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Harmonic Oscillator
Harmonic oscillator
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Phase space — symplectic manifold  ℳ
Symplectic form ω = dp ∧ dx

Lagrangian  is a middle-dimensional submanifold and 

such that the restriction of the symplectic form on  vanishes 

ℒ ⊂ ℳ
ℒ
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Hamilton equations
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Combining
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Classical Integrability
Equations of motion Integrability — family of  conserved quantities


that Poisson commute with each other 
n
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{Hi, Hj} = 0 i, j = 1, . . . , n

Compact Lagrangians :  are isomorphic to toriℒ {Hi = Ei}

Liouville-Arnold Theorem

Evolution in the neighborhood of  is linearized in action/angle variables  ℒ {Ii, φi}n
i=1
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Action/angle variables are hard to find
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Poisson bracket is induced by the symplectic form



Examples

Many-body integrable systems — Calogero, Toda, Ruijsenaars

Continuous integrable models in (1+1)-dimensions: Korteweg-de-Vries, Intermediate 

Long-Wave, etc.

They admit soliton solutions. Sectors with N solitons are described by finite N-body 

integrable systems  
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ut = 6uux � uxxx

Simple models from grade school/undergraduate — oscillator, Kepler problem, etc.

[UofA faculty: Newell, Gabitov, Chertkov 
 Moloney, Zakharov, Izosimov,…]



Quantization 
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p, x 7! p̂, x̂
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{A,B}P.B. 7! [A,B]

Coordinates and momenta 

become operators

Poisson brackets associated to  

become commutators

ω
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[p̂, x̂] = �i~
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x̂f(x) = xf(x)

p̂f(x) = �i~f 0(x)

Lagrangian constraint 
<latexit sha1_base64="EpIcZ8FcKS6WIQ1jkJ+m6eMYEzc=">AAACCHicbVDLSsNAFL2pr1pfUZcuDBZBEEtSiroRiiK4rGAf0MYymU7aoZNJmJmIJWTpxl9x40IRt36CO//GaZuFVg8MnHvOvdy5x4sYlcq2v4zc3PzC4lJ+ubCyura+YW5uNWQYC0zqOGShaHlIEkY5qSuqGGlFgqDAY6TpDS/GfvOOCElDfqNGEXED1OfUpxgpLXXN3Y4vEE6i23KalNPDaXU/rY4uz+yuWbRL9gTWX+JkpAgZal3zs9MLcRwQrjBDUrYdO1JugoSimJG00IkliRAeoj5pa8pRQKSbTA5JrX2t9Cw/FPpxZU3UnxMJCqQcBZ7uDJAayFlvLP7ntWPln7oJ5VGsCMfTRX7MLBVa41SsHhUEKzbSBGFB9V8tPEA6C6WzK+gQnNmT/5JGueQclyrXlWL1PIsjDzuwBwfgwAlU4QpqUAcMD/AEL/BqPBrPxpvxPm3NGdnMNvyC8fENzOOZMA==</latexit>

p2

2
+

x2

2
� E = 0

Replaced by operator
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Heisenberg algebra

Integrability
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[Hi, Hj ] = 0
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Hi : H ! H

Finding action/angle variables -> simultaneous diagonalization of Hi

Some models like spin chains are intrinsically quantum

Quantization is as much art as it is science
[Gukov, PK, Nawata, Pei, Saberi 

Monograph SpringerBriefs]



I got really fascinated by these (1+1)-dimensional models that are solved by the Bethe 
ansatz and how mysteriously they jump out at you and work and you don’t know why.  

I am trying to understand all this better.



Physical Mathematics

Enumerative Algebraic Geometry

Geometric (q-)Langlands Correspondence

[Givental, Kim]
[Pushkar, Zeitlin, Smirnov][PK, Pushkar, Smirnov, Zeitlin]

[Frenkel] [Aganagic, Frenkel, Okounkov]

[Bazhanov, Lukyanov, Zamolodchikov][Dorey, Tateo]
Dualities between Integrable Systems [PK, Gaiotto][PK, Zeitlin][Matsuo, Cherednik]

[Frenkel, PK, Sage, Zeitlin]

We will see that geometry and integrability go hand in hand and that both subjects benefit 
from each other:


i) Geometry provides a universal framework to study integrable systems while integrability 
helps performing certain curve counting calculations among other things


ii) Geometry helps to prove dualities  

[Okounkov] [Givental, Lee]
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I. Many-Body Systems
Calogero in 1971 introduced a new many-body system. Moser in 1975 proved its integrability

HCM =
nX

i=1

p
2
i

2m
+ g

2
X

j 6=i

1

(xi � xj)2

The Calogero-Moser (CM) system admits generalizations:

rational CM  trigonometric CM  elliptic CM→ →

Relativistic generalization is called 

Ruijsenaars-Schneider (RS) family

rRS  tRS  eRS→ →

HCM = lim
c!1

HRS � nmc
2

x1

x2
xnx1 x2

xn



Example: tRS Model with 2 Particles

<latexit sha1_base64="cmTKOq05pD1TbuHEnKcq1aGwAek=">AAACOHicbVDLSgMxFM34rPVVdekmWARBLJNS1I1QdOPOCn1BZxgyaaYNzTxIMmIZ+llu/Ax34saFIm79AjOdAbX1Qsg5555Lco8bcSaVaT4bC4tLyyurhbXi+sbm1nZpZ7ctw1gQ2iIhD0XXxZJyFtCWYorTbiQo9l1OO+7oKu137qiQLAyaahxR28eDgHmMYKUlp3TTdBC8gJYnMEmse+agEwXTuzrJaUYiBx3/mKq5CU1ympHIqTqlslkxpwXnAcpBGeTVcEpPVj8ksU8DRTiWsofMSNkJFooRTidFK5Y0wmSEB7SnYYB9Ku1kuvgEHmqlD71Q6BMoOFV/TyTYl3Lsu9rpYzWUs71U/K/Xi5V3bicsiGJFA5I95MUcqhCmKcI+E5QoPtYAE8H0XyEZYh2P0lkXdQhoduV50K5W0Gmldlsr1y/zOApgHxyAI4DAGaiDa9AALUDAA3gBb+DdeDRejQ/jM7MuGPnMHvhTxtc3FQ+rbw==</latexit>

T1 =
⇠1 � t⇠2
⇠1 � ⇠2

p1 +
⇠2 � t⇠1
⇠2 � ⇠1

p2

<latexit sha1_base64="Hv3EyjFbXrP5amGNTdXgvzwBoJg=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUS9C0YvHCv2CNoTNdtMu3Wzi7qZQQn+HFw+KePXHePPfuE1z0NYHA4/3ZpiZ58ecKW3b31ZhY3Nre6e4W9rbPzg8Kh+fdFSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT+4XfndKpWKRaOlZTN0QjwQLGMHaSG7Lq6FbFHuOqZpXrthVOwNaJ05OKpCj6ZW/BsOIJCEVmnCsVN+xY+2mWGpGOJ2XBomiMSYTPKJ9QwUOqXLT7Og5ujDKEAWRNCU0ytTfEykOlZqFvukMsR6rVW8h/uf1Ex3cuCkTcaKpIMtFQcKRjtAiATRkkhLNZ4ZgIpm5FZExlphok1PJhOCsvrxOOrWqc1WtP9Yrjbs8jiKcwTlcggPX0IAHaEIbCDzBM7zCmzW1Xqx362PZWrDymVP4A+vzB1YvkIg=</latexit>

T2 = p1p2

Hamiltonians Log-symplectic form

<latexit sha1_base64="T1dRBNXNnm+u5QpU0Anz/To42fw=">AAACJHicbVDLSsQwFE19O75GXboJDoKroRVRQYRBN+5UcB4wLSVNb8dg0pYkVYcyH+PGX3Hjwgcu3PgtpjMV1PFAcg/n3EtyT5ByprRtf1gTk1PTM7Nz85WFxaXllerqWkslmaTQpAlPZCcgCjiLoamZ5tBJJRARcGgH1yeF374BqVgSX+p+Cp4gvZhFjBJtJL966J4J6BF8hF2VCZ9hN5KE5mHqs0FeXO4thD34lt07Vhij4ldrdt0eAo8TpyQ1VOLcr766YUIzAbGmnCjVdexUezmRmlEOg4qbKUgJvSY96BoaEwHKy4dLDvCWUUIcJdKcWOOh+nMiJ0KpvghMpyD6Sv31CvE/r5vp6MDLWZxmGmI6eijKONYJLhLDIZNANe8bQqhk5q+YXhEThza5VkwIzt+Vx0lrp+7s1XcvdmuN4zKOObSBNtE2ctA+aqBTdI6aiKJ79Iie0Yv1YD1Zb9b7qHXCKmfW0S9Yn19l46X3</latexit>

⌦ =
X

i

dpi
pi

^ d⇠i
⇠i

Integrals of motion

<latexit sha1_base64="g+KKlg5Fwvorz//anAYPtDpe+gA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9CUQSPFfol7bJk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2Ho9up336iSrNYNsw4ob7AA8kiRrCx0mMjYOga3QUsKFfcqjsDWiZeTiqQox6Uv3r9mKSCSkM41rrruYnxM6wMI5xOSr1U0wSTER7QrqUSC6r9bHbwBJ1YpY+iWNmSBs3U3xMZFlqPRWg7BTZDvehNxf+8bmqiKz9jMkkNlWS+KEo5MjGafo/6TFFi+NgSTBSztyIyxAoTYzMq2RC8xZeXSeus6l1Uzx/OK7WbPI4iHMExnIIHl1CDe6hDEwgIeIZXeHOU8+K8Ox/z1oKTzxzCHzifP2kOj4M=</latexit>

Ti = Ei

Quantization
<latexit sha1_base64="pZEisM6eApbZvdUVIU4Ii993Yl8=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCWoAhakChbGItGH1ITIcZzWrfPAdhBVlC9g4VdYGECIlZmNv8FpM0DLka7u0Tn3yr7HjRkV0jC+tdLS8srqWnm9srG5tb2j7+51RJRwTNo4YhHvuUgQRkPSllQy0os5QYHLSNcdX+Z+955wQaPwRk5iYgdoEFKfYiSV5Oi12KHQeqDOCJ4XPVfublPLI0wiJ6WjLHP0qlE3poCLxCxIFRRoOfqX5UU4CUgoMUNC9E0jlnaKuKSYkaxiJYLECI/RgPQVDVFAhJ1Oz8lgTSke9COuKpRwqv7eSFEgxCRw1WSA5FDMe7n4n9dPpH9mpzSME0lCPHvITxiUEcyzgR7lBEs2UQRhTtVfIR4ijrBUCVZUCOb8yYukc1w3T+qN60a1eVHEUQYH4BAcAROcgia4Ai3QBhg8gmfwCt60J+1Fe9c+ZqMlrdjZB3+gff4Ai++b1g==</latexit>

pi⇠j = ⇠jpiq
�ij

<latexit sha1_base64="AzklI4/Ua52JlHhTdxHPJsACKaE=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWRoi6L3bisYB/QxDKZTtqhk0mcuRFKKPgrblwo4tbvcOffOGm70NYDA4dz7uWeOUEiuAbH+bYKK6tr6xvFzdLW9s7unr1/0NJxqihr0ljEqhMQzQSXrAkcBOskipEoEKwdjOq5335kSvNY3sE4YX5EBpKHnBIwUs8+evC49CICwyDI6pN7D3jEdM8uOxVnCrxM3DkpozkaPfvL68c0jZgEKojWXddJwM+IAk4Fm5S8VLOE0BEZsK6hkpgjfjaNP8GnRunjMFbmScBT9fdGRiKtx1FgJvOgetHLxf+8bgrhlZ9xmaTAJJ0dClOBIcZ5F7jPFaMgxoYQqrjJiumQKELBNFYyJbiLX14mrfOKe1Gp3lbLtet5HUV0jE7QGXLRJaqhG9RATURRhp7RK3qznqwX6936mI0WrPnOIfoD6/MHzj2WCw==</latexit>

q 2 C⇥

tRS Momenta are shift operators
<latexit sha1_base64="7+4DxTdpKy0I3+BrNxnPabSfU4M=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWoW5KIkXdCEU3LivYC7QhTKaTduhkEmcmYil146u4caGIW9/CnW/jtM1CW38Y+PjPOZw5f5BwprTjfFsLi0vLK6u5tfz6xubWtr2zW1dxKgmtkZjHshlgRTkTtKaZ5rSZSIqjgNNG0L8a1xv3VCoWi1s9SKgX4a5gISNYG8u39xOfobDYfmA+O0YXBu+m7NsFp+RMhObBzaAAmaq+/dXuxCSNqNCEY6VarpNob4ilZoTTUb6dKppg0sdd2jIocESVN5xcMEJHxumgMJbmCY0m7u+JIY6UGkSB6Yyw7qnZ2tj8r9ZKdXjuDZlIUk0FmS4KU450jMZxoA6TlGg+MICJZOaviPSwxESb0PImBHf25Hmon5Tc01L5plyoXGZx5OAADqEILpxBBa6hCjUg8AjP8Apv1pP1Yr1bH9PWBSub2YM/sj5/ABU+lWI=</latexit>

pif(⇠i) = f(q⇠i)

Eigenvalue Equations
<latexit sha1_base64="3xmxajbmHC4hH4nqd9ZQ1z5QnT4=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiRS1I1QFMFlhb6gDWUynbRDJ5M4MymU0O9w40IRt36MO//GSZuFth643MM59zJ3jh9zprTjfFuFtfWNza3idmlnd2//wD48aqkokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH99lfntCpWKRaOhpTL0QDwULGMHaSF6jz1AL3aD7rPftslNx5kCrxM1JGXLU+/ZXbxCRJKRCE46V6rpOrL0US80Ip7NSL1E0xmSMh7RrqMAhVV46P3qGzowyQEEkTQmN5urvjRSHSk1D30yGWI/UspeJ/3ndRAfXXspEnGgqyOKhIOFIRyhLAA2YpETzqSGYSGZuRWSEJSba5FQyIbjLX14lrYuKe1mpPlbLtds8jiKcwCmcgwtXUIMHqEMTCDzBM7zCmzWxXqx362MxWrDynWP4A+vzB24skJc=</latexit>

TiV = EiV

Coordinates , momenta  

coupling constant , energies 

ξi pi
t Ei

(Macdonald operators)



II. Quantum Integrability
g be Lie algebra loop algebra of Laurent polynomials in  

valued in 
t

𝔤

V1(a1)⌦ · · ·⌦ Vn(an)

Let

Tensor product of its representations 

ĝ = g(t)

 are values for ai t

Quantum group is a noncommutative deformation U~(ĝ)

with an intertwiner

R-matrix

satisfying Yang-Baxter equation

[a, b] ∈ 𝔤

<latexit sha1_base64="ajSNWGNUXcQ6N3yDjmoQvkZXjfQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3dSkSHVZdOOyik0LbRgm00k7dDIJMxOhhuKvuHGhiFv/w51/47TNQqsHLhzOuZd77wkSzpR2nC+rsLS8srpWXC9tbG5t79i7e56KU0loi8Q8lp0AK8qZoC3NNKedRFIcBZy2g9HV1G/fU6lYLO70OKF+hAeChYxgbSRkH9yizEMu9FBtUsHIPcWodoLsslN1ZoB/iZuTMsjRRPZnrx+TNKJCE46V6rpOov0MS80Ip5NSL1U0wWSEB7RrqMARVX42u34Cj43Sh2EsTQkNZ+rPiQxHSo2jwHRGWA/VojcV//O6qQ4v/IyJJNVUkPmiMOVQx3AaBewzSYnmY0MwkczcCskQS0y0CaxkQnAXX/5LvFrVrVfrN2flxmUeRxEcgiNQAS44Bw1wDZqgBQh4AE/gBbxaj9az9Wa9z1sLVj6zD37B+vgGtR6Tdw==</latexit>

RV1V2(a1/a2)

<latexit sha1_base64="fCO4yJ4N1zE8EE9e+f8VxV6Lz+w=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspGpHosevFYwX5AuyzZNNuGZrNrkhXK0j/hxYMiXv073vw3pu0etPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nirIWjUWsugHRTHDJWoYbwbqJYiQKBOsE49uZ33liSvNYPphJwryIDCUPOSXGSt22j6vEx+d+ueLW3DnQKsE5qUCOpl/+6g9imkZMGiqI1j3sJsbLiDKcCjYt9VPNEkLHZMh6lkoSMe1l83un6MwqAxTGypY0aK7+nshIpPUkCmxnRMxIL3sz8T+vl5rw2su4TFLDJF0sClOBTIxmz6MBV4waMbGEUMXtrYiOiCLU2IhKNgS8/PIqaV/UcL1Wv7+sNG7yOIpwAqdQBQxX0IA7aEILKAh4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AYNojv0=</latexit>

V1(a1)
<latexit sha1_base64="GUirj+hp8ANddLuJWYCToBXtiCM=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSAJbDbd0oWGbru2XROy4U948aAxXv073vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+POlqmitA2kVyqbog15UzQtmGG026iKI5DTh/C8c3Mf3iiSjMp7s0koX6Mh4JFjGBjpW4nqFdxUD8PyhW35s6BVomXkwrkaAXlr/5AkjSmwhCOte55bmL8DCvDCKfTUj/VNMFkjIe0Z6nAMdV+Nr93is6sMkCRVLaEQXP190SGY60ncWg7Y2xGetmbif95vdREV37GRJIaKshiUZRyZCSaPY8GTFFi+MQSTBSztyIywgoTYyMq2RC85ZdXSade8xq1xt1FpXmdx1GEEziFKnhwCU24hRa0gQCHZ3iFN+fReXHenY9Fa8HJZ47hD5zPH4Z2jv8=</latexit>

V2(a2)

<latexit sha1_base64="GUirj+hp8ANddLuJWYCToBXtiCM=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLDHokevGIiSAJbDbd0oWGbru2XROy4U948aAxXv073vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+POlqmitA2kVyqbog15UzQtmGG026iKI5DTh/C8c3Mf3iiSjMp7s0koX6Mh4JFjGBjpW4nqFdxUD8PyhW35s6BVomXkwrkaAXlr/5AkjSmwhCOte55bmL8DCvDCKfTUj/VNMFkjIe0Z6nAMdV+Nr93is6sMkCRVLaEQXP190SGY60ncWg7Y2xGetmbif95vdREV37GRJIaKshiUZRyZCSaPY8GTFFi+MQSTBSztyIywgoTYyMq2RC85ZdXSade8xq1xt1FpXmdx1GEEziFKnhwCU24hRa0gQCHZ3iFN+fReXHenY9Fa8HJZ47hD5zPH4Z2jv8=</latexit>

V2(a2)
<latexit sha1_base64="fCO4yJ4N1zE8EE9e+f8VxV6Lz+w=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspGpHosevFYwX5AuyzZNNuGZrNrkhXK0j/hxYMiXv073vw3pu0etPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nirIWjUWsugHRTHDJWoYbwbqJYiQKBOsE49uZ33liSvNYPphJwryIDCUPOSXGSt22j6vEx+d+ueLW3DnQKsE5qUCOpl/+6g9imkZMGiqI1j3sJsbLiDKcCjYt9VPNEkLHZMh6lkoSMe1l83un6MwqAxTGypY0aK7+nshIpPUkCmxnRMxIL3sz8T+vl5rw2su4TFLDJF0sClOBTIxmz6MBV4waMbGEUMXtrYiOiCLU2IhKNgS8/PIqaV/UcL1Wv7+sNG7yOIpwAqdQBQxX0IA7aEILKAh4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AYNojv0=</latexit>

V1(a1)



