangle at the bottom row).
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Figure 5

7) It became possible to recognize another pattern in the row of red numbers

when we asked the kids to compare the running TOTAL number (red number) in

the bottom row with the NEXT number in the upper row (“Number of yellow
triangles”): each red number is approximately “a half” of the NEXT (yellow

triangles) number in the upper row.

The EXACT relation between these two numbers is:

: 81 = 2 ⇥ 40 +

1;243 = 2 ⇥ 121 + 1;729 = 2 ⇥ 364 + 1; and so on. Thus, the number of

yellow triangles obtained at some step is twice the running total number of yellow

triangles obtained in all previous steps, plus 1.This pattern also can be explained

if we compare the numbers of yellow triangles obtained in consecutive steps. For

example, to get the number of yellow triangles in Step 4, one should add twice the

number of yellow triangles obtained in Step 3 (circled green), twice the number

of yellow triangles obtained in Step 2 (circled blue), twice the initial one yellow

triangle from Step 1 (circled red), plus one. The latter accounts for the very top

yellow triangle in Step 4, circled purple. (See Figure 6.) The same arguments work

for all other steps.

4

step to the left. These numbers (blue and red) in the “Number of white triangles”

row and in the “Total number of yellow triangles” row are shifted with respect to

each other because in Step 1 there is one yellow triangle, but zero white triangles.

Step
........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
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.......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

................................................................................................................................................................................................................................................................................
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................................................................................................................................................................................................................................................................................

................................................................................................................................................................................................................................................................................

................................................................................................................................................................................................................................................................................

................................................................................................................................................................................................................................................................................

................................................................................................................................................................................................................................................................................

................................................................................................................................................................................................................................................................................

1 2 3 4 5 6 7 8

Number of
yellow triangles 1 3 9 27 81 243 729 2187

Number of
white triangles 0 1 4 13 40 121 364 1093

Total number of
yellow triangles 1 4 13 40 121 364 1093 3280

c) As we were counting the numbers of yellow, white, and running total numbers

of yellow triangles, we discovered (and explained) several rules that are reflected

in the Table. Let us summarize what we have already noticed.

1) The number of yellow triangles triples from one step to the next step.

2) The number of white triangles in some step is the sum of the numbers of

yellow triangles and the number of white triangles in the previous step.

3) The number of white triangles in any given step is equal to the running total

number of yellow triangles for all previous steps.

4) The running total number of yellow triangles up to some step is equal to the

sum of the number of yellow triangles and the number of white triangles obtained

in that step. In other words, every red entry in the last row “Total number of
yellow triangles” is equal to the sum of yellow and blue numbers right above it.

The latter is the same as the number of white triangles in the current step.

As we have seen, property 4) follows from property 3): the running total of

yellow triangles up to a certain step is equal to the sum of the number of yellow

triangles in this step and the running total of yellow triangles up to the previous

step.

5) The numbers of white triangles (blue numbers in the table) and the running

total numbers of yellow triangles (red numbers in the table) are shifted with respect

to each other.

Still, some other patterns in the “Total number of yellow triangles” were

harder to notice.

6) Comparing the numbers in the last row, we can see that

. (The same is true

about the blue numbers above). This pattern is easy to explain. For example,

up to Step 3 the running total number of yellow triangles is 13 = 1 + 3 + 9; If
we triple both sides of this equation, we get 39 = 3+ 9+ 27 – the running total

number of yellow triangles obtained in Steps 2, 3, and 4. Since the initial yellow
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Step 1 Step 2 Step 3
Step 4

Figure 6

We asked the kids if they can reformulate this pattern if we want to know how

to get the red number (the running total number of yellow triangles) from the

top row of numbers of yellow triangles. It was not di�cult, and we got another

rule:

. For example,

364 =
729� 1

2
;1093 =

2187� 1

2
.

We can add one more row to our table, where we write the numbers of yellow

triangles as the powers of 3 (in green color):
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Powers of 3 1 3 32 33 34 35 36 37

Number of
yellow triangles 1 3 9 27 81 243 729 2187

Total number of
yellow triangles 1 4 13 40 121 364 1093 3280

Then, since 364 = 1+ 3+ 32
+ 33

+ 34
+ 35 (TOTAL), and 729 = 36

,we can

rewrite the above equation as

1+ 3+ 32
+ 33

+ 34
+ 35

=
36 � 1

2
.

Similarly,

1+ 3+ 32
+ 33

+ 34
+ 35

+ 36
+ 37

=
38 � 1

2
.

We compared this result with the formula for sum of powers of 2 that we proved
in the Fall’19 quarter:

1+ 2+ 22
+ 33

+ 24
+ . . .+ 2N

= 2N+1 � 1.

We suggested to the kids to find the corresponding patterns for the
sums of powers of 4 and the powers of 5.
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Step 4

Figure 6

We asked the kids if they can reformulate this pattern if we want to know how

to get the red number (the running total number of yellow triangles) from the

top row of numbers of yellow triangles. It was not di�cult, and we got another

rule:

. For example,

364 =
729� 1

2
;1093 =

2187� 1

2
.

We can add one more row to our table, where we write the numbers of yellow

triangles as the powers of 3 (in green color):
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Powers of 3 1 3 32 33 34 35 36 37

Number of
yellow triangles 1 3 9 27 81 243 729 2187

Total number of
yellow triangles 1 4 13 40 121 364 1093 3280

Then, since 364 = 1+ 3+ 32
+ 33

+ 34
+ 35 (TOTAL), and 729 = 36

,we can

rewrite the above equation as

1+ 3+ 32
+ 33

+ 34
+ 35

=
36 � 1

2
.

Similarly,

1+ 3+ 32
+ 33

+ 34
+ 35

+ 36
+ 37

=
38 � 1

2
.

We compared this result with the formula for sum of powers of 2 that we proved
in the Fall’19 quarter:

1+ 2+ 22
+ 33

+ 24
+ . . .+ 2N

= 2N+1 � 1.

We suggested to the kids to find the corresponding patterns for the
sums of powers of 4 and the powers of 5.



Scaling Dimensions
https://www.youtube.com/watch?v=gB9n2gHsHN4

https://www.youtube.com/watch?v=gB9n2gHsHN4


Fractals

• What is a dimension?


• Scaling (fractal, Hausdorff) dimension vs. topological 
dimension



Minkowski Sausage

Step 1 2 3 4 5

Scaling Factor 1

# Segments 1 8



In a few steps..



