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Instantons vs Vortices

F =«F F=Vo

Moduli space .7, , of k instantons on R* Moduli space 7'y ,, of k vortices on R

/4 - A
ADHM space 1/2 ADHM space
[k Hilb"[C] 1
Hilb [C X C] 4 av
Lagrangian embedding :
Hanany Ton
dim.7, , = 4kn (Hanany Tong| dim%,, = 2kn
| 7' in C Ik |
HyperKahler Kahler
Moduli space of rank-N torsion-free sheaves on P2 |deals scheme-theoretically

With framing at infinity. c,(#) = — k - [pt] supported on C C C?
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V(Z) ~ ; g)($] — ZIZ‘@)
The Calogero-Moser (CM) system has several generalizations ‘CM —> tCM —> eCM
1
Viz) = sinh 22
Another relativistic generalization called Ruijsenaars-Schneider (RS) family rRS —> tRS —> eRS

Heyy = lim Hrg — nmc?

Geometrically described by Hamiltonian reduction of T*GL(n) c— 00




Algebraic Integrable Systems

- These are examples of complex algebraic integrable systems with n
degrees of freedom whose phase space is a Lagrangian fibration of

complex dimension 2n equipped with holomorphic symplectic 2-form

n
Q= Z dp: A dx; over a smooth base whose fibers are Abelian varieties
i=1
(admit group law)

« There are n Poisson commuting Hamiltonians H, ..., H,

» |n action-angle variables, Hamiltonian evolution is linearized on the fibers
which serve as level sets of the Hamiltonians



[Donagi Witten]
[Gorsky Nekrasov]

[Nekrasov Pestun

Hitchin Integrable System

Shatashvili]
Seiberg-Witten solution of /= 2* gauge theory leads to Hitchin integrable system (&, @)
Holomorphic G vector bundle over C, with holomorphic section ¢ (Higgs field) of KCp ® ad(E) ® O(p) < — >
E — Myac (RS X Sl) Hyperkahler (3d Coulomb branch) A=apdd+---
1 . .dz
¥ = i(ﬂp T Z”Yp)_ T
B = M.ac (R4) Special Kahler (4d Coulomb branch) {al, Ce ey an}
oOF
The n-dimensional Abelian variety is parameterized by the period matrix 755 =
6’a@-6’aj
Liouville tori can be found inside the Jacobians of the algebraic curve Coordinates N1 b
det(z — ) =0 = /wi
=1 Py

The Abelian nature of Lagrangian fibers suggests that coordinates and momenta take values in C.CX &
Y Y



Sei be rg'Witten SOI UtiOn [Seiberg Witten 1994]

Provides mass spectrum of BPS particles In IR spectrum given by period
of ‘N=2 gauge theory in 4d in the infrared integrals of the curve
Potential V ~ Trl||o, ¢H2 M = p? — (z 4 1)
2
UV vacuum () = aos/2 Masses of BPS particles
Coordinate on the 2
u = (tr

moduli space < ? >

Using S-duality define dual - 0F(a)

magnetic variables (a;ap) @D = oa

O cycle
- 2 , .

One-loop correction ap ~ ta (1 +1In a_2) generic vanishes
in the semi-classical m A fiber %A — 0
region a ~ \Ju A —0 S

Monodromy around VL — (—1 2)
infinity >




Many-Body Systems of CM/RS type

D S rational trigonometric elliptic
rational elliptic trigonometric
Calogero- Calogero- elliptic Calogero-
r Moser-Sutherland Moser-Sutherland Moser-Sutherland
2d N=(2,2) 2d N=(2,2)* 4d N=2*

quiver theory quiver theory

F trigonometric

rational Ruijsenaars- Ruijsenaars- elliptic Ruijsenaars-
t Schneider Schneider Schneider
(dual trig. CMS) 3d N=2* 5d N=1*
quiver theory /
dual elliptic RS

Double elliptic model
6d (1,0)"

e | dual elliptic CMS

\




[Oblomkov]
[Etingof]

The Calogero-Moser Space

Let V be an N-dimensional vector space over C. Let ' be the subset of GL(V) X GL(V) X V X V* consisting of elements
(M, T, u,v) such that

AMT — TM = u @ v
The group GL(N; C) = GL(V) acts on /' by conjugation
(M, T, u,v) — (gMg™',gTg™", gu,vg™")
The quotient of ' by the action of GL(V) is called Calogero-Moser space .7/

