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Abstract

These notes explain some descent results for∞-categories of sheaves on compact Haus-
dor� spaces and derive some consequences. Speci�cally, given a compactly assembled∞-cat-
egory ℰ, we show that the functor sending a locally compact Hausdor� space X to the∞-cat-
egory Shpost(X;ℰ) of Postnikov complete ℰ-valued sheaves on X satis�es descent for proper
surjections. This implies proper descent for left complete derived∞-categories and that the
functor Shpost(−;ℰ) is a sheaf on the category of compact Hausdor� spaces equipped with the
topology of �nite jointly surjective families. Using this, we explain how to embed Postnikov
complete sheaves on a locally compact Hausdor� space into condensed objects. This implies
that the condensed and sheaf cohomologies of a locally compact Hausdor� space agree.
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0 Introduction
The �rst goal of these notes is to explain some descent results for∞-categories of sheaves on
locally compact Hausdor� spaces. Our motivation comes from condensed/pyknotic mathemat-
ics developed by Clausen–Scholze [20; 21; 22; 23], in our joint work with Barwick [2, Chapter
13; 3], and in Lurie’s work on ultracategories [17; 18, Chapter 4]. Write Comp for the cate-
gory of compact Hausdor� spaces. The category Comp has a Grothendieck topology where the
covering families are �nite families of jointly surjective maps. Because of the simplicity of the
Grothendieck topology, the sheaf condition is very explicit: a presheaf on Comp is a sheaf if
and only if it carries �nite disjoint unions of compact Hausdor� spaces to �nite products and
satis�es descent for surjections.

Our �rst goal is to answer the following question:

0.1 Question. Is the functor Sh∶ Compop → Cat∞ that assigns a compact Hausdor� space K
the∞-category Sh(K) of sheaves of spaces on K a sheaf with respect to this topology?

Perhaps surprisingly, the answer to Question 0.1 is negative (see Corollary 2.18). Moreover, if one
replaces sheaves by hypersheaves, the answer to Question 0.1 is still negative. The reason for this
failure of descent is that every compact Hausdor� space admits a surjection from a pro�nite set,
and the∞-category of sheaves on a pro�nite set satis�es a strong completeness property which
the∞-category of (hyper)sheaves on a general compact Hausdor� space does not satisfy. So it is
not reasonable to ask for the∞-category of sheaves on a general compact Hausdor� spaces to
be expressible as a limit of∞-categories satisfying this completeness property.

0.1 Postnikov completion
Since this completeness property is central to these notes, before stating the main results, let us
brie�y introduce it. See §1.2 for more details.

0.2 De�nition. Let X be a topological space. The Postnikov completion of the ∞-category of
sheaves of spaces on on X is the inverse limitShpost(X) ≔ lim ( ⋯ Sh(X)≤n+1 Sh(X)≤n ⋯τ≤n+1 τ≤n τ≤n−1 )
of the∞-categories of sheaves of n-truncated spaces along the truncation functors.

Objects of Shpost(X) are towers⋯→ Fn+1 → Fn →⋯→ F0
where Fn is an sheaf of n-truncated spaces on X such that τ≤n Fn+1 ⥲ Fn. There is a natural left
adjoint Sh(X)→ Shpost(X) sending a sheaf F to its Postnikov tower {τ≤n F}≥0. We say that Sh(X)
is Postnikov complete if this functor Sh(X)→ Shpost(X) is an equivalence.

0.3 Example. The∞-topos of sheaves on a pro�nite set is Postnikov complete. On the other
hand, the∞-topos of sheaves on the Hilbert cube

∏i≥1[0, 1] is not Postnikov complete.

For a presentable∞-category ℰ, we write Shpost(X;ℰ) for the tensor product Shpost(X)⊗ ℰ.
With stable coe�cients this recovers the left-complete derived∞-category of sheaves:
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0.4 Example. Let X be a topological space and let R be a ring. Write D(X;R) for the derived∞-category of the abelian category of sheaves of R-modules on X. Then Shpost(X; D(R)) is the
left completion ofD(X;R)with respect to the standard t-structure.1 That is, Shpost(X; D(R)) is the
limit of the diagram of∞-categories⋯ D(X;R)≤n+1 D(X;R)≤n ⋯τ≤n+1 τ≤n τ≤n−1
along the truncation functors with respect to the standard t-structure.
0.2 Descent for Postnikov complete sheaves
The following is the main descent result of these notes. Note that all compactly generated∞-cat-
egories are compactly assembled (see Recollection 1.10).

0.5 Theorem (Corollary 2.8). Let ℰ be a compactly assembled∞-category. Then for every proper
surjection of locally compact Hausdor� spaces p∶ X ↠ Y, natural functor

Shpost(Y;ℰ) lim ( Shpost(X;ℰ) Shpost(X ×Y X;ℰ) ⋯ )pr∗1pr∗2
is an equivalence in Cat∞. Consequently, the functor Shpost(−;ℰ)∶ Compop → Cat∞ is a hyper-
sheaf of∞-categories on the site of compact Hausdor� spaces.

0.6 Example. Let R be a ring. Then the functor D̂(−;R)∶ Compop → Cat∞ carrying a compact
Hausdor� space to its left complete derived∞-category is a hypersheaf. Hence the functorD(−;R)<∞ ∶ Compop → Cat∞
that sends a compact Hausdor� space K to its bounded-above derived ∞-category2 is also a
hypersheaf of∞-categories.

Passing to global sections shows that sheaf cohomology also satis�es proper descent.

0.7 Corollary. Let R be a connective E1-ring spectrum and M a bounded-above left R-module
spectrum. The functor RΓsheaf (−;M)∶ Compop → LMod(R)
is a hypersheaf.

Note that if R is an ordinary ring, then the∞-category LMod(R) is the derived∞-category D(R).
0.3 The comparison between sheaf and condensed cohomology
Part of our motivation for proving Theorem 0.5 is that it has a number of consequences. One
application is a generalization of work of Dyckho� and Clausen–Scholze that compares sheaf
cohomology with condensed cohomology. Let X be a locally compact Hausdor� space. We can
also regard X as an object of the∞-category Sh(Comp) via the restricted Yoneda embedding.

1We use homological indexing for our t-structures.
2What we write as D(K;R)<∞ is often written as D+(K;R).
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Dyckho� [7, Theorem 3.11; 8] and Clausen–Scholze [23, Theorem 3.2] showed that if A is an
abelian group, and X is compact then there is an isomorphismH∗sheaf (X;A)⥲ H∗cond(X;A)
from the sheaf cohomology of X to the cohomology of X regarded as an object Sh(Comp).

We extend this result in two directions: to locally compact Hausdor� spaces and to very
general coe�cients. The comparison map between sheaf and condensed cohomology is induced
by a natural geometric morphismcX,∗ ∶ Sh(Comp)∕X → Sh(X)
given by sending a sheaf G∶ Compop → Spc to the sheaf on X de�ned bycX,∗(G)(U) ≔ MapSh(Comp)∕X (U,G) .
(See §3.2 for details.)