Sierpinski Carpet



Peano Curve 





Peano Curve Step 4 

5

Homework

Problem 4. Zig-Zag Path. Consider the following Steps of producing a self-similar

shape formed by attaching zig-zag paths like to each other.

By how much did we increase the size of the picture between Steps 1 and 2 and between
Steps 2 and 3? Count the number of segments in each picture and put them in the table
below (Step 4 is depicted on the next page). How will the number of segments grow if
we keep scaling the picture further? Note that each zig-zag fragment is made out of eight
segments so that the horizontal lines in the fragment are twice longer than the vertical
ones:

Step 1 2 3 4
Scale factor 1
#segments 8

Step 3



Peano curve 

7

Peano Curve. Steps 1,2, and 3

then put our results in the table (note that I altered the previous version of the problem
by replacing ‘scaling factor’ with ‘Width’ in the second row of the table – this way the
result is stated in a cleaner way):

Step 1 2 3 4 5 6
Width Wn 2 8 26 80 . . . . . .

#segments Sn 8 80 728 6560 . . . . . .

We have found some patters. First, the total number of segments on nth step Sn obeys
the following recurrent relation (I changed the notation a bit compared to the video,
eliminated Pn)

Sn+1 = 9⇥ Sn + 8 .

Meanwhile the width of the fragment changes as

Wn+1 = 3⇥Wn + 2 .

Using both patterns you can fill in the rest of the table as an exercise.
Then we asked ourselves: How does the number of segments Sn depend on the width

Wn as n becomes larger? What will happen with this fractal as we keep doing more steps?





Sierpinski Pyramid





Homework

• Invent your own Peano-type (space-filling) curve!





Another Space-Filling Curve

Peano Curve

1. What is this, and why do we need it? Peano curve (constructed almost
simultaneously, in 1890-1891, by Giuseppe Peano and David Hilbert) is a continuous map
P of the segment [0, 1] into the 1⇥ 1 square, whose image is the whole square.

At the first glance, the mere fact of existence of such a curve seems impossible: how a
continuous curve fill a square? Still, it exists, and we will discuss today a construction of
it. However, it seems unlikely that this counter-intuitive construction can be really useful
in geometry. Its obvious value is purely negative: it is a warning to mathematicians not
to rely on statements like “this is a continuous curve in the square, so obviously there
is a point in the square not covered by it.” But we will see today that the Peano curve
possesses some amazing properties of arithmetic nature, which makes it more than just a
ridiculous absurdity.

2. The construction. For the square, we will take, in the plane with the usual
coordinates (x, y), the square S with the four vertices (0, 0), (1, 0), (1, 1), (0, 1).

Choose an arbitrary (continuous) curve P0 in the square S which goes from (0, 0)
to (0, 1) (an example is shown in Figure 1, left). Divide the square into four “half-size”
squares by the lines x = 1

2 and y = 1
2 . Then in each of these four squares draw a curve

repeating the shape of P0 to obtain four curves, from (0, 0) to ( 12 , 0), from ( 12 , 0) to ( 12 ,
1
2 ),

from ( 12 ,
1
2 ) to ( 12 , 1), and from ( 12 , 1) to (0, 1); these four curves together form a curve P1

in the square S, which again goes from (0, 0) to (0, 1) (Figure 1, middle). Next we apply
the same procedure to the curve P1: again we repeat its shape in the four half-size squares
(or, if you prefer that I say this, we repeat the shape of the initial curve P0 in each of the
sixteen quarter-size squares covering the initial square); we obtain a curve P2, again from
(0, 0) to (0,1) (Figure 1, right). And so on, we construct P3 from P2, P4 from P3, etc.
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We parametrize all these curves in such a way, that on each of them the parameter
goes from 0 to 1. Thus, P1(0) = (0, 0), P1(

1
4 ) = ( 12 , 0), P1(

1
2 ) = ( 12 ,

1
2 ), P1(

3
4 ) = ( 12 , 1),

and P1(1) = (0, 1). Similarly, P2(0) = (0, 0), P2(
1
16 ) = (0, 1

4 ), P2(
1
8 ) = ( 14 ,

1
4 ), P2(

3
8 ) =

( 12 ,
1
4 ), P2(

1
4 ) = ( 12 , 0), and so on.

Our main result is the following

Theorem. (1) For every t 2 [0, 1], the sequence P0(t), P1(t), P2(t), P3(t), . . . ap-
proaches a certain point P (t) in the square S (in mathematical language, the sequence

1

Peano Curve

1. What is this, and why do we need it? Peano curve (constructed almost
simultaneously, in 1890-1891, by Giuseppe Peano and David Hilbert) is a continuous map
P of the segment [0, 1] into the 1⇥ 1 square, whose image is the whole square.

At the first glance, the mere fact of existence of such a curve seems impossible: how a
continuous curve fill a square? Still, it exists, and we will discuss today a construction of
it. However, it seems unlikely that this counter-intuitive construction can be really useful
in geometry. Its obvious value is purely negative: it is a warning to mathematicians not
to rely on statements like “this is a continuous curve in the square, so obviously there
is a point in the square not covered by it.” But we will see today that the Peano curve
possesses some amazing properties of arithmetic nature, which makes it more than just a
ridiculous absurdity.

2. The construction. For the square, we will take, in the plane with the usual
coordinates (x, y), the square S with the four vertices (0, 0), (1, 0), (1, 1), (0, 1).

Choose an arbitrary (continuous) curve P0 in the square S which goes from (0, 0)
to (0, 1) (an example is shown in Figure 1, left). Divide the square into four “half-size”
squares by the lines x = 1

2 and y = 1
2 . Then in each of these four squares draw a curve

repeating the shape of P0 to obtain four curves, from (0, 0) to ( 12 , 0), from ( 12 , 0) to ( 12 ,
1
2 ),

from ( 12 ,
1
2 ) to ( 12 , 1), and from ( 12 , 1) to (0, 1); these four curves together form a curve P1

in the square S, which again goes from (0, 0) to (0, 1) (Figure 1, middle). Next we apply
the same procedure to the curve P1: again we repeat its shape in the four half-size squares
(or, if you prefer that I say this, we repeat the shape of the initial curve P0 in each of the
sixteen quarter-size squares covering the initial square); we obtain a curve P2, again from
(0, 0) to (0,1) (Figure 1, right). And so on, we construct P3 from P2, P4 from P3, etc.
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We parametrize all these curves in such a way, that on each of them the parameter
goes from 0 to 1. Thus, P1(0) = (0, 0), P1(

1
4 ) = ( 12 , 0), P1(

1
2 ) = ( 12 ,

1
2 ), P1(

3
4 ) = ( 12 , 1),

and P1(1) = (0, 1). Similarly, P2(0) = (0, 0), P2(
1
16 ) = (0, 1

4 ), P2(
1
8 ) = ( 14 ,

1
4 ), P2(

3
8 ) =

( 12 ,
1
4 ), P2(

1
4 ) = ( 12 , 0), and so on.