M,, = {A, B,C}/GL(n;C)

Also can be understood as moduli space of flat
connections on punctured torus ABA Bl =C
< >
C =diag(n,...,h, A"

Integrable Hamiltonians are ~TrT*




Trigonometric RS Model

D d rational trigonometric elliptic
Flatness conditon — AMT —TM = u @ v’ | oM o veomareou, Ly s
[ N A 4
u U | R—0 / \ R—0
. . . . . . (2 rationa e0 . N elliptic
In the basis where M is diagonal with eigenvalues &, ..., &, matrix T Ti; = / | (adal i, ooy Waonemeio RS I iy
h&i —&; y
'w—>0(/ fw—0
+ 0
H (f B 5 ) e | dualeliptic CMS | dual elliptic RSLEIIIpt/CICDJEII;:;mology
| ki \St k \
Define tRS momenta Di = —U;0; =
11, (& — k)
— héy)
The tRS Lax matrix reads Tz’j Hk#g ( i
Hk;éi(fj — &k)
Two particles
Characteristic polynomial of 7" generates tRS Hamiltonians Hl hgl — 52 h€2 — fl
I

51—52 52—51

h&;
Eigenproblem Z H f H Pm = €(ai)

IC1,....n1€L mel
T |= k J¥Z

Ho = p1p2




Quantum tRS Spectrum

Difference operators pzf(fz) — f(sz) pifj — q(s’”’ fz’pj

tRS eigenvalue problem
H;(&,p)V (& a) = ei(a)V (€, a)

What is the geometric meaning of V?

Answering this question will help us to understand elliptic models

Before we answer this question notice the symmetry of the flatness condition

AMT — TM = u ® v’

A-h ' MoeT

3d mirror symmetry



Enumerative AG/Integrable Systems

Wn—1
Quantum equivariant K-theory of Nakajima quiver varieties q < LT f """""""""" . |
V1 V9 O VA |
A®B=A®B+ » A®4B
= %) d
o V(T)(z) ~ Z evpz’*(ogif ) T|p1’ QMHOHSngm)Zd = KTXC(;( (X)ZOCHZH

d
Saddle point limit yields Bethe equations for XXZ

Quantum classes satisfy interesting difference equations in equivariant parameters and Kahler parameters [Okounkov, Smirnov]

qKZ, Dynamical equation

After symmetrization, they can be rewritten as eigenvalue equations for the tRS system [PK, Zeitlin] [PK]
. { a; — CLJ' - g —
mirror frame T-(a) = Z H pa— Hpi T-(a)V(a,() = S5,((,t)V(a,()
Jc{1,...,n} €I 1€J
I|=r J¢I 0

In terms of string/gauge theory tRS eigenproblem is Ward identity [Gaiotto, PK] [Bullimore, Kim, PK] 5




Vertex/Vortex Functions

After classifying fixed points of space of nonsingular quasimaps we can compute the vertex using the
localization theorem

%)= Y AN VEEHG i) WIM
di,jEC
H H {:B%J/xlk‘}d i—d; & Tij € {ai,...aw, }
i1 V1 V9 ... Vp_ 1

Vertex (trivial class)

V:2¢1 (h h_vqﬂ7Q7 > V1:17 wi = 2
a2 Q2
Vortex (defet partition function)
N = 2% quiver gauge theory on X5 =C,, x Si (O
€1 X q — el

Lagrangian depends on twisted masses @1, 42

FI parameter z and U(l) R-symmetry logh < D




Quantum tRS Spectrum

Theorem 2.10. Let Vp(l) be the coefficient for the vertexr function for X "
Define 17Ky,

K O(R* ", q) (1)
2.9 Vi = Vi
29) o = USaay v

where 0(x,q) = (2,9)00(qx ™1, @)oo is basic theta-function. Then V, are eigenfunctions for d
tRS difference operators (2.8) for all fixed points p 1

(2.10) T, (VY = e (aVy, r=1,...,n,

where e, 1s elementary symmetric polynomial of degree r of ai,...,a, .