Since cohomology is computed by derived global sections, to show that the sheaf and con-
densed cohomologies ofX agree, it su�ces to show that c∗X is fully faithful. Again, this is generally
only true after Postnikov completion (see Warnings 4.16 and 4.19).

0.8 Proposition (Corollary 4.11). Let X be a locally compact Hausdor� space and let ℰ be a
compactly assembled∞-category. Then the pullback functorc∗,post ∶ Shpost(X;ℰ)→ Shpost(Comp∕X ;ℰ)
is fully faithful.

Proposition 0.8 implies, for example:

0.9 Corollary (Corollary 4.12). Let X be locally compact Hausdor� space. Let R be a connectiveE1-ring spectrum and letM be a bounded-above left R-module spectrum. Then the natural mapRΓsheaf (X;M)→ RΓcond(X;M)
is an equivalence in the∞-category LMod(R) of left R-module spectra.

As a consequence, the condensed, singular, and sheaf cohomologies of a topological space ad-
mitting a locally �nite CW structure all agree (see Remark 4.13 and (4.14)).

0.4 Linear overview
We imagine that the reader might be interested in condensed/pyknotic mathematics but not
necessarily familiar with all of the intricacies about the theory of∞-topoi. With this in mind, in
§1, we review the basics of hypercomplete and Postnikov complete∞-topoi; the familiar reader
can safely skip this section. Section 2 proves Theorem 0.5 and derives some consequences in
shape theory. In §3, we construct the comparison geometric morphismc∗ ∶ Sh(Comp∕L)→ Sh(L)
and record its basic properties. Section 4 is dedicated to proving Proposition 0.8.
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1 Background
Recall the following fundamental results about the∞-category of spaces.

(1) Whitehead’s Theorem: Amap f∶ X → Y of spaces is an equivalence if and only if f induces
a bijection on connected components and isomorphisms on homotopy groups at each base-
point. Said di�erently, f is an equivalence if and only if for each n ≥ 0, the induced map onn-truncations τ≤n(f)∶ τ≤n(X)→ τ≤n(Y) is an equivalence.

(2) Convergence of Postnikov towers: Every spaceX is the limit of its Postnikov tower. That is, the
the natural map X → limn≥0 τ≤n(X) is an equivalence.

The statement of Whitehead’s Theorem and the convergence of Postnikov towers make can be
formulated in an arbitrary ∞-topos. However, even for the ∞-topos of sheaves on a compact
Hausdor� space, neither result need hold (see Example 2.15). The purpose of this section is
to review two completion procedures (hypercompletion and Postnikov completion) that force
Whitehead’s Theorem to hold and Postnikov towers to converge, respectively. In the higher-
categorical world, these give rise to three natural ‘sheaf theories’ (sheaves, hypersheaves, and
Postnikov complete sheaves) extending the classical theory of sheaves on a topological space.
They all have the same truncated objects, so the subtle di�erences between these theories only
appears when considering ‘unbounded’ objects.

Subsection 1.1 reviews the basics of hypercompleteness; in the process, we set some no-
tation. In § 1.2 we review Postnikov completeness. In § 1.3, we recall the basic setup of con-
densed/pyknotic mathematics.

1.1 Hypercompleteness
In this subsection, we set up some notation and review the basics of hypercompletions of∞-
topoi. We refer the reader unfamiliar with hypercomplete objects and hypercompletion to [HTT,
§§6.5.2–6.5.4], [2, §3.11], or [11, §1.2] for further reading on the subject.

1.1 Notation. Write Spc for the∞-category of spaces and Cat∞ for the∞-category of∞-cate-
gories.

1.2 Notation. Let C be an∞-site and ℰ a presentable∞-category. We writePSh(C;ℰ) ≔ Fun(Cop,ℰ)
for the ∞-category of ℰ-valued presheaves on C. We write Sh(C;ℰ) ⊂ PSh(C;ℰ) for the full
subcategory spanned by ℰ-valued sheaves. When ℰ = Spc, we simply writePSh(C) ≔ PSh(C; Spc) and Sh(C) ≔ Sh(C; Spc) .
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1.3. The∞-categories PSh(C;ℰ) and Sh(C;ℰ) are naturally identi�ed with the tensor products
of presentable ∞-categories PSh(C) ⊗ ℰ and Sh(C) ⊗ ℰ [SAG, Remark 1.3.1.6 & Proposition
1.3.1.7].

1.4 Notation. Let X be a topological space. We write Open(X) the poset of open subsets of X,
ordered by inclusion. We regard Open(X) as a site with the covering families given by open
covers. We writePSh(X;ℰ) ≔ PSh(Open(X);ℰ) and Sh(X;ℰ) ≔ Sh(Open(X);ℰ) .
1.5 Notation. Let ℰ be a presentable∞-category and f∗ ∶ X → Y a geometric morphism of∞-topoi. For simplicity, we also denote the tensor product f∗ ⊗ ℰ∶ X ⊗ ℰ → Y ⊗ ℰ by f∗.
1.6 Recollection (hypercompleteness). LetX be an∞-topos. The∞-category of hypercomplete
objects ofX is the full subcategoryXhyp ⊂ X spanned by those objects that are local with respect
to the∞-connected morphisms. The inclusionXhyp ⊂ X admits a left exact left adjoint; henceXhyp is also an∞-topos.

As the name suggests, Xhyp can also be identi�ed as the full subcategory of X spanned by
those objects that satisfy descent for hypercovers; see [HTT, Corollary 6.5.3.13; 6, §1; 24, Corollary
3.4.7].

1.7Notation. LetX be an∞-topos and n ≥ 0 an integer.WriteX≤n ⊂ X for the full subcategory
spanned by the n-truncated objects, andwrite τ≤n ∶ X → X≤n for the left adjoint to the inclusion.
1.8 Remark. For each integer n ≥ 0, the inclusion Xhyp ↪ X restricts to an equivalence(Xhyp)≤n ⥲ X≤n on subcategories of n-truncated objects [HTT, Lemma 6.5.2.9]. As a conse-
quence, given an integer n ≥ 0 and presentable n-category ℰ, we have Xhyp ⊗ ℰ ≃ X ⊗ ℰ [HA,
Example 4.8.1.22]. In particular, every sheaf of sets is hypercomplete.

1.9 Notation. Let C be a site and ℰ a presentable∞-category. We write Shhyp(C) ≔ Sh(C)hyp
and Shhyp(C;ℰ) ≔ Shhyp(C)⊗ ℰ .

We refer to objects of Shhyp(C;ℰ) as ℰ-valued hypersheaves. We use analogous notation for hy-
persheaves on a topological space.

For reasonable coe�cients, hypersheaves on a topological space can be identi�ed very ex-
plicitly.