Our main result is the following

Theorem. (1) For every t 2 [0, 1], the sequence P0(t), P1(t), P2(t), P3(t), . . . ap-
proaches a certain point P (t) in the square S (in mathematical language, the sequence

1

Peano Curve

1. What is this, and why do we need it? Peano curve (constructed almost
simultaneously, in 1890-1891, by Giuseppe Peano and David Hilbert) is a continuous map
P of the segment [0, 1] into the 1⇥ 1 square, whose image is the whole square.

At the first glance, the mere fact of existence of such a curve seems impossible: how a
continuous curve fill a square? Still, it exists, and we will discuss today a construction of
it. However, it seems unlikely that this counter-intuitive construction can be really useful
in geometry. Its obvious value is purely negative: it is a warning to mathematicians not
to rely on statements like “this is a continuous curve in the square, so obviously there
is a point in the square not covered by it.” But we will see today that the Peano curve
possesses some amazing properties of arithmetic nature, which makes it more than just a
ridiculous absurdity.

2. The construction. For the square, we will take, in the plane with the usual
coordinates (x, y), the square S with the four vertices (0, 0), (1, 0), (1, 1), (0, 1).

Choose an arbitrary (continuous) curve P0 in the square S which goes from (0, 0)
to (0, 1) (an example is shown in Figure 1, left). Divide the square into four “half-size”
squares by the lines x = 1

2 and y = 1
2 . Then in each of these four squares draw a curve

repeating the shape of P0 to obtain four curves, from (0, 0) to ( 12 , 0), from ( 12 , 0) to ( 12 ,
1
2 ),

from ( 12 ,
1
2 ) to ( 12 , 1), and from ( 12 , 1) to (0, 1); these four curves together form a curve P1

in the square S, which again goes from (0, 0) to (0, 1) (Figure 1, middle). Next we apply
the same procedure to the curve P1: again we repeat its shape in the four half-size squares
(or, if you prefer that I say this, we repeat the shape of the initial curve P0 in each of the
sixteen quarter-size squares covering the initial square); we obtain a curve P2, again from
(0, 0) to (0,1) (Figure 1, right). And so on, we construct P3 from P2, P4 from P3, etc.

...........................................................................................................................................................................................................................................................................................
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ ...........................................................................................................................................................................................................................................................................................

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

...........

........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................ ...........................................................................................................................................................................................................................................................................................
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
.....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.............
.............
.............
.............
.............
.............
.............
.............
.............
.............
.............
.............
.............
.............
.............
.............
.............
.................
........................

........................
........................

........................
........................

........................
..

....................
....................
....................
....................
....................
....................
............................................................................................

.............
.............
.............
.............
.............
.............
.............
.............
.....................

........................
........................

....................
.............
.............
.............
.............
.............
.............
.............
.............
................
........................

........................
...............................................................................................................................................................

............
............
............
............
............
....

.............
.............
.............
.............
.................
........................

......................
....................
....................
.................................................................

....................
....................
................................................................................................................................................................

....................
....................
.....................................................

.............
.............
.............
.................
........................

.................

.............
.............
.............
...............
........................

......................................................................................
............
............
....................
....................
....................
.......................................................

.............
.............
.............
.................
........................

.................

.............
.............
.............
...............
........................

......................................................................................
............
............
................................................................................................................................................................................

............
............
............................................................................

............
............
..............
.............
.............
.............
.................
........................

........

Figure 1

We parametrize all these curves in such a way, that on each of them the parameter
goes from 0 to 1. Thus, P1(0) = (0, 0), P1(

1
4 ) = ( 12 , 0), P1(

1
2 ) = ( 12 ,

1
2 ), P1(

3
4 ) = ( 12 , 1),

and P1(1) = (0, 1). Similarly, P2(0) = (0, 0), P2(
1
16 ) = (0, 1

4 ), P2(
1
8 ) = ( 14 ,

1
4 ), P2(

3
8 ) =

( 12 ,
1
4 ), P2(

1
4 ) = ( 12 , 0), and so on.

Our main result is the following

Theorem. (1) For every t 2 [0, 1], the sequence P0(t), P1(t), P2(t), P3(t), . . . ap-
proaches a certain point P (t) in the square S (in mathematical language, the sequence

1

Peano Curve

1. What is this, and why do we need it? Peano curve (constructed almost
simultaneously, in 1890-1891, by Giuseppe Peano and David Hilbert) is a continuous map
P of the segment [0, 1] into the 1⇥ 1 square, whose image is the whole square.

At the first glance, the mere fact of existence of such a curve seems impossible: how a
continuous curve fill a square? Still, it exists, and we will discuss today a construction of
it. However, it seems unlikely that this counter-intuitive construction can be really useful
in geometry. Its obvious value is purely negative: it is a warning to mathematicians not
to rely on statements like “this is a continuous curve in the square, so obviously there
is a point in the square not covered by it.” But we will see today that the Peano curve
possesses some amazing properties of arithmetic nature, which makes it more than just a
ridiculous absurdity.

2. The construction. For the square, we will take, in the plane with the usual
coordinates (x, y), the square S with the four vertices (0, 0), (1, 0), (1, 1), (0, 1).

Choose an arbitrary (continuous) curve P0 in the square S which goes from (0, 0)
to (0, 1) (an example is shown in Figure 1, left). Divide the square into four “half-size”
squares by the lines x = 1

2 and y = 1
2 . Then in each of these four squares draw a curve

repeating the shape of P0 to obtain four curves, from (0, 0) to ( 12 , 0), from ( 12 , 0) to ( 12 ,
1
2 ),

from ( 12 ,
1
2 ) to ( 12 , 1), and from ( 12 , 1) to (0, 1); these four curves together form a curve P1

in the square S, which again goes from (0, 0) to (0, 1) (Figure 1, middle). Next we apply
the same procedure to the curve P1: again we repeat its shape in the four half-size squares
(or, if you prefer that I say this, we repeat the shape of the initial curve P0 in each of the
sixteen quarter-size squares covering the initial square); we obtain a curve P2, again from
(0, 0) to (0,1) (Figure 1, right). And so on, we construct P3 from P2, P4 from P3, etc.
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We parametrize all these curves in such a way, that on each of them the parameter
goes from 0 to 1. Thus, P1(0) = (0, 0), P1(

1
4 ) = ( 12 , 0), P1(

1
2 ) = ( 12 ,

1
2 ), P1(

3
4 ) = ( 12 , 1),

and P1(1) = (0, 1). Similarly, P2(0) = (0, 0), P2(
1
16 ) = (0, 1

4 ), P2(
1
8 ) = ( 14 ,

1
4 ), P2(

3
8 ) =

( 12 ,
1
4 ), P2(

1
4 ) = ( 12 , 0), and so on.