Heisenberg Spin Chain

Z

spin-1/2 XXZ chain on  sitesn
<latexit sha1_base64="qUhehNnu2rEDK8xsi3nvMlWpIzs=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahbspMkeqy2I3LCvYB7VgyaaYNTTJjkhHKUHDjr7hxoYhbf8Kdf2OmnYW2HrhwOOde7r3HjxhV2nG+rdzK6tr6Rn6zsLW9s7tn7x+0VBhLTJo4ZKHs+EgRRgVpaqoZ6USSIO4z0vbH9dRvPxCpaChu9SQiHkdDQQOKkTZS3z5qldBZT1FO7mGPIz3y/aQ+vasYtW8XnbIzA1wmbkaKIEOjb3/1BiGOOREaM6RU13Ui7SVIaooZmRZ6sSIRwmM0JF1DBeJEecnshyk8NcoABqE0JTScqb8nEsSVmnDfdKZnqkUvFf/zurEOLr2EiijWROD5oiBmUIcwDQQOqCRYs4khCEtqboV4hCTC2sRWMCG4iy8vk1al7FbL1ZvzYu0qiyMPjsEJKAEXXIAauAYN0AQYPIJn8ArerCfrxXq3PuatOSubOQR/YH3+AD4WlqQ=</latexit>

V (a) ' C2(a)

<latexit sha1_base64="oP3m84hSyoM9OqcUnwcR+reuHIc=">AAACG3icbZDLSsNAFIYnXmu8RV26CRbBVUmKVJdFNy4r2As0pUwmJ+nQySTMTNQS+h5ufBU3LhRxJbjwbZy2QbT1h4Gf75zDnPP7KaNSOc6XsbS8srq2XtowN7e2d3atvf2WTDJBoEkSloiOjyUwyqGpqGLQSQXg2GfQ9oeXk3r7FoSkCb9RoxR6MY44DSnBSqO+VfUYhErQaKCwEMmd50NEeZ7GWMP7sel6numYHvDgh/WtslNxprIXjVuYMirU6FsfXpCQLAauCMNSdl0nVb0cC0UJg7HpZRJSTIY4gq62HMcge/n0trF9rElgh4nQjyt7Sn9P5DiWchT7ulPvN5DztQn8r9bNVHjeyylPMwWczD4KM2arxJ4EZQdUAFFspA0mgupdbTLAAhOl4zR1CO78yYumVa24tUrt+rRcvyjiKKFDdIROkIvOUB1doQZqIoIe0BN6Qa/Go/FsvBnvs9Ylo5g5QH9kfH4DLrCiHw==</latexit>

$
✓
1
0

◆ <latexit sha1_base64="GrmnguBmni97hvW7wt8SzJvRQDg=">AAACG3icbZDLSsNAFIYnXmu8RV26CRbBVUmKVJdFNy4r2As0pUwmJ+nQySTMTNQS+h5ufBU3LhRxJbjwbZy2QbT1h4Gf75zDnPP7KaNSOc6XsbS8srq2XtowN7e2d3atvf2WTDJBoEkSloiOjyUwyqGpqGLQSQXg2GfQ9oeXk3r7FoSkCb9RoxR6MY44DSnBSqO+VfUYhErQaKCwEMmd50NEeZ7GWMP7sel4numaHvDgh/WtslNxprIXjVuYMirU6FsfXpCQLAauCMNSdl0nVb0cC0UJg7HpZRJSTIY4gq62HMcge/n0trF9rElgh4nQjyt7Sn9P5DiWchT7ulPvN5DztQn8r9bNVHjeyylPMwWczD4KM2arxJ4EZQdUAFFspA0mgupdbTLAAhOl4zR1CO78yYumVa24tUrt+rRcvyjiKKFDdIROkIvOUB1doQZqIoIe0BN6Qa/Go/FsvBnvs9Ylo5g5QH9kfH4DLqyiHw==</latexit>

$
✓
0
1

◆

k n-ksector

<latexit sha1_base64="f1wQ0YjtJqYMbeXOP3i1uz0yNrE=">AAACEnicbVDLSsNAFJ3UV42vqEs3waLopiQi1Y1QdOOygn1AE8pkctsOnUzCzEQsod/gxl9x40IRt67c+TdO2yDaemCGwzn3cu89QcKoVI7zZRQWFpeWV4qr5tr6xuaWtb3TkHEqCNRJzGLRCrAERjnUFVUMWokAHAUMmsHgauw370BIGvNbNUzAj3CP0y4lWGmpYx3DhRdAj/IsibAS9H5kOoeu5+nfMT3g4Y/esUpO2ZnAniduTkooR61jfXphTNIIuCIMS9l2nUT5GRaKEgYj00slJJgMcA/amnIcgfSzyUkj+0Arod2NhX5c2RP1d0eGIymHUaAr9X59OeuNxf+8dqq6535GeZIq4GQ6qJsyW8X2OB87pAKIYkNNMBFU72qTPhaYKJ2iqUNwZ0+eJ42TslspV25OS9XLPI4i2kP76Ai56AxV0TWqoToi6AE9oRf0ajwaz8ab8T4tLRh5zy76A+PjG3/anMM=</latexit>

e =

✓
0 1
0 0

◆

<latexit sha1_base64="1nHgrWylu+3LyAOzHDcchqmx/+Q=">AAACEnicbVBNS8NAEN34WeNX1KOXYLHopSQi1YtQ9OKxgv2AJpTNdtIu3WzC7kYsob/Bi3/FiwdFvHry5r9x2wbR1gcDj/dmmJkXJIxK5ThfxsLi0vLKamHNXN/Y3Nq2dnYbMk4FgTqJWSxaAZbAKIe6oopBKxGAo4BBMxhcjf3mHQhJY36rhgn4Ee5xGlKClZY61nF44QXQozxLIqwEvR+ZTsnxPNMtOaYHvPujd6yiU3YmsOeJm5MiylHrWJ9eNyZpBFwRhqVsu06i/AwLRQmDkemlEhJMBrgHbU05jkD62eSlkX2ola4dxkIXV/ZE/T2R4UjKYRToTn1fX856Y/E/r52q8NzPKE9SBZxMF4Ups1Vsj/Oxu1QAUWyoCSaC6ltt0scCE6VTNHUI7uzL86RxUnYr5crNabF6mcdRQPvoAB0hF52hKrpGNVRHBD2gJ/SCXo1H49l4M96nrQtGPrOH/sD4+AaBgpzE</latexit>

f =

✓
0 0
1 0

◆

<latexit sha1_base64="8TgxrombYjlNWDZszVrmQnqznag=">AAACE3icbVBNS8NAEN3Urxq/oh69BItFBEsiUr0IRS8eK9gPaELZbKft0s0m7G7EEvofvPhXvHhQxKsXb/4bt20QbX0w8Hhvhpl5QcyoVI7zZeQWFpeWV/Kr5tr6xuaWtb1Tl1EiCNRIxCLRDLAERjnUFFUMmrEAHAYMGsHgauw37kBIGvFbNYzBD3GP0y4lWGmpbR31L7wAepSncYiVoPcj0y06nmc6xWPX9IB3foy2VXBKzgT2PHEzUkAZqm3r0+tEJAmBK8KwlC3XiZWfYqEoYTAyvURCjMkA96ClKcchSD+d/DSyD7TSsbuR0MWVPVF/T6Q4lHIYBrpT39eXs95Y/M9rJap77qeUx4kCTqaLugmzVWSPA7I7VABRbKgJJoLqW23SxwITpWM0dQju7MvzpH5Scsul8s1poXKZxZFHe2gfHSIXnaEKukZVVEMEPaAn9IJejUfj2Xgz3qetOSOb2UV/YHx8A/tInP4=</latexit>

h =

✓
1 0
0 �1

◆
<latexit sha1_base64="iSFBwCSVjLKBd0M1b+zMhPI+Cfk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVC9C0YvHCvYD0lA220m7dLMJuxuhlP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0wF18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRJphg2WCIS1Q6pRsElNgw3AtupQhqHAlvh8G7qt55QaZ7IRzNKMYhpX/KIM2qs1PLxPApuBt1S2a24M5Bl4uWkDDnq3dJXp5ewLEZpmKBa+56bmmBMleFM4KTYyTSmlA1pH31LJY1RB+PZuRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP8/PTHQdjLlMM4OSzRdFmSAmIdPfSY8rZEaMLKFMcXsrYQOqKDM2oaINwVt8eZk0LypetVJ9uCzXbvM4CnAMJ3AGHlxBDe6hDg1gMIRneIU3J3VenHfnY9664uQzR/AHzucPn+GPHw==</latexit>

[e, f ] = h

<latexit sha1_base64="6DtPWxkpG5apXzcofpisMZ4IuTU=">AAAB73icbVBNS8NAEJ34WetX1aOXYBE8SEmKVC9C0YvHCvYD0lA220m7dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq2V1bX1jc3CVnF7Z3dvv3Rw2FJxKik2acxj2QmIQs4ENjXTHDuJRBIFHNvB6Hbqt59QKhaLBz1O0I/IQLCQUaKN1PGG5+hfV7FXKjsVZwZ7mbg5KUOORq/01e3HNI1QaMqJUp7rJNrPiNSMcpwUu6nChNARGaBnqCARKj+b3TuxT43St8NYmhLanqm/JzISKTWOAtMZET1Ui95U/M/zUh1e+RkTSapR0PmiMOW2ju3p83afSaSajw0hVDJzq02HRBKqTURFE4K7+PIyaVUrbq1Su78o12/yOApwDCdwBi5cQh3uoAFNoMDhGV7hzXq0Xqx362PeumLlM0fwB9bnDxFQj1o=</latexit>

[h, e] = 2e

<latexit sha1_base64="24C19uTtsO38AXHOnLS+3lyKKEo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgQcNukOhFCHrxGME8ZLOE2clsMmRmdpmZFcKSr/DiQRGvfo43/8bJ46CJBQ1FVTfdXWHCmTau++3kVlbX1jfym4Wt7Z3dveL+QVPHqSK0QWIeq3aINeVM0oZhhtN2oigWIaetcHg78VtPVGkWywczSmggcF+yiBFsrPToD86i4Pq8EnWLJbfsToGWiTcnJZij3i1+dXoxSQWVhnCste+5iQkyrAwjnI4LnVTTBJMh7lPfUokF1UE2PXiMTqzSQ1GsbEmDpurviQwLrUcitJ0Cm4Fe9Cbif56fmugqyJhMUkMlmS2KUo5MjCbfox5TlBg+sgQTxeytiAywwsTYjAo2BG/x5WXSrJS9arl6f1Gq3czjyMMRHMMpeHAJNbiDOjSAgIBneIU3RzkvzrvzMWvNOfOZQ/gD5/MHf8uPkw==</latexit>

[h, f ] = �2f

Hamiltonian
<latexit sha1_base64="YFlGySFXl53DrTxDvF11LUhg9yk=">AAACOXicbVDJSgNBEO1xN25Rj14agyAEwoxI9CKIesgxglkgMww9nRrT2LPQXSOEIb/lxb/wJnjxoIhXf8BOJuD6oODxXhVV9YJUCo22/WjNzM7NLywuLZdWVtfWN8qbW22dZIpDiycyUd2AaZAihhYKlNBNFbAokNAJbs7HfucWlBZJfIXDFLyIXcciFJyhkfxys0FPqKuzyBcUTLkJigg0Df1cVJ1R1ZAvEQqRVql7ARIZHXwzB4Xplyt2zZ6A/iXOlFTIFE2//OD2E55FECOXTOueY6fo5Uyh4BJGJTfTkDJ+w66hZ2jMzDIvn3w+ontG6dMwUaZipBP1+0TOIq2HUWA6I4YD/dsbi/95vQzDYy8XcZohxLxYFGaSYkLHMdK+UMBRDg1hXAlzK+UDphhHE3bJhOD8fvkvaR/UnHqtfnlYOT2bxrFEdsgu2ScOOSKnpEGapEU4uSNP5IW8WvfWs/VmvRetM9Z0Zpv8gPXxCVqtquk=</latexit>

H =
X

i

ei ⌦ fi+1 + fi ⌦ ei+1 +�hi ⌦ hi+1

Spectrum will depend on twist eigenvalues z

and on values of spectral parameter a

Solved by Bethe Ansatz

<latexit sha1_base64="pDOqUhCbUWX1T9LNw3B0nzpLUNo=">AAACAXicbVBNS8NAEN34WetX1IvgZbEI9VKSItVj0YvHCqYtNCVMtpt26eaD3Y1QQr34V7x4UMSr/8Kb/8ZNm4O2Phh4vDfDzDw/4Uwqy/o2VlbX1jc2S1vl7Z3dvX3z4LAt41QQ6pCYx6Lrg6ScRdRRTHHaTQSF0Oe0449vcr/zQIVkcXSvJgnthzCMWMAIKC155rHjuSMfRNUNQY0CAeNM8qlXP/fMilWzZsDLxC5IBRVoeeaXO4hJGtJIEQ5S9mwrUf0MhGKE02nZTSVNgIxhSHuaRhBS2c9mH0zxmVYGOIiFrkjhmfp7IoNQykno6878Trno5eJ/Xi9VwVU/Y1GSKhqR+aIg5VjFOI8DD5igRPGJJkAE07diMgIBROnQyjoEe/HlZdKu1+xGrXF3UWleF3GU0Ak6RVVko0vURLeohRxE0CN6Rq/ozXgyXox342PeumIUM0foD4zPHyV4lrY=</latexit>

U~(sl2)

<latexit sha1_base64="enaMMwJrUHkS4GY9w1TQWrwKFRw=">AAAB+HicbVBNS8NAEN34WetHox69LBahgpREpHoRinrosYL9gDSUzXbSLt1swu5GqKW/xIsHRbz6U7z5b9y2OWjrg4HHezPMzAsSzpR2nG9rZXVtfWMzt5Xf3tndK9j7B00Vp5JCg8Y8lu2AKOBMQEMzzaGdSCBRwKEVDG+nfusRpGKxeNCjBPyI9AULGSXaSF274HXugGtS6p+e1fxrp2sXnbIzA14mbkaKKEO9a391ejFNIxCacqKU5zqJ9sdEakY5TPKdVEFC6JD0wTNUkAiUP54dPsEnRunhMJamhMYz9ffEmERKjaLAdEZED9SiNxX/87xUh1f+mIkk1SDofFGYcqxjPE0B95gEqvnIEEIlM7diOiCSUG2yypsQ3MWXl0nzvOxWypX7i2L1Josjh47QMSohF12iKqqhOmogilL0jF7Rm/VkvVjv1se8dcXKZg7RH1ifP8mAkeM=</latexit>

[�(g), H] = 0



The qKZ Equation
Consider Knizhnik-Zamolodchikov q-difference equation

 (a1, . . . , an) 2 V1(a1)⌦ · · ·⌦ Vn(an)Let

Z

RV1,V2

V1

V1

V2
Vn

VnV2

[I. Frenkel Reshetikhin]

In the limit q ! 1

qKZ becomes an eigenvalue problem for M(z, a)

q 2 C⇥

<latexit sha1_base64="6phqKy+hP1ZStRjbxZMpYO1+h9U=">AAACGHicbVBNS0JBFJ1nX2ZfVss2QxIoiL0XYW0CqU2bwCA/QOVx3zjq4Lx5r5l5gYk/o01/pU2LItq669806lukdmDgcM493LnHCzlT2rZ/rMTK6tr6RnIztbW9s7uX3j+oqiCShFZIwANZ90BRzgStaKY5rYeSgu9xWvP6NxO/9kSlYoF40IOQtnzoCtZhBLSR3PRps6xY9hFcJ99sB1phcEXu6i77nIccnnrzlpvO2AV7CrxMnJhkUIyymx6bMIl8KjThoFTDsUPdGoLUjHA6SjUjRUMgfejShqECfKpaw+lhI3xilDbuBNI8ofFU/ZsYgq/UwPfMpA+6pxa9ifif14h057I1ZCKMNBVktqgTcawDPGkJt5mkRPOBIUAkM3/FpAcSiDZdpkwJzuLJy6R6VnCKheL9eaZ0HdeRREfoGGWRgy5QCd2iMqoggl7QG/pAn9ar9W59Wd+z0YQVZw7RHKzxL7HcnbM=</latexit>

 (qa1, . . . an) = M(z, a) (a1, . . . an)qKZ equation

<latexit sha1_base64="dW8uYURC63hy5E+vu8qalPrUpZU="></latexit>

M(z, a) = (Z ⌦ 1⌦ · · ·⌦ 1)RV1Vn · · ·RV1V2
where



Integrability
Compose q-shifts

<latexit sha1_base64="W8vrOVjwDNt47JE5kIPAcCsaH+g=">AAACFnicbVDLSgMxFM3UV62vUZdugkWooGWmSHUjFN24ESrYB7TDkEkzbWgmMyYZoQz9Cjf+ihsXirgVd/6NmWkFbT2QcO4595Lc40WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd3mjKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyhpep37onQtKQ36pRRJwA9Tn1KUZKS6553K1LWrpDrn2kr8rh+bWb2JVxKRXSGmb+T+WaRatsZYDzxJ6SIpii7pqf3V6I44BwhRmSsmNbkXISJBTFjIwL3ViSCOEh6pOOphwFRDpJttYYHmilB/1Q6MMVzNTfEwkKpBwFnu4MkBrIWS8V//M6sfLPnITyKFaE48lDfsygCmGaEexRQbBiI00QFlT/FeIBEggrnWRBh2DPrjxPmpWyXS1Xb06KtYtpHHmwB/ZBCdjgFNTAFaiDBsDgATyBF/BqPBrPxpvxPmnNGdOZXfAHxsc3qw2b7g==</latexit>

 (qa1, qa2) = M12(a1, a2) (a1, a2)
<latexit sha1_base64="kXDnYIVxoUb89CNcDdwVDdZJa9g=">AAACFnicdVDLSgMxFM34rPU16tJNsAgVtEwGqeNCKLpxI1SwD2jLkEnTNjSTGZOMUIZ+hRt/xY0LRdyKO//G9KGo6IXAedzLzT1BzJnSjvNuzczOzS8sZpayyyura+v2xmZVRYkktEIiHsl6gBXlTNCKZprTeiwpDgNOa0H/bOTXbqhULBJXehDTVoi7gnUYwdpIvn1wcuGnaJjHPtq/xr67Bw13J3xMm2XFvphv55wCQg7yEHQKzrgM8Lyii44hmio5MK2yb7812xFJQio04VipBnJi3Uqx1IxwOsw2E0VjTPq4SxsGChxS1UrHZw3hrlHasBNJ84SGY/X7RIpDpQZhYDpDrHvqtzcS//Iaie54rZSJONFUkMmiTsKhjuAoI9hmkhLNBwZgIpn5KyQ9LDHRJsmsCeHzUvg/qLoFVCwULw9zpdNpHBmwDXZAHiBwBErgHJRBBRBwC+7BI3iy7qwH69l6mbTOWNOZLfCjrNcPk3Sb5w==</latexit>

= M1(a1, qa2)M2(a1, a2) (a1, a2)
<latexit sha1_base64="59RNWM9RAw51VJEnIZbuQelRuMc=">AAACFnicbVDLSgMxFM3UV62vqks3wSJU0GFmWqouhKIbN0IF+4C2DJk004ZmMmOSEcrQr3Djr7hxoYhbceffmD4oWr0QOI97ubnHixiVyrK+jNTC4tLySno1s7a+sbmV3d6pyTAWmFRxyELR8JAkjHJSVVQx0ogEQYHHSN3rX478+j0Rkob8Vg0i0g5Ql1OfYqS05GaPz6/dxBnm75BrHyHXOYSa28P8jLYqks6Ym81ZpjUuaJmlQtEpnMGZYk9BDkyr4mY/W50QxwHhCjMkZdO2ItVOkFAUMzLMtGJJIoT7qEuaGnIUENlOxmcN4YFWOtAPhX5cwbH6cyJBgZSDwNOdAVI9Oe+NxP+8Zqz803ZCeRQrwvFkkR8zqEI4ygh2qCBYsYEGCAuq/wpxDwmElU4yo0Ow50/+C2qOaZfM0k0xV76YxpEGe2Af5IENTkAZXIEKqAIMHsATeAGvxqPxbLwZ75PWlDGd2QW/yvj4Bnlsm9Q=</latexit>

= M2(qa1, a2)M1(a1, a2) (a1, a2)

so

Taking  limit we getq → 1

<latexit sha1_base64="qHLbcnsZkW2iuI/5a0Uyo/cD/c8=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0WoICUpUt0Uim7cCBXsA9oQJtNJO3Ty6MxEKKFf48ZfceOiIuLOT3HSRNTWAwPnnHsvd+5xQkaFNIwPLbeyura+kd8sbG3v7O7p+wctEUQckyYOWMA7DhKEUZ80JZWMdEJOkOcw0nZG10m9/UC4oIF/LychsTw08KlLMZLKsvXarR2b0xKyzbMxsiunUOlKqhNZS+X4W8Of9kTaetEoG3PAZWJmpAgyNGx91usHOPKILzFDQnRNI5RWjLikmJFpoRcJEiI8QgPSVdRHHhFWPD9zCk+U04duwNXzJZy7vydi5Akx8RzV6SE5FIu1xPyv1o2ke2nF1A8jSXycLnIjBmUAk8xgn3KCJZsogjCn6q8QDxFHWKpkCyoEc/HkZdKqlM1quXp3XqxfZXHkwRE4BiVgggtQBzegAZoAg0fwDGbgVXvSXrQ37T1tzWnZzCH4A+3zCy1woU0=</latexit>

M1(a1, qa2)M2(a1, a2) = M2(qa1, a2)M1(a1, a2)

<latexit sha1_base64="VV4TNyQrzxEfxwb/kceA9pALuvA=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQoZSkSHUjFN24ESrYB6QhTKaTduhkEmYmQgndu/FX3LhQxK0/4M6/cdoG1NYDA+eecy937vFjRqWyrC8jt7K6tr6R3yxsbe/s7pn7B20ZJQKTFo5YJLo+koRRTlqKKka6sSAo9Bnp+KOrqd+5J0LSiN+pcUzcEA04DShGSkueWXRuvNSelJFnV5BXO6lAXdd+avfC8sySVbVmgMvEzkgJZGh65mevH+EkJFxhhqR0bCtWboqEopiRSaGXSBIjPEID4mjKUUikm85umcBjrfRhEAn9uIIz9fdEikIpx6GvO0OkhnLRm4r/eU6ignM3pTxOFOF4vihIGFQRnAYD+1QQrNhYE4QF1X+FeIgEwkrHV9Ah2IsnL5N2rWrXq/Xb01LjMosjD45AEZSBDc5AA1yDJmgBDB7AE3gBr8aj8Wy8Ge/z1pyRzRyCPzA+vgEQPZfm</latexit>

[M1(a1, a2),M2(a1, a2)] = 0

Thus we get a set of commuting quantum operators  Integrability!→

Operators  yield quantum Hamiltonians for the XXZ spin chainM

What does it mean geometrically?



