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Motivation

Quantum Geometry and Integ rable SYStemS [Okounkov et al]  [Pushkar, Zeitlin, Smirnov]
[PK, Pushkar, Smirnov, Zeitlin]

BPS/CFT Correspondence [Nekrasov Shatashvili]
Geometric g-Langlands Correspondence [Frenkel] [Aganagic, Frenkel, Okounkov]
ODE/' M Correspondence [Bazhanov, Lukyanov, Zamolodchikov]

[Dorey, Tateo]



.. Integrable Many-Body Systems

Calogero in 1971 introduced a new integrable system. Moser in 1975 proved its integrability using Lax pair
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The Calogero-Moser (CM) system has several generalizations ‘CM —> tCM —> eCM
1
Viz) = sinh 22
Another relativistic generalization called Ruijsenaars-Schneider (RS) family rRS —> tRS —> eRS

Heyy = lim Hrg — nmc?

Geometrically described by Hamiltonian reduction of T*GL(n) c— 00




The ITEP Table
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Quantum XXZ Chain
- PPy - -
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SU(n) XXZ spin chain on n sites w/ anisotropies
and twisted periodic boundary conditions

twist eigenvalues Zq

equivariant parameters (anisotropies) a;

Bethe Ansatz Equations
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QQ-Systems ¢

Classical tRS Model q-Opers
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'

B dp; dz;

= EZ: Pi Zq
n-particle trigonometric 15,15 =0

Ruijsenaars-Schneider model

coordinates <;

energy (eigenvalues of Hamiltonians) 67;(0@)

Energy level equations

Ti(z,h) = e;(a), i=1,...,n



[Nekrasov Shatashvili]

Quiver Varieties from Branes [PK Pushkar Smirnov Zeitlin]

Physically: 3d N=4 quiver gauge theory

: 020202020

0
Hom(V;, W; Hom(V;, V14 Hom(V;,V;)| 0 0
0 ;J

Quiver Variety from Hanany-Witten

1 1 1 3
moment map
p:T*R — Lie(G)" L(v,w) = p~*(0)
0
0 0
Y =L(v,w)/oG = L(v,w)ss/G 3
automorphism group H GL(W;) x (C;;
Classical K-theory of X is formed by tensorial polynomials of tautological bundles and their duals
The equivariant K-theory of X is a module over the ring of equivariant constants R = K—r() = Z[(LI_L, I a,,j,fl, hil]
K-theory classes (V) = V®2 _ A3V ) 11
( ) 7(517'”7816):(81_'_"'_'_876) _ Z Sil Sig Sig

Relations (si—a;) =0, i=1---k

e 1<i1<ig<t3<k
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Quantum K-theory

&1 &2 . . :
Quantum equivariant K-theory of Nakajima quiver varieties q < @ e f """""""" .

A®B = A®B + ZA@ded

d=1
V(T Z CVps, >|< Vlr & T‘pw QMgonsmgpg)zd S [(TX(C(;< (X)ZOCHZH
Saddle point limit yields Bethe equations for XXZ
Rt Y Q( 1)Q 2 Q(“Lll) = —1 Qi(w) = || (v —0ia) Ai(2) = | [(z = aip)
G Q) QR =1 b=1

Can be written as QQ-system

EQ(h2)Q; (2) — &imQ; (2)Q; (hz) = Mi(2)Q;", (h2)Q] (%)
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Quantum/Classical Duality from Branes

[PK Gaiotto]

[PK Zeitlin]
Quiver representation data « » Linking Numbers

ri = #D3(R) — #D3(L) + #D5(L)

r; = #D3(L) — #D3(R) + #NS5(R)
3d N=2* qui e | R? x St x I7

=2* quiver theory < » 4d N=2* theory on interval L.R
Quantum K-theory of X < » Calogero-Moser Space AMT —TM = u® v
QKr(X) = C({&}, {ai}v h) ({p’t}) Cotangent bundle to complete flag variety:
(det (w — T({pi}, {ai}, b)) — f(u,{&}, b)) n-particle tRS

IS Lax Matrix = @ @




[PK Gaiotto]