Quantum multiplication by class

tRS momenta D; =

S’L,l e o o o o SZ,Z A/’I,"\% ® AZ+1%11
1

Chern roots s; , satisfy XXZ Bethe Ansatz equations

[PK]



Macdonald Polynomials

Proposition 2.11. Consider coefficient functions for K-theory of QM to X,, (2.9) for all
fized points of the maximal torus. Let A\ be a partition of k elements of length n and
Al > > Ay, Let

(2.18) ai—H:qzih, gi:)\i—I—l_)\i) izl,...,n—l.
%)

Then there exists a fixed point q for which
(2.19) Vo= Py(Cia,h).

a; = aqg R, i=1,....n

T1(C)Pr(C5 9, h) = (Z q" ﬁz") Px(¢;q, h)
1=1




§
O C 7 — q§1 — &2
e
2 Hy = pip2
ai, a
Macdonald polynomials
A2

a1 = agM bl as = aq

Example: 7*+P!

— Cl ‘l_CQa

IQ§2—§1p

-6
v
v
v

=G+ 6

=T+ G -




EllipticRSModel - o =

rational CMS < |0 trigonometric CMS, |, elliptic CMS

r ~=ere/antum cohomology
A /i A 4

R— 0} &3 TR0
91 h ra|ona/ ¢ =0 D - elliptic
o= Y II; h@/ 3 I E(O)2= &2 " T e s S
9 1 CZ/CJ 4
C{]_, ,TL} 1e] 1e] =0 Ly 50
J)=r J¢J

p+ 0

- g DELL
e | dual elliptic CMS dual elliptic RS Elliptic Cohomology

S

Conjecture 5.1. The solution of (1) s giwen by the K-theoretic holomorphic equivariant
FEuler characteristic of the affine Laumon space

ZZ/

y
where § = (q1,...,qn) s a string of C* -valued coordinates on the maximal torus Ofoiﬁ. The
ergenvalues &, are equivariant Chern characters of bundles A" %, where W 1is the constant
bundle of the corresponding ADHM space. In other words they have the following form 4

S =e+ >y pel,
[=1

where e, are symmeltric functions of the equivariant parameters ai,...,an.




eRS Spectrum

Euler characteristic of affine Laumon space (representation space of a chain-saw quiver) .

2= Ll[qkl(“) h, q) P=q1- 0
I

ro r re1
Theorem 1.1. Let € = (x1,...xn) be the position vector of the eRS model and Z™*°(a, x) =

hm Z%S&d(w,p, x) is its wavefunction. Then the following equality holds

(1.6) Hip, 2% (a, ) = M\p(a)Z25(a, ) k=1,...,N—1. o

where the eigenvalues read O !

k—1

e(tN—n) ZRS(a tﬁqw_i“)
1.7 A = : s k=1,...,N —1 o Ce,
( ) k(a) nl;[o (9(tn+1) ZRS(CL, tp) ; ; ;
where Wy, is the k-th fundamental weight of representation of SU(N) and p = ((N —
1)/2,(N = 3)/2,...,(3—=N)/2,(1 — N)/2) is the SU(N) Weyl vector. Ce,

7{ A =2mm®*, a=1,...,N
|zo|=¢€




Fock Space

Back to Macdonald polynomials

n

° ° - m
Power-symmetric variables  Pm = E gt
[=1

Macdonald polynomials depend only on k and the partition

P2

1 1 1 —qgt
B = —(p° — P= —(p° — |
2(2?1 p2) 2(}?1 p2) 1+ q)(1—1)
Starting with Fock vacuum 0)
Construct Hilbert space a_,|0) +— py
for each partition a_x|0) =a_y, ---a_y,|0)
Commutators (am, an] = m— Z




Ding-lohara-Miki algebra

Free boson representation of tRS operators

; 1 —t"  2n
e (%@Ll ko Erom)locallzatlon we can compute, (Z LA % )
y D (A;n) U(1) (A n) U(n)
(pq [P oS )= <W ) Ecrs () (W ) A
Define qbn( ) =TT, &(7) then (t=h_ )

n(2)16(7)[0) = [+ 71 = 7D L(q,1)| 6 (7)]0)

Assuming |t|<|
g It E(A) 11_>m [t_’”“gl(ll—)t_( )Et(%gﬂ _
g()\) — 1 t—n—?l 100_ =1 pt i p ptq ~ip E()\;n)
= i e S e pr TP RS W

For elliptic model replace

[Feigin Hashizume
) Hoshino Shiraishi Yanagida]

