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0 Introduction
Write Spcπ for the∞-category of π-�nite spaces. Given a set Σ of primes, write SpcΣ ⊂ Spcπ
for the sull subcategory spanned by those π-�nite spaces whose homotopy groups are Σ-groups.
Write

(−)∧Σ ∶ Pro(Spc)→ Pro(SpcΣ)
for the Σ-completion functor, i.e., the left adjoint to the inclusion Pro(SpcΣ) ⊂ Pro(Spc). One
source of di�culty in pro�nite homotopy theory is that the Σ-completion functor does not pre-
serve �nite limits, or even �nite products (see [SAG, Remark E.5.2.6; 2, Remark 3.10]). The
purpose of this note is to explain two situations in which Σ-completion does preserve products.

The �rst is that if one is already in the setting of pro�nite homotopy theory, thenΣ-completion
preserves products:

0.1 Proposition (Corollary 2.7). Let Σ be a set of primes. Then the Σ-completion functor restricted
to pro�nite spaces

(−)∧Σ ∶ Pro(Spcπ)→ Pro(SpcΣ)
preserves products.

The second is that in the setting of étale homotopy theory, Σ-completion preserves �nite
products. Given a scheme X, write Πét

∞(X) ∊ Pro(Spc) for the étale homotopy type of X.

0.2 Proposition (Corollary 2.10). Let Σ be a set of primes and let X and Y be qcqs schemes. Then
the natural map of pro�nite spaces

(
Πét
∞(X) × Πét

∞(Y)
)∧
Σ → Πét

∞(X)∧Σ × Π
ét
∞(Y)∧Σ

is an equivalence.

0.3 Remark. Proposition 0.2 �lls a gap in the proof of [4, Theorem 5.3]. Chough’s proof cites
the false claim that pro�nite completion preserves �nite limits. While this is not generally the
case, what is actually used is Proposition 0.2 (with Σ the set of all primes). In particular, the
conclusion of [4, Theorem 5.3] remains valid.

0.4 Proof Strategy. Propositions 0.1 and 0.2 turn out to be a consequence of a more general
result. To explain why this is the case, �rst note that since Σ-completion preserves co�tlered
limits, to prove Proposition 0.1 it su�ces to show that Σ-completion preserves �nite products of
π-�nite spaces. This reduction is useful because π-�nite spaces admit very nice presentations:
every π-�nite space can be written as the geometric realization (in Spc) of a simplicial �nite set
[SAG, Lemma E.1.6.5].
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Similarly, to prove Proposition 0.2 we use that the étale homotopy type of a qcqs scheme
admits a nice presentation. To see this, the �rst technical observation is that since protruncation
preserves limits and pro�nite completion factors through protruncation, it su�ces to replace the
étale homotopy types on the left-hand side by their protruncations. Our work with Barwick and
Glasman [1, Theorems 10.2.3& 12.5.1] provides a description of the protruncated étale homotopy
type as the protruncated classifying space of an explicit pro�nite category. Said di�erently, the
protruncated étale homotopy type can written as a geometric realization of a simplicial pro�nite
space computed in the larger∞-category of protruncated spaces (see Example A.9).

Hence we’re done if we can prove to prove the more general claim that Σ-completion pre-
serves products of protruncated spaces that admit such presentations. This follows once we
know that that geometric realizations preserve �nite products in the∞-categories of protrun-
cated and Σ-pro�nite spaces (see Proposition 1.12 and Corollary 1.13). See Lemma 2.6 for the
key categorical lemma that we use.

0.5 Linear Overview. Section 1 proves that geometric realizations preserve �nite products in
the∞-categories of protruncated and pro�nite spaces. Section 2 proves Propositions 0.1 and 0.2.
It is immediate from [1, Theorem 10.2.3] that the protruncated étale homotopy type can be
written as the geometric realization of a simplicial pro�nite space. However, for ease of reference
we have given a detailed explanation of this fact in Appendix A.