Our main result is the following

Theorem. (1) For every t 2 [0, 1], the sequence P0(t), P1(t), P2(t), P3(t), . . . ap-
proaches a certain point P (t) in the square S (in mathematical language, the sequence

1

Peano Curve

1. What is this, and why do we need it? Peano curve (constructed almost
simultaneously, in 1890-1891, by Giuseppe Peano and David Hilbert) is a continuous map
P of the segment [0, 1] into the 1⇥ 1 square, whose image is the whole square.

At the first glance, the mere fact of existence of such a curve seems impossible: how a
continuous curve fill a square? Still, it exists, and we will discuss today a construction of
it. However, it seems unlikely that this counter-intuitive construction can be really useful
in geometry. Its obvious value is purely negative: it is a warning to mathematicians not
to rely on statements like “this is a continuous curve in the square, so obviously there
is a point in the square not covered by it.” But we will see today that the Peano curve
possesses some amazing properties of arithmetic nature, which makes it more than just a
ridiculous absurdity.

2. The construction. For the square, we will take, in the plane with the usual
coordinates (x, y), the square S with the four vertices (0, 0), (1, 0), (1, 1), (0, 1).

Choose an arbitrary (continuous) curve P0 in the square S which goes from (0, 0)
to (0, 1) (an example is shown in Figure 1, left). Divide the square into four “half-size”
squares by the lines x = 1

2 and y = 1
2 . Then in each of these four squares draw a curve

repeating the shape of P0 to obtain four curves, from (0, 0) to ( 12 , 0), from ( 12 , 0) to ( 12 ,
1
2 ),

from ( 12 ,
1
2 ) to ( 12 , 1), and from ( 12 , 1) to (0, 1); these four curves together form a curve P1

in the square S, which again goes from (0, 0) to (0, 1) (Figure 1, middle). Next we apply
the same procedure to the curve P1: again we repeat its shape in the four half-size squares
(or, if you prefer that I say this, we repeat the shape of the initial curve P0 in each of the
sixteen quarter-size squares covering the initial square); we obtain a curve P2, again from
(0, 0) to (0,1) (Figure 1, right). And so on, we construct P3 from P2, P4 from P3, etc.
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We parametrize all these curves in such a way, that on each of them the parameter
goes from 0 to 1. Thus, P1(0) = (0, 0), P1(

1
4 ) = ( 12 , 0), P1(

1
2 ) = ( 12 ,

1
2 ), P1(

3
4 ) = ( 12 , 1),

and P1(1) = (0, 1). Similarly, P2(0) = (0, 0), P2(
1
16 ) = (0, 1

4 ), P2(
1
8 ) = ( 14 ,

1
4 ), P2(

3
8 ) =

( 12 ,
1
4 ), P2(

1
4 ) = ( 12 , 0), and so on.

Our main result is the following

Theorem. (1) For every t 2 [0, 1], the sequence P0(t), P1(t), P2(t), P3(t), . . . ap-
proaches a certain point P (t) in the square S (in mathematical language, the sequence

1

Peano Curve

1. What is this, and why do we need it? Peano curve (constructed almost
simultaneously, in 1890-1891, by Giuseppe Peano and David Hilbert) is a continuous map
P of the segment [0, 1] into the 1⇥ 1 square, whose image is the whole square.

At the first glance, the mere fact of existence of such a curve seems impossible: how a
continuous curve fill a square? Still, it exists, and we will discuss today a construction of
it. However, it seems unlikely that this counter-intuitive construction can be really useful
in geometry. Its obvious value is purely negative: it is a warning to mathematicians not
to rely on statements like “this is a continuous curve in the square, so obviously there
is a point in the square not covered by it.” But we will see today that the Peano curve
possesses some amazing properties of arithmetic nature, which makes it more than just a
ridiculous absurdity.

2. The construction. For the square, we will take, in the plane with the usual
coordinates (x, y), the square S with the four vertices (0, 0), (1, 0), (1, 1), (0, 1).

Choose an arbitrary (continuous) curve P0 in the square S which goes from (0, 0)
to (0, 1) (an example is shown in Figure 1, left). Divide the square into four “half-size”
squares by the lines x = 1

2 and y = 1
2 . Then in each of these four squares draw a curve

repeating the shape of P0 to obtain four curves, from (0, 0) to ( 12 , 0), from ( 12 , 0) to ( 12 ,
1
2 ),

from ( 12 ,
1
2 ) to ( 12 , 1), and from ( 12 , 1) to (0, 1); these four curves together form a curve P1

in the square S, which again goes from (0, 0) to (0, 1) (Figure 1, middle). Next we apply
the same procedure to the curve P1: again we repeat its shape in the four half-size squares
(or, if you prefer that I say this, we repeat the shape of the initial curve P0 in each of the
sixteen quarter-size squares covering the initial square); we obtain a curve P2, again from
(0, 0) to (0,1) (Figure 1, right). And so on, we construct P3 from P2, P4 from P3, etc.
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Figure 1

We parametrize all these curves in such a way, that on each of them the parameter
goes from 0 to 1. Thus, P1(0) = (0, 0), P1(

1
4 ) = ( 12 , 0), P1(

1
2 ) = ( 12 ,

1
2 ), P1(

3
4 ) = ( 12 , 1),

and P1(1) = (0, 1). Similarly, P2(0) = (0, 0), P2(
1
16 ) = (0, 1

4 ), P2(
1
8 ) = ( 14 ,

1
4 ), P2(

3
8 ) =

( 12 ,
1
4 ), P2(

1
4 ) = ( 12 , 0), and so on.

Our main result is the following

Theorem. (1) For every t 2 [0, 1], the sequence P0(t), P1(t), P2(t), P3(t), . . . ap-
proaches a certain point P (t) in the square S (in mathematical language, the sequence

1



Space Filling Curve

Peano Curve

1. What is this, and why do we need it? Peano curve (constructed almost
simultaneously, in 1890-1891, by Giuseppe Peano and David Hilbert) is a continuous map
P of the segment [0, 1] into the 1⇥ 1 square, whose image is the whole square.