Quantum/Classical Duality

[PK Zeitlin]
1
0 oY oY
01 tRS momenta '5 — ex v =ex
-O 2 p@ p agz ) pf[, p aaz
— 02
0 3 Noapt  de; dp®  da;
Symplectic f Q= LA —= — —LN—
ymplectic form Z_Zl pf < P a
1 4 2 2 tRS energy relations
N N
, det(u — 1) = u— a;), det(u — M) = uw— &
M x M £H ( ) };[1( ) ( ) Z1;[1( i)

> I T ww = el

//'W — W Jjc{1,...,L} z% R e
, =k 7
Y =Y
£7_ 3d mirror symmetry

‘CM Eigenvalues of M and Slodowy formon T

- - -

[,T Eigenvalues of T and Slodowy form on M

space of vacua — intersection points

[Dimofte Gaiotto van der Veen] XXZ/tRS duality! Can we generalize it?

- -



Il. g-Opers — SL(2) Example

Consider vector bundle E over Pl Map of vector bundles A:-F — F4
Upon trivialization A(z) € gl(N,C(z2))

My : P! — P! q< o (o]
2 gz g-gauge transformation (Z)HQ(QZ) (z)g (Z)

Difference equation Dq(s) = As

Definition: A meromorphic (GL(N), q)-connection over P! is a pair (E, A), where

E is a (trivializable) vector bundle of rank N over P! and A is a meromorphic section of
the sheaf Homg , (£, E7) for which A(z) is invertible, i.e. lies in GL(NNV,C(z)). The pair

(E, A) is called an (SL(N), q)-connection if there exists a trivialization for which A(z) has
determinant 1.



q-Opers

Definition: A (GL(2), q)-oper on P! is a triple (E, A, £), where (E, A) is a (GL(2), q)-
connection and £ is a line subbundle such that the induced map A : L — (F/£)? is an
isomorphism. The triple is called an (SL(2), q)-oper if (F, A) is an (SL(2), q)-connection.

in a trivialization S(QZ) /\ A(Z)S(Z) # 0

Definition: A (SL(2), q)-oper with reqular singularities at the points z1,...,zr # 0,00
with weights k1, ... k&, is a meromorphic (SL(2), ¢)-oper (E, A, £) for which A is an isomor-
phism everywhere on P!\ {0, co} except at the points zm, ¢ ' 2m, ¢ *2m, .., ¢ "1z, for
m € {1,..., L}, where it has simple zeros.
. . 0 . ® o 0 |'I
q " Zn q “zn q Zn “n \

Finally, (SL(2),9)-oper is Z-twisted in A(z) is gauge equivalent to a diagonal matrix Z



Miura g-Opers

Miura (SL(2),q)-oper is a quadruple (E, A, L, ﬁ) where (E, A, L) is an (SL(2),q)-oper and L is preserved by the g-connection A

Chose trivialization of L
S(Z) _ <Q—I—(Z)>

Q-_(2) Twist element 7 = diag(¢, (™)

g-Oper condition — SL(2) QQ-system

—1
CQ—(Z)Q-I- (ZC]) o C Q—(ZQ)Q—|— (Z) — A(Z) singularities
L rp—1
One of the polynomials ke _ 4
can be made monic Q+(2) = H(Z — W) A(z) H H (2 =q72)
k—1 p=1 jp=0
A
From QQ-system to Bethe equations A(q(ui]:jk) = —C2 Q??;qus}l) k=1,....m
rﬁwk_ql szp CZ mﬁqwk_wj L 1
q — —C (g 9 — 1, o TTY
WE — Q%2 W — qW,;



g-Miura Transformation

z) Az
A(z) = <g(0) g(z( —)1> Z-twisted g-oper condition A(2) = v(zq) Zv(2) 1, 4 = (g <91>
auge transformation reads p— y(z) O 1 Q—T—(z) p— y(z) _y(z) Q—T—(z>
Gaug f d fU(z) — ( 0 y(Z>_1> (() Ql( )) — ( 0 y(Z)Q_l( )
We find g(z) — Czy(zq)y(z)_l Al2) — p - ( Q—(Z) —1 Q(ZQ)>
(2) = y(2)y(zq) CQ+(Z) ¢ 0r(o0)