Solutions of qKZ
Schematic solution

Matrix of

fundamental solutions

universal kernel
representation

q ! 1Bethe equations for Bethe roots s

ai
@S

@ai
= ⇤i Eigenvalues of qKZ operators M(z, a)

The map provides diagonalization

So we need to find `off  shell’ Bethe eigenfunctions

<latexit sha1_base64="NN96bMzujdoQ9dzQoUJ3ozHOoJw="></latexit>

 i
↵ =

Z

�i

ds

s
f↵(s, a)K(s, z, a, q)

component
<latexit sha1_base64="lUTLZO38rbzcuFzMq8HKXGX7YpI="></latexit>

logK(s, z, a, q) ⇠ S(s, z, a)

log q<latexit sha1_base64="n5TWa1kD3KsEgWzC6zHm7WhpEq8=">AAACIXicbVDLSgMxFM3UV62vqks3wSJUKGVGpHYjFN24rGgf0Cklk2ba0MyD5I5Yh/kVN/6KGxeKdCf+jOkDqq0HLhzOuTe59zih4ApM88tIrayurW+kNzNb2zu7e9n9g7oKIklZjQYikE2HKCa4z2rAQbBmKBnxHMEazuB67DcemFQ88O9hGLK2R3o+dzkloKVOtmy7ktDYDokETgS+y9vAHsFxY5UUngrkNJl7cye5NDvZnFk0J8DLxJqRHJqh2smO7G5AI4/5QAVRqmWZIbTj8dtUsCRjR4qFhA5Ij7U09YnHVDueXJjgE610sRtIXT7gifp7IiaeUkPP0Z0egb5a9Mbif14rArfcjrkfRsB8Ov3IjQSGAI/jwl0uGQUx1IRQyfWumPaJjgx0qBkdgrV48jKpnxWtUrF0e56rXM3iSKMjdIzyyEIXqIJuUBXVEEXP6BW9ow/jxXgzPo3RtDVlzGYO0R8Y3z/OzqSM</latexit>

@S(s, z, a)

@s
= 0

<latexit sha1_base64="lt5LgtDA8bLDFGIGaJdrX1LuT84=">AAACDnicbVC7SgNBFJ31GeMramkzGALRIuyKRMugjWUE84BsDHcns8mQ2Qczd8Ww5Ats/BUbC0Vsre38GyePQhMPDBzOuZc753ixFBpt+9taWl5ZXVvPbGQ3t7Z3dnN7+3UdJYrxGotkpJoeaC5FyGsoUPJmrDgEnuQNb3A19hv3XGkRhbc4jHk7gF4ofMEAjdTJFVyQcR+oG0CsMaJ+ZyoUXeQP6PmpHt2dHHdyebtkT0AXiTMjeTJDtZP7crsRSwIeIpOgdcuxY2ynoFAwyUdZN9E8BjaAHm8ZGkLAdTudxBnRglG61I+UeSHSifp7I4VA62HgmckAsK/nvbH4n9dK0L9opyKME+Qhmx7yE0lN7nE3tCsUZyiHhgBTwvyVsj4oYGgazJoSnPnIi6R+WnLKpfLNWb5yOasjQw7JESkSh5yTCrkmVVIjjDySZ/JK3qwn68V6tz6mo0vWbOeA/IH1+QPxdpwO</latexit>

↵ 7! f↵(s
⇤)

<latexit sha1_base64="69mvEm47yPeDxYAK2TpsB2c79XU=">AAACAXicbVDJSgNBEO2JW4xb1IvgZTAIUSTMiESPQS8eI5gFMmOo6fQkTXoWumvEMMSLv+LFgyJe/Qtv/o2d5aCJDwoe71VRVc+LBVdoWd9GZmFxaXklu5pbW9/Y3Mpv79RVlEjKajQSkWx6oJjgIashR8GasWQQeII1vP7VyG/cM6l4FN7iIGZuAN2Q+5wCaqmd3/PbDoi4B0UH2QN6fqqGd8cncNTOF6ySNYY5T+wpKZApqu38l9OJaBKwEKkApVq2FaObgkROBRvmnESxGGgfuqylaQgBU246/mBoHmqlY/qR1BWiOVZ/T6QQKDUIPN0ZAPbUrDcS//NaCfoXbsrDOEEW0skiPxEmRuYoDrPDJaMoBpoAlVzfatIeSKCoQ8vpEOzZl+dJ/bRkl0vlm7NC5XIaR5bskwNSJDY5JxVyTaqkRih5JM/klbwZT8aL8W58TFozxnRml/yB8fkD4AGWhw==</latexit>

f↵(s
⇤, a)

[Aganagic Okounkov]



III. From Spin Chains to Geometry
The solution comes from enumerative algebraic geometry inspired by physics

Hilbert space of states

of quantum spin chain

Enumerative counts 

into quiver variety X


Gauge group  encodes the sector with k spins upG = U(k)

Integration variables s (Bethe roots) live in the maximal torus of . By integrating we project down 
on certain symmetric functions of s

G

Flavor group (framing)  encodes the number of sites, its maximal torus gives parameters aU(n)

Z

k

n

<latexit sha1_base64="aVsk1+b41K3Rch115M35caGYVG0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hqqXorevHYgv2ANpTNdtOu3WzC7kaoob/AiwdFvPqTvPlv3LZBtPpg4PHeDDPz/JgzpR3n08qtrK6tb+Q3C1vbO7t7xf2DlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb98fXMb99TqVgkbvUkpl6Ih4IFjGBtpMZDv1hybGcO5NjVs0r57BJ9K25GSpCh3i9+9AYRSUIqNOFYqa7rxNpLsdSMcDot9BJFY0zGeEi7hgocUuWl80On6MQoAxRE0pTQaK7+nEhxqNQk9E1niPVILXsz8T+vm+jgwkuZiBNNBVksChKOdIRmX6MBk5RoPjEEE8nMrYiMsMREm2wKJgR3+eW/pFW23apdaVRKtassjjwcwTGcggvnUIMbqEMTCFB4hGd4se6sJ+vVelu05qxs5hB+wXr/AhNLjSI=</latexit>z

<latexit sha1_base64="QcNfH2itTO0YMyQ5BCDBs1n+sIM=">AAAB9HicdVBdSwJBFL1rX2ZfVo+9DEnQQ8iuqeuj1EuPBqmBLsvsOOrg7Ow2MyuI+Dt66aGIXvsxvfVvmlUDizpw4XDOPdzLCWLOlLbtTyuztr6xuZXdzu3s7u0f5A+PWipKJKFNEvFI3gdYUc4EbWqmOb2PJcVhwGk7GF2nfntMpWKRuNOTmHohHgjWZwRrI3nYdy66vUgrhH3h5wtO0Z4D2UXHdUrlSkou3UrNRd9WAZZo+PkPkyVJSIUmHCvVcexYe1MsNSOcznLdRNEYkxEe0I6hAodUedP50zN0ZpQe6kfSjNBorq4mpjhUahIGZjPEeqh+e6n4l9dJdL/mTZmIE00FWRzqJxzpCKUNoB6TlGg+MQQTycyviAyxxESbnnKrJfxPWqWiUy1Wb8uF+tWyjiycwCmcgwMu1OEGGtAEAg/wCM/wYo2tJ+vVelusZqxl5hh+wHr/Aiclkbw=</latexit>a1, . . . an

choice of k planes in n-dimensional space —

Grassmannian



Equivariant K-theory of X = T*Grk,n

<latexit sha1_base64="QcNfH2itTO0YMyQ5BCDBs1n+sIM=">AAAB9HicdVBdSwJBFL1rX2ZfVo+9DEnQQ8iuqeuj1EuPBqmBLsvsOOrg7Ow2MyuI+Dt66aGIXvsxvfVvmlUDizpw4XDOPdzLCWLOlLbtTyuztr6xuZXdzu3s7u0f5A+PWipKJKFNEvFI3gdYUc4EbWqmOb2PJcVhwGk7GF2nfntMpWKRuNOTmHohHgjWZwRrI3nYdy66vUgrhH3h5wtO0Z4D2UXHdUrlSkou3UrNRd9WAZZo+PkPkyVJSIUmHCvVcexYe1MsNSOcznLdRNEYkxEe0I6hAodUedP50zN0ZpQe6kfSjNBorq4mpjhUahIGZjPEeqh+e6n4l9dJdL/mTZmIE00FWRzqJxzpCKUNoB6TlGg+MQQTycyviAyxxESbnnKrJfxPWqWiUy1Wb8uF+tWyjiycwCmcgwMu1OEGGtAEAg/wCM/wYo2tJ+vVelusZqxl5hh+wHr/Aiclkbw=</latexit>a1, . . . an
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That necessarily induces the action of A on k-subspaces, i.e., on Grk,n. Indeed, a
k-subspace representing a point in Grk,n is fixed under this action if and only if it is
spanned by k basis vectors. Thus, the fixed points GrA

k,n
are in one-to-one correspon-

dence with the k-subset of the set {1, 2, . . . , n}, so that each such subset corresponds
to a choice of coordinate k-vectors from the coordinate n-vectors.
We denote by V the rank k tautological vector bundle over Grk,n. The total space

of this vector bundle is defined as follows:

V = {(p, v) 2 Grk,n ⇥W : v 2 p},

where W = Cn. In other words, the fiber of V at a point p 2 Grk,n is the k-dimensional
subspace of Cn represented by p. We denote by W = Grk,n ⇥ W the trivial rank n
bundle, such that V ⇢ W .
The main object of this paper is the cotangent bundle of the Grassmannian:

Nk,n = T ⇤Grk,n.

We enlarge the torus acting on this symplectic manifold to T = A ⇥ C⇥
~ , so that the

new one-dimensional torus C⇥
~ acts on Nk,n by scaling the cotangent directions with ~.

Since this new action contracts fibers, i.e. contracts Nk,n to Grk,n, the fixed point set
NT

k,n
is the same as GrA

k,n
. In other words, the fixed set NT

k,n
is a set of n!/k!/(n� k)!

points labeled by k-subsets {i1, . . . , ik} ⇢ {1, . . . , n}. One can also think about V as a
bundle over Nk,n.
We will be interested in the equivariant K-theory KT(Nk,n). It is well known that

the tautological bundle V , together with all the tensorial polynomials in V , generate
this group. Localization theorem in equivariant K-theory states that the classes of
fixed point is a basis of the localized K-theory. therefore, one can think about the
localized K-theory KT(Nk,n)loc as a n!/k!/(n � k)!-dimensional vector space spanned
by the classes of fixed points, forgetting all other structures.
The cotangent bundle Nk,n has a structure of a Nakajima quiver variety. This means

that it can be described as certain GL(k)-quotient of some subspaces of matrices. Let
us describe this construction here: we will need this description in Section 2 to define
quasimaps to Nk,n.
Let R = Hom(V,W ) forW = Cn and V = Ck with k  n. Let µ⇤ : gl(V ) ! V ect(R)

be a map of Lie algebras induced by the canonical action of GL(V ) on R. The dual of
this map is known as a moment map µ : T ⇤R ! gl(V )⇤. Explicitly, the moment map
has the following description. Let us identify

T ⇤R = Hom(V,W )�Hom(W,V ),(1)

where we note that the second summand in the RHS of (1) is dual to the first. Then
the value of the moment map on the pair (A,B) 2 T ⇤R with A 2 Hom(V,W ) and
B 2 Hom(W,V ) equals to:

µ(A,B) = BA.

This describtion leads to the following well-known result (see Example 5.3.3 and Propo-
sition 5.3.4 in [43] for n = 1):

 fixed points are labelled by subsets(n
k)

X = μ−1(0)s/GL(V)

 - moment map

Stability condition: map  is injective
μ(A, B) = BA

A
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where the symbol µ−1(0)s denotes the intersection of the set µ−1(0) ⊂ T ∗R with the
stable locus corresponding to injective elements in R:

stable points in T ∗R = {(A,B) : rank(A) = k}.(3)

Now we give the description of fixed points on Nk,n, tautological bundles, torus
action and equivariant K-theory once again, this time from the perspective of Nakajima
varieties. First, we note that Nk,n is naturally equipped with the following tautological
bundles:

V = µ−1(0)s × V/GL(V ), W = µ−1(0)s ×W/GL(V ).

Since GL(V ) does not act on W the bundle W is trivial, and because A is injective we
have V ⊂ W and thus V ⊂ W.

More generally, letKGL(V )(·) = Λ[s±1
1 , s±1

2 , · · · , s±1
k ] be the ring of symmetric Laurent

polynomials in k variables. Every such polynomial τ ∈ KGL(V )(·) is a character of some
virtual representation τ(V ) of GL(V ) (tensorial polynomial in V and V ∗).2 We denote
the corresponding virtual tautological bundles on Nk,n by the same symbol τ :

τ = (µ−1(0)s × τ(V ))/GL(V ).

The tautological bundles τ can be uniquely represented by the symmetric Laurent poly-
nomials in the corresponding Chern roots of V and thus there should be no confusion
in our notations.

We set a framing torus A = C×a1 × · · ·× C×an to be a n-torus acting on W by scaling
the coordinates with characters ai. Let C×! be a one-torus acting on T ∗R by scaling
the cotangent directions with character !. We adopt the notation T = A× C×! .

The action of T on T ∗R induces its action on Nk,n. The fixed set NT
k,n consists of

n!/k!/(n−k)! isolated points representing the k-planes spanned by coordinate vectors.
They are conveniently labeled by k-subsets p = {x1, · · · , xk} ⊂ {a1, · · · , an}.

Let us set the following notation for the disjoint union of Nk,n for all k:

N(n) =
n∐

k=0

Nk,n,

so that the fixed point set N(n)T consists of total 2n points.
The equivariant K-theory KT(N(n)) is a module over the ring of equivariant con-

stants: R = KT(·) = Z[a±1 , · · · , a±1
n , !±1]. The localized K-theory

KT(N(n))loc = KT(N(n))
⊗

R

A =
n⊕

k=0

KT(Nk,n)
⊗

R

A(4)

is an A-vector space (A = Q(a1, · · · , an, !)) of dimension 2n spanned by the K-theory
classes of fixed points Op.

2For example, the polynomial

τ(s1, · · · , sk) = (s1 + · · ·+ sk)
2 −

∑

1≤i1<i2<i3≤k

s−1
i1

s−1
i2

s−1
i3

corresponds to τ(V ) = V ⊗2 − Λ3V ∗.
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Ss(ζ⃗(n−1)/ζn, t) of Ts(sn) to get the following formula for the eigenvalue of Tr(a):

(29) Sr

(
ζnt

1−wn−1
2 , . . . , ζnt

wn−1−1

2

)
·

min(r,wn−1−vn−1)∑

s=0

qdim
(
Λwn−1−vn−1
s

)
·Ss(ζ⃗

(n−1)/ζn, t) ,

where for the first polynomial we used that Sr

(
ζnt

1−wn−1
2 , . . . , ζnt

wn−1−1

2

)
=

ζrner
(
t
1−wn−1

2 , . . . , t
wn−1−1

2

)
. It can be shown using properties of Schur polynomials that

the above expression is equal to an r-symmetric polynomial of variables listed in (24). !

4.2. Vertex Functions from tRS Eigenfunctions. We can also demonstrate how to
compute vertex functions from Proposition 3.1 using the general tRS solution (22) by
properly specifying the contour of integration. In order to do that we need to understand
how to identify each chamber C by choosing contour C in (22).

The prescription goes as follows. We shall only pick poles of functions H in the integrand
and ignore poles of E functions3. Poles of Hvn,vn+1(sn, sn+1) have the form sn,i/sn+1,k =
q−dn,i for some nonnegative degrees dn,i. Thus there is a one-to-one correspondence between
chambers described in the beginning of Sec. 3 and poles of the integrand – we merely select
those poles for which the degrees dn,i satisfy the corresponding inequalities which describe
a given fixed point of the maximal torus.

Once the contour is chosen for a given point p the integral from 3.1 can be evaluated.

Theorem 4.9. Consider αp and V (1)
p as defined previously in Theorem 3.1. Then for

each fixed point p of the maximal torus of X there is a contour C for which integral (22)
evaluates to

(30) V = e
log ζn

∑n−1
i=1 log ai

log q αpV
(1)
p .

Let us illustrate this statement on a simple example.

4.3. Example for T ∗P1. The vertex function (5) for T ∗P1 for a trivial class τ = 1 reads

(31) V (1)
p =

1

2πiαp

∫

Cp

ds

s
(z♯)−

log s
log q

2∏

i=1

ϕ
(
t s
ai

)

ϕ
(

s
ai

) ,

for the two fixed points p = {a1} and p = {a2}. The poles are given by s = apq−d for
nonnegative d. By taking the residues we arrive to the q-hypergeometric function

(32) V (1)
p =

∑

d>0

(z♯)d
2∏

i=1

(
q
!
ap
ai
; q
)

d(
ap
ai
; q
)

d

=2φ1

(
t, t

ap
ap̄

,
ap
ap̄

; q; z♯
)

.

3Moreover, it can be argued [BKK15] that for a contour which encircles all poles of φ functions of the
integrand only poles of H functions survive, whereas poles of E functions are cancelled by zeroes of H ’s.