At the first glance, the mere fact of existence of such a curve seems impossible: how a
continuous curve fill a square? Still, it exists, and we will discuss today a construction of
it. However, it seems unlikely that this counter-intuitive construction can be really useful
in geometry. Its obvious value is purely negative: it is a warning to mathematicians not
to rely on statements like “this is a continuous curve in the square, so obviously there
is a point in the square not covered by it.” But we will see today that the Peano curve
possesses some amazing properties of arithmetic nature, which makes it more than just a
ridiculous absurdity.

2. The construction. For the square, we will take, in the plane with the usual
coordinates (x, y), the square S with the four vertices (0, 0), (1, 0), (1, 1), (0, 1).

Choose an arbitrary (continuous) curve P0 in the square S which goes from (0, 0)
to (0, 1) (an example is shown in Figure 1, left). Divide the square into four “half-size”
squares by the lines x = 1

2 and y = 1
2 . Then in each of these four squares draw a curve

repeating the shape of P0 to obtain four curves, from (0, 0) to ( 12 , 0), from ( 12 , 0) to ( 12 ,
1
2 ),

from ( 12 ,
1
2 ) to ( 12 , 1), and from ( 12 , 1) to (0, 1); these four curves together form a curve P1

in the square S, which again goes from (0, 0) to (0, 1) (Figure 1, middle). Next we apply
the same procedure to the curve P1: again we repeat its shape in the four half-size squares
(or, if you prefer that I say this, we repeat the shape of the initial curve P0 in each of the
sixteen quarter-size squares covering the initial square); we obtain a curve P2, again from
(0, 0) to (0,1) (Figure 1, right). And so on, we construct P3 from P2, P4 from P3, etc.
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Figure 1

We parametrize all these curves in such a way, that on each of them the parameter
goes from 0 to 1. Thus, P1(0) = (0, 0), P1(

1
4 ) = ( 12 , 0), P1(

1
2 ) = ( 12 ,

1
2 ), P1(

3
4 ) = ( 12 , 1),

and P1(1) = (0, 1). Similarly, P2(0) = (0, 0), P2(
1
16 ) = (0, 1

4 ), P2(
1
8 ) = ( 14 ,

1
4 ), P2(

3
8 ) =

( 12 ,
1
4 ), P2(

1
4 ) = ( 12 , 0), and so on.

Our main result is the following

Theorem. (1) For every t 2 [0, 1], the sequence P0(t), P1(t), P2(t), P3(t), . . . ap-
proaches a certain point P (t) in the square S (in mathematical language, the sequence

1
Pn(t) has a limit P (t)). Thus, there arises a map P from [0, 1] into S.

(2) This map P is continuous curve in S from (0, 0) to (0, 1).

(3) The map P is onto, that is, every point of the square S is P (t) for some t 2 [0, 1].

Thus, P is what we need.

3. Proof of Theorem. It is standard and boring, and I would have preferred to
skip it. But for people in the audience who would request a rigorous proof (or, at least,
something which looks as a rigorous proof), I will provide it.

Let us divide the interval [0, 1] into:

• four intervals of the “first generation,”


0,

1

4

�
,


1

4
,
2

4

�
,


2

4
,
3

4

�
,


3

4
, 1

�
;

• sixteen intervals of the “second generation,”


0,

1

16

�
,


1

16
,
2

16

�
, . . . ,


15

16
, 1

�
;

and so on;

thus, for every n, we have 4n intervals of the n-th generation,


m� 1

4n
,
m

4n

�
, 1  m  4n.

Similarly, we divide the square Q into four squares of the first generation (shown in
Figure 1, middle), 16 squares of the second generation (shown in Figure 1, right), . . ., 4n

squares of the n-th generation (not shown anywhere, but obvious).

The following facts can be counted as obvious (at least, if you look at Figure 1).

(A) The image of every interval of the n-th generation with respect to the map Pn is
contained in some (unique) square of the n-th generation. Moreover, this creates a one-
to-one correspondence between the interval of the n-th generation and the squares of n-th
gereration.

(B) The images of every interval of the n-th generation with respect to the map PN

with any N � n are contained in the same square of the n-th generation.

(C) In addition to this, remark that the images of two adjacent intervals of the n-th
generation with respect to Pn (and hence to PN for any N � n)are contained in adjacent
squares of the n-th generation.

Now let us prove Theorem.

Proof of (1). For every x = t 2 [0, 1], there exists a sequence I1 � I2 � I3 � . . . �
In � . . ., where In is an interval of the n-th generation and every In contains t. (Indeed, t
belongs to one or two of the four intervals of the 1st generation; choose one and take it for
I1. This I1 consists of four intervals of the 2nd genertation; one of two of them contain t,
choose one and take it for I2. Same for I3, I4 and so on.)

Moreover, t is a unique common point of all intervals In. (Indeed, if t and u belong to
In for every n, then the distance between t and u does not exceed the length of In, that is
1/2n, and, if it is true for every n, then the distance between t and u is 0, that is, t = u.)

Let Qn is the square of the n-th generation such that Pn(In) ⇢ Qn (see (A)).
Obviously, Q1 � Q2 � Q3 � . . . (Indeed, if N � n, then PN (IN ) ⇢ QN , but also
PN (IN ) ⇢ PN (In) ⇢ Qn (by (B)), thus QN ⇢ Qn.)

2



Pn(t) has a limit P (t)). Thus, there arises a map P from [0, 1] into S.

(2) This map P is continuous curve in S from (0, 0) to (0, 1).

(3) The map P is onto, that is, every point of the square S is P (t) for some t 2 [0, 1].

Thus, P is what we need.

3. Proof of Theorem. It is standard and boring, and I would have preferred to
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Similarly, we divide the square Q into four squares of the first generation (shown in
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squares of the n-th generation (not shown anywhere, but obvious).

The following facts can be counted as obvious (at least, if you look at Figure 1).

(A) The image of every interval of the n-th generation with respect to the map Pn is
contained in some (unique) square of the n-th generation. Moreover, this creates a one-
to-one correspondence between the interval of the n-th generation and the squares of n-th
gereration.

(B) The images of every interval of the n-th generation with respect to the map PN

with any N � n are contained in the same square of the n-th generation.

(C) In addition to this, remark that the images of two adjacent intervals of the n-th
generation with respect to Pn (and hence to PN for any N � n)are contained in adjacent
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Now let us prove Theorem.
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I1. This I1 consists of four intervals of the 2nd genertation; one of two of them contain t,
choose one and take it for I2. Same for I3, I4 and so on.)