The g-oper condition becomes the SL(2) QQ-system (Q-(2)Q+(2q) — C_lQ_(zq)Q+ (z) = A(2)

Difference Equation D,(s) = As D,(s1) = A(2)s2

A(qz
after elimination (Dz —T(qz)D, (4 )> s1 =20



tRS Hamiltonians

Recover 2-body tRS Hamiltonian from a g-Oper

Let Q-=z—p- and Qi =c(z—p+)

ZQ_E_C_qc_lp | QC_C_lp Iplp :(Z—Z )(Z—Z )
g ¢C—¢1TT (= ¢ T /q " )
qOper condition vyields T T

tRS Hamiltonians!



. (G,q)-Connection

G-simple simply-connected complex Lie group

Principal G-bundle F¢ over P! M, - Pl — pl
Z gz
A meromorphic (G,q)-connection on 37(; is a section A of Hom@U (9’(;, 3’%) U-Zariski open dense set

Choose U so that the restriction Fg|y of Fg to U isisomorphic to a trivial G-bundle

A(z) € G(C(2)) on UﬁMq_l(U)

Change of trivialization ~ A(z) — Q(QZ)A(Z)Q(Z)_l



(G,q)-Opers

A meromorphic (G,g)-oper on P! is a triple (Fg, A, Fp_)
A is a meromorphic (G, ¢)-connection

S'VB_ is a reduction of F» to B_

Oper condition: Restriction of the connection on some Zariski open dense set U
. q —1
A.&"GH?GtoUﬂMq (U)
takes values in the double Bruhat cell

B_(ClU N Mq_l(U)])cB_((C[U N Mq_l(U)]) Coxeter element: ¢ = []; s

d ¢i(z) € C(2) and n(z),n’(z) € N_(z)



Miura (G,q)-Opers

Definition: A Miura (G, q)-oper on P! is a quadruple (Fg, A, Fp_,Fp, ), where (Fq, A, Fp_)
is a meromorphic (G, g)-oper on P! and Fp, is a reduction of the G-bundle F¢ to B, that
is preserved by the g-connection A.

It can be shown that the two flags Fp_ and Jg, arein generic relative position for some dense set V

The fiber Fg x of ¢ at x is a G-torsor with reductions Fg_ x and I,
to B_ and B, respectively. Choose any trivialization of J¢ «, 1.e. an
isomorphism of G-torsors g x >~ G. Under this isomorphism, Ip_
gets identified with aB_ C G and I, x with bB;.

Then a~'b is a well-defined element of the double quotient B_\G/B;,
which is In bijection with Wg.

We will say that ¥g_ and Fg, have a generic relative position at x € X
if the element of W assigned to them at x is equal to 1 (this means
that the corresponding element a~'b belongs to the open dense Bruhat

cell 6_ - B+ C G)



Structure Theorems

Theorem 1: For any Miura (G, q)-oper on P!, there exists a trivialization of the under-
lying G-bundle T on an open dense subset of P! for which the oper q-connection has the
form

A(z) € N-(2) | [((¢i(2)*si)N-(2) N By.(2),

[

Theorem 2: ~ Let F be any field, and fix \; € F*,i=1,...,r. Then every element of the
set N_ ], \;"si N N B4 can be written in the form

- %1
Qs — €4 X
||giZ€gz 9 giGFv

where each t; € F'* 1s determined by the lifting s;.



Adding Singularities and Twists

Consider family of polynomials {AZ’ (Z) }izlj,“,rp

(G,q)-oper with regular singularities can be written as

Using structure theorem every Miura (G,q)-oper with singularities reads
5 A;(z o
(8% () ©1 X
A(z) = | | gi(2)* e9il=) ™ gi(z) € C(z)
7

(G.q)-oper is Z-twisted if it is equivalent to a constantelementof G 7 € H C H(z) Zisregularsemisimple. There are Wea

B Miura (G,q)-opers for each (G,q)-opers
A(z) = g(qz)Zg(2) "

Z-twisted Miura (G,q)-oper if gauge transform is from Borel

A(2) = v(q2) Zv(2) 71, v(z) € Bi(2)



Plucker Relations

V" irrep of G with highest weight w); Line L; C V;  stableunder B

Plucker relations: for two integral dominant weights L4, C V)4, 1s the image of Ly ® L, C V) ® V,

under canonical projection Vi ® Vu — VAJm

Conversely, for a collection of lines Ly C V)  satisfying Plucker relations dB C (G suchthat L) is stabilized by B for all A

A choice of B is equivalent to a choice of B, -torsor in G

Let v, be a generator of the line L; C V;. Thisisavector of weight w; wit H C B.