_ 1 —t7"1— (pg1t)" 1 —t" _
n(z;pg~'t) = exp (Z - ( - ) anzn) exp (Z ——an? "

1 _
n>0 p n>0



DAHA ACtion [PK 1805.00986]

Vertex functions or quantum classes for X are e
we can view them as elements of equivariant K-

V € Kr(P* = T*F,)  with maximal torus

Specification ag = q>"f Rk

algebra which 1s a DAHA module

ements of quantum K-theory of X. Equ

theory of the space of quasimaps from |

T =TU(n) x ULy x U(1)y)

In other words, we can define the following action

Ay s

[Schiffmann Vaserot]

/N

¢

/

Kq’h(@kHllbk[CQ])

Kr (Pt — T*F,)

CLk — q>\k h’n—k

A hot more than n columns

C7; x C; fixed points are
Macdonald polynomials

ently

to X

restricts us to the Fock space representation of (g,h)-Heisenberg



[PK]

HJ Flags vs ADHM

Kp(QM(P', X)) K, »(Hilb(C?)) »
Kahler /quantum parameters of X z1,25... Ring generators x, xa, ...
Vertex function Vg4 Classes of (C*)? fixed points [J]
C; acting on base curve C; acting on C C C? 4
C; acting on cotangent fibers of X C; acting on another C C C?
Eigenvalues e, of tRS operators 7, Chern polynomials &, of A"U

) quantum deformation:
“igenvalues of elliptic “igenvalues of quantum
RS model at large n ‘ multiplication by

U =W +(1-q)(1— BV,

- 01(h¢i/Cjlp)
E,(0) =
) jc{;,n} g 01(h¢i/Clp

J=r JEI

Chern roots obey

N k 13—
H Sa — 4] . H Sa —qSp  Sa — hSp Sq —(q ' 131) — 4
1 Sa — q—'htay 1 Sa q'spsa—h7lsy  Sa — qhsp



M-theory Description

Recall that Hilb"[C?] = M How did U(1) 5d SYM appear?
Starting with M-theory on St x C, x Cp xg*SS
| 1 3
n M>S branes wrapping Sl xC, xS .
Upon compactification on three sphere ‘
will get 3d quiver gauge theory on 1 *Fln —o—o—

When n becomes large the background undergoes through the conifold transition and the
resolved conifold becomes a deformed conifold Y

S'xC, xCy xY

Reduction on Y leads us to a 5d U(1) theory with 8 supercharges



Spectrum

eRS Hamiltonian eigenvalues coincide with eigenvalues of the quantum multiplication operator in
quantum K-theory ring of the instanton moduli space (Hilbert Scheme of points).

<WU<’”>> o~ eV =1—(1-—g)1—tHY o,

sigmas are determined by Bethe Ansatz equations for ADHM quiver

A

f[ﬁjou’c cﬁeformation — Quantization

y/ 4
Fields 0% By Bs I J
gauge group U (k) Adj Adj | Adj k k 4
flavor UN) x U(D)Z [ 111y [ 110) | Lo | Noo | N
flavor parameters (qh)~ ! q h a; aj_lqh
R-charge 2 0 0 0 0




Inozemtsev Limit — Trigonometric Case

Consider tRS difference operators T () — h1/2 Gi — hl/QCj e o o

r(C) = Z H G — (. I_Ipl"€ T’I“(C)Vp —er(a)vpv r=1,...,n

Tc{l,...n} i€l ¢ J i€
Z|=r JEZ
Double Scaling di — h_iCz‘ ; Pi = h_Hl/zpz' ; @ =h 2a; = a;
h — o0
T , 1=0i,—i, 1,1
Obtain g-Toda Hamiltonians Hatoda Z H (1 — 5”._1> H P Hﬂ'TOda(gl, 3P, e, D) =en(ar, ..., ay)
T={i1<-<ir} =1 dig kel
Tcq{l,...,n}

n
The first Hamiltonian pren =P1+ Z Pi (1 5i_'1>



Theta function 04

Inozemtsev Limit — Elliptic Case

—+ 00

(¢[p) = 2p7 3 " (~1)Fp*EHD sin((k +1/2)2)
k=0

Ratio of thetas =
o, (

Two-body Hamiltonian becomes in the limit 7 — oo

Two-body Hamiltonian

We send p — 0 such that J = ph” s finite

Hfﬁ q-Toda __ by (1 B q%) n Zpi (1 3;1)
=2 ’