1

2
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Theorem: Vertex functions are eigenfunctions of quantum tRS (Macdonald) difference operators 

for Nakajima quiver varieties of type A

Truncation  leads to Macdonald Polynomialsa2/a1 = q−nℏ−1

[PK Zeitlin]
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(~� 1) (a2~� a1)

(q � 1) (a2q � a1)
z +

(1� ~)
⇣
1� a2~

a1

⌘
(1� q~)

⇣
1� a2q~

a1

⌘

(1� q) (1� q2)
⇣
1� a2q

a1

⌘⇣
1� a2q2

a1

⌘ z2 + . . .
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V (1) = Pn(z|q, ~)
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1� ~z
1� z
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◆
V (1) = (a1 + a2)V

(1)

Integrability: tRS class does not receive quantum corrections
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Part (4) of the Theorem above immediately implies that the eigenvalues of the operator
of quantum multiplication by τ̂(z) can be computed from the asymptotics of the bare
vertex functions.

Corollary 2.14. The following expression:

(20) τp(z) = lim
q→1

V (τ)
p (z)

V (1)
p (z)

gives the eigenvalues of the operator of quantum multiplication by τ̂(z) corresponding to a
fixed point p ∈ XT.

3. Computations for Partial Flags

In this section we will study in detail and apply the formalism which we have developed in
the previous section to the case when Nakajima quiver variety X is the cotangent bundle to
the space of partial flags. In other words, we are interested in studying quantum K-theory
of the following quiver of type An

2

v1 v2 . . . vn−1

wn−1

The stability condition is chosen so that maps Wn−1 → Vn−1 and Vi → Vi−1 are sur-
jective. For the variety to be non-empty the sequence v1, . . . ,vn−1,wn−1 must be non-
decreasing. The fixed points of this Nakajima quiver variety and the stability condition
are classified by chains of subsets V1 ⊂ . . . ⊂ Vn−1 ⊂ Wn−1, where |Vi| = vi,Wn−1 =
{a1, . . . , awn−1}. The special case when vi = i, wn−1 = n is known as complete flag va-
riety, which we denote as Fln. It will be convenient to introduce the following notation:
v′
i = vi+1 − vi−1, for i = 2, . . . , n− 2, v′

n−1 = wn−1 − vn−2, v′
1 = v2.

Remark. In principle, in the computations below one could add extra framings to vertices
to study the most generic situation in the setting of An quiver, but we shall refrain from
doing it in this work to make calculations more transparent and simple.

3.1. Bare vertex for partial flags. The key for computing the bare vertex is the local-
ization theorem in K-theory, which gives the following formula for the equivariant push-

forward, which constituetes bare vertex V (τ)
p (z):

V (τ)
p (z) =

∑

d∈Zn
≥0

∑

(V ,W )∈(QMd
nonsing p2

)T

ŝ(χ(d)) zdqdeg(P)/2τ(V |p1).

2We are using standard quaternionic notations.
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Part (4) of the Theorem above immediately implies that the eigenvalues of the operator
of quantum multiplication by ⌧̂(z) can be computed from the asymptotics of the bare
vertex functions.

Corollary 2.14. The following expression:

(20) ⌧p(z) = lim
q!1

V
(⌧)
p (z)

V
(1)
p (z)

gives the eigenvalues of the operator of quantum multiplication by ⌧̂(z) corresponding to a

fixed point p 2 X
T
.

3. Computations for Partial Flags

In this section we will study in detail and apply the formalism which we have developed in
the previous section to the case when Nakajima quiver variety X is the cotangent bundle to
the space of partial flags. In other words, we are interested in studying quantum K-theory
of the following quiver of type An

2

v1 v2 . . . vn�1

wn�1

The stability condition is chosen so that maps Wn�1 ! Vn�1 and Vi ! Vi�1 are sur-
jective. For the variety to be non-empty the sequence v1, . . . ,vn�1,wn�1 must be non-
decreasing. The fixed points of this Nakajima quiver variety and the stability condition
are classified by chains of subsets V1 ⇢ . . . ⇢ Vn�1 ⇢ Wn�1, where |Vi| = vi,Wn�1 =
{a1, . . . , awn�1}. The special case when vi = i, wn�1 = n is known as complete flag va-
riety, which we denote as Fln. It will be convenient to introduce the following notation:
v0
i = vi+1 � vi�1, for i = 2, . . . , n� 2, v0

n�1 = wn�1 � vn�2, v0
1 = v2.

Remark. In principle, in the computations below one could add extra framings to vertices
to study the most generic situation in the setting of An quiver, but we shall refrain from
doing it in this work to make calculations more transparent and simple.

3.1. Bare vertex for partial flags. The key for computing the bare vertex is the local-
ization theorem in K-theory, which gives the following formula for the equivariant push-

forward, which constituetes bare vertex V
(⌧)
p (z):

V
(⌧)
p (z) =

X

d2Zn
�0

X

(V ,W )2(QMd
nonsing p2

)T

ŝ(�(d)) zdqdeg(P)/2
⌧(V |p1).

2We are using standard quaternionic notations.

k

n

Baxter Q-operator has eigenvalue

Equivariant parameters , 

twist , Planck constant 

ai
z ℏ
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Q(u) =
kY

i=1

(u� si)

<latexit sha1_base64="NFV2ZNxSyXSSlBT7jeLwqrTAvCg="></latexit>

Q(u) =
kX
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3.2. Bethe Equations and Baxter Operators. We are now ready to compute the eigen-
values of the operators corresponding to the tautological bundles.

Theorem 3.4. The eigenvalues of ω̂ (z)! is given by ω(si,k), where si,k satify Bethe equa-
tions:

v2∏

j=1

s1,k → s2,j
s1,k → !s2,j

= z1(→!
1/2)

→v′
1

v1∏

j=1
j "=k

s1,j → s1,k!

s1,j!→ s1,k
,

vi+1∏

j=1

si,k → si+1,j

si,k → !si+1,j

vi−1∏

j=1

si→1,j → !si,k
si→1,j → si,k

= zi(→!
1/2)

→v′
i

vi∏

j=1
j "=k

si,j → si,k!

si,j!→ si,k
,(23)

wn−1∏

j=1

sn→1,k → aj
sn→1,k → !aj

vn−2∏

j=1

sn→2,j → !sn→1,k

sn→2,j → sn→1,k
= zn→1(→!

1/2)
→v′

n−1

vn−1∏

j=1
j "=k

sn→1,j → sn→1,k!

sn→1,j!→ sn→1,k
,

where k = 1, . . . , vi for i = 1, . . . , vn→1.

Proof. There are several ways of obtaining these equations. One way corresponds to
the study of asymptotics of (20) as it was done in section 3.5 of [PSZ]. However, there
is a shortcut recently provided by [AO]. One chooses a preimage of the class TX in
K∏

i GL(Vi)×GL(Wn−1)(pt) under the Kirwan map, so that aj are coordinates of the torus
acting on Wn→1 and si,k are coordinates of the torus acting on Vi. In this case we have

TX = T (T ∗Rep(v,w)) →
∑

i∈I

(1 + !)End(Vi) =(24)

n→2∑

i=1

vi∑

k=1

vi+1∑

j=1

(
si,k
si+1,j

+
si+1,j!

si,k

)
+

vn−1∑

k=1

wn−1∑

j=1

(
sn→1,k

aj
+

aj!

sn→1,k

)
→ (1 + !)

∑

i∈I

vi∑

j,k=1

si,j
si,k

.

To get Bethe equations we use the following formula from the Appendix to [AO]:

â

(
si,k

∂

∂si,k
TX

)
= zi,

where â (
∑

nixi) =
∏(

x1/2i → x→1/2
i

)ni

. "

The equations (23) are Bethe ansatz equations for the periodic anisotropic gl(n) XXZ
spin chain on wn→1 sites with twist parameters z1, . . . , zn→1, impurities (shifts of spectral
parameters) a1, . . . , awn−1 , and quantum parameter !, see e.g. [BIK], [R1].

Let us consider the quantum tautological bundles Λ̂kVi(z), k = 1, . . . ,vi. It is useful to
construct a generating function for those, namely

(25) Qi(u) =
vi∑

k=0

(→1)kuvi→k!
ik
2 Λ̂kVi(z).

The seemingly strange ! weights will be necessary in Section 4. In the integrable system
literature these operators are known as Baxter operators [B],[R1]. The following Theorem
is a consequence of (20).

Theorem: Quantum multiplication by  is given by  evaluated at solutions of Bethe 
equations

̂τ(z) τ(s1, …, sk)

[Pushkar Smirnov Zeitlin]

<latexit sha1_base64="kf+sCIyz5GtqZsHQgCEj9A2o0Qw="></latexit>

nY

l=1

si � ~al
si � al

= z~n/2
kY

j=1

~si � sj
si � ~sj
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as a sum of monomials in the Grothendieck roots x and the equivariant parameters a.
Therefore we have

ω((q → ⊋)P ) =
∏

w→P

ε(qw)

ε(⊋w)
.

Let ϑ ↑ KT (X) be a K-theory class represented by a polynomial in the Grothendieck
roots ϑ(x). We recall that the vertex function of Nakajima variety [O] with a descendant ϑ
is computed by the integral

V
(ω)
i

(z) =

∫

εi

ω((q → ⊋)P )e(z,x) ϑ(x)
∏

a,b

dxa,b

xa,b
,(2.4)

where

e(z,x) =
∏

i→Q
exp

(
log(z#,i) log(Li)

log(q)

)

and ϖi is a certain contour (which might be hard to describe explicitly). The integral
representations of vertex functions provide a tool to analyze their asymptotics.

Proposition 2.1. As q →↓ 1 the integrand of (2.4) exhibits the following asymptotic
behavior

ω((q → ⊋)P )e(z,x) →↓ exp
(

→ Y (z,x)

1 → q

)
(1 + . . . )(2.5)

where . . . stand for the terms regular at q = 1 and

Y (z,x) =
∑

w→P
(Li2(w) → Li2(⊋w)) +

∑

i→Q
log(z#,i) log(Li) ,(2.6)

where Li2(w) =
∑↑

m=0
x
m

m2 denotes the dilogarithm function.

Usually Y (z,x) is called the Yang-Yang function in the literature on quantum integrable
spin chains [NS,NS2].

Proof. We have

ε(qw)

ε(⊋w)
=

↑∏

i=0

1 → qwq
i

1 → ⊋wqi

which can also be written as

ε(qw)

ε(⊋w)
= exp

(
→

↑∑

m=1

(qm → ⊋m)wm

m(1 → qm)

)
(2.7)

As q →↓ 1 we have:

exp
(
→

↑∑

m=1

(qm → ⊋m)wm

m(1 → qm)

)
↔ exp

(
→ 1

1 → q

↑∑

m=1

(1 → ⊋m)wm

m2

)
= exp

(
→Li2(w) → Li2(⊋w)

1 → q

)

Also, as q →↓ 1 we have

e(z) ↔ exp
(

→ 1

1 → q

∑

i→Q
log(z#,i) log(Li)

)

Combining these results together gives the Yang-Yang function (2.6). ↭
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The SL(2) QQ-System
V

W
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0 ! V ! W ! V _ ! 0

Short exact sequence of bundles

Eigenvalues of Q-operators

Satisfy the QQ-relation

equivalent to the XXZ Bethe equations
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Q(u) =
kX

i=1

(�1)kuk�i(⇤iV )(z)~
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eQ(u) =
kX

i=1

(�1)kuk�i(⇤iV _)(z)~
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z eQ(~u)Q(u)� eQ(u)Q(~u) =
nY

i=1

(u� ai)



The Ubiquitous QQ-System
Bethe Ansatz equations for XXX, XXZ models — eigenvalues of Baxter operators

Relations in the extended Grothendieck ring for finite-dimensional representations of Uℏ( ̂g)

[Mukhin, Varchenko] ….

Relations in equivariant cohomology/K-theory of Nakajima quiver varieties

[Frenkel, Hernandez] ….

[Pushkar, Smirnov, Zeitlin] [PK, Pushkar, Smirnov, Zeitlin] ….[Nekrasov-Shatashvili]

Spectral determinants in the QDE/IM Correspondence
[Bazhanov, Lukyanov, Zamolodchikov] [Masoero, Raimondo, Valeri] ….

Opers



IV. (SL(2),q)-Opers
Riemann sphere with multiplication

Mq : P1 ! P1
q
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u 7! qu

Vector bundle  of rank 2E
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A(u)

Section

Connection
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s(qu)



(SL(2),q)-Opers
The -oper definition can be formulated as follows(SL(2), q)

Triple  

 is the  connection 

 is a line subbundle

(E, A, ℒ)
(E, A) (SL(2), q)
ℒ ⊂ E

The induced map    is an isomorphismĀ : ℒ → (E/ℒ)q

in a trivialization ℒ = Span(s)

Allow singularities

(SL(N), q)-OPERS, q-LANGLANDS CORRESPONDENCE, QUANTUM/CLASSICAL DUALITY 17

4. (SL(N), q)-opers

4.1. Definitions. We now discuss the generalization of (SL(2), q)-opers to SL(N).

Definition 4.1. A (GL(N), q)-oper on P1 is a triple (E, A,L•), where (E, A) is a (GL(N), q)-
connection and L• is a complete flag of subbundles such that A maps Li into L

q
i+1

and the
induced maps Āi : Li/Li�1 �! L

q
i+1

/L
q
i are isomorphisms for i = 1, . . . , N � 1. The triple

is called an SL(N)-oper if (E, A) is an (SL(N), q)-connection.

To make this definition more explicit, consider the determinants

(4.1)
⇣
s(qi�1

z) ^ A(qi�2
z)s(qi�2

z) ^ · · · ^
⇣ i�2Y

j=0

(A(qi�2�j
z)
⌘
s(z)

⌘����
⇤iL

qi�1

i

for i = 1, . . . , N , where s is a local section of L1. Then (E, A,L•) is a q-oper if and only
if at every point, there exists local sections for which each Wi(s)(z) is nonzero. It will be
more convenient to consider determinants with the same zeros as those in (4.1), but with
no q-shifts:

(4.2) Wi(s)(z) =
⇣
s(z) ^ A(z)�1

s(qz) ^ · · · ^
⇣ i�2Y

j=0

(A(qjz)�1

⌘
s(qi�1

z)
⌘����

⇤iLi

.

As in the classical setting, we need to relax these conditions to allow for regular singular-
ities. Fix a collection of L points z1, . . . , zL 6= 0, 1 such that the q

Z-lattices they generate
are pairwise disjoint. We associate a dominant integral weight �m =

P
l
i
m!i to each zm.

Set `
i
m =

Pi
j=1

l
j
m.

Definition 4.2. An (SL(N), q)-oper with regular singularities at the points z1, . . . , zL 6=
0, 1 with weights �1, . . . �L is a meromorphic (SL(N), q)-oper such that each Āi is an

isomorphism except at the points q
�`i�1

m zm, q
�`i�1

m +1
zm, . . . , q

�`im+1
zm for each m, where it

has simple zeros.

znq
�1

znq
�2

zn

q

q
�lkn+1

zn
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Figure 1. Weight of the singularity zn as q-monodromy around the cylin-
der (P1 with 0 and 1 removed).

In order to express the locations of the roots of the Wi(s)’s, it is convenient to introduce
the polynomials

(4.3) ⇤i =
LY

m=1

`im�1Y

j=`i�1
m

(z � q
�j

zm)

Add Twists
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⇤(u) =
Y

l,jl

(u� qjlal)

Z = (ζ 0
0 ζ−1)Z = g(qu)A(u)g(u)−1



q-Opers, QQ-System & Bethe Ansatz
Choose trivialization of L

q-Oper condition — SL(2) QQ-system

Z = diag(⇣, ⇣�1)Twist element

QQ-system to XXZ Bethe equations
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si � al
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si � qsj
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q-Miura Transformation

-twisted q-oper conditionZ

The q-oper condition becomes the  QQ-systemSL(2)

Difference Equation
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permuting the standard basis. Hence, the associated Miura opers are parameterized by the
Weyl group.

3. (SL(2), q)-opers

3.1. Definitions. We now consider a q-deformation of the set-up in the previous section.
It involves a di↵erence equation version of connections and opers.

Fix q 2 C⇤. Given a vector bundle E over P1, let E
q denote the pullback of E under

the map z 7! qz. We will always assume that E is trivializable. Consider a map of vector
bundles A : E �! E

q. Upon picking a trivialization, the map A is determined by a matrix
A(z) 2 gl(N, C(z)) giving the linear map Ez �! Eqz in the given bases. A change in
trivialization by g(z) changes the matrix via

(3.1) A(z) 7! g(qz)A(z)g�1(z);

thus, q-gauge change is twisted conjugation. Let Dq : E �! E
q be the operator that takes

a section s(z) to s(qz). We associate the map A to the di↵erence equation Dq(s) = As.

Definition 3.1. A meromorphic (GL(N), q)-connection over P1 is a pair (E, A), where
E is a (trivializable) vector bundle of rank N over P1 and A is a meromorphic section of
the sheaf HomOP1 (E, E

q) for which A(z) is invertible, i.e. lies in GL(N, C(z)). The pair
(E, A) is called an (SL(N), q)-connection if there exists a trivialization for which A(z) has
determinant 1.

For simplicity, we will usually omit the word ‘meromorphic’ when referring to q-connections.

Remark 3.2. More generally, if G is a complex reductive group, one can define a meromor-
phic (G, q)-connection over P1 as a pair (G, A) where G is a principal G-bundle over P1 and
A is a meromorphic section of HomOP1 (G,Gq).

Next, we define a q-analogue of opers. In this section, we will restrict to type A1.

Definition 3.3. A (GL(2), q)-oper on P1 is a triple (E, A,L), where (E, A) is a (GL(2), q)-
connection and L is a line subbundle such that the induced map Ā : L �! (E/L)q is an
isomorphism. The triple is called an (SL(2), q)-oper if (E, A) is an (SL(2), q)-connection.

The condition that Ā is an isomorphism can be made explicit in terms of sections. Indeed,
it is equivalent to

s(qz) ^ A(z)s(z) 6= 0

for s(z) any section generating L over either of the standard a�ne coordinate charts.
From now on, we assume that q is not a root of unity. We want to define a q-analogue of

the opers considered in Section 2.4. First, we introduce the notion of a q-oper with regular
singularities. Let z1, . . . , zL 6= 0, 1 be a collection of points such that q

Z
zm \ q

Z
zn = ? for

all m 6= n.

Definition 3.4. A (SL(2), q)-oper with regular singularities at the points z1, . . . , zL 6= 0, 1
with weights k1, . . . kL is a meromorphic (SL(2), q)-oper (E, A,L) for which Ā is an isomor-
phism everywhere on P1 \{0, 1} except at the points zm, q

�1
zm, q

�2
zm, . . . , q

�km+1
zm for

m 2 {1, . . . , L}, where it has simple zeros.

The second condition can be restated in terms of a section s(z) generating L over P1 \1:
s(qz) ^ A(z)s(z) has simple zeros at zm, q

�1
zm, q

�2
zm, . . . , q

�km+1
zm for every m 2

{1, . . . , L} and has no other finite zeros.