The subspace of V; of weight w; — a; is one-dimensional and spanned by  Ji * Vi,

Thus the 2d subspace spanned by {sz., fz - Vwi} 1S a B+—invariant subspace of VL



Miura-Plucker (G,q)-Opers

let (Fg,A,F_,TFp,) be a Miura (G, g)-oper with regular singularities {Ai(2) bim1,r
Associated vector bundle V; = 9TB+ ; Vi = F¢ é Vi contains rank-two subbundle W; = 973+ §< W
+ +
associated to W; C V;, and W; in turn contains a line subbundle £L£; = Jp L X L;
By
Using structure theorems we obtain r Miura (GL(2),q)-opers gz(z) AZ(Z) Hj>z' 9j (Z)_aji

AZ(Z) —
0 g; () [z 95(2) %

Z-twisted Miura-Plucker (G,q)-oper is meromorphic Miura (G,qg)-oper on P1 such that for each Miura (GL(2),9)-oper

Ai(2) = v(2q) Zv(2) Hw, = vi(2q) Zivi(2) ™1 where v;(2) = v(2)|lw, and Z; = Z|w



QQ-System

There 1s a one-to-one correspondence between the set of nondegenerate Z -
twisted Miura-Plicker (G, q)-opers and the set of nondegenerate polynomaial solutions of the

QQ-system

Theorem:

EQ(2)Q(q2) — Q" (g2)Q', (2) =
yE [T Qe TTI @] 7 =

71>1 1<

s=allg” a=¢'1Ig™

J>1 1<t
r r Q" (2) i (
Proof uses v(z) = Hyz(z)o‘@ H e GET , 9i(2) = Gi—; )
_|_

1=1 1=1



XXZ Bethe Ansatz Equations for G

roots of Q+
; . ; —Qjq . ; — Qg4
QLav) 17 o _ Ai(wi) T | @ (qui) | Ty | @ (w))]
i (y—1,,k 7 ; ] T ] e
g he) 5 Ailg i) TTjsy @4 (i) | Ty | @ (g wh)
Space of nondegenerate solutionsof| . . |Nondegenerate Z-twisted Miura-Plucker (G,q)-opers
QQ-system for G with regular singularities

?

Space of nondegenerate solutions of o Nondegenerate Z-twisted Miura (G,q)-opers
XXZ for G . with regular singularities



Quantum Backlund Transformation

Theorem: Consider the following g-gauge transformation | —aj;
] [@L)

A AW — eﬂi(qz)fiA(Z)e_Hi(z)fi’ where p1;(2) = J7 .
QY (2)QL(2)

. . ~i Al i—1 A it r
changes the set QL (2) = QL (2), J # 1, {Q =1, ={Q1,...,Qy ,Q_, Q" ..., QL }
of Q-functions QY (2) = Q' (2),  Z— si(Z) {ZY=tr={z,.. .z, |27, 2}

Now the strategy is to successively apply Backlund transformations according to the reduced
decomposition of the element of the Weyl group

Consider longest element Wwo = Siy - -+ Sy,

Theorem: Every Z-twisted Miura-Plucker (G,q)-oper is Z-twisted Miura (G,q)-oper

The proof based on properties of double Bruhat cells addresses existence of the diagonalizing element v(z) (to be constructed later)



The QQ-system

g-Oper condition

(SL(N),q)-Opers

§idi(z) — Sir10i(qz) = pi(2)

v(gz) " A(z) = Zu(z) ™

Diagonalizing element

1

Q; (2)

Q15(2)

QY (2)

Q3 (2)
Q7 (2)

Q3 (2)

Q7 (2)
Q3 (2)

Q7 (2)

> (2)

Q7 (2)

.....

.....

)

)

)

oou,

oooooo

form extended QQ-system