0.6 Conventions. Throughout, we use the notational conventions of [5, §§1 & 3].
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#DMS-2102957 and a grant from the Simons Foundation (816048, LC).

1 Universality of colimits
In this section, we prove that geometric realizations are universal in the∞-categories of pro-
truncated and Σ-pro�nite spaces. A second goal of this section is to record a more general fact:
colimits over diagrams that can be computed as �nite colimits when valued in an n-category
(see De�nition 1.7) are universal in the ∞-categories of protruncated and Σ-pro�nite spaces
(Proposition 1.12 and Corollary 1.13).

The �rst observation is that �nite colimits are universal in protruncated spaces.

1.1 Lemma. Let C be an∞-category with pullbacks and �nite colimits. If �nite colimits in C are
universal, then �nite colimits are universal in Pro(C).

Proof. By (the dual of) [HTT, Proposition 5.3.5.15], pullbacks, pushouts, and �nite coproducts
are computed ‘levelwise’ in Pro(C). Thus the assumption that �nite colimits in C are universal
implies the claim.

1.2 Example. Finite colimits in Pro(Spc) are universal. For each integer n ≥ 0, �nite colimits
in Pro(Spc≤n) are universal.

Recall that a localization L∶ C → D is locally cartesian if for any cospan X → Z ← Y such
that X, Z ∊ D, the natural map L(X ×Z Y)→ X ×Z L(Y) is an equivalence.
The following is immediate from the de�nitions:
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1.3 Lemma. Let ℐ be an∞-category, C an∞-category with pullbacks and ℐ-shaped colimits, and
L∶ C → D a locally cartesian localization. If ℐ-shaped colimits in C are universal, the ℐ-shaped
colimits inD are universal.

1.4 Example. Since the protruncation functor τ<∞ ∶ Pro(Spc)→ Pro(Spc<∞) preserves limits
[5, Proposition 3.9], Example 1.2 and Lemma 1.3 show that �nite colimits in Pro(Spc<∞) are
universal.

Now we formulate the key property of the category �op that we need.

1.5 De�nition. Let n ≥ 0 be an integer. A functor between∞-categories c∶ ℐ → J is n-colimit-
co�nal if for every n-category C and functor f∶ J → C, the following conditions are satis�ed:

(1.5.1) The colimit colimJ f exists if and only if the colimit colimℐ fc exists.

(1.5.2) If the colimit colimJ f exists, then the natural map colimℐ fc → colimJ f is an equiva-
lence.

1.6 Example. For an integer n ≥ 0, write �≤n ⊂ � for the full subcategory spanned by those
linearly ordered �nite sets of cardinality≤ n+1. By [6, PropositionA.1], the inclusion�op≤n ⊂ �op
is n-colimit-co�nal.

1.7 De�nition. Let ℐ be an∞-category. We say that ℐ is almost �nite if for each integer n ≥ 0,
there exists a �nite∞-category ℐn and an n-colimit-co�nal functor cn ∶ ℐn → ℐ.

1.8 Example. If ℐ is an∞-category that admits a colimit-co�nal functor from a �nite∞-cate-
gory, then ℐ is almost �nite.

1.9 Example. The category�op is almost �nite: the inclusion�op≤n ↪ �op is an n-colimit-co�nal
functor from a �nite∞-category [3, Example 6.5.3].

Recall that a space X is almost π-�nite if π0(X) is �nite and all homotopy groups of X are
�nite. Since an almost π-�nite space admits a presentation by a Kan complex with �nitely many
simplices in each dimension [SAG, Lemma E.1.6.5], the following implies that almost π-�nite
spaces are also almost �nite:

1.10 Example. Let K be a simplicial set with �nitely many simplices in each dimension and let
ℐ be the underlying∞-category of K. Then ℐ is almost �nite: we take ℐn to be the underlying∞-
category of the (n+1)-skeleton of skn+1 K and cn ∶ ℐn → ℐ the functor induced by the inclusion
skn+1 K ⊂ K.