& (h_@‘p) & (hClp)) P2 — P1 (1 Cléz) p2 (1 _ a1



n Vortex Moduli Space

After taking the n — oo limit one gets

A
lim preTedal — ghiy)|, Er(A) =a—(1—qlei(st,. .., sk)
n— 00 A
N _ Bethe equations N
@G =aq, i=1,....n 9 GSq — Sp _ g
— a , a=1,....k
ll;[l( l 1:[ Sa — {Sp
b;éa,
Dimensional coupling 13 " q1/2ﬁ1/2 H qﬁal
I=1
affine g-Toda model 5d/3d N =2 SYM theory 3d %-ADHM theory
Coordinates z; Kahler parameters K-ring generators x;
Figenfunctions Defect partition functions %—ADHM Coulomb branch vacua
Planck constant log ¢ equivariant parameter ¢ C; acting on C
Affine parameter q 5d dynamical scale p FI coupling p™
Eigenvalues &1°4 | VEVs of Wilson loop (W) | Chern polynomials £} of A"U




From ADHM to 1/2 ADHM i,

Ky(T*Fl,) - - ADHM (instanton moduli space)
Tim {hn—l(l — h) <WU(’”’)>} |/\ =a—(1—-¢q)(1—h)ei(s1,.-.,5K)|x
Claim: h— retracting the fibers, dimensional transmutation
[Hanany Tong]
K(Fl,) - - 1/2 ADHM (vortex moduli space)
“igenvalues of affine Cigenvalues of quantum

qToda lattice at large n muitiplication by

n A L o o
HA — ) (1_pA%>+Zpi (1 3;1> Er(A) =a—(1—qgei(s1,...,sk)
= Chern roots obey
Subscheme  Z;, ¢ Hilb"[C?] ﬂ(sa a)- ﬁ zja—_qu _

q-Heisenberg algebra preserving @i Kq(Z%) b£a



Quantum K-theory

Theorem 6.1 ([KPSZ|). The quantum equivariant K-theory of the complete n-dimensional
flag variety is given by

+1 +1. £1 +1. 1 +1
Cbl 7"'7577, ,Cl1 ,...,Cln 7p1 7'°°7pn]

(EE % (5i,p:) = er(ans- . an)

where HE 1 are given by (4.3) and T" is the mazimal torus of GL(n) with equivariant
parameters ai, ..., 0, .

(6.10) QK7 (Fln) =

)

Theorem 6.2. For n > k there is the following embedding of Hilbert spaces

k

: . 1
D K, (Hilh (C)) — P, Pn == K1(QM(P", Fly,))
[=0

(6.13)

Al — g,

where lg is the K-theory vertex function for some fixed point q of maximal torus T'. The
statement also holds in the limit n — o0

o lq = lim Vg
(6.14) P K, (Hild'(CT)) — Pos . B
[=0

where Ps, 1s defined as a stable limit of P,, as n — oo.



Inosemtsev Limit from DELL

rational

trigonometric

elliptic

: —
rational CMS ¢ .

0

trigonometric CI\/I% N

elliptic CMS
—=ere/antum cohomology

R%O*

rational RS
(dual trig. CMS)

€ —
s

0

Ys

fR%O

trigonometric RS

fR%O

p+ 0 elliptic RS
—== quantum K-theory

dual elliptic CMS

S /2 W

dual elliptic RS

p 0

Elliptic Cohomology




The DELL

____________________________ T
oC ) - t (’:: :::

| | n | R S
Z On Zn — Z ( )an w 9 tnz nj p,']ill]- o o 'pNN ’,’l _________________ S — M Tl .
| R f \\‘ (:‘ :

nel N1,e..,MN=—00 1< f S
S ——| T
= S

N-particle DELL Hamiltonians 1
Ha = O() Oa , a=1,....,.N—1 ------- \ e
Double Inosemtsev limit from DELL _ Ca—1/9
T — t %2, Dy — V2, p = tYA\, w=t"'M

@:N,ﬁ:l ~ b—a+mp—m, La Pb |~
Onman: B T i) o AN o, =
11 <--<tp a<b @
Act with T-transform Ty > LoDy, Do — Da and rescale T, M—ama
Yield eRS model after a conjugation by a Gaussian Ok — N Z H 0 (Mmb me La p) Dy Din

11<--<1 a<b



