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Instantons vs Vortices

F =«F F=Vo

Moduli space .7, , of k instantons on R* Moduli space 7'y ,, of k vortices on R

/4 - A
ADHM space 1/2 ADHM space
[k Hilb"[C] 1
Hilb [C X C] 4 av
Lagrangian embedding :
Hanany Ton
dim.7, , = 4kn (Hanany Tong| dim%,, = 2kn
| 7' in C Ik |
HyperKahler Kahler
Moduli space of rank-N torsion-free sheaves on P2 |deals scheme-theoretically

With framing at infinity. c,(#) = — k - [pt] supported on C C C?
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V(Z) ~ ; g)($] — ZIZ‘@)
The Calogero-Moser (CM) system has several generalizations ‘CM —> tCM —> eCM
1
Viz) = sinh 22
Another relativistic generalization called Ruijsenaars-Schneider (RS) family rRS —> tRS —> eRS

Heyy = lim Hrg — nmc?

Geometrically described by Hamiltonian reduction of T*GL(n) c— 00




Algebraic Integrable Systems

- These are examples of complex algebraic integrable systems with n
degrees of freedom whose phase space is a Lagrangian fibration of

complex dimension 2n equipped with holomorphic symplectic 2-form

n
Q= Z dp: A dx; over a smooth base whose fibers are Abelian varieties
i=1
(admit group law)

« There are n Poisson commuting Hamiltonians H, ..., H,

» |n action-angle variables, Hamiltonian evolution is linearized on the fibers
which serve as level sets of the Hamiltonians



[Donagi Witten]
[Gorsky Nekrasov]

[Nekrasov Pestun

Hitchin Integrable System

Shatashvili]
Seiberg-Witten solution of /= 2* gauge theory leads to Hitchin integrable system (&, @)
Holomorphic G vector bundle over C, with holomorphic section ¢ (Higgs field) of KCp ® ad(E) ® O(p) < — >
E — Myac (RS X Sl) Hyperkahler (3d Coulomb branch) A=apdd+---
1 . .dz
¥ = i(ﬂp T Z”Yp)_ T
B = M.ac (R4) Special Kahler (4d Coulomb branch) {al, Ce ey an}
11 I:
The n-dimensional Abelian variety is parameterized by the period matrix | i — 2" &
| )
Liouville tori can be found inside the Jacobians of the algebraic curve Coordinates Nt 1P
det(z _ 90) =0 Xj = #;
J=1 Po

The Abelian nature of Lagrangian fibers suggests that coordinates and momenta take values in

C.C . E



Se I be rg 'Wltte n SO I Utl O n [Seiberg Witten 1994

Provides mass spectrum of BPS particles In IR spectrum given by period
of N=2 gauge theory in 4d in the infrared integrals of the curve
Potential VI T, )
UV vacuum A= a's/2
Coordinate on the u= #r!2$
moduli space
Using S-duality dmme dual - #F (a)
magnetic variables 1@ap) a = —

O cycle!
One-loop correction ap a 1+In ?_2 generic ! vanishes
In the semi-classical ’ pPber 110
region a' ‘'u 110 o

Monodromy around M, 11 2
InPity | 0 !1




Many-Body Systems of CM/RS type

D d rational trigonometric elliptic
rational elliptic trigonometric
Calogero- Calogero- elliptic Calogero-
r Moser-Sutherland Moser-Sutherland Moser-Sutherland
2d N=(2,2) 2d N=(2,2)* 4d N=2*

quiver theory quiver theory

F trigonometric

rational Ruijsenaars- Ruljsenaars- elliptic Ruljsenaars-
t Schneider Schneider Schneider
(dual trig. CMS) 3d N=2* 5d N=1*
guiver theory /
dual elliptic RS

Double elliptic model
6d (1,0)*

e | dual elliptic CMS 6

\




[Oblomkov]
[Etingof]

The Calogero-Moser Space

Let V be an N-dimensional vector space over C. Let ' be the subset of GL(V) X GL(V) X V X V* consisting of elements
(M, T, u,v) such that

AMT — TM = u @ v
The group GL(N; C) = GL(V) acts on /' by conjugation
(M, T, u,v) — (gMg™',gTg™", gu,vg™")
The quotient of ' by the action of GL(V) is called Calogero-Moser space .7/

M, = {A,B,C}/GL (n:C)

Also can be understood as moduli space of flat
connections on punctured torus ABA''B'1=C
< >
C =diag(n,...,h, A"