1.10 Recollection (compactly assembled∞-categories). A presentable∞-category ℰ is com-
pactly assembled if ℰ is a retract of a compactly generated∞-category regarded as an object of
the∞-category PrL of presentable∞-categories and left adjoints [SAG, De�nition 21.1.2.1 &
Theorem 21.1.2.18]. A stable presentable∞-category ℰ is compactly assembled if and only if ℰ is
dualizable in the symmetric monoidal∞-category PrLst of stable presentable∞-categories and
left adjoints [SAG, Proposition D.7.3.1].

1.11 Remark. Let X be a topological space and ℰ a compactly assembled∞-category. Then the
subcategory Shhyp(X;ℰ) ⊂ Sh(X;ℰ)
is the localization obtained by inverting all morphisms that induce equivalences on stalks [HA,
Lemma A.3.9; 10, Lemma 2.11].
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1.12 Notation. Write LTop∞ for the∞-category with objects∞-topoi andmorphisms left exact
left adjoints.

1.13. We repeatedly use the fact that the forgetful functor LTop∞ → Cat∞ preserves limits
[HTT, Proposition 6.3.2.3].

1.14. Hypercompletion de�nes a functor (−)hyp ∶ LTop∞ → LTop∞ left adjoint to the inclusion
of hypercomplete∞-topoi into LTop∞.

1.2 Postnikov completeness
In this subsection, we review the basics of Postnikov completions of∞-topoi.We refer the unfamil-
iar reader to [HTT, §5.5.6; SAG, §§A.7.2 & A.7.2; 2, §3.2] for more background. The∞-category
of spaces actually satis�es a stronger property than the requirement that every object be the limit
of its Postnikov tower: the entire∞-category can be recovered as the limit of the subcategories ofn-truncated spaces along the truncation functors. This is the property that we want to generalize
to arbitrary∞-topoi.

1.15 De�nition. Let X be an∞-topos. The Postnikov completion of X is the limitXpost ≔ lim ( ⋯ X≤n+1 X≤n ⋯ X≤0τ≤n τ≤0 )
formed in Cat∞. Thus objects of Xpost are given by towers⋯→ Vn+1 → Vn →⋯→ V0
in X, where Vn is n-truncated and the map Vn+1 → Vn exhibits Vn as the n-truncation of Vn+1.
1.16. The Posnikov completion Xpost is also an∞-topos. Moreover, there is a natural left exact
left adjoint t∗ ∶ X → Xpost de�ned by sending an object to its Postnikov tower:t∗(U) ≔ {τ≤n U}n≥0 .
See [SAG, Theorem A.7.2.4]. The right adjoint t∗ ∶ Xpost → X sends a tower {Vn}n≥0 to the limitlimn≥0 Vn formed in X [SAG, Remark A.7.3.6].

1.17 Observation. The functor t∗ ∶ X → Xpost is fully faithful if and only if for each objectU ∊ X, the natural map U → limn≥0 τ≤n U is an equivalence. That is, t∗ if fully faithful if and
only if every object of X is the limit of its Postnikov tower.

1.18 Remark. For each integer n ≥ 0, the functor t∗ ∶ X → Xpost restricts to an equivalenceX≤n ⥲ (Xpost)≤n [SAG, Corollary A.7.3.8]. Moreover, given an integer n ≥ 0 and presentablen-category ℰ, we have Xpost ⊗ ℰ ≃ Xhyp ⊗ ℰ ≃ X ⊗ ℰ .

1.19 Warning. The right adjoint t∗ ∶ Xpost → X is fully faithful if and only if Xhyp = Xpost.
1.20 De�nition. We say that an∞-topos X is Postnikov complete if the functor t∗ ∶ X → Xpost
is an equivalence of∞-categories.
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1.21 Remark. The natural geometric morphism Xhyp ↪ X induces an equivalence(Xhyp)post ⥲ Xpost .
Moreover, ifX is Postnikov complete, thenX is hypercomplete. However, the converse is false
(see Example 2.15).

1.22 Observation. Let X be an∞-topos. Then X is Postnikov complete if and only if the push-
forward t∗ ∶ Xpost → X is conservative and the pullback t∗ is fully faithful. From the explicit
descriptions of t∗ and t∗, we see that X is Postnikov complete if and only if the following condi-
tions are satis�ed:

(1.22.1) For each U ∊ X, the natural map U → limn≥0 τ≤n U is an equivalence.

(1.22.2) For each integer n ≥ 0, the functor t∗ ∶ Xpost → X commutes with n-truncation.
See also [HTT, Proposition 5.5.6.26].

1.23 Warning. As far as we are aware, it is not known if there exists an∞-topos X such that
every object of X is the limit of its Postnikov tower, but X is not Postnikov complete.

1.24 Notation. Write LToppost∞ ⊂ LTop∞ for the full subcategory spanned by the Postnikov
complete∞-topoi.

1.25. Postnikov completion de�nes a functor(−)post ∶ LTop∞ → LToppost∞
which is left adjoint to the inclusion [SAG, Corollary A.7.2.6]. The functor (−)post is also a right
adjoint [SAG, Corollary A.7.2.7]. Hence the full subcategory LToppost∞ ⊂ LTop∞ is closed under
limits. As a consequence of (1.13), the forgetful functor LToppost∞ → Cat∞ preserves limits.

To prove Theorem 0.5, use the following reformulation of what it means for a diagram of
Postnikov complete∞-topoi to be a limit diagram:

1.26 Lemma. Let ℐ be an∞-category andX∙ ∶ ℐ◃ → LTop∞ a diagramof∞-topoi. The following
are equivalent:

(1.26.1) For each integer n ≥ 0, the diagram (X∙)≤n ∶ ℐ◃ → Cat∞ is a limit diagram.

(1.26.2) The diagram of Postnikov complete∞-topoiXpost∙ ∶ ℐ◃ → Cat∞ is a limit diagram.

Proof. By the de�nition of Postnikov completion and the fact that limits commute, we see that
(1.26.1)⇒ (1.26.2). To prove that (1.26.2)⇒ (1.26.1), tensor the limit diagramXpost∙ ∶ ℐ◃ → Cat∞
with Spc≤n and apply [10, Lemma 2.15].

We �nish this subsection with some examples of Postnikov complete∞-topoi from topology.

1.27 Notation. Let C be an∞-site and ℰ a presentable∞-category. Write Shpost(C) ≔ Sh(C)post
and Shpost(C;ℰ) ≔ Shpost(C)⊗ ℰ .

We refer to objects of Shpost(C;ℰ) as Postnikov complete sheaves on C.3 We use analogous notation
for Postnikov complete sheaves on a topological space.

3Since Shpost(C;ℰ) is not generally a subcategory of Sh(C;ℰ), this is slightly abusive.
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1.28 Example. Let S be a pro�nite set. Since S is 0-dimensional, by [HTT, Corollary 7.2.1.10,
Theorem 7.2.3.6, & Remark 7.2.4.18] the∞-topos Sh(S) is Postnikov complete.