Moreover, t is a unique common point of all intervals In. (Indeed, if t and u belong to
In for every n, then the distance between t and u does not exceed the length of In, that is
1/2n, and, if it is true for every n, then the distance between t and u is 0, that is, t = u.)

Let Qn is the square of the n-th generation such that Pn(In) ⇢ Qn (see (A)).
Obviously, Q1 � Q2 � Q3 � . . . (Indeed, if N � n, then PN (IN ) ⇢ QN , but also
PN (IN ) ⇢ PN (In) ⇢ Qn (by (B)), thus QN ⇢ Qn.)

2

Pn(t) has a limit P (t)). Thus, there arises a map P from [0, 1] into S.

(2) This map P is continuous curve in S from (0, 0) to (0, 1).

(3) The map P is onto, that is, every point of the square S is P (t) for some t 2 [0, 1].
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squares of the n-th generation (not shown anywhere, but obvious).

The following facts can be counted as obvious (at least, if you look at Figure 1).

(A) The image of every interval of the n-th generation with respect to the map Pn is
contained in some (unique) square of the n-th generation. Moreover, this creates a one-
to-one correspondence between the interval of the n-th generation and the squares of n-th
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Peano Curve

1. What is this, and why do we need it? Peano curve (constructed almost
simultaneously, in 1890-1891, by Giuseppe Peano and David Hilbert) is a continuous map
P of the segment [0, 1] into the 1⇥ 1 square, whose image is the whole square.

At the first glance, the mere fact of existence of such a curve seems impossible: how a
continuous curve fill a square? Still, it exists, and we will discuss today a construction of
it. However, it seems unlikely that this counter-intuitive construction can be really useful
in geometry. Its obvious value is purely negative: it is a warning to mathematicians not
to rely on statements like “this is a continuous curve in the square, so obviously there
is a point in the square not covered by it.” But we will see today that the Peano curve
possesses some amazing properties of arithmetic nature, which makes it more than just a
ridiculous absurdity.

2. The construction. For the square, we will take, in the plane with the usual
coordinates (x, y), the square S with the four vertices (0, 0), (1, 0), (1, 1), (0, 1).

Choose an arbitrary (continuous) curve P0 in the square S which goes from (0, 0)
to (0, 1) (an example is shown in Figure 1, left). Divide the square into four “half-size”
squares by the lines x = 1

2 and y = 1
2 . Then in each of these four squares draw a curve

repeating the shape of P0 to obtain four curves, from (0, 0) to ( 12 , 0), from ( 12 , 0) to ( 12 ,
1
2 ),

from ( 12 ,
1
2 ) to ( 12 , 1), and from ( 12 , 1) to (0, 1); these four curves together form a curve P1

in the square S, which again goes from (0, 0) to (0, 1) (Figure 1, middle). Next we apply
the same procedure to the curve P1: again we repeat its shape in the four half-size squares
(or, if you prefer that I say this, we repeat the shape of the initial curve P0 in each of the
sixteen quarter-size squares covering the initial square); we obtain a curve P2, again from
(0, 0) to (0,1) (Figure 1, right). And so on, we construct P3 from P2, P4 from P3, etc.
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We parametrize all these curves in such a way, that on each of them the parameter
goes from 0 to 1. Thus, P1(0) = (0, 0), P1(

1
4 ) = ( 12 , 0), P1(

1
2 ) = ( 12 ,

1
2 ), P1(

3
4 ) = ( 12 , 1),

and P1(1) = (0, 1). Similarly, P2(0) = (0, 0), P2(
1
16 ) = (0, 1

4 ), P2(
1
8 ) = ( 14 ,

1
4 ), P2(

3
8 ) =

( 12 ,
1
4 ), P2(

1
4 ) = ( 12 , 0), and so on.

Our main result is the following

Theorem. (1) For every t 2 [0, 1], the sequence P0(t), P1(t), P2(t), P3(t), . . . ap-
proaches a certain point P (t) in the square S (in mathematical language, the sequence

1

Claims

Pn(t) has a limit P (t)). Thus, there arises a map P from [0, 1] into S.

(2) This map P is continuous curve in S from (0, 0) to (0, 1).

(3) The map P is onto, that is, every point of the square S is P (t) for some t 2 [0, 1].

Thus, P is what we need.

3. Proof of Theorem. It is standard and boring, and I would have preferred to
skip it. But for people in the audience who would request a rigorous proof (or, at least,
something which looks as a rigorous proof), I will provide it.

Let us divide the interval [0, 1] into:

• four intervals of the “first generation,”


0,

1

4

�
,


1

4
,
2

4

�
,


2

4
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�
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4
, 1

�
;

• sixteen intervals of the “second generation,”
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1

16

�
,


1

16
,
2

16

�
, . . . ,


15

16
, 1

�
;

and so on;

thus, for every n, we have 4n intervals of the n-th generation,


m� 1

4n
,
m

4n

�
, 1  m  4n.

Similarly, we divide the square Q into four squares of the first generation (shown in
Figure 1, middle), 16 squares of the second generation (shown in Figure 1, right), . . ., 4n

squares of the n-th generation (not shown anywhere, but obvious).

The following facts can be counted as obvious (at least, if you look at Figure 1).

(A) The image of every interval of the n-th generation with respect to the map Pn is
contained in some (unique) square of the n-th generation. Moreover, this creates a one-
to-one correspondence between the interval of the n-th generation and the squares of n-th
gereration.

(B) The images of every interval of the n-th generation with respect to the map PN

with any N � n are contained in the same square of the n-th generation.

(C) In addition to this, remark that the images of two adjacent intervals of the n-th
generation with respect to Pn (and hence to PN for any N � n)are contained in adjacent
squares of the n-th generation.

Now let us prove Theorem.

Proof of (1). For every x = t 2 [0, 1], there exists a sequence I1 � I2 � I3 � . . . �
In � . . ., where In is an interval of the n-th generation and every In contains t. (Indeed, t
belongs to one or two of the four intervals of the 1st generation; choose one and take it for
I1. This I1 consists of four intervals of the 2nd genertation; one of two of them contain t,
choose one and take it for I2. Same for I3, I4 and so on.)

Moreover, t is a unique common point of all intervals In. (Indeed, if t and u belong to
In for every n, then the distance between t and u does not exceed the length of In, that is
1/2n, and, if it is true for every n, then the distance between t and u is 0, that is, t = u.)