Integrable Hamiltonians are ~TrT*




Trigonometric RS Model

P J rational trigonometric elliptic
Flatness condition AMT —TM = u ® vl | IOTRICMS g HONOMEIO CMS G e eormology
4 A\_ A 4
| | R! O / \ R! O
. . . . . i U| VJ rational RS !! : : 0 elliptic RS
In the basis where M is diagonal with eigenvalues &, ..., &, matrix T Tij =TT T t | (dual trig. cMS) T MGONOMENICRS e - tum K-theory
N 1
'wl 0 .+ 'w! 0
p!l O
_ _(I- | |k) e | dual elliptic CMS dua|e||ipticRS*‘E”iptng(E)#gmology
. _ I kt | = | = . <
Define tRS momenta Pi = | uv; - T
k(-i . - -k)
' 1.1 11
= ('I . -k)
The tRS Lax matrix reads Tij = KE ) i
e (b 1)
Two particles
. . S 11,1 1 11,1 |
Characteristic polynomial of T generates tRS Hamiltonians H ] = 1 =2 Dy + 2+ -1 D1
FRIRY I, 1y
' NIINY
Eigenproblem 1.1 1. Pm = ek(al) Ho = P12
v 1n it T T me

'||| :k ] #'1



Quantum tRS Spectrum

Difference operators pif (! i) = f (CI! i) Pi !j — q! ) !ipj

tRS eigenvalue problem

Hi(!,pV(,a) = e(a)V(,a)

What is the geometric meaning of V?

Answering this question will help us to understand elliptic models

Before we answer this question notice the symmetry of the flatness condition

AMT — TM = u ® v’

A-h ' MoeT

3d mirror symmetry



Enumerative AG/Integrable Systems

Whn" 1
Quantum equivariant K-theory of Nakajima quiver varieties U < e f """"""""""" R |
Vi V2 ... Vpu1
!
Al B=Al B+ Al 4Bz° |
d= ! _ A\ d d dn
' V( )(Z) - evpz,! (Ovir . ‘p11 QMnonsing pz)z KT" C{q (X)|OC[[Z]]

d
Saddle point limit yields Bethe equations for XXZ

Quantum classes satisfy interesting difference equations in equivariant parameters and Kahler parameters [Okounkov, Smirnov]

gKZ, Dynamical equation

After symmetrization, they can be rewritten as eigenvalue equations for the tRS system [PK, Zeitlin] [PK]
. ) # ta| I aJ # 1 1 1
mirror frame T (a) = =1 a i T, (a)V( a, ! ) = 5 (! ,t)V( a, ! )
" {1,..n} i#l 3 il
I=r J#I 0

In terms of string/gauge theory tRS eigenproblem is Ward identity [Gaiotto, PK] [Bullimore, Kim, PK] 5




Vertex/Vortex Functions

After classifying Pxed points of space of nonsingular quasimaps we can compute the vertex using the
localization theorem

. di,j "C
a1 | ‘
E = {Xi,j /X i,k}dijll di Xi,j | {3-11 : "aWn}
=1 jk =1 S Vi V2 ... Vpri
Vertex (trivial class)
d d
V=5l I, 122 g—=:q2 vi=1,w; =2

d Ay

Vortex (defet partition function)
N =2 quiver gauge theory orx; = C,, ! St (O

Lagrangian depends on twisted masség, a2

FI parameterz and U(1) R-symmetrylog! <' D




Quantum tRS Spectrum

Theorem 2.10. Let Vp(l) be the coé cient for the vertex function for X

Debne T Fly
"Nowri#ng

(2.9) Vp = _ .(.'(ai | {,'(})OD avp

where " (x,q) = (X, 0)s (gx*1,0)g is basic theta-function. Then V,, are eigenfunctions for v

tRS di! erence operators ¢.8) for all Pxed points p

(2.10) T,(OVS = @V, r=1,....n,

where g Is elementary symmetric polynomial of degree of a;,...,a,.