1.29 Example [13]. Let X be a topological space. If X admits a CW structure, then the∞-toposSh(X) is Postnikov complete.

For hypersheaves and Postnikov complete sheaves, pullbacks along surjections are conserva-
tive:

1.30 Observation. Let p∶ X ↠ Y be a surjection of topological spaces. Since Shhyp(Y) has
enough points and the points of Shhyp(Y) are in natural bijection with the underlying set of Y,
the pullback functor p∗,hyp ∶ Shhyp(Y)→ Shhyp(X)
is conservative. In particular, the functor p∗ ∶ Sh(Y)→ Sh(X) is conservative when restricted to
the subcategory of truncated objects. Hence p∗,post ∶ Shpost(Y)→ Shpost(X) is also conservative.
1.3 Condensed/pyknotic mathematics
In this subsection, we brie�y recall the formalism of condensed/pyknotic mathematics. We refer
the reader to [2, §13.3; 3; 5; 20; 21; 22, Lecture I; 23] for more details and motivation.

1.31 Notation. Write Top for the category of topological spaces and Comp ⊂ Top for the full
subcategory spanned by the compact Hausdor� spaces. We regard Comp as a site where the
covering families are �nite families of jointly surjective maps.

1.32 Remark (set theory). Since Comp is a large category, one has to be careful about talking
about sheaves on Comp. To do this, we adopt the set-theoretic conventions of [2, §13.3; 3]; this
uses universes to deal with the set theory. Clausen and Scholze [23] use alternative set-theoretic
foundations that avoid using universes. This minor di�erence is only in the set theory and does
not a�ect any arguments in an essential way, so we will not mention it again.

In this setting, the sheaf condition is particularly easy to formulate:

1.33 Observation. LetD be an∞-category. A presheaf F∶ Compop → D is a sheaf if and only
if the following conditions are satis�ed:

(1.33.1) The functor F preserves �nite products. That is, F carries �nite coproducts of compact
Hausdor� spaces to �nite products inD.

(1.33.2) For every surjection of compact Hausdor� spaces p∶ X ↠ Y, the augmented cosimpli-
cial diagram F(Y) F(X) F(X ×Y X) ⋯p∗
obtained by applying F to the Čech nerve of p exhibits F(Y) as the limit of its restriction
to � ⊂ �+.

See [SAG, Proposition A.3.3.1].

1.34. Every representable presheaf on Comp is a sheaf. Moreover, the topology on Comp is
designed exactly so that the Yoneda embeddingComp↪ Sh(Comp) preserves �nite coproducts
and carries surjections to e�ective epimorphisms.
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1.35 Notation. Write Extr ⊂ Comp for the full subcategory spanned by the extremally discon-
nected pro�nite sets. The extremally disconnected pro�nte sets are exactly the projective objects
of the category Comp [9; 16, Chapter III, §3.7].

1.36. Let K be a compact Hausdor� space. Write Kdisc for the underlying set of K equipped with
the discrete topology. There is a natural surjection β(Kdisc)↠ K from the Stone–Čech compacti-
�cation of Kdisc to K. Since the pro�nite set β(Kdisc) is extremally disconnected, the subcategory
Extr ⊂ Comp is a basis for the Grothendieck topology on Comp. Therefore, restriction of
presheaves de�nes an equivalence of∞-categoriesShhyp(Comp)⥲ Shhyp(Extr)
with inverse given by right Kan extension [1, Corollary A.8; 2, Corollary 3.12.14].

1.37. Since every surjection of extremally disconnected pro�nite sets admits a section, a presheafF on Extr is a sheaf if and only if F preserves �nite products. Moreover, by [3, Lemma 2.4.10],
the∞-topos Sh(Extr) is Postnikov complete. Hence Shhyp(Comp) is also Postnikov complete.

Most reasonable topological spaces embed into sheaves on Comp:

1.38 Notation. Writeよ∶ Top→ Sh(Comp) for the restricted Yoneda functor de�ned by

よ(X)(K) ≔ MapTop(K,X) .
When it does not cause confusion, we also simply denoteよ(X) ∊ Sh(Comp) by X.
1.39. The functorよ is not fully faithful. However,よ is fully faithful when restricted to the the
full subcategory of compactly generated topological spaces.

1.40. Note that the functor よ∶ Top → Sh(Comp) preserves limits. The functor よ does not
preserve arbitrary colimits. However, in §3.1 we show that よ behaves well with open covers,
coproducts, and proper surjections.

2 Proper descent
Let ℰ be a compactly assembled ∞-category (see Recollection 1.10). In this section, we show
that the functor sending a locally compact Hausdor� space X to the∞-category Shpost(X;ℰ) of
Postnikov complete sheaves on X satis�es descent for proper surjections in the following sense.

2.1 Notation. Write LCH ⊂ Top for the full subcategory spanned by the locally compact
Hausdor� spaces.

2.2 De�nition. LetD be an∞-category. We say that a functor F∶ LCHop → D satis�es proper
descent if for every proper surjection of locally compact Hausdor� spaces p∶ X ↠ Y, the aug-
mented cosimplicial diagramF(Y) F(X) F(X ×Y X) ⋯p∗
obtained by applying F to the Čech nerve of p exhibits F(Y) as the limit of its restriction to� ⊂ �+.

Subsection 2.1 proves Theorem0.5 (seeCorollary 2.8). In §2.2we record some shape-theoretic
consequences. In §2.3, we explain why Theorem 0.5 does not hold before Postnikov completion.

10



2.1 Proper descent for Postnikov sheaves

To prove that the functorX ↦ Shpost(X) satis�es proper descent we apply the following criterion:
2.3 Proposition [HA, Corollary 4.7.5.3]. Let S∙ ∶ �+ → Cat∞ be an augmented cosimplicial∞-category. Let G∶ S−1 → S0 denote the agumentation. Assume that:

(2.3.1) The∞-category S−1 admits totalizations of G-split cosimplicial objects, and those totaliza-
tions are preserved by G.

(2.3.2) For every morphism �∶ [m]→ [n] in �+, the squareSm Sm+1
Sn Sn+1

d0
�∗ ([0]⋆�)∗

d0
is horizontally right adjointable. (Note that, in particular, this requires that the coface func-
tors d0 be left adjoints.)

Then the natural functor �∶ S−1 → lim[n]∊� Sn admits a fully faithful right adjoint. Moreover, ifG is conservative, then � is an equivalence.

We are interested in applying Proposition 2.3 in the case where S∙ is obtained by applying
sheaves to the Čech nerve of a proper surjection.

2.4 Example. Let ℰ be a presentable∞-category which is compactly generated or stable, and letp∶ X ↠ Y be a proper surjection of locally compact Hausdor� spaces. The Proper Basechange
Theorem [HTT, Corollary 7.3.1.18; 10, Subexample 3.15] implies that the augmented cosimplicial
diagram

(2.5) Sh(Y;ℰ) Sh(X;ℰ) Sh(X ×Y X;ℰ) ⋯p∗
satis�es hypothesis (2.3.2).