Scalar difference operator

Miura q-oper: , where  is a q-oper and  is preserved by q-connection (E, A, ℒ, ℒ̂) (E, A, ℒ) ℒ̂ A

<latexit sha1_base64="ZMh9iCoim8vJu/mN+qkOsHRp100=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm8EitAtLIkXdCFU3LivYC7axTKaTduhkEudSKKHgq7hxoYhbn8Odb+O0zUJbfxj4+M85nDO/HzMqleN8WwuLS8srq5m17PrG5ta2vbNbk5EWmFRxxCLR8JEkjHJSVVQx0ogFQaHPSN3vX4/r9QERkkb8Tg1j4oWoy2lAMVLGatv7l3lduBjkH3XhHg4MPyTH7qht55yiMxGcBzeFHEhVadtfrU6EdUi4wgxJ2XSdWHkJEopiRkbZlpYkRriPuqRpkKOQSC+ZnD+CR8bpwCAS5nEFJ+7viQSFUg5D33SGSPXkbG1s/ldrahWcewnlsVaE4+miQDOoIjjOAnaoIFixoQGEBTW3QtxDAmFlEsuaENzZL89D7aTonhZLt6Vc+SqNIwMOwCHIAxecgTK4ARVQBRgk4Bm8gjfryXqx3q2PaeuClc7sgT+yPn8AbwGT4Q==</latexit>

A(u) = v(qu)Zv(u)�1 Z = diag(⇣, ⇣�1)
<latexit sha1_base64="5mkLmb0xfgxKBLlxRsKz4SWEbxk="></latexit>

A(u) =

✓
g(u) ⇤(u)
0 g(u)�1

◆

<latexit sha1_base64="ZPfETPZsmEI749Nsbaoo4R/r2pI=">AAACCnicbZBNS8MwGMfT+TbnW9Wjl+gQNoTRylAvwtCLxw3cC6ylpFm6haVpTVJhlp29+FW8eFDEq5/Am9/GrNtBNx8I+fH/Pw/J8/djRqWyrG8jt7S8srqWXy9sbG5t75i7ey0ZJQKTJo5YJDo+koRRTpqKKkY6sSAo9Blp+8Prid++J0LSiN+qUUzcEPU5DShGSkueedgvJeVL54Eo5AQC4bThnZTuYFIeZ6RvzyxaFSsruAj2DIpgVnXP/HJ6EU5CwhVmSMqubcXKTZFQFDMyLjiJJDHCQ9QnXY0chUS6abbKGB5rpQeDSOjDFczU3xMpCqUchb7uDJEayHlvIv7ndRMVXLgp5XGiCMfTh4KEQRXBSS6wRwXBio00ICyo/ivEA6QTUTq9gg7Bnl95EVqnFfusUm1Ui7WrWRx5cACOQAnY4BzUwA2ogybA4BE8g1fwZjwZL8a78TFtzRmzmX3wp4zPHwHzmTM=</latexit>

g(u) = ⇣
Q+(qu)

Q+(u)

<latexit sha1_base64="OMlgfE/kk8h2OmHqkjdqf4w41Ek="></latexit>

⇣ Q�(u)Q+(qu)� ⇣�1Q�(qu)Q+(u) = ⇤(u)

<latexit sha1_base64="fGgFR76A97a+4YDUcXkFotPLAK0="></latexit>

v(u) =

✓
Q+(u) ⇣Q�(u)Q+(qu)� ⇣�1Q�(u)Q+(qu)

0 Q+(u)

◆
2 B+(u)

<latexit sha1_base64="srNtP2y2tyMPOyVu46G4HtVxNdA="></latexit>✓
D2

q � T (qu)Dq �
⇤(qu)

⇤(u)

◆
s1 = 0



Back to tRS/Macdonald

Let 

qOper condition yields

tRS/Macdonald Hamiltonians!

T1
<latexit sha1_base64="yQBvVrSRtnzPtUd/7gwTLR5LpvU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rFiv6ANZbPdtEs3m7A7EUroT/DiQRGv/iJv/hu3bQ7a+mDg8d4MM/OCRAqDrvvtrK1vbG5tF3aKu3v7B4elo+OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8N/PbT1wbEasGThLuR3SoRCgYRSs9Nvpev1R2K+4cZJV4OSlDjnq/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mpU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMb/xMqCRFrthiUZhKgjGZ/U0GQnOGcmIJZVrYWwkbUU0Z2nSKNgRv+eVV0qpWvMtK9eGqXLvN4yjAKZzBBXhwDTW4hzo0gcEQnuEV3hzpvDjvzseidc3JZ07gD5zPH9YXjYA=</latexit>

T2
<latexit sha1_base64="pk5lO2eHRk17H1Ahs1pYPstRuKY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rFiv6ANZbPdtEs3m7A7EUroT/DiQRGv/iJv/hu3bQ7a+mDg8d4MM/OCRAqDrvvtrK1vbG5tF3aKu3v7B4elo+OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8N/PbT1wbEasGThLuR3SoRCgYRSs9NvrVfqnsVtw5yCrxclKGHPV+6as3iFkacYVMUmO6npugn1GNgkk+LfZSwxPKxnTIu5YqGnHjZ/NTp+TcKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOkUbQje8surpFWteJeV6sNVuXabx1GAUziDC/DgGmpwD3VoAoMhPMMrvDnSeXHenY9F65qTz5zAHzifP9ebjYE=</latexit>

Recover 2-particle tRS Hamiltonian from an -Oper — relation on q-Wronskian(SL(2), q)

<latexit sha1_base64="gTA1IvwHrW8F6ONDVJQVi90vMXI="></latexit>

det

✓
Q+(u) ⇣Q+(qu)
Q�(u) ⇣�1Q�(qu)

◆
= ⇤(u)

<latexit sha1_base64="3nkIL16iOr47q3SECf4Fh2Lo5lA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoMQCYZdCepFCHrxmIB5QLIss5PZZMjs7DAPISz5DS8eFPHqz3jzb5wke9DEgoaiqpvurlAwqrTrfju5tfWNza38dmFnd2//oHh41FaJkZi0cMIS2Q2RIoxy0tJUM9IVkqA4ZKQTju9nfueJSEUT/qgngvgxGnIaUYy0lfrNoFI257fmQgSVoFhyq+4ccJV4GSmBDI2g+NUfJNjEhGvMkFI9zxXaT5HUFDMyLfSNIgLhMRqSnqUcxUT56fzmKTyzygBGibTFNZyrvydSFCs1iUPbGSM9UsveTPzP6xkd3fgp5cJowvFiUWQY1AmcBQAHVBKs2cQShCW1t0I8QhJhbWMq2BC85ZdXSfuy6l1Va81aqX6XxZEHJ+AUlIEHrkEdPIAGaAEMBHgGr+DNMc6L8+58LFpzTjZzDP7A+fwBIbqQdQ==</latexit>

Q+(u) = u� p+
<latexit sha1_base64="WIVSjsCYFRobaOssRRv3I1Zasoc=">AAAB83icbVBNSwJRFL1jX2ZfVss2jySwhTITUm0CqU1LhUxBh+HN840+fDPzeB+BiH+jTYsi2vZn2vVveuosSjtw4XDOvdx7Tyg4U9p1v53c2vrG5lZ+u7Czu7d/UDw8elSpkYS2SMpT2QmxopwltKWZ5rQjJMVxyGk7HN3N/PYTlYqlyYMeC+rHeJCwiBGsrdRrBpWyOb8xFRFUgmLJrbpzoFXiZaQEGRpB8avXT4mJaaIJx0p1PVdof4KlZoTTaaFnFBWYjPCAdi1NcEyVP5nfPEVnVumjKJW2Eo3m6u+JCY6VGseh7YyxHqplbyb+53WNjq79CUuE0TQhi0WR4UinaBYA6jNJieZjSzCRzN6KyBBLTLSNqWBD8JZfXiWPF1Xvslpr1kr12yyOPJzAKZTBgyuowz00oAUEBDzDK7w5xnlx3p2PRWvOyWaO4Q+czx8n3JB5</latexit>

Q�(u) = u� p�

<latexit sha1_base64="wv+wtud5tfCF6+lnqhCL2+TtCvE="></latexit>

u2 � u


⇣ � q⇣�1

⇣ � ⇣�1
p+ +

q⇣ � q⇣�1

⇣�1 � ⇣
p�

�
+ p+p� = (u� a+)(u� a�)

<latexit sha1_base64="UuOV30aa9VZmMkhpn9iwYS6eOYg=">AAACB3icbVDLSgMxFM34rPVVdSnIYBFapGVGiroRim5cVugL2qFk0ts2NPMguSOWoTs3/oobF4q49Rfc+Tem0y609UByD+fcS3KPGwqu0LK+jaXlldW19dRGenNre2c3s7dfV0EkGdRYIALZdKkCwX2oIUcBzVAC9VwBDXd4M/Eb9yAVD/wqjkJwPNr3eY8zilrqZI7aCA8YdwHHuahQzV/pm3ZO80kp5DuZrFW0EpiLxJ6RLJmh0sl8tbsBizzwkQmqVMu2QnRiKpEzAeN0O1IQUjakfWhp6lMPlBMne4zNE610zV4g9fHRTNTfEzH1lBp5ru70KA7UvDcR//NaEfYunZj7YYTgs+lDvUiYGJiTUMwul8BQjDShTHL9V5MNqKQMdXRpHYI9v/IiqZ8V7fNi6a6ULV/P4kiRQ3JMcsQmF6RMbkmF1Agjj+SZvJI348l4Md6Nj2nrkjGbOSB/YHz+AAVMl3g=</latexit>

det(u� T ) = (u� a+)(u� a�)

tRS Lax Matrix



ClassicalQuantum

SU(n) XXZ spin chain n-particle trigonometric  

Ruijsenaars-Schneider model

coordinatestwist eigenvalues

energy (eigenvalues of Hamiltonians)equivariant parameters (anisotropies)

zizi

Ti(z, ~) = ei(a), i = 1, . . . , nBethe Ansatz Equations: exp
∂S
∂si

= 1
Energy level equations

ai ei(ai)

Planck’s constant Coupling constant

QQ-Systems q-Opers

<latexit sha1_base64="ikzi6YRz8zRNydAzPBPL8udRcSs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcRqo2r</latexit>z1
<latexit sha1_base64="UM1Bz5t0+MqszHWRs/b0/PqK6/o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+rxXrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndRPb87r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNmio3j</latexit>zi

<latexit sha1_base64="fLl+u8Bo3BVA2N1NEvcP/5Xu3Y4=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2k3bpZhN2N0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaLSPJYPZpygH9GB5CFn1Fip9dTL+Lk36ZXKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n83OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTH8nfa6QGTG2hDLF7a2EDamizNiEijYEb/HlZdK8qHiXlep9tVy7yeMowDGcwBl4cAU1uIM6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR84nz8ExY9f</latexit>zi+1

<latexit sha1_base64="7h1pPefRdyKR0lqGmCwAT4s3acY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ741CqvvVmlt35yCrxCtIDQo0+9Wv3iBhWcwVMkmN6XpuikFONQom+bTSywxPKRvTIe9aqmjMTZDPj52SM6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQT5EKlGXLFFouiTBJMyOxzMhCaM5QTSyjTwt5K2IhqytDmU7EheMsvr5LWRd27ql8+XNYat0UcZTiBUzgHD66hAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz/IQY6u</latexit>

~ <latexit sha1_base64="7h1pPefRdyKR0lqGmCwAT4s3acY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ741CqvvVmlt35yCrxCtIDQo0+9Wv3iBhWcwVMkmN6XpuikFONQom+bTSywxPKRvTIe9aqmjMTZDPj52SM6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQT5EKlGXLFFouiTBJMyOxzMhCaM5QTSyjTwt5K2IhqytDmU7EheMsvr5LWRd27ql8+XNYat0UcZTiBUzgHD66hAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz/IQY6u</latexit>

~



 -Opers (G, q)

t -OpersG

XXZ

XXX

rGaudin

tGaudin

tRS

rCM

tCMrRS

<latexit sha1_base64="FQb5k4HIb/3rEaCyXTHDMxQBrhw=">AAACFnicdVDLSgMxFM3UV62vUZdugkVwY5nWPnfFblxWsA/ojEMmzbShmQdJRixDv8KNv+LGhSJuxZ1/Y6YdoYoeSDiccy/33uOEjAppGJ9aZmV1bX0ju5nb2t7Z3dP3D7oiiDgmHRywgPcdJAijPulIKhnph5wgz2Gk50xaid+7JVzQwL+W05BYHhr51KUYSSXZ+pnpITl2nLg1s8MbU1KPiMUPl5y71LH1vFEwGpVqowYVmUORRr1SKp/DYqrkQYq2rX+YwwBHHvElZkiIQdEIpRUjLilmZJYzI0FChCdoRAaK+kgNseL5WTN4opQhdAOuni/hXF3uiJEnxNRzVGWyqvjtJeJf3iCSbt2KqR9Gkvh4MciNGJQBTDKCQ8oJlmyqCMKcql0hHiOOsFRJ5lQI35fC/0m3VChWC+Wrcr55kcaRBUfgGJyCIqiBJrgEbdABGNyDR/AMXrQH7Ul71d4WpRkt7TkEP6C9fwFM16C/</latexit>

C⇥
p ⇥ C⇥

x

<latexit sha1_base64="+dut3qUOmJDfahmz5Rb/oNvI4V8=">AAACD3icdVC7TsMwFHXKq5RXgJHFogIxVWnpc6vowlgk+pCaEDmu01p1HrIdRBX1D1j4FRYGEGJlZeNvcNogFQRHsnV0zr269x4nZFRIw/jUMiura+sb2c3c1vbO7p6+f9AVQcQx6eCABbzvIEEY9UlHUslIP+QEeQ4jPWfSSvzeLeGCBv61nIbE8tDIpy7FSCrJ1k9ND8mx48StmR3emJJ6RCx+uOTc2XreKBiNSrVRg4rMoUijXimVz2ExVfIgRdvWP8xhgCOP+BIzJMSgaITSihGXFDMyy5mRICHCEzQiA0V9pCZa8fyeGTxRyhC6AVfPl3CuLnfEyBNi6jmqMtlR/PYS8S9vEEm3bsXUDyNJfLwY5EYMygAm4cAh5QRLNlUEYU7VrhCPEUdYqghzKoTvS+H/pFsqFKuF8lU537xI48iCI3AMzkAR1EATXII26AAM7sEjeAYv2oP2pL1qb4vSjJb2HIIf0N6/AH9YnZ0=</latexit>

C⇥
p ⇥ Cx

<latexit sha1_base64="IlV8Xr3RjnGdS1EDJQmQeKAe5zI=">AAACD3icdZBLS8NAEMc39VXrK+rRy2JRPJW09nkr9uKxgn1AE8Nmu2mXbh7sbsQS+g28+FW8eFDEq1dvfhs3bYQqOjDw5zczzMzfCRkV0jA+tczK6tr6RnYzt7W9s7un7x90RRBxTDo4YAHvO0gQRn3SkVQy0g85QZ7DSM+ZtJJ675ZwQQP/Wk5DYnlo5FOXYiQVsvVT00Ny7Dhxa2aHpqQeEXAJ3d0smK3njYLRqFQbNajEPJRo1Cul8jkspiQP0mjb+oc5DHDkEV9ihoQYFI1QWjHikmJGZjkzEiREeIJGZKCkj9QSK57/M4MnigyhG3CVvoRzujwRI0+IqeeozuRU8buWwL9qg0i6dSumfhhJ4uPFIjdiUAYwMQcOKSdYsqkSCHOqboV4jDjCUlmYUyZ8fwr/F91SoVgtlK/K+eZFakcWHIFjcAaKoAaa4BK0QQdgcA8ewTN40R60J+1Ve1u0ZrR05hD8CO39C31anZ0=</latexit>

Cp ⇥ C⇥
x

<latexit sha1_base64="pjkOq7CBRf0fKrzy0LAmmTtXH9c=">AAACCHicdVDLSsNAFJ34rPUVdenCwSK4Kkntc1fsxmUF+4AmhMl00g6dPJiZiCV06cZfceNCEbd+gjv/xkkboYoeuHA4517uvceNGBXSMD61ldW19Y3N3FZ+e2d3b18/OOyKMOaYdHDIQt53kSCMBqQjqWSkH3GCfJeRnjtppX7vlnBBw+BGTiNi+2gUUI9iJJXk6CeWj+TYdZPWzIksSX0i4JJ05+gFo2g0KtVGDSoyhyKNeqVUvoBmphRAhrajf1jDEMc+CSRmSIiBaUTSThCXFDMyy1uxIBHCEzQiA0UDpDbayfyRGTxTyhB6IVcVSDhXlycS5Asx9V3Vmd4ofnup+Jc3iKVXtxMaRLEkAV4s8mIGZQjTVOCQcoIlmyqCMKfqVojHiCMsVXZ5FcL3p/B/0i0VzWqxfF0uNC+zOHLgGJyCc2CCGmiCK9AGHYDBPXgEz+BFe9CetFftbdG6omUzR+AHtPcvxEGaew==</latexit>

Cp ⇥ Cx

r -Opers G

 -Opers (G, ϵ)

<latexit sha1_base64="NI6/Z6Xqze9xVB65zjk5eiu7QcM=">AAACCHicdVDLSsNAFJ3UV62vqEsXDhbBVUlLrO2uWASXFewDmhAm02k7dPJgZiKWkKUbf8WNC0Xc+gnu/BsnaQQVPXDhcM693HuPGzIqpGF8aIWl5ZXVteJ6aWNza3tH393riSDimHRxwAI+cJEgjPqkK6lkZBBygjyXkb47a6d+/4ZwQQP/Ws5DYnto4tMxxUgqydEPLQ/JKUYsvkic0JLUIyKTXDduJ86to5eNitGo1eomVCSDIs2GaTRNWM2VMsjRcfR3axTgyCO+xAwJMawaobRjxCXFjCQlKxIkRHiGJmSoqI/UQjvOHkngsVJGcBxwVb6Emfp9IkaeEHPPVZ3pjeK3l4p/ecNIjht2TP0wksTHi0XjiEEZwDQVOKKcYMnmiiDMqboV4iniCEuVXUmF8PUp/J/0apVqvXJ6ZZZb53kcRXAAjsAJqIIz0AKXoAO6AIM78ACewLN2rz1qL9rrorWg5TP74Ae0t08uLpq/</latexit>

Ep ⇥ Cx

e -OpersG

eGaudin
dual eCM

e -Opers (G, q)

XYZ
dual eRS

<latexit sha1_base64="0Nud0d/mdRLgxzwaHP6yHjyjbHM=">AAACD3icdZA7SwNBEMfnfMb4OrW0WQyKVbiEMyZdMAiWEcwDknjsbTbJkr0Hu3tiOO4b2PhVbCwUsbW189u4SU5Q0YGBP7+ZYWb+bsiZVJb1YSwsLi2vrGbWsusbm1vb5s5uUwaRILRBAh6Itosl5cynDcUUp+1QUOy5nLbccW1ab91QIVngX6lJSHseHvpswAhWGjnmUdfDakQwj88TJ+wq5lE5Q64b15LrOXBuHTNn5a1ysViykRaz0KJStq2KjQopyUEadcd87/YDEnnUV4RjKTsFK1S9GAvFCKdJthtJGmIyxkPa0dLHek0vnv2ToENN+mgQCJ2+QjP6fSLGnpQTz9Wd01Pl79oU/lXrRGpQ7sXMDyNFfTJfNIg4UgGamoP6TFCi+EQLTATTtyIywgITpS3MahO+PkX/i2YxXyjlTy7tXPUstSMD+3AAx1CAU6jCBdShAQTu4AGe4Nm4Nx6NF+N13rpgpDN78COMt0/pMZ3h</latexit>

Ep ⇥ C⇥
x

<latexit sha1_base64="5WIfndDuFflIO3gQBI9pkh91WOU=">AAACCXicdVDLSsNAFJ34rPUVdelmsAiuSlJqbXdFEVxWsA9oQphMJ+3QySTMTMQSunXjr7hxoYhb/8Cdf+OkjVBFD1w4nHMv997jx4xKZVmfxtLyyuraemGjuLm1vbNr7u13ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOuPLzK/e0uEpBG/UZOYuCEachpQjJSWPBM6IVIjjFh6OfViR9GQyEXpzjNLVtmqVyq1KtRkBk0a9arVqEI7V0ogR8szP5xBhJOQcIUZkrJvW7FyUyQUxYxMi04iSYzwGA1JX1OO9EY3nX0yhcdaGcAgErq4gjN1cSJFoZST0Ned2ZHyt5eJf3n9RAV1N6U8ThTheL4oSBhUEcxigQMqCFZsognCgupbIR4hgbDS4RV1CN+fwv9Jp1K2a+XT62qpeZ7HUQCH4AicABucgSa4Ai3QBhjcg0fwDF6MB+PJeDXe5q1LRj5zAH7AeP8CBuGbNw==</latexit>

Ep ⇥ Ex

<latexit sha1_base64="krgi1J6SwtB3GQ5+yPWjgZ642hE=">AAACD3icdVDLSgMxFL3js9bXqEs3waK4KtMy1nZXLILLCvYBbR0yadqGZh4kGbEM8wdu/BU3LhRx69adf2PajqCiB0IO59zLvfe4IWdSWdaHsbC4tLyymlnLrm9sbm2bO7tNGUSC0AYJeCDaLpaUM582FFOctkNBsedy2nLHtanfuqFCssC/UpOQ9jw89NmAEay05JhHXQ+rkevGteS6q5hHpRPO/5lBMI/PE+fWMXNW3ioXiyUbaTKDJpWybVVsVEiVHKSoO+Z7tx+QyKO+IhxL2SlYoerFWChGOE2y3UjSEJMxHtKOpj7WE3vx7J4EHWqljwaB0M9XaKZ+74ixJ+XEc3XldEn525uKf3mdSA3KvZj5YaSoT+aDBhFHKkDTcFCfCUoUn2iCiWB6V0RGWGCidIRZHcLXpeh/0izmC6X8yaWdq56lcWRgHw7gGApwClW4gDo0gMAdPMATPBv3xqPxYrzOSxeMtGcPfsB4+wTo253h</latexit>

C⇥
p ⇥ Ex

<latexit sha1_base64="Lh2BC0m+3LgjZQzIRLaY6ySd3ps=">AAACCHicdVDLSsNAFJ3UV62vqEsXDhbBVUlLrO2uWASXFewDmhAm02k7dPJgZiKWkKUbf8WNC0Xc+gnu/BsnaQQVPXDhcM693HuPGzIqpGF8aIWl5ZXVteJ6aWNza3tH393riSDimHRxwAI+cJEgjPqkK6lkZBBygjyXkb47a6d+/4ZwQQP/Ws5DYnto4tMxxUgqydEPLQ/JqevG7cQJLUk9IjIFIxZfJM6to5eNitGo1eomVCSDIs2GaTRNWM2VMsjRcfR3axTgyCO+xAwJMawaobRjxCXFjCQlKxIkRHiGJmSoqI/URjvOHkngsVJGcBxwVb6Emfp9IkaeEHPPVZ3pkeK3l4p/ecNIjht2TP0wksTHi0XjiEEZwDQVOKKcYMnmiiDMqboV4iniCEuVXUmF8PUp/J/0apVqvXJ6ZZZb53kcRXAAjsAJqIIz0AKXoAO6AIM78ACewLN2rz1qL9rrorWg5TP74Ae0t08txJq/</latexit>

Cp ⇥ Ex

?? 