1.11 De�nition. Let C be an∞-category with pullbacks. We say that almost �nite colimits in C
are universal if for each almost �nite∞-category ℐ, the∞-category C admits ℐ-shaped colimits
and ℐ-shaped colimits in C are unviersal.

The argument that Lurie gives in the proof of [SAG, Theorem E.6.3.1] shows that almost
�nite colimits in Pro(SpcΣ) are universal (however, this result is only stated when Σ is the set of
all primes). We also need to know that almost �nite colimits in Pro(Spc<∞) are also universal.
The strategy is the same as Lurie’s proof: we use that equivalences are checked on truncations
to reduce to the case of �nite colimits.

1.12 Proposition. Almost �nite colimits in Pro(Spc<∞) are universal.

Moreover, Proposition 1.12 reproves [SAG, Theorem E.6.3.1]:
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1.13 Corollary. Let Σ be a set of primes. Then almost �nite colimits in Pro(SpcΣ) are universal.

Proof of Corollary 1.13. Since the localization (−)∧Σ ∶ Pro(Spc<∞) → Pro(SpcΣ) is locally carte-
sian [5, Proposition 3.18], this follows from Lemma 1.3 and Proposition 1.12.

Proof of Proposition 1.12. Let ℐ be an almost �nite∞-category, let f∶ X → Z be a morphism in
Pro(Spc<∞), and let

g∶ ℐ → Pro(Spc<∞)∕Z
be a diagram of protruncated spaces over Z. To prove the claim, it su�ces to show that for each
integer n ≥ 0, the induced map

τ≤n (colim
i∊ℐ

X ×
Z
g(i)) → τ≤n (X ×

Z
colim
i∊ℐ

g(i))

is an equivalence in Pro(Spc≤n). Since ℐ is almost �nite, there exists a �nite∞-category ℐn+2
and (n + 2)-colimit-co�nal functor cn+2 ∶ ℐn+2 → ℐ. Consider the commutative diagram

colim
j∊ℐn+2

τ≤n (X ×
Z
gcn+2(j)) τ≤n(colimj∊ℐn+2

X ×
Z
gcn+2(j)) τ≤n(X ×Z colimj∊ℐn+2

gcn+2(j))

colim
i∊ℐ

τ≤n (X ×
Z
g(i)) τ≤n (colim

i∊ℐ
X ×

Z
g(i)) τ≤n (X ×

Z
colim
i∊ℐ

g(i)) .

∼

∼

(Here, the colimits in the leftmost column are computed in Pro(Spc≤n).) Since Pro(Spc≤n) is an
(n + 1)-category and cn+2 ∶ ℐn+2 → ℐ is (n + 2)-colimit-co�nal, the leftmost vertical map is an
equivalence. Thus the central vertical map is also an equivalence. Since ℐn+2 is �nite and �nite
colimits in Pro(Spc<∞) are universal (Example 1.4), the top right-hand horizontal map is an
equivalence.

To complete the proof, it su�ces to show that the rightmost vertical map is an equivalence.
For this, consider the commutative square

colim
j∊ℐn+2

τ≤n+1 gcn+2(j) τ≤n+1(colimj∊ℐn+2
gcn+2(j))

colim
i∊ℐ

τ≤n+1 g(i) τ≤n+1 (colimi∊ℐ
g(i)) ,

∼

∼

where the colimits in the left-hand column are computed in Pro(Spc≤n+1). Since Pro(Spc≤n+1) is
an (n+2)-category and cn+2 is (n+2)-colimit-co�nal, the left-hand verticalmap is an equivalence.
Hence the right-hand vertical map is also an equivalence. As a consequence, the map

colim
j∊ℐn+2

gcn+2(j)→ colim
i∊ℐ

g(i)

is n-connected. Thus the basechange

X ×
Z
colim
j∊ℐn+2

gcn+2(j)→ X ×
Z
colim
i∊ℐ

g(i)
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is also n-connected. Hence the map

τ≤n (X ×
Z
colim
j∊ℐn+2

gcn+2(j)) → τ≤n (X ×
Z
colim
i∊ℐ

g(i))

is an equivalence, as desired.