2.6 Observation. In the setting of Example 2.4, the functor p∗ ∶ Sh(Y;ℰ) → Sh(X;ℰ) is left
exact. If there is an integer n ≥ 0 such that ℰ is an n-category, then the totalizations in (2.3.1)
can be computed by �nite limits [12, Proposition A.1]. Hence, in this case, the diagram (2.5) also
satis�es (2.3.1).

2.7 Lemma. Let n ≥ 0 be an integer. Then:

(2.7.1) The functor Sh(−)≤n ∶ LCHop → Cat∞ satis�es proper descent.

(2.7.2) The functor Sh(−)≤n ∶ Compop → Cat∞ is a hypersheaf.

Proof. For (2.7.1), note that since Spc≤n is compactly generated, by Example 2.4 and Observa-
tion 2.6 it su�ces to check that for each proper surjection of locally compact Hausdor� spacesp∶ X ↠ Y, the pullback functor p∗ ∶ Sh(Y)≤n → Sh(X)≤n is conservative. This follows from
the assumption that p is a surjection (Observation 1.30).

Since Sh(−)≤n factors through the full subcategory Catn+1 ⊂ Cat∞ spanned by the (n + 1)-
categories, and Catn+1 is an (n + 2)-category, by Remark 1.8, item (2.7.2) is equivalent to the
claim that Sh(−)≤n is a sheaf. Thus (2.7.2) follows from (2.7.1) and the fact that the functorSh(−)≤n carries coproducts of topological spaces to products of∞-categories.
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2.8 Corollary. Let ℰ be a compactly assembled∞-category. Then:

(2.8.1) The functor Shpost(−;ℰ)∶ LCHop → Cat∞ satis�es proper descent.

(2.8.2) The functor Shpost(−;ℰ)∶ Compop → Cat∞ is a hypersheaf.

Proof. Since ℰ is compactly assembled, the functor ℰ⊗ (−)∶ PrL → PrL commutes with limits
of diagrams where the transition functors are left exact [10, Lemma 2.15]. Hence it su�ces to
prove the claims for ℰ = Spc. In this case, the claims follow from Lemmas 1.26 and 2.7.

2.2 Consequences in shape theory
We now record some consequences of Corollary 2.8 regarding the shape of compact Hausdor�
spaces. The reader unfamiliar with the shape is encouraged to consult [HTT, §7.1.6; HA, §A.1;
SAG, §E.2; 2, Chapter 4]. We follow the notations of [2, Chapter 4].

Since the shape Π∞ ∶ RTop∞ → Pro(Spc) is a left adjoint, Corollary 2.8 implies:

2.9 Corollary. Let p∶ X ↠ Y be a proper surjection of locally compact Hausdor� spaces. Then
the natural map of prospacescolim[n]∊�opΠ∞ Shpost(X×Yn)→ Π∞ Shpost(Y)
is an equivalence.

Recall that the natural geometric morphism Shpost(X) → Sh(X) induces an equivalences on
protruncated shapes. Combining Corollary 2.9 with work of Hoyois [14], we deduce that the
protruncated shape preserves many (co)limits of compact Hausdor� spaces.

2.10 Corollary. The protruncated shapeΠ<∞ Sh∶ Comp→ Pro(Spc<∞) preserves:
(2.10.1) Finite coproducts.

(2.10.2) Co�ltered limits and arbitrary products.

(2.10.3) Geometric realizations of Čech nerves of surjections.

Proof. For (2.10.1), note that the functor Sh∶ Comp→ RTop∞ preserves �nite coproducts and
the protruncated shape Π<∞ ∶ RTop∞ → Pro(Spc<∞)
is a left adjoint. Item (2.10.2) is [14, Example 2.12], and Corollary 2.9 implies (2.10.3).

2.11 Warning. The protruncated shape does not preserve pullbacks of compact Hausdor�
spaces. To see this, let S1 denote the topological circle, and choose a point t ∊ S1. The shapes ofSh({t}) and Sh(S1) are the point and the homotopy type BZ, respectively (see [HTT, Corollary
7.2.1.12, Theorem 7.2.3.6 & Remark 7.2.4.18; 11, Corollary 3.5]). The pullback of topological
spaces {t} ×S1 {t} is a point, hence Π∞ Sh({t} ×S1 {t}) ≃ ∗ .
On the other hand, Π∞ Sh({t}) ×Π∞ Sh(S1)Π∞ Sh({t}) ≃ ∗ ×BZ ∗ ≃ Z .
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2.3 The necessity of Postnikov completion
We conclude this section by explaining why Postnikov completion is necessary in the statement
of Corollary 2.8. To do this, we give an example of a compact Hausdor� space K for whichShhyp(K) is not Postnikov complete.We begin with some preliminary observations.

2.12. Let X be an ∞-topos. For each m ≥ 1, write KX(Z, m) for the constant object of X at
the Eilenberg–MacLane space K(Z, m). Note that since K(Z, m) is m-truncated, KX(Z, m) is a
hypercomplete object of X. Moreover, since the hypercomplete objects of X are closed under
limits, the object

∏m≥1 KX(Z, m) is also a hypercomplete object of X.

2.13 Observation. If the∞-topos X is Postnikov complete, then

τ≤n(∏m≥1KX(Z, m)) ≃ n∏m=1KX(Z, m) .
In particular, τ≤0 (∏m≥1 KX(Z, m)) is a terminal object of X, so that

∏m≥1 KX(Z, m) is con-
nected.

2.14 Observation. Let X be a topological space and write F ≔ ∏m≥1 KSh(X)(Z, m). Thenπ0Γ(X;F) ≃ ∏m≥1Hmsheaf (X;Z) .
Note that if the sheaf F is connected, then any element (em)m≥1 ∊ ∏m≥1Hmsheaf (X;Z) vanishes
locally in the following sense: any point x ∊ X has an open neighborhood U ⊂ X such that for
eachm ≥ 1, the class em|U ∊ Hmsheaf (U;Z) is zero.
2.15Example. LetX ≔ ∏m≥1 Sm be the product of positive-dimensional spheres.We claim that
the∞-topos Shhyp(X) is not Postnikov complete. In light of Observation 2.13, to see this it su�ces
to show that the hypersheaf

∏m≥1 KSh(X)(Z, m) is not connected. Observation 2.14 shows that
it su�ces to construct cohomology classes ei ∊ Hisheaf (X;Z) that do not simultaneously vanish
on any nonempty open of X. For this, let ei be the pullback of the generator ofHisheaf (Si;Z) ≅ Z
under the projection pri ∶ ∏m≥1 Sm → Si .
2.16 Example. Not only is the∞-topos of hypersheaves on X = ∏m≥1 Sm not Postnikov com-
plete, but there are also objectswhich are not limits of their Postnikov towers. To see this, consider
the �ltered colimit

G ≔ colim (KSh(X)(Z, 1) ⋯ n∏m=1KSh(X)(Z, m) n+1∏m=1KSh(X)(Z, m) ⋯)
formed in Shhyp(X). Here, the transition mapn∏m=1KSh(X)(Z, m)→ KSh(X)(Z, n + 1) × n∏m=1KSh(X)(Z, m)
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is the constant map at the basepoint of KSh(X)(Z, n+1) on the �rst factor and the identity on the
second factor. Since connected objects are closed under �ltered colimits, G is connected. The
functor τ≤n ∶ Shhyp(X)→ Shhyp(X) preserves �ltered colimits and �nite products, hence

τ≤n G ≃ n∏m=1KSh(X)(Z, m) .
As a consequence, we have limn≥0 τ≤n G ≃ ∏m≥1KSh(X)(Z, m) .
Example 2.15 shows that the limit limn≥0 τ≤n G is not connected. In particular, the natural mapG → limn≥0 τ≤n G is not an equivalence.