???

??

??

<latexit sha1_base64="dhPp5E4MSFQ4cCTAaHSDYKVjlxc=">AAACA3icdVDJSgNBEO1xjXGLetNLYxAihDATs+gtUQ85RjCLJCH0dDpJk57F7hoxDAEv/ooXD4p49Se8+Td2FkFFHxQ83quiqp7tC67AND+MufmFxaXlyEp0dW19YzO2tV1VXiApq1BPeLJuE8UEd1kFOAhW9yUjji1YzR6cjf3aDZOKe+4lDH3WckjP5V1OCWipHdttAruF8LxYKo7aYbNvE5m8HiXqyavDdixupo7SJ9l8Gpspc4IJyWTyOWzNlDiaodyOvTc7Hg0c5gIVRKmGZfrQCokETgUbRZuBYj6hA9JjDU1d4jDVCic/jPCBVjq460ldLuCJ+n0iJI5SQ8fWnQ6BvvrtjcW/vEYA3eNWyF0/AObS6aJuIDB4eBwI7nDJKIihJoRKrm/FtE8koaBji+oQvj7F/5NqOmXlUtmLTLxwOosjgvbQPkogC+VRAZVQGVUQRXfoAT2hZ+PeeDRejNdp65wxm9lBP2C8fQIVQ5cs</latexit>

DAHA~,q(X,Y )

<latexit sha1_base64="XyJ1M/T69B2xxbnF0Th+7SaJun8=">AAACAnicdVDJSgNBEO1xjXEb9SReGoMQIYRJzKK3aC4eI5gFkhB6Op2kSc9Cd404DMGLv+LFgyJe/Qpv/o2dZAQVfVDweK+Kqnq2L7gCy/owFhaXlldWE2vJ9Y3NrW1zZ7ehvEBSVqee8GTLJooJ7rI6cBCs5UtGHFuwpj2uTv3mDZOKe+41hD7rOmTo8gGnBLTUM/c7wG4hgur5pBd1RjaRGTpJtzLhcc9MWdmT/FmxnMdW1pphRgqFcgnnYiWFYtR65nun79HAYS5QQZRq5ywfuhGRwKlgk2QnUMwndEyGrK2pSxymutHshQk+0kofDzypywU8U79PRMRRKnRs3ekQGKnf3lT8y2sHMDjtRtz1A2AunS8aBAKDh6d54D6XjIIINSFUcn0rpiMiCQWdWlKH8PUp/p808tlcKVu8KqQqF3EcCXSADlEa5VAZVdAlqqE6ougOPaAn9GzcG4/Gi/E6b10w4pk99APG2yflVpce</latexit>

tCA~,c(X, y)
<latexit sha1_base64="bEc38YRhlo5UH2zju4S1v0teIDo=">AAACAnicdVDJSgNBEO1xjXGLehIvjUGIEMIkZtFbNBePEcwiSQg9nU7SpGehu0YShuDFX/HiQRGvfoU3/8bOZAQVfVDweK+KqnqWJ7gC0/wwFhaXlldWY2vx9Y3Nre3Ezm5dub6krEZd4cqmRRQT3GE14CBY05OM2JZgDWtUmfmNWyYVd51rmHisY5OBw/ucEtBSN7HfBjaGACrn027QHlpEpuk0NU7fHHcTSTNzkjsrlHLYzJghQpLPl4o4GylJFKHaTby3ey71beYAFUSpVtb0oBMQCZwKNo23fcU8QkdkwFqaOsRmqhOEL0zxkVZ6uO9KXQ7gUP0+ERBbqYlt6U6bwFD99mbiX17Lh/5pJ+CO5wNz6HxR3xcYXDzLA/e4ZBTERBNCJde3YjokklDQqcV1CF+f4v9JPZfJFjOFq3yyfBHFEUMH6BClUBaVUBldoiqqIYru0AN6Qs/GvfFovBiv89YFI5rZQz9gvH0C5ZaXHg==</latexit>

tCA~,c(x, Y )

<latexit sha1_base64="8GGmSUOTlQ6KTTb6UtNgkrDefuw=">AAACAnicdVDJSgNBEO2JW4xb1JN4aQxChDBMYha9RXPxGMEskITQ0+kkTXoWumskYRi8+CtePCji1a/w5t/YWQQVfVDweK+Kqnq2L7gCy/owYkvLK6tr8fXExubW9k5yd6+uvEBSVqOe8GTTJooJ7rIacBCs6UtGHFuwhj2qTP3GLZOKe+4NTHzWccjA5X1OCWipmzxoAxtDKCsXUTdsD20iMzRKjzOTk24yZZmnufNCKYct05phRvL5UhFnF0oKLVDtJt/bPY8GDnOBCqJUK2v50AmJBE4FixLtQDGf0BEZsJamLnGY6oSzFyJ8rJUe7ntSlwt4pn6fCImj1MSxdadDYKh+e1PxL68VQP+sE3LXD4C5dL6oHwgMHp7mgXtcMgpiogmhkutbMR0SSSjo1BI6hK9P8f+knjOzRbNwnU+VLxdxxNEhOkJplEUlVEZXqIpqiKI79ICe0LNxbzwaL8brvDVmLGb20Q8Yb58TGZc8</latexit>

rCA~,c(x, y)

eCM

???
eRS

???
DELL

<latexit sha1_base64="12lWjKv2iiwRQiRXeq8KXi4rrSw=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiB4GmZiFj0l6MVjFLNAMoSeTk/SpGehu0cIQ/7AiwdFvPpH3vwbO5MRVPRBweO9KqrquRFnUlnWh5FbWV1b38hvFra2d3b3ivsHHRnGgtA2CXkoei6WlLOAthVTnPYiQbHvctp1p1cLv3tPhWRhcKdmEXV8PA6YxwhWWrptNIbFkmWelS+q9TKyTCtFSiqVeg3ZmVKCDK1h8X0wCkns00ARjqXs21aknAQLxQin88IgljTCZIrHtK9pgH0qnSS9dI5OtDJCXih0BQql6veJBPtSznxXd/pYTeRvbyH+5fVj5Z07CQuiWNGALBd5MUcqRIu30YgJShSfaYKJYPpWRCZYYKJ0OAUdwten6H/SKZt2zazeVErNyyyOPBzBMZyCDXVowjW0oA0EPHiAJ3g2psaj8WK8LltzRjZzCD9gvH0CXtCNRw==</latexit>

??

<latexit sha1_base64="12lWjKv2iiwRQiRXeq8KXi4rrSw=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiB4GmZiFj0l6MVjFLNAMoSeTk/SpGehu0cIQ/7AiwdFvPpH3vwbO5MRVPRBweO9KqrquRFnUlnWh5FbWV1b38hvFra2d3b3ivsHHRnGgtA2CXkoei6WlLOAthVTnPYiQbHvctp1p1cLv3tPhWRhcKdmEXV8PA6YxwhWWrptNIbFkmWelS+q9TKyTCtFSiqVeg3ZmVKCDK1h8X0wCkns00ARjqXs21aknAQLxQin88IgljTCZIrHtK9pgH0qnSS9dI5OtDJCXih0BQql6veJBPtSznxXd/pYTeRvbyH+5fVj5Z07CQuiWNGALBd5MUcqRIu30YgJShSfaYKJYPpWRCZYYKJ0OAUdwten6H/SKZt2zazeVErNyyyOPBzBMZyCDXVowjW0oA0EPHiAJ3g2psaj8WK8LltzRjZzCD9gvH0CXtCNRw==</latexit>

??

<latexit sha1_base64="9M9Q0ly4yim46ykzRr/SKX7WC7k=">AAAB+XicdVDLSgNBEJyNrxhfqx69DAbBi8tGErO5Bb14jGBUSJYwO+nokNlHZnrFsORPvHhQxKt/4s2/cRJXUNGChqKqm+6uIJFCo+u+W4W5+YXFpeJyaWV1bX3D3ty60HGqOLR5LGN1FTANUkTQRoESrhIFLAwkXAbDk6l/eQtKizg6x3ECfsiuIzEQnKGRerY9GnUR7jA70GONEE56dtl13Bmo61QbtbrnGVJveEdVj1Zyq0xytHr2W7cf8zSECLlkWncqboJ+xhQKLmFS6qYaEsaH7Bo6hkYsBO1ns8sndM8ofTqIlakI6Uz9PpGxUOtxGJjOkOGN/u1Nxb+8TooDz89ElKQIEf9cNEglxZhOY6B9oYCjHBvCuBLmVspvmGIcTVglE8LXp/R/cnHoVI6c2lm13DzO4yiSHbJL9kmF1EmTnJIWaRNObsk9eSRPVmY9WM/Wy2drwcpntskPWK8fzjmUdQ==</latexit>

qq-system

<latexit sha1_base64="pflH5r1302YGzWa5hQ5O7z7Vhes="></latexit>

U~,q

✓
ccgl1

◆

<latexit sha1_base64="KDA8G0cjV8qOzYylI0c+ZPiyMrA="></latexit>

Y~,✏
⇣
cgl1

⌘

<latexit sha1_base64="Stih5VRlIc06uLCLg5GyRAqz8/U="></latexit>

eDIM~,q,p

<latexit sha1_base64="i1ePeu4q2pdc+1RCF9TtfuBOOrw=">AAAB+XicdVDJSgNBEO1xjXEb9eilMQheDBPJMrkFvXhMwCyQhNDTqSRNeha6a4JhyJ948aCIV//Em39jZxFU9EHB470qqup5kRQaHefDWlvf2NzaTu2kd/f2Dw7to+OGDmPFoc5DGaqWxzRIEUAdBUpoRQqY70loeuObud+cgNIiDO5wGkHXZ8NADARnaKSebddqHYR7TC71VCP4s56dcbLOAtTJ5suFkusaUiq7xbxLcysrQ1ao9uz3Tj/ksQ8Bcsm0buecCLsJUyi4hFm6E2uIGB+zIbQNDZgPupssLp/Rc6P06SBUpgKkC/X7RMJ8rae+Zzp9hiP925uLf3ntGAduNxFBFCMEfLloEEuKIZ3HQPtCAUc5NYRxJcytlI+YYhxNWGkTwten9H/SuMrmitlCLZ+pXK/iSJFTckYuSI6USIXckiqpE04m5IE8kWcrsR6tF+t12bpmrWZOyA9Yb59pmZQ1</latexit>

QQ-system

<latexit sha1_base64="Hg4kSwtLOQ4prx93zRkX9ToVt5o=">AAAB+3icdVDLTgJBEJz1ifhCPHqZSEy8SHYNyHIjevGIiYAJIJkdemHi7MOZXgPZ8CtePGiMV3/Em3/jgJio0Uo6qVR1p7vLi6XQaNvv1sLi0vLKamYtu76xubWd28k3dZQoDg0eyUhdeUyDFCE0UKCEq1gBCzwJLe/mbOq37kBpEYWXOI6hG7BBKHzBGRqpl8vf3l5jB2GE6ZEea4Rg0ssV7KI9A7WLpWq54rqGVKruScmlztwqkDnqvdxbpx/xJIAQuWRatx07xm7KFAouYZLtJBpixm/YANqGhiwA3U1nt0/ogVH61I+UqRDpTP0+kbJA63Hgmc6A4VD/9qbiX147Qd/tpiKME4SQfy7yE0kxotMgaF8o4CjHhjCuhLmV8iFTjKOJK2tC+PqU/k+ax0XnpFi+KBVqp/M4MmSP7JND4pAKqZFzUicNwsmI3JNH8mRNrAfr2Xr5bF2w5jO75Aes1w9kgZVb</latexit>

qqt-system
<latexit sha1_base64="DyX3lyyGiYAqWIZY9L1V3mg0IBg=">AAAB+XicdVDLSgNBEJyNrxhfqx69DAbBi8tGotncgl48KpgYSJYwO+nokNmHM73BsORPvHhQxKt/4s2/cRJXUNGChqKqm+6uIJFCo+u+W4W5+YXFpeJyaWV1bX3D3txq6ThVHJo8lrFqB0yDFBE0UaCEdqKAhYGEq2B4OvWvRqC0iKNLHCfgh+w6EgPBGRqpZ9sXt12EO8wO9FgjhJOeXXYddwbqOtX6Uc3zDKnVveOqRyu5VSY5znv2W7cf8zSECLlkWncqboJ+xhQKLmFS6qYaEsaH7Bo6hkYsBO1ns8sndM8ofTqIlakI6Uz9PpGxUOtxGJjOkOGN/u1Nxb+8TooDz89ElKQIEf9cNEglxZhOY6B9oYCjHBvCuBLmVspvmGIcTVglE8LXp/R/0jp0KsfO0UW13DjJ4yiSHbJL9kmF1EiDnJFz0iScjMg9eSRPVmY9WM/Wy2drwcpntskPWK8fm9mUVQ==</latexit>

Qq-system

<latexit sha1_base64="4Y2XFsmFePLr59SwwsqJwhBnKx4=">AAACBHicdVA9SwNBEN3zM8avU0ubxSDYGC6SmLML2lgaMCrkjrC3mUuW7H2wOyeGI4WNf8XGQhFbf4Sd/8ZNjKCiDwYe780wMy9IpdDoOO/WzOzc/MJiYam4vLK6tm5vbF7oJFMcWjyRiboKmAYpYmihQAlXqQIWBRIug8HJ2L+8BqVFEp/jMAU/Yr1YhIIzNFLH3m56EcN+qNggb448hBvM9/VQI0Sjjl1yys4E1ClXj2p11zWkfuQeVl1amVolMsVZx37zugnPIoiRS6Z1u+Kk6OdMoeASRkUv05AyPmA9aBsaswi0n0+eGNFdo3RpmChTMdKJ+n0iZ5HWwygwneOL9W9vLP7ltTMMXT8XcZohxPxzUZhJigkdJ0K7QgFHOTSEcSXMrZT3mWIcTW5FE8LXp/R/cnFQrhyWa81qqXE8jaNAtskO2SMVUicNckrOSItwckvuySN5su6sB+vZevlsnbGmM1vkB6zXD2eZmUU=</latexit>

QQ-system

<latexit sha1_base64="nPN6/RcoBiMl5Au13L0VCYMShpA=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiTS2Lhq0Y3LKvYBbSiT6aQdOnkwMxFK6B+4caGIW//InX/jtI2gogcuHM65l3vv8RPOpLKsD6Owsrq2vlHcLG1t7+zulfcP2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT67mfueeCsni6E5NE+qFeBSxgBGstHRbrw/KFct0q86FU0OWaS2giWs5VbeK7FypQI7moPzeH8YkDWmkCMdS9mwrUV6GhWKE01mpn0qaYDLBI9rTNMIhlV62uHSGTrQyREEsdEUKLdTvExkOpZyGvu4MsRrL395c/MvrpSpwvYxFSapoRJaLgpQjFaP522jIBCWKTzXBRDB9KyJjLDBROpySDuHrU/Q/aZ+Z9rnp3FQrjcs8jiIcwTGcgg01aMA1NKEFBAJ4gCd4NibGo/FivC5bC0Y+cwg/YLx9AnkJjVk=</latexit>

??

<latexit sha1_base64="nPN6/RcoBiMl5Au13L0VCYMShpA=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiTS2Lhq0Y3LKvYBbSiT6aQdOnkwMxFK6B+4caGIW//InX/jtI2gogcuHM65l3vv8RPOpLKsD6Owsrq2vlHcLG1t7+zulfcP2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT67mfueeCsni6E5NE+qFeBSxgBGstHRbrw/KFct0q86FU0OWaS2giWs5VbeK7FypQI7moPzeH8YkDWmkCMdS9mwrUV6GhWKE01mpn0qaYDLBI9rTNMIhlV62uHSGTrQyREEsdEUKLdTvExkOpZyGvu4MsRrL395c/MvrpSpwvYxFSapoRJaLgpQjFaP522jIBCWKTzXBRDB9KyJjLDBROpySDuHrU/Q/aZ+Z9rnp3FQrjcs8jiIcwTGcgg01aMA1NKEFBAJ4gCd4NibGo/FivC5bC0Y+cwg/YLx9AnkJjVk=</latexit>

??

<latexit sha1_base64="nPN6/RcoBiMl5Au13L0VCYMShpA=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiTS2Lhq0Y3LKvYBbSiT6aQdOnkwMxFK6B+4caGIW//InX/jtI2gogcuHM65l3vv8RPOpLKsD6Owsrq2vlHcLG1t7+zulfcP2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT67mfueeCsni6E5NE+qFeBSxgBGstHRbrw/KFct0q86FU0OWaS2giWs5VbeK7FypQI7moPzeH8YkDWmkCMdS9mwrUV6GhWKE01mpn0qaYDLBI9rTNMIhlV62uHSGTrQyREEsdEUKLdTvExkOpZyGvu4MsRrL395c/MvrpSpwvYxFSapoRJaLgpQjFaP522jIBCWKTzXBRDB9KyJjLDBROpySDuHrU/Q/aZ+Z9rnp3FQrjcs8jiIcwTGcgg01aMA1NKEFBAJ4gCd4NibGo/FivC5bC0Y+cwg/YLx9AnkJjVk=</latexit>

??