Let Qn is the square of the n-th generation such that Pn(In) ⇢ Qn (see (A)).
Obviously, Q1 � Q2 � Q3 � . . . (Indeed, if N � n, then PN (IN ) ⇢ QN , but also
PN (IN ) ⇢ PN (In) ⇢ Qn (by (B)), thus QN ⇢ Qn.)
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Values at rational points

(this all is seen from Figure 1), and, continuing this, we can see that the values of PN at
all fractions i/4n do not depend of the choice of P0, if N � n. This shows that the values
of P at all fractions whose denominators are powers of 2 do not depend of the choice of
P0, and, since P is continuous, it means that P does not depend on the choice of P0 at all.

5. An animation with comments. Is it possible to “imagine” the Peano curve?
Can we say that when t moves from 0 to 1 in the segment [0, 1], the point P (t) jumps as a
mad flea within the square S? No, the behavior of P is more regular. I will demonstrate
an animation, which will show a sequence of 45 = 1024 “jumps” of P (t). We will see that
during one quarter of the time, the point P (t) remains within the lower left quarter of the
square. Then it moves to the lower right quarter, then to the upper right quarter, and
then to the upper left quarter. Moreover, within each of these four quarters (which are
“1st generation squares”), it travels, respectively, one by one, in the four squares of the
second generation, and so on. Still, we must remember that between ant two consecutive
positions shown in the animation, the point traverses a 32 times reduced copy of the whole
Peano curve. This my answer to the question “How does the Peano curve look like?”

6. Is P one-to-one? Certainly, it is not: Figure 1, right, (as well as the formulas
above) demonstrate that P ( 7

16 ) = P ( 9
16 ). But actually a more general statement is true:

no one-to-one continuous map of the interval [0, 1] onto the square Q can exist.

Indeed, let P be a one-to-one continuous map of the interval [0, 1] onto the square
Q. There arises an inverse map P�1:Q ! [0, 1]; let us prove that it must be also con-
tinuous. Let y1, y2, y3, . . . 2 Q be a converging sequence, so there is a limit y = lim

n!1
yn.

Let P�1(y1) = x1, P�1(y2) = x2, P�1(y3) = x3, . . ., and P�1(y) = x. We want to prove
that lim

n!1
xn = x. If it is not so, then for some " > 0 there exists an infinite subse-

quence xi1 , xi2 , xi3 , . . . of x1, x2, x3, . . . such that for every n, |xin � x| > ". This sequence
xi1 , xi2 , xi3 , . . . must have a converging subsequence, xj1 , xj2 , xj3 , . . . Let lim

n!1
xjn = x0 ;

since for every n, |xjn � x| > ", we must have |x0 � x| � " and, in particular, x0 6= x. But
since P is continuous, P (x0) = lim

n!1
P (xjn) = lim

n!1
yjn = y = P (x) (we use the fact that

every subsequence of a converging sequence is converging and has the same limit), which
contradicts to P being one-to-one: x0 6= x, but P (x0) = P (x).

Thus, if P is one-to one, then there are mutually inverse continuous maps P : [0, 1] ! Q
and P�1:Q ! [0, 1]. There is a long but frequently used word in mathematics which
describes this situations: two geometric figures are connected by mutually inverse con-
tinuous maps; such two figures are called homeomorphic. There are millions reasons,
why the interval [0, 1] and the square Q cannot be homeomorphic. For example, let
y1 = P ( 14 ), y2 = P ( 12 ), y3 = P ( 34 ); these are three di↵erent points of Q. Obviously,
there exists a path s : [0, 1] ! Q which joins y1 with y3 (s(0) = y1, s(1) = y3) and misses
y2(s(t) 6= y2 for all t). The composition s0 = P�1 � s: [0, 1] ! [0, 1] is a continuous func-
tion on [0, 1] such that s0(0) = 1

4 , s
0(1) = 3

4 but 1
2 is not a value of s0; this is obviously

impossible.

Conclusion: a continuous map of the interval [0, 1] onto the square Q cannot be one-
to-one.

7. What is P(13 )? What is P
�1(1,0)? The both question can be answered by one

4

short formula: P ( 13 ) = (1, 0).
You can see in Figure 1 that

P (0) = (0, 0), P ( 14 ) = ( 12 , 0), P ( 14 + 1
16 ) = ( 34 , 0).

One can continue these computations:

P ( 14 + 1
16 + 1

64 ) = ( 78 , 0), . . . , P ( 14 + 1
16 + . . .+ 1

64 ) = (1� 1
2n , 0), . . .

Since
1

4
+

1

42
+

1

43
+ . . . =

1/4

1� (1/4)
=

1

3
, the limit transition yields the result P ( 13 ) =

(1, 0), as was stated. We do not give here the details of this computation, since in next
Section we are going to provide a general formula (or, rather, a general algorithm) for
finding P (t) for a rational t.

8. A “formula” for P(t). The transition from Pn�1 to Pn considered in Section 2
(Figure 1) can be easily describeded by formulas. Let the coordinates of the point Pn(t)
be (Qn(t), Rn(t)) (and the coordinates of the point P (t) be (Q(t), R(t))).

In the left lower quarter square, the curve Pn is a twice decreased copy of the curve
Pn�1 reflected in the diagonal, which corresponds to switching x $ y. In formulas,

for 0  t  1

4
, Pn(t) = (Qn(t), Rn(t)) =

✓
1

2
Rn�1(4t),

1

2
Qn�1(4t)

◆
.

The curve Pn in the right lower quarter square is a twice decreased copy the curve Pn�1

shifted right by 1
2 . In formulas,

for
1

4
 t  1

2
, Pn(t) = (Qn(t), Rn(t)) =

✓
1

2
+

1

2
Qn�1(4t� 1),

1

2
Rn�1(4t� 1)

◆
.

The next portion of Pn, in the upper right quarter square is the same as the last one,
shifted by 1

2 up. Thus,

for
1

2
 t  3

4
, Pn(t) = (Qn(t), Rn(t)) =

✓
1

2
+

1

2
Qn�1(4t� 2),

1

2
+

1

2
Rn�1(4t� 2)

◆
.

And the last portion of Pn is obtained from the first portion by reflection in the point
( 12 ,

1
4 ):

for
3

4
 t  1, Pn(t) = (Qn(t), Rn(t)) =

✓
1

2
� 1

2
Rn�1(4t� 3), 1� 1

2
Qn�1(4t� 3)

◆
.