Note that the universality of geometric realizations implies that geometric realizations pre-
serve �nite products:

1.14 Lemma. Let ℐ be a sifted∞-category and let C be an∞-category with �nite limits and ℐ-
shaped colimits. If ℐ-shaped colimits in C are universal, then the functor

colimℐ ∶ Fun(ℐ,C)→ C

preserves �nite products.

Proof. Let X∙, Y∙ ∶ ℐ → C be functors. We have natural equivalences

colim
i∊ℐ

Xi × Yi ⥲ colim
(i,j)∊ℐ×ℐ

Xi × Yj (ℐ is sifted)

≃ colim
i∊ℐ

colim
j∊ℐ

(
Xi × Yj

)

⥲ colim
i∊ℐ

(Xi × colimj∊ℐ
Yj) (ℐ-shaped colimits are universal)

⥲ (colim
i∊ℐ

Xi) × (colim
j∊ℐ

Yj) (ℐ-shaped colimits are universal) .

1.15 Example. Let Σ be a set of primes. Proposition 1.12, Corollary 1.13, and Lemma 1.14
show that geometric realizations preserve �nite products in the ∞-categories Pro(SpcΣ) and
Pro(Spc<∞).

2 Completions of products
The goal of this section is to prove Propositions 0.1 and 0.2. We do this by noting that in the
setting of both of these results, the prospaces of interest can be written as geometric realizations
of simplicial pro�nite spaces. We begin by axiomatizing the situation:

2.1 Notation. Let C be an∞-category and letD ⊂ C be a full subcategory. Given a simplicial
object X∙ ∶ �op → D, write

|X∙|D ≔ colim ( �op DX∙ )

for the geometric realization of X∙ computed inD. Write

|X∙|C ≔ colim ( �op Pro(Spcπ) CX∙ )

for the geometric realization of X∙ computed in C. Importantly, if the inclusionD ⊂ C admits a
left adjoint L∶ C→ D, then

L |X∙|C ≃ |X∙|D .
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2.2 De�nition. Let C be an∞-category and D ⊂ C a full subcategory. We say that an object
X ∊ C admits aD-presentation if there exists a simplicial objectX∙ ∶ �op → D and an equivalence

|X∙|C ≃ X .

2.3 Notation. Write Set�n for the category of a �nite sets and all maps.

2.4 Example. Let X be a space which is �nite1 or almost π-�nite. Then:

(2.4.1) As an object of Spc, the space X admits a Set�n-presentation: If X is �nite, then X can be
written as the geometric realization of a simplicial set with �nitely many nondegenerate
simplices [12, Proposition 2.4].2 If X is almost π-�nite, then X can be written as the
geometric realization of a Kan complex with �nitely many simplices in each degree
[SAG, Lemma E.1.6.5].

(2.4.2) Since the Yoneda embedding Spc↪ Pro(Spc) preserves colimits, when regarded as an
object of Pro(Spc), the space X admits a Set�n-presentation.

(2.4.3) Since the protruncation functor τ<∞ ∶ Pro(Spc) → Pro(Spc<∞) preserves colimits, the
protruncated space τ<∞(X) admits a Set�n-presentation.

(2.4.4) Since the pro�nite completion functor (−)∧π ∶ Pro(Spc)↪ Pro(Spcπ) preserves colimits,
the pro�nite space X∧

π admits a Set�n-presentation.

Algebraic geometry also gives rise to many examples of protruncated spaces admitting pro�-
nite presentations.

2.5 Notation. Given an∞-topos X, we write Π∞(X) ∊ Pro(Spc) for the shape of X. We write
Π<∞(X) for the protruncation of Π∞(X).

Recall that an∞-topos X is spectral in the sense of [1, De�nition 9.2.1] if X is bounded coherent
and the∞-category Pt(X) of points of X has the property that every endomorphism of an object
of Pt(X) is an equivalence. The most important example of a spectral∞-topos is the étale∞-
topos of a qcqs scheme [1, Example 9.2.4]. Example A.9 explains why the protruncated space
Π<∞(X) of a spectral∞-topos admits a natural Pro(Spcπ)-presentation.