<latexit sha1_base64="cu9duFMDZz6c1Y+K7W0tltKCVf8=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiB4GmYky+SUoBePUcwCyRB6Oj1Jk56F7h4hDPkDLx4U8eofefNv7CQjqOiDgsd7VVTV82LOpLKsDyO3tr6xuZXfLuzs7u0fFA+POjJKBKFtEvFI9DwsKWchbSumOO3FguLA47TrTa8WfveeCsmi8E7NYuoGeBwynxGstHTbaAyLJcu0lkCWWa5Xao6jSa3uVMsOsjOrBBlaw+L7YBSRJKChIhxL2betWLkpFooRTueFQSJpjMkUj2lf0xAHVLrp8tI5OtPKCPmR0BUqtFS/T6Q4kHIWeLozwGoif3sL8S+vnyjfcVMWxomiIVkt8hOOVIQWb6MRE5QoPtMEE8H0rYhMsMBE6XAKOoSvT9H/pHNh2lWzclMuNS+zOPJwAqdwDjbUoAnX0II2EPDhAZ7g2Zgaj8aL8bpqzRnZzDH8gPH2CY5ljWk=</latexit>

??

<latexit sha1_base64="cu9duFMDZz6c1Y+K7W0tltKCVf8=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiB4GmYky+SUoBePUcwCyRB6Oj1Jk56F7h4hDPkDLx4U8eofefNv7CQjqOiDgsd7VVTV82LOpLKsDyO3tr6xuZXfLuzs7u0fFA+POjJKBKFtEvFI9DwsKWchbSumOO3FguLA47TrTa8WfveeCsmi8E7NYuoGeBwynxGstHTbaAyLJcu0lkCWWa5Xao6jSa3uVMsOsjOrBBlaw+L7YBSRJKChIhxL2betWLkpFooRTueFQSJpjMkUj2lf0xAHVLrp8tI5OtPKCPmR0BUqtFS/T6Q4kHIWeLozwGoif3sL8S+vnyjfcVMWxomiIVkt8hOOVIQWb6MRE5QoPtMEE8H0rYhMsMBE6XAKOoSvT9H/pHNh2lWzclMuNS+zOPJwAqdwDjbUoAnX0II2EPDhAZ7g2Zgaj8aL8bpqzRnZzDH8gPH2CY5ljWk=</latexit>

??

<latexit sha1_base64="cu9duFMDZz6c1Y+K7W0tltKCVf8=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiB4GmYky+SUoBePUcwCyRB6Oj1Jk56F7h4hDPkDLx4U8eofefNv7CQjqOiDgsd7VVTV82LOpLKsDyO3tr6xuZXfLuzs7u0fFA+POjJKBKFtEvFI9DwsKWchbSumOO3FguLA47TrTa8WfveeCsmi8E7NYuoGeBwynxGstHTbaAyLJcu0lkCWWa5Xao6jSa3uVMsOsjOrBBlaw+L7YBSRJKChIhxL2betWLkpFooRTueFQSJpjMkUj2lf0xAHVLrp8tI5OtPKCPmR0BUqtFS/T6Q4kHIWeLozwGoif3sL8S+vnyjfcVMWxomiIVkt8hOOVIQWb6MRE5QoPtMEE8H0rYhMsMBE6XAKOoSvT9H/pHNh2lWzclMuNS+zOPJwAqdwDjbUoAnX0II2EPDhAZ7g2Zgaj8aL8bpqzRnZzDH8gPH2CY5ljWk=</latexit>

??
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of A to the Zariski open dense subset U∩M−1
q (U) can be written as a section of the trivial G-

bundle on U ∩M−1
q (U), and hence as an element A(z) of G(z).1 Changing the trivialization

of FG|U via g(z) ∈ G(z) changes A(z) by the following q-gauge transformation:

(2.1) A(z) #→ g(qz)A(z)g(z)−1 .

This shows that the set of equivalence classes of pairs (FG, A) as above is in bijection with
the quotient of G(z) by the q-gauge transformations (2.1).

Following [FRS,SS], we define a (G, q)-oper as a (G, q)-connection on a G-bundle on P1

equipped with a reduction to the Borel subgroup B− that is not preserved by the (G, q)-
connection but instead satisfies a special “transversality condition” which is defined in terms
of the Bruhat cell associated to the Coxeter element c. Here is the precise definition.

Definition 2.1. Ameromorphic (G, q)-oper (or simply a q-oper) on P1 is a triple (FG, A,FB−),
where A is a meromorphic (G, q)-connection on a G-bundle FG on P1 and FB− is a reduc-
tion of FG to B− satisfying the following condition: there exists a Zariski open dense
subset U ⊂ P1 together with a trivialization ıB− of FB− such that the restriction of the
connection A : FG −→ F

q
G to U ∩M−1

q (U), written as an element of G(z) using the triv-
ializations of FG and F

q
G on U ∩ M−1

q (U) induced by ıB− , takes values in the Bruhat cell
B−(C[U ∩M−1

q (U)])cB−(C[U ∩M−1
q (U)]).

Note that this property does not depend on the choice of trivialization ıB− .
Since G is assumed to be simply connected, any q-oper connection A can be written

(using a particular trivialization ıB−) in the form

(2.2) A(z) = n′(z)
∏

i

(φi(z)
α̌i si)n(z),

where φi(z) ∈ C(z) and n(z), n′(z) ∈ N−(z) are such that their zeros and poles are outside
the subset U ∩M−1

q (U) of P1.
We remark that the choice of a particular Coxeter element c in this definition can be

viewed as a choice of a particular gauge, at least for orderings differing by a cyclic permu-
tation. Indeed, we will see below in Proposition 4.10 that the spaces of q-opers we consider
for such a pair of Coxeter elements are isomorphic under a specific q-gauge transformation.

2.3. Miura q-opers. We will also need a q-difference version of the notion of differential
Miura opers introduced in [F2,F3]. These are q-opers together with an additional datum:
a reduction of the underlying G-bundle to the Borel subgroup B+ (opposite to B−) that is
preserved by the oper q-connection.

Definition 2.2. AMiura (G, q)-oper on P1 is a quadruple (FG, A,FB− ,FB+), where (FG, A,FB−)
is a meromorphic (G, q)-oper on P1 and FB+ is a reduction of the G-bundle FG to B+ that
is preserved by the q-connection A.

Forgetting FB+ , we associate a (G, q)-oper to a given Miura (G, q)-oper. We will refer to
it as the (G, q)-oper underlying the Miura (G, q)-oper.

The following result is an analogue of a statement about differential Miura opers proved
in [F2,F3].

Suppose we are given a principal G-bundle FG on any smooth complex manifold X
equipped with reductions FB− and FB+ to B− and B+ respectively. We then assign to

1Throughout the paper, if K is a complex algebraic group, we set K(z) = K(C(z)).
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q (U) of P1.
We remark that the choice of a particular Coxeter element c in this definition can be

viewed as a choice of a particular gauge, at least for orderings differing by a cyclic permu-
tation. Indeed, we will see below in Proposition 4.10 that the spaces of q-opers we consider
for such a pair of Coxeter elements are isomorphic under a specific q-gauge transformation.

2.3. Miura q-opers. We will also need a q-difference version of the notion of differential
Miura opers introduced in [F2,F3]. These are q-opers together with an additional datum:
a reduction of the underlying G-bundle to the Borel subgroup B+ (opposite to B−) that is
preserved by the oper q-connection.

Definition 2.2. AMiura (G, q)-oper on P1 is a quadruple (FG, A,FB− ,FB+), where (FG, A,FB−)
is a meromorphic (G, q)-oper on P1 and FB+ is a reduction of the G-bundle FG to B+ that
is preserved by the q-connection A.

Forgetting FB+ , we associate a (G, q)-oper to a given Miura (G, q)-oper. We will refer to
it as the (G, q)-oper underlying the Miura (G, q)-oper.

The following result is an analogue of a statement about differential Miura opers proved
in [F2,F3].

Suppose we are given a principal G-bundle FG on any smooth complex manifold X
equipped with reductions FB− and FB+ to B− and B+ respectively. We then assign to

1Throughout the paper, if K is a complex algebraic group, we set K(z) = K(C(z)).
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of A to the Zariski open dense subset U∩M−1
q (U) can be written as a section of the trivial G-

bundle on U ∩M−1
q (U), and hence as an element A(z) of G(z).1 Changing the trivialization

of FG|U via g(z) ∈ G(z) changes A(z) by the following q-gauge transformation:

(2.1) A(z) #→ g(qz)A(z)g(z)−1 .

This shows that the set of equivalence classes of pairs (FG, A) as above is in bijection with
the quotient of G(z) by the q-gauge transformations (2.1).
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ializations of FG and F
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q (U) induced by ıB− , takes values in the Bruhat cell
B−(C[U ∩M−1

q (U)])cB−(C[U ∩M−1
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Note that this property does not depend on the choice of trivialization ıB− .
Since G is assumed to be simply connected, any q-oper connection A can be written

(using a particular trivialization ıB−) in the form

(2.2) A(z) = n′(z)
∏
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(φi(z)
α̌i si)n(z),

where φi(z) ∈ C(z) and n(z), n′(z) ∈ N−(z) are such that their zeros and poles are outside
the subset U ∩M−1

q (U) of P1.
We remark that the choice of a particular Coxeter element c in this definition can be

viewed as a choice of a particular gauge, at least for orderings differing by a cyclic permu-
tation. Indeed, we will see below in Proposition 4.10 that the spaces of q-opers we consider
for such a pair of Coxeter elements are isomorphic under a specific q-gauge transformation.

2.3. Miura q-opers. We will also need a q-difference version of the notion of differential
Miura opers introduced in [F2,F3]. These are q-opers together with an additional datum:
a reduction of the underlying G-bundle to the Borel subgroup B+ (opposite to B−) that is
preserved by the oper q-connection.

Definition 2.2. AMiura (G, q)-oper on P1 is a quadruple (FG, A,FB− ,FB+), where (FG, A,FB−)
is a meromorphic (G, q)-oper on P1 and FB+ is a reduction of the G-bundle FG to B+ that
is preserved by the q-connection A.

Forgetting FB+ , we associate a (G, q)-oper to a given Miura (G, q)-oper. We will refer to
it as the (G, q)-oper underlying the Miura (G, q)-oper.

The following result is an analogue of a statement about differential Miura opers proved
in [F2,F3].

Suppose we are given a principal G-bundle FG on any smooth complex manifold X
equipped with reductions FB− and FB+ to B− and B+ respectively. We then assign to

1Throughout the paper, if K is a complex algebraic group, we set K(z) = K(C(z)).

is a reduction of 

q-OPERS, QQ-SYSTEMS, AND BETHE ANSATZ 9

of A to the Zariski open dense subset U∩M−1
q (U) can be written as a section of the trivial G-

bundle on U ∩M−1
q (U), and hence as an element A(z) of G(z).1 Changing the trivialization

of FG|U via g(z) ∈ G(z) changes A(z) by the following q-gauge transformation:

(2.1) A(z) #→ g(qz)A(z)g(z)−1 .

This shows that the set of equivalence classes of pairs (FG, A) as above is in bijection with
the quotient of G(z) by the q-gauge transformations (2.1).

Following [FRS,SS], we define a (G, q)-oper as a (G, q)-connection on a G-bundle on P1

equipped with a reduction to the Borel subgroup B− that is not preserved by the (G, q)-
connection but instead satisfies a special “transversality condition” which is defined in terms
of the Bruhat cell associated to the Coxeter element c. Here is the precise definition.

Definition 2.1. Ameromorphic (G, q)-oper (or simply a q-oper) on P1 is a triple (FG, A,FB−),
where A is a meromorphic (G, q)-connection on a G-bundle FG on P1 and FB− is a reduc-
tion of FG to B− satisfying the following condition: there exists a Zariski open dense
subset U ⊂ P1 together with a trivialization ıB− of FB− such that the restriction of the
connection A : FG −→ F

q
G to U ∩M−1

q (U), written as an element of G(z) using the triv-
ializations of FG and F

q
G on U ∩ M−1

q (U) induced by ıB− , takes values in the Bruhat cell
B−(C[U ∩M−1

q (U)])cB−(C[U ∩M−1
q (U)]).

Note that this property does not depend on the choice of trivialization ıB− .
Since G is assumed to be simply connected, any q-oper connection A can be written

(using a particular trivialization ıB−) in the form

(2.2) A(z) = n′(z)
∏

i

(φi(z)
α̌i si)n(z),

where φi(z) ∈ C(z) and n(z), n′(z) ∈ N−(z) are such that their zeros and poles are outside
the subset U ∩M−1

q (U) of P1.
We remark that the choice of a particular Coxeter element c in this definition can be

viewed as a choice of a particular gauge, at least for orderings differing by a cyclic permu-
tation. Indeed, we will see below in Proposition 4.10 that the spaces of q-opers we consider
for such a pair of Coxeter elements are isomorphic under a specific q-gauge transformation.

2.3. Miura q-opers. We will also need a q-difference version of the notion of differential
Miura opers introduced in [F2,F3]. These are q-opers together with an additional datum:
a reduction of the underlying G-bundle to the Borel subgroup B+ (opposite to B−) that is
preserved by the oper q-connection.

Definition 2.2. AMiura (G, q)-oper on P1 is a quadruple (FG, A,FB− ,FB+), where (FG, A,FB−)
is a meromorphic (G, q)-oper on P1 and FB+ is a reduction of the G-bundle FG to B+ that
is preserved by the q-connection A.

Forgetting FB+ , we associate a (G, q)-oper to a given Miura (G, q)-oper. We will refer to
it as the (G, q)-oper underlying the Miura (G, q)-oper.

The following result is an analogue of a statement about differential Miura opers proved
in [F2,F3].

Suppose we are given a principal G-bundle FG on any smooth complex manifold X
equipped with reductions FB− and FB+ to B− and B+ respectively. We then assign to

1Throughout the paper, if K is a complex algebraic group, we set K(z) = K(C(z)).
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of A to the Zariski open dense subset U∩M−1
q (U) can be written as a section of the trivial G-

bundle on U ∩M−1
q (U), and hence as an element A(z) of G(z).1 Changing the trivialization

of FG|U via g(z) ∈ G(z) changes A(z) by the following q-gauge transformation:

(2.1) A(z) #→ g(qz)A(z)g(z)−1 .

This shows that the set of equivalence classes of pairs (FG, A) as above is in bijection with
the quotient of G(z) by the q-gauge transformations (2.1).

Following [FRS,SS], we define a (G, q)-oper as a (G, q)-connection on a G-bundle on P1

equipped with a reduction to the Borel subgroup B− that is not preserved by the (G, q)-
connection but instead satisfies a special “transversality condition” which is defined in terms
of the Bruhat cell associated to the Coxeter element c. Here is the precise definition.

Definition 2.1. Ameromorphic (G, q)-oper (or simply a q-oper) on P1 is a triple (FG, A,FB−),
where A is a meromorphic (G, q)-connection on a G-bundle FG on P1 and FB− is a reduc-
tion of FG to B− satisfying the following condition: there exists a Zariski open dense
subset U ⊂ P1 together with a trivialization ıB− of FB− such that the restriction of the
connection A : FG −→ F

q
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q (U), written as an element of G(z) using the triv-
ializations of FG and F

q
G on U ∩ M−1

q (U) induced by ıB− , takes values in the Bruhat cell
B−(C[U ∩M−1

q (U)])cB−(C[U ∩M−1
q (U)]).

Note that this property does not depend on the choice of trivialization ıB− .
Since G is assumed to be simply connected, any q-oper connection A can be written

(using a particular trivialization ıB−) in the form

(2.2) A(z) = n′(z)
∏

i

(φi(z)
α̌i si)n(z),

where φi(z) ∈ C(z) and n(z), n′(z) ∈ N−(z) are such that their zeros and poles are outside
the subset U ∩M−1

q (U) of P1.
We remark that the choice of a particular Coxeter element c in this definition can be

viewed as a choice of a particular gauge, at least for orderings differing by a cyclic permu-
tation. Indeed, we will see below in Proposition 4.10 that the spaces of q-opers we consider
for such a pair of Coxeter elements are isomorphic under a specific q-gauge transformation.

2.3. Miura q-opers. We will also need a q-difference version of the notion of differential
Miura opers introduced in [F2,F3]. These are q-opers together with an additional datum:
a reduction of the underlying G-bundle to the Borel subgroup B+ (opposite to B−) that is
preserved by the oper q-connection.

Definition 2.2. AMiura (G, q)-oper on P1 is a quadruple (FG, A,FB− ,FB+), where (FG, A,FB−)
is a meromorphic (G, q)-oper on P1 and FB+ is a reduction of the G-bundle FG to B+ that
is preserved by the q-connection A.

Forgetting FB+ , we associate a (G, q)-oper to a given Miura (G, q)-oper. We will refer to
it as the (G, q)-oper underlying the Miura (G, q)-oper.

The following result is an analogue of a statement about differential Miura opers proved
in [F2,F3].

Suppose we are given a principal G-bundle FG on any smooth complex manifold X
equipped with reductions FB− and FB+ to B− and B+ respectively. We then assign to

1Throughout the paper, if K is a complex algebraic group, we set K(z) = K(C(z)).
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is preserved by the q-connection A.
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Thus, we have arrived at a nondegenerate Z-twisted Miura (SL(2), q)-oper in the sense

of Section 4: A(z) = gα̌(z)e
Λ(z)
g(z) e, where g(z) = ζQ+(zq)Q+(z)−1.

6. Miura-Plücker q-opers, QQ-system, and Bethe Ansatz equations

In this section, we generalize the results of the previous section to an arbitrary simply
connected simple complex Lie group G. We establish a one-to-one correspondence between
the set of nondegenerate Z-twisted Miura-Plücker (G, q)-opers and the set of nondegenerate
solutions of a system of Bethe Ansatz equations associated to G. A key element of the
construction is an intermediate object between these two sets: the set of nondegenerate
solutions of the so-called QQ-system.

6.1. Miura (G, q)-opers and the QQ-system. First, we construct a one-to-one corre-
spondence between the set of nondegenerate Z-twisted Miura-Plücker (G, q)-opers and the
set of nondegenerate solutions of the QQ-system.

Recall that we have chosen a set of non-zero polynomials {Λi(z)}i=1,...,r, which we will
assume from now on to be monic, and a set of non-zero complex numbers {ζi}i=1,...,r that
correspond to a regular element Z of the maximal torus H ⊂ G by formula (3.1). In this
section, these data are assumed to be fixed. (In the next section, we will also consider
elements w(Z) of the orbit of Z under the action of the Weyl group WG of G and the
corresponding ζi’s.)

From now on, we will assume that our element Z =
∏

i ζ
α̌i
i ∈ H satisfies the following

property:

(6.1)
r∏

i=1

ζ
aij
i /∈ qZ, ∀j = 1, . . . , r .

Since
∏r

i=1 ζ
aij
i $= 1 is a special case of (6.1), this implies that Z is regular semisimple.

Introduce the following system of equations:

(6.2) ξ̃iQ
i
−(z)Q

i
+(qz)− ξiQ

i
−(qz)Q

i
+(z) =

Λi(z)
∏

j>i

[
Qj

+(qz)
]−aji ∏

j<i

[
Qj

+(z)
]−aji

, i = 1, . . . , r,

where

(6.3) ξ̃i = ζi
∏

j>i

ζ
aji
j , ξi = ζ−1

i

∏

j<i

ζ
−aji
j

and we use the ordering of simple roots from the definition of (G, q)-opers.
We call this the QQ-system associated to G and a collection of polynomials Λi(z), i =

1, . . . , r.
A polynomial solution {Qi

+(z), Q
i
−(z)}i=1,...,r of (6.2) is called nondegenerate if it has

the following properties: condition (6.1) holds for the ζi’s; for all i, j, k with i $= j and
aik, ajk $= 0, the zeros of Qj

+(z) and Qj
−(z) are q-distinct from each other and from the

zeros of Λk(z); and the polynomials Qi
+(z) are monic.

Recall Definition 4.3 of nondegenerate Z-twisted Miura-Plücker (G, q)-opers.