Example 2.15 lets us see that the presheaves Sh, Shhyp ∶ Compop → Cat∞ are not sheaves.

2.17 Lemma. Let S∶ Compop → LTop∞ be a sheaf and assume that the restriction of S to
pro�nite sets factors through LToppost∞ . Then for each compact Hausdor� space K, the ∞-toposS(K) is Postnikov complete.

Proof. Since every compact Hausdor� space admits a surjection from a pro�nite set, this follows
from the fact that the subcategory LToppost∞ ⊂ LTop∞ is closed under limits (1.25).

Since the functors Sh and Shpost agree on pro�nite sets (Example 1.28), Example 2.15 shows:

2.18 Corollary. The presheaves Sh, Shhyp ∶ Compop → LTop∞ are not sheaves.

3 The comparison functor
Let X be a topological space. In this section, we construct a comparison geometric morphismc∗X ∶ Sh(X)→ Sh(Comp)∕X .

The idea is to de�ne c∗X by left Kan extending the functor よ∶ Open(X) → Sh(Comp)∕X to
presheaves onX along theYoneda embedding. A priori, the right adjoint to this left Kan extension
functor only lands in presheaves on X. To see that it factors through sheaves on X amounts to
showing that the∞-topos Sh(Comp) has descent for open covers of topological spaces.We prove
this in §3.1. Subsection 3.2 constructs the comparison functor and gives an alternative description
whenX is a pro�nite set. In §3.3, we explain two naturality properties of the comparison functor.

3.1 Descent for open covers
3.1 Lemma. Let X be a topological space and {Ui}i∊I an open cover of X. Then the natural map∐i∊I よ(Ui)→ よ(X) is an e�ective epimorphism in Sh(Comp).
Proof. First we prove the claim under the assumption that X is compact Hausdor�. In this
case, since X is compact, there exists a �nite subset I0 ⊂ I such that {Ui}i∊I0 covers X. SinceX is compact Hausdor�, there exists a cover of X by closed subsets {Zi}i∊I0 such that Zi ⊂ Ui .
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Since よ∶ Comp ↪ Sh(Comp) preserves �nite coproducts and carries surjections to e�ective
epimorphisms, the composite map

よ(∐i∊I0 Zi) ≃ ∐i∊I0 よ(Zi) ∐i∊I よ(Ui) よ(X)
is an e�ective epimorphism. Hence the second map

∐i∊I よ(Ui) → よ(X) is also an e�ective
epimorphism.

Now we prove the claim in general. We need to show that for each compact Hausdor� spaceK and map f̃∶ よ(K)→ よ(X) in Sh(Comp), the induced map

よ(K) ×
ょ(X)∐i∊I よ(Ui)→ よ(K)

is an e�ective epimorphism. Since K is compact Hausdor�, by the Yoneda lemma the mapf̃∶ よ(K) → よ(X) is induced by a map of topological spaces f∶ K → X. Since coproducts inSh(Comp) are universal andよ∶ Top→ Sh(Comp) preserves limits, we see that

よ(K) ×
ょ(X)∐i∊I よ(Ui) ≃ ∐i∊I よ(K) ×

ょ(X)よ(Ui)≃ ∐i∊I よ(f−1(Ui)) .
Since {f−1(Ui)}i∊I is an open cover of K, the claim now follows from the compact case.

3.2 Corollary. LetX be a topological space and let {Ui}i∊I be an open cover ofX. Then the induced
augmented simplicial object⋯ ∐i1,i2∊Iよ(Ui1 ∩Ui2) ∐i∊I よ(Ui) よ(X)
exhibitsよ(X) as the geometric realization of its restriction to �op ⊂ �op+ .

Proof. This follows from the fact that
∐i∊I よ(Ui)→ よ(X) is an e�ective epimorphism and the

computation

(∐i∊I よ(Ui)) ×
ょ(X)⋯ ×

ょ(X)(∐i∊I よ(Ui)) ≃ ∐i1,…,in∊Iよ(Ui1) ×
ょ(X)⋯ ×

ょ(X)よ(Uin )≃ ∐i1,…,in∊Iよ(Ui1 ∩⋯ ∩Uin ) .
The usual co�nality argument shows:

3.3 Corollary. Let X be a topological space and let U be a covering sieve of X. Then the natural
map colimU∊U よ(U)→ よ(X)
is an equivalence in Sh(Comp).
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Since the methods of proof are similar, we conclude this subsection showing that the func-
tor よ∶ Top → Sh(Comp) carries proper surjections to e�ective epimorphisms and preserves
coproducts. These results are not used in the rest of the paper.

3.4 Lemma. Let p∶ X ↠ Y be a proper surjection of locally compact Hausdor� spaces. Then
よ(p)∶ よ(X)→ よ(Y) is an e�ective epimorphism in Sh(Comp).
Proof. Sinceよ preserves pullbacks and is fully faithful on locally compact Hausdor� spaces, we
need to show that for every compact Hausdor� space K and map K → Y, the induced map

よ(K ×Y X)→ よ(K)
is an e�ective epimorphism. Since p is a proper surjection, the pullback p̄∶ K ×Y X → K is also
a proper surjection. Since K is compact and p̄ is proper, K ×Y X is also compact. The fact that
よ∶ Comp↪ Sh(Comp) carries surjections to e�ective epimorphisms completes the proof.

3.5 Lemma. The functorよ∶ Top→ Sh(Comp) preserves coproducts.
Proof. Let {Xi}i∊I be a collection of topological spaces. We need to show that for any compact
Hausdor� space K and map f∶ K → ∐i∊I Xi , the induced map

(3.6) よ(K) ×
ょ(∐j∊I Xj)∐i∊I よ(Xi)→ よ(K)

is an equivalence. Sinceよ preserves pullbacks and coproducts in Sh(Comp) are universal, we
see that

よ(K) ×
ょ(∐j∊I Xj)∐i∊I よ(Xi) ≃ ∐i∊I よ(K) ×

ょ(∐j∊I Xj)よ(Xi)≃ ∐i∊I よ(K ×∐j∊I Xj Xi)= ∐i∊I よ(f−1(Xi)) .
Since K is compact, there is a �nite subset I0 ⊂ I such that f−1(Xi) ≠ ∅ if and only if i ∊ I0.
Hence

よ(K) ×
ょ(∐j∊I Xj) ≃ ∐i∊I0 よ(f−1(Xi))

and the map
∐i∊I0 よ(f−1(Xi))→ よ(K) is induced by the inclusions f−1(Xi)↪ K. Note thatK ≅ ∐i∊I0 f−1(Xi) .