Quantum multiplication by class

,,,,,

Sji+1 1adaaadddl j+1

IIIII

Sj1ddaadq !!i\/i | i!+1\/i!+1

tRS momenta Di =

Chern roots s; , satisfy XXZ Bethe Ansatz equations

[PK]

Whnt 1

Vni 1



Macdonald Polynomials

Proposition 2.11. Consider coé cient functions for K-theory of QM to X, (2.9) for all
bxed points of the maximal torus. Let! be a partition of k elements of lengthn and

(2.18) a‘;:q"i!, =i "l i=1,....n" 1.
I
Then there exists a bxed poing for which
(2.19) Vg=P (';0,!).
a = aqg
. o |
T:(0)P (1:qg,!) = gi!"" P (:q,!) |

1=1




Example: 7*+P!

| qii! !> qi2! !4
O C 1= P11+ P
'l - 2 N 1
H2 — plp2 " % & 1 2 \Qa_p ’ %
C2 Vp(l): ﬁ ; (! |’3‘d:2$1 | Ia_pq_qgﬁ
dy, d d>0 2 i=1 2—f;q ; Ap 7.
Macdonald polynomials
V= "1t 2,
I
al — aqll!I 1’a2 — aq'Z V — "%'l' Il22+ (q+]|')( # 1)||1||2’
o a #1 | )
V :"f+"§+ q2+q+1 (I#l)" n2 q2+q+1 (!#1)"2n

PR # 1 217 PR # 1 2 1




Elliptic RS Model - i o

rational CMS "' [0 trigonometric CMS,,| ¢ elliptic CMS
~sgrmantum cohomology

R I o? / & ) ?RI 0 4
l " 11 1 " | |
] I (I '/ . ) . ..

_ -1\ | J p rational RS 't |0 fidonometric RS P! elliptic RS
Er(!) = e, P Er(1)Z = EZ () | i cu = e teS
" {1,...n} i#] 1GNP G, S e o
H=r I#] N I R
e | dual elliptic CMS dual elliptic RS Elliptic Cohomology

S

Conjecture 5.1. The solution of (1) Is given by the K-theoretic holomorphic equivariant
Euler characteristic of the a ne Laumon space

| #
Z= # 1,
d
L4 W
where# = (i, ...,0s) is a string of C® -valued coordinates on the maximal torus of 3! . The
eigenvaluesk; are equivariant Chern characters of bundles "W, where W is the constant
bundle of the corresponding ADHM space. In other words they have the following form v

| %
=1

where g, are symmetric functions of the equivariant parametersay, ..., ay .



eRS Spectrum

Euler characteristic of a! ine Laumon space (representation space of a chain-saw quiver) .
no n @
| Iln
. L)
Z = a' " zu(8,!, ) p= 01 444 &R
b 1=1 g i Fom1

Theorem 1.1. Let x = (Xg,...Xn) be the position vector of the eRS model and R>(a, x) =

Ilénozfglfd(w, p,X) Is its wavefunction. Then the following equality holds
w
(1.6) H.ZR5(a,x) = "«(a)ZR>(a, x), k=1,...,N! 1.

where the eigenvalues read

! 1..(tN! n ,ZRS(a,'["! Cf“k)
"(tn+1) a ZRS(a,t"!)

(1.7) 1 (a) = . k=1,...,N!1

n=0

where & i1s the k-th fundamental weiglg of representation of SU(N) and #= (N !
1)/2,(N! 3)/2,...,(3! N)2,(1! N)/2 isthe SU(N) Weyl vector.




Back to Macdonald polynomials

Power-symmetric variables Pm = 2

Fock Space

| I
m |

=1

Macdonald polynomials depend only on k and the partition

1
P = é(p%! P2)

Starting with Fock vacuum

P

Construct Hilbert space

for each partition

Commutators

11 qt
1+ g1 t)?

1
= é(p%! p2) +

o]

a1 103 0 P

a!!\O!: ai !1ééé!||0!

1# g™
1# 1M

[am,an] = M 'm." n

NV



Ding-lohara-Miki algebra

Free boson representation of tRS operators

# From localization we can aMnp o g

1 (z) =:exp | ;jktkakz" k%#;1 2 ,g" ) é‘QF g1 qr.\a"”F
(ot” ", p)- (Pta” P ¢ Nz wUO gL - WG §

(p;p)- (pofL;p) R0 B eRS |

Debne () = : iﬂ:1 (™). then (t:h )

#
[#(Z)]a! n ()10 = 1"+t @ # D (9,0 a0

Assuming |t|<1 N
g ‘ ‘ E](_#i% — r'}l,gg t! n+1 1 # t! 1)E(#’n) o

| . n+ | t 1; " t#“i,s " 1 :n
E1 () = i A t#1)(p(|o; pf--) (rgzﬂ;p)f)) Fers (P

For elliptic model replace

&L N & [Feigin Hashizume

N>
N 1#t' N 1# (pd )" N o1xt" Hoshino Shiraishi Yanagide

- 14 P a nz" exp # - anZ’

n>0

#(z; pq 't) = exp

n>0



DAHA ACU on [PK 1805.00986]

Vertex functions or guantum classes for X are elements of quantum K-theory of X. EqQ
we can view them as elements of equivariant K-theory of the space of quasimBpfPor

VI Kg(P*! T'Fy)  with maximal torus T = T(U(n)" U®1), " U(1)).