Theorem 6.1. There is a one-to-one correspondence between the set of nondegenerate Z-
twisted Miura-Plücker (G, q)-opers and the set of nondegenerate polynomial solutions of the
QQ-system (6.2).

[Frenkel, PK, Zeitlin, Sage, JEMS 2023]

Theorem: There is a 1-to-1 correspondence between the set of nondegenerate -twisted 
-opers on  and the set of nondegenerate polynomial solutions of the QQ-system 

based on 

Z
(G, q) ℙ1

̂L𝔤
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, i = 1, . . . , r,
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The q-Langlands correspondence 

[Aganagic Frenkel Okounkov]
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Uℏ( ̂g ) Wq,ℏ(L ̂g )

q → 1
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where
(2.23)

Mi1,...,ij (z) =

2

64
si1(z) ⇠i1si1(z + ✏) · · · ⇠

j�1
i1

si1(z + ✏(j � 1))
...

...
. . .

...
sij (z) ⇠ijsij (z + ✏) · · · ⇠

j�1
ij

sij (z + ✏(j � 1))

3

75 , Vi1,...,ij =

2

64
1 ⇠i1 · · · ⇠

j�1
i1

...
...

. . .
...

1 ⇠ij · · · ⇠
j�1
ij

3

75 .

Now let us find the connection between the above QQ-system with the many-body inte-
grable model – the trigonometric Calogero-Moser system.

Theorem 2.6. Assume that polynomials si(z) in (3.19) are monic of degree one. Then
the QQ-system equations (2.9) are equivalent to the following relations generated by the
parameter z

(2.24) P (z) = det
⇣
z � m

⌘
,

where P (z) =
Qn

i=1(z � ai) and m is the tCM Lax matrix (4.10), (4.11).

Proof. Using Theorem 2.2 we can put j = n and write

(2.25) P (z) =
det

⇣
M1,...,n

⌘
(z)

det
⇣
V1,...,n

⌘ ,

where the Vandermonde matrix reads (V1,...,n)ij = ⇠
j�1
i . Denote qi(z) = z � pi then

(M1,...,n)i,j = ⇠
j�1
i (z � pi + (j � 1)✏), and we can rewrite the above equation as

(2.26) P (z) = det
⇣
z � M1,...,n(0)V

�1
1,...,n

⌘
.

A short calculation shows that

(2.27) � M1,...,n(0)V
�1
1,...,n = m,

is precisely the Lax matrix of the trigonometric Calogero-Moser system (4.10), (4.11). Its
diagonal elements are given by

(2.28) mii = pi � ✏⇠i

X

k 6=i

1

⇠i � ⇠k

while the o↵-diagonal ones are

(2.29) mij =
✏⇠i

⇠i � ⇠j

Q
k 6=i

(⇠i � ⇠k)

Q
k 6=j

(⇠j � ⇠k)
.

⇤

2.3.1. The XXX Bethe Ansatz. Let ⇤j(z) =
QMj

c=1(z � aj,c) and Q
+
j (z) =

QNj

c=1(z � sj,c).
Analogously to Theorem 2.4 we can prove the following statement for Bethe Ansatz for

the XXX chain.

The QQ-system

THE ZOO OF OPERS AND DUALITIES 5

Straightforward computation leads us to the desired result. Indeed, the inverse of the
Vandermonde matrix reads

(2.18) (V �1
1,...,n)t,j = (�1)t+j

q
�t+1Sn�t,j(⇠1, . . . , ⇠n)

nQ
l 6=j

(⇠j � ⇠l)
,

where
Sk,j(⇠1, . . . , ⇠n) = Sk(⇠1, . . . , ⇠j�1, ⇠j+1, ⇠n) ,

and

Sk(⇠1, . . . , ⇠n) =
nX

1i1···ikn

⇠i1 · · · ⇠ik .

Then we have �
�M

0
1,...,n(0)

�
ij
= ⇠

j�1
i pi .

Thus, according to (2.17)

Tij =
nX

t=1

(�1)t+j
q
�t+1

Sn�t,j(⇠1, . . . , ⇠n)
nQ
l 6=j

(⇠j � ⇠l)
pi =

nQ
m 6=j

�
q
�1

⇠i � ⇠m
�

nQ
l 6=j

(⇠j � ⇠l)
pi ,

which is the Lax matrix for the trigonometric Ruijsenaars-Schneider model. ⇤

2.2.1. The XXZ Bethe Ansatz. Let ⇤j(z) =
QMj

c=1(z � aj,c) and Q
+
j (z) =

QNj

c=1(z � sj,c).

Theorem 2.4 ([FKSZ]). The solutions of the nondegenerate SL(n + 1) QQ-system (2.9)
are in one-to-one correspondence to the solutions of the Bethe Ansatz equations for sl(n+1)
XXZ spin chain:

(2.19)
Q

+
i (qsi,k)

Q
+
i (q

�1si,k)

⇠i

⇠i+1
= �

⇤i(si,k)Q
+
i+1(qsi,k)Q

+
i�1(si,k)

⇤i(q�1si,k)Q
+
i+1(si,k)Q

+
i�1(q

�1si,k)
,

where i = 1, . . . , n; k = 1, . . . , Ni.

2.3. (G, q)-opers on X = P1: tCM Model. The shift operator acts p s(z) = p(z + ✏) so
the quantum Wronskian relations (2.8) can be written

(2.20) det
i,j

h
⇠
j�1
i sr+1�k+i(z + ✏(j � 1))

i
= �kWkVk ,

Along the lines of Theorem 2.2 we can prove the connection between (G, q)-opers on
X = P1 and the QQ-system with additive shifts.

(2.21) ⇠i+1Q
+
i (z + ✏)Q�

i (z) � ⇠iQ
+
i (z)Q

�
i (z + ✏) = (⇠i+1 � ⇠i)⇤i(z)Qi�1(z)Qi+1(z) ,

Theorem 2.5 ([KSZ]). Polynomials {Vk(z)}k=1,...,r give the solution to the QQ-system
(2.21) so that Q

+
j (z) = Vj(z) under certain nondegeneracy conditions. The polynomials

Q
+
j , Q

�
j for j = 1, . . . , n can be presented using quantum Wronskians

(2.22) Q
+
j (z) =

det
⇣
M1,...,j

⌘

det
⇣
V1,...,j

⌘ , Q
�
j (z) =

det
⇣
M1,...,j�1,j+1

⌘

det
⇣
V1,...,j�1,j+1

⌘ ,

Theorem: Qs can be represented using twisted Wronskians
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Straightforward computation leads us to the desired result. Indeed, the inverse of the
Vandermonde matrix reads

(2.18) (V �1
1,...,n)t,j = (�1)t+j

q
�t+1Sn�t,j(⇠1, . . . , ⇠n)

nQ
l 6=j

(⇠j � ⇠l)
,

where
Sk,j(⇠1, . . . , ⇠n) = Sk(⇠1, . . . , ⇠j�1, ⇠j+1, ⇠n) ,

and

Sk(⇠1, . . . , ⇠n) =
nX

1i1···ikn

⇠i1 · · · ⇠ik .

Then we have �
�M

0
1,...,n(0)

�
ij
= ⇠

j�1
i pi .

Thus, according to (2.17)

Tij =
nX

t=1

(�1)t+j
q
�t+1

Sn�t,j(⇠1, . . . , ⇠n)
nQ
l 6=j

(⇠j � ⇠l)
pi =

nQ
m 6=j

�
q
�1

⇠i � ⇠m
�

nQ
l 6=j

(⇠j � ⇠l)
pi ,

which is the Lax matrix for the trigonometric Ruijsenaars-Schneider model. ⇤

2.2.1. The XXZ Bethe Ansatz. Let ⇤j(z) =
QMj

c=1(z � aj,c) and Q
+
j (z) =

QNj

c=1(z � sj,c).

Theorem 2.4 ([FKSZ]). The solutions of the nondegenerate SL(n + 1) QQ-system (2.9)
are in one-to-one correspondence to the solutions of the Bethe Ansatz equations for sl(n+1)
XXZ spin chain:

(2.19)
Q

+
i (qsi,k)

Q
+
i (q

�1si,k)

⇠i

⇠i+1
= �

⇤i(si,k)Q
+
i+1(qsi,k)Q

+
i�1(si,k)

⇤i(q�1si,k)Q
+
i+1(si,k)Q

+
i�1(q

�1si,k)
,

where i = 1, . . . , n; k = 1, . . . , Ni.

2.3. (G, q)-opers on X = P1: tCM Model. The shift operator acts p s(z) = p(z + ✏) so
the quantum Wronskian relations (2.8) can be written

(2.20) det
i,j

h
⇠
j�1
i sr+1�k+i(z + ✏(j � 1))

i
= �kWkVk ,

Along the lines of Theorem 2.2 we can prove the connection between (G, q)-opers on
X = P1 and the QQ-system with additive shifts.

(2.21) ⇠i+1Q
+
i (z + ✏)Q�

i (z) � ⇠iQ
+
i (z)Q

�
i (z + ✏) = (⇠i+1 � ⇠i)⇤i(z)Qi�1(z)Qi+1(z) ,

Theorem 2.5 ([KSZ]). Polynomials {Vk(z)}k=1,...,r give the solution to the QQ-system
(2.21) so that Q

+
j (z) = Vj(z) under certain nondegeneracy conditions. The polynomials

Q
+
j , Q

�
j for j = 1, . . . , n can be presented using quantum Wronskians

(2.22) Q
+
j (z) =

det
⇣
M1,...,j

⌘

det
⇣
V1,...,j

⌘ , Q
�
j (z) =

det
⇣
M1,...,j�1,j+1

⌘

det
⇣
V1,...,j�1,j+1
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where
(2.23)

Mi1,...,ij (z) =

2

64
si1(z) ⇠i1si1(z + ✏) · · · ⇠

j�1
i1

si1(z + ✏(j � 1))
...

...
. . .

...
sij (z) ⇠ijsij (z + ✏) · · · ⇠

j�1
ij

sij (z + ✏(j � 1))

3

75 , Vi1,...,ij =

2

64
1 ⇠i1 · · · ⇠

j�1
i1

...
...

. . .
...

1 ⇠ij · · · ⇠
j�1
ij

3

75 .

Now let us find the connection between the above QQ-system with the many-body inte-
grable model – the trigonometric Calogero-Moser system.

Theorem 2.6. Assume that polynomials si(z) in (3.19) are monic of degree one. Then
the QQ-system equations (2.9) are equivalent to the following relations generated by the
parameter z

(2.24) P (z) = det
⇣
z � m

⌘
,

where P (z) =
Qn

i=1(z � ai) and m is the tCM Lax matrix (4.10), (4.11).

Proof. Using Theorem 2.2 we can put j = n and write

(2.25) P (z) =
det

⇣
M1,...,n

⌘
(z)

det
⇣
V1,...,n

⌘ ,

where the Vandermonde matrix reads (V1,...,n)ij = ⇠
j�1
i . Denote qi(z) = z � pi then

(M1,...,n)i,j = ⇠
j�1
i (z � pi + (j � 1)✏), and we can rewrite the above equation as

(2.26) P (z) = det
⇣
z � M1,...,n(0)V

�1
1,...,n

⌘
.

A short calculation shows that

(2.27) � M1,...,n(0)V
�1
1,...,n = m,

is precisely the Lax matrix of the trigonometric Calogero-Moser system (4.10), (4.11). Its
diagonal elements are given by

(2.28) mii = pi � ✏⇠i

X

k 6=i

1

⇠i � ⇠k

while the o↵-diagonal ones are

(2.29) mij =
✏⇠i

⇠i � ⇠j

Q
k 6=i

(⇠i � ⇠k)

Q
k 6=j

(⇠j � ⇠k)
.

⇤

2.3.1. The XXX Bethe Ansatz. Let ⇤j(z) =
QMj

c=1(z � aj,c) and Q
+
j (z) =

QNj

c=1(z � sj,c).
Analogously to Theorem 2.4 we can prove the following statement for Bethe Ansatz for

the XXX chain.

The QQ-system is equivalent to the Desnanot-Jacobi-Lewis Carrol identity
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Moreover, g(0) 6= 0, so fk 6= 0. It is now clear that qN�k = f
(
k�1
2 )

k�1
is the unique polynomial

satisfying the formula in (4.27) for eDk. Of course, qN�k 6= 0.
To complete the inductive step, it remains to show that the formula for Dk+1 is satisfied.

We make use of the Desnanot-Jacobi/Lewis Carroll identity for determinants. Given a
square matrix M , let M

i
j denote the square submatrix with row i and column j removed;

similarly, let M
i,i0

j,j0 be the submatrix with rows i and i
0 and columns j and j

0 removed. We
will apply this identity in the form

(4.30) det M
1

1 det M
2

k+1 � det M
1

k+1 det M
2

1 = det M
1,2
1,k+1

det M .

Set M = MN�k,...,N . All of the matrices appearing in (4.30) are obtained from matrices
of the form (4.26) via q-shifts, multiplication of each row by an appropriate i, or both. In

particular, M
1

k+1
= M

(� 1
2 )

N�k+1,...,N and M
2

k+1
= M

(� 1
2 )

N�k,N�k+2,...,N while the determinants of
the other three are given by
(4.31)

det M
1

1 = k

✓ k�1Y

j=1

j

◆
det M

(
1
2 )

N�k+1,...,N , det M
2

1 = k+1

✓ k�1Y

j=1

j

◆
det M

(
1
2 )

N�k,N�k+2,...,N ,

det M
1,2
1,k+1

=

✓ k�1Y

j=1

j

◆
det MN�k+2,...,N .

Upon substituting into (4.30) and dividing by
Qk�1

j=1
j , we obtain

(4.32)

k det M
(
1
2 )

N�k+1,...,N det M
(� 1

2 )

N�k,N�k+2,...,N � k+1 det M
(� 1

2 )

N�k+1,...,N det M
(
1
2 )

N�k,N�k+2,...,N

= det MN�k+2,...,N det MN�k,...,N .

Finally, dividing both sides by VN�k+1,...,NVN�k,N�k+2,...,N and applying the inductive hy-
pothesis gives (4.22) multiplied by �1. This is obvious for the left-hand sides. To see that
the other sides match, one need only observe that

(4.33)
VN�k+2,...,NVN�k,...,N = (k � k+1)

Y

1i<jk�1

(i � j)
2

k�1Y

i=1

(i � k)(i � k+1)

= (k � k+1)VN�k+1,...,NVN�k,N�k+2,...,N .

⇤

We are finally ready to prove Theorem 4.1.

Proof of Theorem 4.1. We have shown that a solution to the Bethe equations is uniquely
determined by polynomials qk satisfying (4.28). We will show that after matching the
parameters as in the statement and normalizing the section s(z) generating the q-oper, the
components sk also satisfy these equations, so sk = qk for all k. Since the twisted q-oper is
uniquely determined by s, we obtain the desired correspondence.



Cluster Algebras
[PK, Zeitlin, Crelle (2023)]

The QQ-system

For  obtain Lewis Carrol (Desnanot-Jacobi-Trudi) identity G = SL(n)

[Fomin Zelevinsky]For general  obtain relation on generalized minorsG

14 P. KOROTEEV AND A.M. ZEITLIN

We started this section from the explicit definition of the principal minors by means of
Gaussian decomposition. The following proposition (see Corollary 2.5 in [FZ1]) provides a
necessary and sufficient condition of its existence for a given group element.

Proposition 4.7. An element g ∈ G admits the Gaussian decomposition if and only if
∆ωi(g) "= 0 for any i = 1, . . . , r.

Finally, we end this section with the fundamental relation ([FZ1], Theorem 1.17) between
generalized minors, which we will relate to the QQ-systems.

Proposition 4.8. Let, u, v ∈ W , such that for i ∈ {1, . . . , r}, !(uwi) = !(u) + 1, !(vwi) =
!(v) + 1. Then

(4.7) ∆u·ωi,v·ωi∆uwi·ωi,vwi·ωi −∆uwi·ωi,v·ωi∆u·ωi,vwi·ωi =
∏

j !=i

∆
−aji
u·ωj ,v·ωj ,

4.2. Generalized Wronskians and generalized minors. First, we introduce a notion
of generalized q-Wronskian which, as we will see later is, under certain nondegenracy con-
ditions, is equivalent to the definition of Z-twisted Miura (G, q)-oper.

Let V +
i be the irreducible representation of G with highest weight ωi with respect to B+.

It comes equipped with a line L+
i ⊂ V +

i of highest weight vectors stable under the action of
B+. Let ν+ωi

be a generator of the line L+
i ⊂ V +

i . It is a vector of weight ωi with respect to
our maximal torus H ⊂ B−. The subspace L+

c,i of Vi of weight c−1 · ωi is one-dimensional

and is spanned by s−1ν+ωi
.

Suppose we have a principal G-bundle FG and its B+-reduction FB+ and thus an H-
reduction FH as well. Therefore for each i = 1, . . . , r, the vector bundle

V
+
i = FB+ ×

B+

V +
i = FG ×

G
V +
i

associated to V +
i contains an H-line subbundles

L
+
i = FH ×

H
L+
i , L

+
c,i = FH ×

H
L+
c,i

associated to L+
i , L

+
c,i ⊂ V +

i .
Consider a meromorphic section G of FG. It is a section of FG on U , a Zariski dense set

of P1. Given the fact that can always choose U , so that restriction of FG to U is a trivial
G-bundle, one can express this section as an element G (z) ∈ G(z).

Definition 4.9. The generalized q-Wronskian on P1 is the quadruple (FG,FB+ ,G , Z), where
G is a meromorphic section of a principle bundle FG, FB+ is a reduction of FG to B+,
Z ∈ H = B+/[B+, B+], satisfying the following condition. There exist a Zariski open dense
subset U ⊂ P1 together with the trivialization ıB+ of FB+ , so that for certain {v+i , v

+
c,i}i=1,...,r

which are the sections of line bundles {L+
i ,L

+
c,i}i=1,...,r on U ∩ M−1

q (U) we have G as an
element of G(z) satisfy the following condition:

G
q · v+i = Z · G · v+c,i,(4.8)

where the superscript q stands for the pull-back of the corresponding section with respect
to the map Mq.

Effectively, the definition implies that there exists a Zariski open dense subset U ⊂ P1

together with a trivialization ıB+ of FB+ such that the restriction of G to U ∩ M−1
q (U)

u, v ∈ WG
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albeit written in a slightly different convention and normalization). The condition corre-
sponding to the whole q-Wronskian reads detW (z) = 1, whereas the others can be readily
written using minors of matrix W (z).

5.3. Lewis Carroll Identity. For the type A root system the relation (4.7) reads

(5.8) ∆uωi,vωi∆usiωi,vsiωi −∆usiωi,vωi∆uωi,vsiωi = ∆uωi−1,vωi−1∆uωi+1,vωi+1 ,

which as we have shown previously are equivalent to the corresponding QQ-system. As
was discussed in [KPSZ,KSZ] these equations can be reduced to the following determinant
identity known from the 19th century (Desnanot-Jacobi-Lewis Carroll Identity) using matrix
of the form (5.7).

(5.9) M1
1M

2
i −M1

i M
2
1 = M12

1i M ,

where Ma
b is the determinant of the quantum Wronskian matrix W (z) with the ath row

and bth column removed and M = detW (z).
The identification between (5.8) and (5.9) works as follows. We put u = 1 and v =

s1 · s2 · · · si−1. This way vsi = s1 · · · si is the element which permutes the first the the last
column of matrix M as well as
(5.10)
M = ∆ωi+1,vωi+1 , M1

1 = ∆ωi,vωi , M2
i = ∆siωi,vsiωi , M2

1 = ∆siωi,vωi , M1
i = ∆ωi,vsiωi

In other words, after acting with element v on the columns the Lewis Carroll identity
can be presented in terms of principal minors

(5.11) M̃1
1 M̃

2
2 − M̃1

2 M̃
2
1 = M̃12

12 M̃ ,

where M̃ = M · v.
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