Moreover, each f−1(Xi) is clopen in K, hence compact Hausdor�. Thus the fact that the Yoneda
embeddingよ∶ Comp↪ Sh(Comp) preserves �nite coproducts shows that the map (3.6) is an
equivalence.
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3.2 The comparison functor
In this subsection, we de�ne the comparison functor and give an alternative description of this
functor in the case of a pro�nite set.

3.7 De�nition. Let X be a topological space. Writec∗X ∶ PSh(X)→ Sh(Comp)∕X
for the left Kan extension of the functor

よ∶ Open(X)→ Sh(Comp)∕X
along the Yoneda embedding Open(X)↪ PSh(X).
3.8. Since the functorよ∶ Open(X)→ Sh(Comp)∕X is left exact, by [HTT, Proposition 6.1.5.2],
the functor c∗X is also left exact.

3.9 Observation. The functor c∗X has a right adjointcX,∗ ∶ Sh(Comp)∕X → PSh(X)
given by the formula cX,∗(G)(U) ≔ MapSh(Comp)∕X (よ(U), G) .
By Corollary 3.3, we see that for each G ∊ Sh(Comp)∕X , the presheaf cX,∗(G) is a sheaf. Hence
the adjunction c∗X ⫞ cX,∗ restricts to a geometric morphism

Sh(X) Sh(Comp)∕X .
c∗XcX,∗

3.10 Remark. If X is not compactly generated, then the functor

よ∶ Open(X)→ Sh(Comp; Set)∕X
need not be fully faithful. Hence, the functor c∗X ∶ Sh(X; Set)→ Sh(Comp; Set)∕X need not be
fully faithful.

In the remainder of this subsection, we give an alternative description of the comparison
geometric morphism when X is a pro�nite set. To do so, we use the following description ofSh(Comp)∕X as sheaves on a site.

3.11 Recollection. Let F ∊ Sh(Comp) be a sheaf of sets. WriteComp∕F ⊂ Sh(Comp)∕F for the
full subcategory spanned by morphisms from representable sheaves. Give Comp∕F the �nest
Grothendieck toplogy that contains the sieves that become covering sieves after applying the
forgetful functor .Comp∕F → Comp. With respect to this topology, the natural functorSh(Comp∕F)→ Sh(Comp)∕F
is an equivalence of∞-categories [SGA 4i, Exposé III, §5, Proposition 5.4].
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3.12. Let X be a topological space. To simplify notation for sheaves with coe�cients, we implic-
itly make use of the identi�cationSh(Comp∕X) ≃ Sh(Comp)∕X
provided by Recollection 3.11 repeatedly throughout the rest of these notes.

3.13 Recollection. Let S be a pro�nite set, and writeClop(S) ⊂ Open(S) for the poset of clopen
subsets of S. Then Clop(S) is a basis closed under �nite intersection. Hence for any presentable∞-category ℰ, restriction along the inclusion Clop(S)op ⊂ Open(S)op de�nes an equivalence of∞-categories Sh(S;ℰ)⥲ Sh(Clop(S);ℰ) .
The inverse equivalence is given by right Kan extension [1, Corollary A.8; 2, Corollary 3.12.14].

3.14. For a pro�nite set S, the inclusion Clop(S) ⊂ Comp∕S is a morphism of sites.

3.15 Observation. Let S be a pro�nite set and ℰ a presentable∞-category. The compositeSh(Comp∕S) ≃ Sh(Comp)∕S Sh(S;ℰ) Sh(Clop(S);ℰ)cS,∗ ∼
restrict

carries a sheaf G∶ (Comp∕S)op → Spc to its restriction to Clop(S)op ⊂ (Comp∕S)op. As a conse-
quence, the geometric morphism

Sh(S) Sh(Comp∕S) .c∗ScS,∗
is induced by the inclusion of sites Clop(S) ⊂ Comp∕S .
3.3 Naturality of the comparison functor
3.16 Lemma. Let f∶ X → Y be a map of topological spaces. Then the square

(3.17)

Sh(Y) Sh(Comp)∕Y
Sh(X) Sh(Comp)∕X

c∗Y
f∗ X×Y(−)

c∗X
canonically commutes.

Proof. Since both composites are left adjoints and Sh(Y) is generated under colimits byOpen(Y),
it su�ces to show that these composites agree on opens. For this, note for V ⊂ Y open, we havec∗Xf∗(V) = よ(f−1(V)) (by de�nition)≃ よ(V) ×

ょ(Y)よ(X) (よ preserves pullbacks)= c∗Y(V) ×Y X (by de�nition) .

3.18. In light of Lemma 3.16, the comparison functors assemble into a natural transformationSh(−)→ Sh(Comp)∕(−) of presheaves of∞-categories on Top.
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For open embeddings, the square (3.17) is also vertically left adjointable:

3.19 Lemma. Let j∶ U ↪ X be an open embedding of topological spaces. Then the square

Sh(U) Sh(Comp)∕U
Sh(X) Sh(Comp)∕X

c∗U
j! forget

c∗X
canonically commutes.

Proof. Since both composites are left adjoints and Sh(U) is generated under colimits by the opens
ofU, it su�ces to show that these composites agree on opens. For this, note that forV ⊂ U open,
by de�nition we have c∗Xj!(V) = c∗X(V) = よ(V) = c∗U(V)
as objects of Sh(Comp)∕X .
4 Full faithfulness of the comparison functor
Let ℰ be a compactly assembled∞-category (Recollection 1.10). In this section, we show that ifX is a locally compact Hausdor� space, then the comparison functorc∗,post ∶ Shpost(X;ℰ)→ Shpost(Comp∕X ;ℰ)
is fully faithful (Corollary 4.11). Since cohomology is computed by global sections, this implies
that the sheaf cohomology and condensed cohomology of X agree (see Corollary 4.12 and Re-
mark 4.13).

In §4.1, we begin by proving the claim whenX is an extremally disconnected pro�nite set. In
§4.2, we use proper descent (Corollary 2.8) and the functoriality of the comparison morphism to
prove the result in general. Subsection 4.3 explains why the functor c∗X ∶ Sh(X)→ Sh(Comp)∕X
is not generally fully faithful before Postnikov completion.

4.1 Full faithfulness for extremally disconected pro�nite sets
Let S be an extremally disconnected pro�nite set. To prove that the functor c∗S is fully faithful,
we verify that the inclusion Clop(S) ⊂ Comp∕S satis�es the covering lifting property.4
4.1 Recollection. If S is an extremally disconnected topological space, and U ⊂ S is open,
then U is also extremally disconnected. However, closed subsets of extremally disconnected
topological spaces need not be extremally disconnected [4, Remark 2.4.11].