Spedicationay = ¢ «! "' ¥ restricts us to the Fock space representation of (g,h)-Heise
algebra which is a DAHA module

In other words, we can de Pne the following action

An‘ E

/\ [Schiffmann Vaserot] /\
Kt(P!1 T'Fp) - K (T Hilb*[C?])

Cq ! C, bxed points are
Macdonald polynomials

ak:q!k!n!k

|  not more than n columns



hHJ Flags vs ADHM PK Sciarappa

[PK]
Kt(QM (P, X)) K g, (Hilb( C?)) W
Kahler/quantum parameters of X z1,2>... Ring generatorsxi, Xo, . ..
Vertex function Vg Classes of C' )% bxed points []
Cq acting on base curve Cy actingonC! C? v
C, acting on cotangent bbers ofX C, acting on anotherC! C?
Eigenvaluese; of tRS operators T, Chern polynomials E, of ! "U

guantum deformation:

Eigenvalues efliptic Eigenvalues giantum
RS model at largen - multiplication by

| (i M p) U= Wit DV,

E(*) =
r( ) L .iZLII #1(| "i/"j p) ., Pk
f=r ) Chern roots obey
_, Sa! g ' 1g _, Sa! o Ispsa! !'1sy s3! Qs




M-theory Description

Recall that Hilb“[C*] = M T} How did U(1) 5d SYM appear?
Starting with M-theory on St Cq! C ! T'S°
n M5 branes wrapping St Cq! S% .
Upon compachcation on three sphere ‘
will get3d quiver gauge theornyl *Fh e—eo—o—9o

When n becomes large the background undergoes througlonifeld transition and the
resolvedonifold becomes @deformeaonifold Y:

St Cq! Ci! Y

Reduction onY leads us to a 5d U(1) theory with 8 supercharges



Spectrum

eRS Hamiltonian eigenvalues coincide with eigenvalues of the guantum multiplication  operator In
guantum K-theory ring of the instanton moduli space (Hilbert Scheme of points).

: nn . 1
wi™ % e gY =1 @ gu ') i
S

sigmas are determined by Bethe Ansatz equations for ADHM quiver

E!Ip" c deformaon # Quan” za' on

W
Fields | B, B> | J
gauge groupU(k) | Adj | Adj | Adj | K 7 v
davor U(N) " U(l)2 1ev11 | a0 | 10,1 M(O,O) N (1,1
Ravor parameters | (q!) 1 | g | a |a'q
R-charge 2 0 0 0 0




Inozemtsev Limit — Trigonometric Case

- - ' ! LSV vy, y
Consider tRS difference operators T, (1) = l.ll . J Ok T, (] )Vp = e (a)Vp | r=1.....n
" {1,...,n} i#l e i#1
I ﬁﬁ;fn}fﬁl |
| I L
Double Scaling z ="', pi:!'lﬂlzpi, a =1 2" =g
| # $
| r # z $1! "i!' i q.1
Obtain g-Toda Hamiltonians H g-Toda — 1! é,l c Pk H ﬂ'TOda (Z1,...Z0)P1s---,Pn) = &(ag,...,a,)
| ={i1< 84} !=1 ! k$|
I#El ..... n}
| N # 7 N>
. o o 0 en _ ) ! 1
The first Hamiltonian H 1I0 = g+ o 11 .



Inozemtsev Limit — Elliptic Case

t+ %

. 1 = .

Thetafunction  #(€?|p)=2ps (I 1)*p***Y sin((k + 1/2)2)
k=0
1 H # P
| 1 . 1 312 3/.2
, 12 L4 p2 2 | iy
| 4 %“3 ! Ty 13/2 '1 3/2

-2 ' n | !
Ratio of thetas | ' = o5 : # i %+ O(p5)

"1 — -

1 [P PRI S L o3
. [ 11 3/2 .
s I 5
| | '
Two-body Hamiltonian becomes in the limit i — oo I ﬁll?l 11 %‘R & 7> &
Pt ————p" pp 11 g= +p 1
1 P 1 P '
We send p — 0 such that g= p! i Is finite
& | (n &
| g-Tod Zn 4" 1
Two-body Hamiltonian Hf Aot = p1 1! qz— + pp 1! 7
1 .