These four formulas hold for every n. If we take the limit for n ! 1, then Qn�1 and Qn

become Q and Rn�1 and Rn become R. Thus, our four formulas become the following:

Q(t) =

8
>><

>>:

1
2R(4t) for 0  t  1

4
1
2 + 1

2Q(4t� 1) for 1
4  t  1

2
1
2 + 1

2Q(4t� 2) for 1
2  t  3

4
1
2 � 1

2R(4t� 3) for 3
4  t  1

R(t) =

8
>><

>>:

1
2Q(4t) for 0  t  1

4
1
2R(4t� 1) for 1

4  t  1
2

1
2 + 1

2R(4t� 2) for 1
2  t  3

4
1� 1

2Q(4t� 3) for 3
4  t  1
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Peano Curve

1. What is this, and why do we need it? Peano curve (constructed almost
simultaneously, in 1890-1891, by Giuseppe Peano and David Hilbert) is a continuous map
P of the segment [0, 1] into the 1⇥ 1 square, whose image is the whole square.

At the first glance, the mere fact of existence of such a curve seems impossible: how a
continuous curve fill a square? Still, it exists, and we will discuss today a construction of
it. However, it seems unlikely that this counter-intuitive construction can be really useful
in geometry. Its obvious value is purely negative: it is a warning to mathematicians not
to rely on statements like “this is a continuous curve in the square, so obviously there
is a point in the square not covered by it.” But we will see today that the Peano curve
possesses some amazing properties of arithmetic nature, which makes it more than just a
ridiculous absurdity.

2. The construction. For the square, we will take, in the plane with the usual
coordinates (x, y), the square S with the four vertices (0, 0), (1, 0), (1, 1), (0, 1).

Choose an arbitrary (continuous) curve P0 in the square S which goes from (0, 0)
to (0, 1) (an example is shown in Figure 1, left). Divide the square into four “half-size”
squares by the lines x = 1

2 and y = 1
2 . Then in each of these four squares draw a curve

repeating the shape of P0 to obtain four curves, from (0, 0) to ( 12 , 0), from ( 12 , 0) to ( 12 ,
1
2 ),

from ( 12 ,
1
2 ) to ( 12 , 1), and from ( 12 , 1) to (0, 1); these four curves together form a curve P1

in the square S, which again goes from (0, 0) to (0, 1) (Figure 1, middle). Next we apply
the same procedure to the curve P1: again we repeat its shape in the four half-size squares
(or, if you prefer that I say this, we repeat the shape of the initial curve P0 in each of the
sixteen quarter-size squares covering the initial square); we obtain a curve P2, again from
(0, 0) to (0,1) (Figure 1, right). And so on, we construct P3 from P2, P4 from P3, etc.
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Figure 1

We parametrize all these curves in such a way, that on each of them the parameter
goes from 0 to 1. Thus, P1(0) = (0, 0), P1(

1
4 ) = ( 12 , 0), P1(

1
2 ) = ( 12 ,

1
2 ), P1(

3
4 ) = ( 12 , 1),

and P1(1) = (0, 1). Similarly, P2(0) = (0, 0), P2(
1
16 ) = (0, 1

4 ), P2(
1
8 ) = ( 14 ,

1
4 ), P2(

3
8 ) =

( 12 ,
1
4 ), P2(

1
4 ) = ( 12 , 0), and so on.

Our main result is the following

Theorem. (1) For every t 2 [0, 1], the sequence P0(t), P1(t), P2(t), P3(t), . . . ap-
proaches a certain point P (t) in the square S (in mathematical language, the sequence

1

short formula: P ( 13 ) = (1, 0).
You can see in Figure 1 that

P (0) = (0, 0), P ( 14 ) = ( 12 , 0), P ( 14 + 1
16 ) = ( 34 , 0).

One can continue these computations:

P ( 14 + 1
16 + 1

64 ) = ( 78 , 0), . . . , P ( 14 + 1
16 + . . .+ 1

64 ) = (1� 1
2n , 0), . . .

Since
1

4
+

1

42
+

1

43
+ . . . =

1/4

1� (1/4)
=

1

3
, the limit transition yields the result P ( 13 ) =

(1, 0), as was stated. We do not give here the details of this computation, since in next
Section we are going to provide a general formula (or, rather, a general algorithm) for
finding P (t) for a rational t.

8. A “formula” for P(t). The transition from Pn�1 to Pn considered in Section 2
(Figure 1) can be easily describeded by formulas. Let the coordinates of the point Pn(t)
be (Qn(t), Rn(t)) (and the coordinates of the point P (t) be (Q(t), R(t))).

In the left lower quarter square, the curve Pn is a twice decreased copy of the curve
Pn�1 reflected in the diagonal, which corresponds to switching x $ y. In formulas,

for 0  t  1

4
, Pn(t) = (Qn(t), Rn(t)) =

✓
1

2
Rn�1(4t),

1

2
Qn�1(4t)

◆
.

The curve Pn in the right lower quarter square is a twice decreased copy the curve Pn�1

shifted right by 1
2 . In formulas,

for
1

4
 t  1

2
, Pn(t) = (Qn(t), Rn(t)) =

✓
1

2
+

1

2
Qn�1(4t� 1),

1

2
Rn�1(4t� 1)

◆
.

The next portion of Pn, in the upper right quarter square is the same as the last one,
shifted by 1

2 up. Thus,

for
1

2
 t  3

4
, Pn(t) = (Qn(t), Rn(t)) =

✓
1

2
+

1

2
Qn�1(4t� 2),

1

2
+

1

2
Rn�1(4t� 2)

◆
.

And the last portion of Pn is obtained from the first portion by reflection in the point
( 12 ,

1
4 ):

for
3

4
 t  1, Pn(t) = (Qn(t), Rn(t)) =

✓
1

2
� 1

2
Rn�1(4t� 3), 1� 1

2
Qn�1(4t� 3)

◆
.

These four formulas hold for every n. If we take the limit for n ! 1, then Qn�1 and Qn

become Q and Rn�1 and Rn become R. Thus, our four formulas become the following:

Q(t) =

8
>><

>>:

1
2R(4t) for 0  t  1

4
1
2 + 1

2Q(4t� 1) for 1
4  t  1

2
1
2 + 1

2Q(4t� 2) for 1
2  t  3

4
1
2 � 1

2R(4t� 3) for 3
4  t  1

R(t) =

8
>><

>>:

1
2Q(4t) for 0  t  1

4
1
2R(4t� 1) for 1

4  t  1
2

1
2 + 1

2R(4t� 2) for 1
2  t  3

4
1� 1

2Q(4t� 3) for 3
4  t  1
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