The following is the key categorical result that we need:

2.6 Lemma. Let C be an ∞-category with geometric realizations and �nite products, and let
L∶ C→ D be a localization. Assume that geometric realizations preserve �nite products in both C
andD. If X,Y ∊ C admitD-presentations X∙ and Y∙, then the natural map

L(X × Y)→ L(X) × L(Y)

is an equivalence.
1I.e., in the smallest subcategory of Spc containing the point and closed under �nite coproducts and pushouts.
2In fact, every �nite space is equivalent to the classifying space of a �nite poset; see [HTT, Proposition 4.1.1.3(3) &

Variant 4.2.3.16; 10, Theorem 1].
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Proof. We compute

L(X × Y) ≃ L(|X∙|C × |Y∙|C)
≃ L(|X∙ × Y∙|C) (geometric realizations preserve �nite products in C)
≃ |X∙ × Y∙|D
≃ |X∙|D × |Y∙|D (geometric realizations preserve �nite products inD)
≃ L |X∙|C × L |Y∙|C
≃ L(X) × L(Y) .

In the rest of this section, we record consequences of Lemma 2.6.

2.7 Corollary. Let Σ be a set of prime numbers. Then the Σ-completion functor

(−)∧Σ ∶ Pro(Spcπ)→ Pro(SpcΣ)

preserves products.

Proof. Since Σ-completion preserves co�ltered limits and the terminal object, it su�ces to show
that Σ-completion preserves binary products of pro�nite spaces. Again because Σ-completion
preserves co�ltered limits, we are reduced to showing that if X and Y are π-�nite spaces, then
the natural map

(X × Y)∧Σ → X∧
Σ × Y

∧
Σ

is an equivalence. Since π-�nite spaces admit Set�n-presentations (Example 2.4) and geomet-
ric realizations preserve �nite products in Pro(Spcπ) and Pro(SpcΣ) (Example 1.15), the claim
follows from Lemma 2.6.

2.8 Warning. The functor (−)∧Σ ∶ Pro(Spcπ) → Pro(SpcΣ) does not generally preserve pull-
backs, or even loop objects.

2.9Corollary. LetΣ be a set of primes and letX andY be protruncated spaces that admitPro(Spcπ)-
presentations. Then the natural map

(X × Y)∧Σ → X∧
Σ × Y

∧
Σ

is an equivalence.

Proof. Since geometric realizations preserve �nite products in Pro(Spc<∞) and Pro(Spcπ) (Ex-
ample 1.15), Lemma 2.6 shows that the natural map

(X × Y)∧π → X∧
π × Y∧π

is an equivalence. The claim now follows from Corollary 2.7.

Since protruncation preserves �nite products, Corollary 2.9 and Example A.9 show:

2.10 Corollary. Let Σ be a set of primes and let X and Y be spectral∞-topoi. Then the natural
map

(Π∞(X) × Π∞(Y))
∧
Σ → Π∞(X)∧Σ × Π∞(Y)∧Σ

is an equivalence.
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A Classifying prospaces via geometric realizations
The purpose of this appendix is to explain why the protruncated shape of a spectral ∞-topos
(e.g., the étale∞-topos of a qcqs scheme) admits a presentation as a geometric realization of a
simplicial pro�nite space (Example A.9). Using the description of the protruncated shape of a
spectral∞-topos as a protruncated classifying prospace given by Barwick–Glasman–Haine [1,
Theorem 10.2.3], this is an exercise in the de�nitions. For the ease of the reader, we spell out the
details here.

We make use of the description of∞-categories as simplicial spaces.