1=2



Vortex Moduli Space

After taking the n — oo limit one gets

Bethe equations

Dimensional coupling

E(1)=a" (1" gei(si,...,S)

|

k 11
S S |
g b_ﬁ_,

Sa " a =
(sa” a) 2" 0%,

=1 =1
a

BT

#! — #ql/Z! 1/2"|\I (n q| al)

=1

a# ne g-Toda model

5d/3d N =2 SYM theory

3d 3-ADHM theory

Coordinates z;

Kahler parameters

K-ring generators X;

Eigenfunctions

Defect partition functions

5-ADHM Coulomb branch vacua

Planck constant logg

equivariant parameter g

C$ actingon C

A# ne parameterq

5d dynamical scalep

FI coupling P

Eigenvaluest,'0%2

VEVs of Wilson loop $WV, «

%

Chern polynomials E; of $"U




From ADHM to ADHM  criavannen

Ki (T Flp) - - ADHM (instantonmoduli space)
lim H! "1 !)qDWU(”) /OG-LI =al (1! g)@! Ney(sy,...,s):
Clam: ! 1" retracting thersSdimensional  transmutation
[Hanany Tong]
K(Fln) s > ADHM (vortex moduli space)
Eigenvalues afbne ~ Eigenvalues gliantum

qToda lattice at | arge n e —— multiplication by

" $ . # $

' - (1)Y= g |
Ha = p 1# p"zﬁl + o 1#% E (1)=a! (1! g)eu(ss, ..., Sk
h Chern roots obey
Subschemez, ! Hilb*[C?] N el s
(sa! a)a ' =P
=1 b=1 Sa: U

g-Heisenberg algebra preserviggikK q(Z k) bE



Quantum K-theory

Theorem 6.1 ([KPSZ]). The gquantum equivariant K-theory of the complete n-dimensioal
[3ag variety Is given by

+ 1 +1.,t1 +1. 1 +1
(6.10) OK 1 (Fl,) = Clzig, - % 187 8Py gfin ]

HY ™% (z p) = e(a,...,an)

where H¥ ™ are given by @.3) and T" is the maximal torus of GL (n) with equivariant

parametersap,...,a, .
Theorem 6.2. For n >k there is the following embedding of Hilbert spaces
| k
(6.13) K 4(Hilb'(C)) 1 P, P := K1(QM (P, Fly))
1=0
["] $I Iq ’

where |, Is the K-theory vertex function for some bxed pointg of maximal torus T'. The
statement also holds in the limitn ! "

13 lg = IIi#rg Vg
(6.14) K q(Hilb'(C) ' Pg | |
=0

where Pg Is debned as a stable limit oP, asn!"



Inosemtsev Limit from DELL

rational trigonometric elliptic
rational CMS !l 0 trigonometric CMS,,| o elliptic CMS
—=Sgrmantum cohomology
R | o* YS fR! 0 $R! 0
rational RS ' ! |0 p!l 0 elliptic RS

i
(dual trig. CMS)

trigonometric RS

—== quantum K-theory

dual elliptic CMS

fw! 0/ fw! 0

p!
dual elliptic RS

g

0
DELL

Elliptic Cohomology




The DELL

___________________ M
I I# | | " + 70 p ---" 'j[ ~ ‘ T .
— - n — . I . n| . ni (nl ' 1) I nl l N; Xl nl nN ’/I I \-"‘-------_-_:::: ----------
O(Z) — On Z — ( Z) W 2 : t J X_ pl c pN o P — M T .
H RAs— I N
n" Zz ni,..Nnny=# i<j J - N e
___________________________ Mo T
=l SO
N-particle DELL Hamiltonians 1
H a - OO Oa ] a — 1 y = = = g N ! 1 \\\ ¢< """ \\\‘ (: ___________________

Double Inosemtsev limit from DELL X #t' ax.. 0, # t' & V2p o=t'" w=t M,

#=N.$=1 ' + \ Xa Pp’ /
: — : bl a+my! my ~a Mb, . L 44
ék = CN - % M " aX_p_’ - Pi, ad@, b="MNand m, = &
1< aédd  a<b b Ma , , =
Act with T-transform Xa #1 XaDa, 04 #! Da and rescale X, # M ! aXa
Yield eRS model after a conjugation by a Gaussian O, = o mp! maxa% L 44
k = CN M . B Piaan,

1< aa&d  a<b