A.1 Recollection. The nerve functor

N∶ Cat∞ → Fun(�op, Spc)
C↦ [I ↦ Fun(I,C)≃]

is fully faithful [HA, Proposition A.7.10; SAG, §A.8.2; 7; 8, §1; 11]. One can explicitly identify the
essential image; objects in the image of this embedding are often called complete Segal spaces or
categories internal to spaces. Under this embedding, the subcategory Spc ⊂ Cat∞ corresponds
to the constant functors �op → Spc. Moreover, the localization B∶ Cat∞ → Spc is given by
geometric realization.

A.2 Notation. Let C be an∞-category with �nite limits. We write

Cat(C) ⊂ Fun(�op,C)

for the full subcategory spanned by the categories internal to C. See [1, De�nition 13.1.1; 9,
Proposition 3.2.7] for the de�nition.

A.3 Notation. Write Cat<∞ ⊂ Cat∞ for the full subcategory spanned by those∞-categories
C for which there exists an integer n ≥ 0 such that C is an n-category. Write Cat∞,π ⊂ Cat<∞
for the full subcategory spanned by those∞-categories with the property that there are �nitely
many objects up to equivalence and all mapping spaces are π-�nite.

A.4 Observation. The nerve N∶ Cat∞ ⥲ Cat(Spc) restricts to equivalences

Cat<∞ ⥲ Cat(Spc<∞) and Cat∞,π ⥲ Cat(Spcπ) .

In order to describe protruncated classifying spaces via geometric realizations, it is useful to
describe pro-∞-categories as category objects in prospaces.

A.5 Observation. By [HTT, Proposition 5.3.5.11; 1, Proposition 13.1.12], the composite

Cat<∞ Cat(Spc<∞) Cat(Pro(Spc<∞))N
∼

extends along co�ltered limits to a fully faithful right adjoint

N∶ Pro(Cat<∞)↪ Cat(Pro(Spc<∞)) .

This functor restricts to a fully faithful right adjoint

N∶ Pro(Cat∞,π)↪ Cat(Pro(Spcπ)) .
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A.6 Remark. We do not know if the embedding N∶ Cat∞ ↪ Cat(Pro(Spc)) extends along
co�ltered limits to a fully faithful functor Pro(Cat∞)→ Cat(Pro(Spc))).

A.7 Observation. It is immediate from the de�nitions that the following diagram of fully faith-
ful right adjoints commutes

Pro(Spcπ) Pro(Cat∞,π) Cat(Pro(Spcπ)) Fun(�op,Pro(Spcπ))

Pro(Spc<∞) Pro(Cat<∞) Cat(Pro(Spc<∞)) Fun(�op,Pro(Spc<∞)) .

⫞

⫠

⫞

⫠
B∧π

N

⫞

⫠

⫞

⫠

(−)∧π

⫠
B<∞

N
⫠

(−)∧π◦−

The long composite left adjoints

Fun(�op,Pro(Spc<∞))→ Pro(Spc<∞) and Fun(�op,Pro(Spcπ))→ Pro(Spcπ) .

are simply the colimit functors. Since the diagram of left adjoints also commutes we deduce:

A.8Corollary. LetC ∊ Pro(Cat∞,π) be a pro�nite∞-category. Then there are natural equivalences

B<∞(C) ≃ colim ( �op Pro(Spcπ) Pro(Spc<∞)
N(C) )

and

B∧π(C) ≃ colim ( �op Pro(Spcπ)
N(C) ) .

A.9 Example. Let X be a spectral∞-topos. Through [1, Theorem 9.3.1], Barwick–Glasman–
Haine re�ned the the∞-category Pt(X) of points of X to a pro�nite∞-category

Π̂(∞,1)(X) ∊ Pro(Cat∞,π)

called the strati�ed shape of X. In [1, Theorem 10.2.3] they show that there is a natural equiva-
lence

Π<∞(X)⥲ B<∞
(
Π̂(∞,1)(X)

)
.

That is, the protruncated shape of X can be recovered as the protruncated classifying space of
the strati�ed shape Π̂(∞,1)(X). Hence Corollary A.8 shows that the protruncated shape Π<∞(X)
admits a natural Pro(Spcπ)-presentation in the sense of De�nition 2.2.
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