4.2 Lemma. Let S be an extremally disconnected pro�nite set. Then the inclusion of sitesClop(S)↪ Comp∕S
satis�es the covering lifting property.

4The reader unfamiliar with the covering lifting property should consult [19, De�nition A.12].
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Proof. Let U ⊂ S be a clopen subset and let {fi ∶ Ki → U}i∊I be a �nite jointly surjective family
in Comp∕S . We claim that there exits a cover {Vi}i∊i of U by clopens such that each inclusionVi ↪ U factors through fi ∶ Ki → U. To see this, �rst note that since U ⊂ S is clopen, U is also
an extremally disconnected pro�nite set. Thus the surjection∐i∊I fi ∶ ∐i∊I Ki ↠ U
admits a section s∶ U → ∐i∊I Ki . For each i ∊ I, de�neVi ≔ s−1(Ki). SinceKi is a clopen subset
of

∐i∊I Ki , the subset Vi ⊂ U is also clopen. Moreover, {Vi}i∊I covers U. Lastly, by construction,
for each i ∊ I, the composite Vi Ki Us|Vi fi
coincides with the inclusion Vi ⊂ U.

The following is an application of Observation 3.15, Lemma 4.2, and [19, Proposition A.13].

4.3 Notation. Let S be a pro�nite set and ℰ a presentable∞-category. Writec♯S ∶ PSh(Clop(S);ℰ)↪ PSh(Comp∕S;ℰ)
for the functor given by right Kan extension the inclusion Clop(S)op ↪ (Comp∕S)op.
4.4 Corollary. Let S be an extremally disconnected pro�nite set and ℰ a presentable∞-category.
Then:

(4.4.1) The functor c♯S preserves sheaves. In particular, c♯S restricts to a fully faithful right adjoint tocS,∗ ∶ Sh(Comp∕S;ℰ)→ Sh(S;ℰ) .
(4.4.2) The left adjoint c∗S ∶ Sh(S;ℰ)↪ Sh(Comp∕S;ℰ) is fully faithful.
4.2 Full faithfulness and descent
In this subsection, we extend (4.4.2) to Postnikov complete sheaves on a locally compact Haus-
dor� space. We begin by extending to compact Hausdor� spaces by proper descent. To do so, we
make use of the following well-known lemma:

4.5 Lemma. Let ℐ be an∞-category, let X∙,Y∙ ∶ ℐ → Cat∞ be diagrams of∞-categories, and
let f∙ ∶ X∙ → Y∙ be a natural transformation. If for each i ∊ ℐ, the functor fi ∶ Xi → Yi is fully
faithful, then the induced functor on limitslimi∊I fi ∶ limi∊I Xi → limi∊I Yi
is fully faithful.

4.6 Corollary. Let f∗ ∶ Y → X be a left exact left adjoint functor between∞-topoi. The following
are equivalent:

(4.6.1) The induced functor on Postnikov completions f∗,post ∶ Ypost → Xpost is fully faithful.
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(4.6.2) For each integer n ≥ 0, the restriction f∗ ∶ Y≤n → X≤n is fully faithful.
Proof. Remark 1.18 shows that (4.6.1)⇒ (4.6.2). Lemma 4.5 shows that (4.6.2)⇒ (4.6.1).

4.7 Corollary. Let S be an extremally disconnected pro�nite set and ℰ a compactly assembled∞-category. Then the comparison functorc∗,postS ∶ Sh(S;ℰ)→ Shpost(Comp∕S;ℰ)
is fully faithful.

Proof. Since c∗,post ∶ Sh(S)→ Shpost(Comp∕S) is left exact and ℰ is compactly assembled, by
tensoring with ℰ it su�ces to prove the claim for Postnikov sheaves valued in the∞-category of
spaces [10, Lemma 2.14]. The claim now follows from Corollaries 4.4 and 4.6.

4.8 Recollection (van Kampen colimits). A colimit in an∞-categoryX with pullbacks is van
Kampen if the functor Xop → Cat∞ given by U ↦ X∕U transforms it into a limit in Cat∞. A
presentable∞-category X is an∞-topos if and only if all colimits in X are van Kampen; see
[HTT, Proposition 5.5.3.13, Theorem 6.1.3.9(3), & Proposition 6.3.2.3; 15].

4.9 Corollary. Let K be a compact Hausdor� space and ℰ a compactly assembled ∞-category.
Then the comparison functorc∗,postK ∶ Shpost(K;ℰ)→ Shpost(Comp∕K ;ℰ)
is fully faithful.

Proof. Since the functorsK ↦ Shpost(K;ℰ) and K ↦ Shpost(Comp∕K ;ℰ)
are hypersheaves on Comp (Corollary 2.8 and Recollection 4.8, respectively), by choosing a
hypercover of K by extremally disconnected pro�nite sets and applying Lemma 4.5, we are
reduced to the case where K is extremally disconnected. We conclude by Corollary 4.7.

The full faithfulness of c∗,postX is preserved by passing to open subspaces:

4.10 Lemma. Let j∶ U ↪ X be an open embedding of topological spaces and let ℰ be a compactly
assembled∞-category. If c∗,postX ∶ Shpost(X)→ Shpost(Comp∕X) is fully faithful, then the functorc∗,postU ∶ Shpost(U;ℰ)→ Shpost(Comp∕U ;ℰ)
is also fully faithful.

Proof. Since c∗,postU ∶ Sh(U)→ Shpost(Comp∕U) is left exact and ℰ is compactly assembled, by
tensoring with ℰ it su�ces to prove the claim for Postnikov sheaves valued in the∞-category
of spaces [10, Lemma 2.14]. In this case, Lemma 3.19 shows that for each integer n ≥ 0, the
diagram Sh(U)≤n (Sh(Comp)∕U)≤n

Sh(X)≤n (Sh(Comp)∕X)≤n
c∗U

j! forget

c∗X
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commutes. Since c∗,postX is fully faithful, the bottom horizontal functor is fully faithful. Hence
the top horizontal functor is also fully faithful. We conclude by Corollary 4.6.

Since every locally compact Hausdor� space embeds as an open in a compact Hausdor�
space, Corollary 4.9 and Lemma 4.10 show:

4.11 Corollary. Let X be a locally compact Hausdor� space and ℰ a compactly assembled∞-cat-
egory. Then the functor c∗,postX ∶ Shpost(X;ℰ)→ Shpost(Comp∕X ;ℰ)
is fully faithful.

We conclude this subsection with some cohomological consequences of Corollary 4.11. The
following generalizes [7, Theorem 3.11; 23, Theorem 3.2].

4.12 Corollary. LetX be a locally compact Hausdor� space, letR be a connectiveE1-ring spectrum,
and letM be a bounded-above left R-module spectrum. Then the natural comparison mapRΓsheaf (X;M)→ RΓcond(X;M)
is an equivalence in the∞-category LMod(R) of left R-module spectra.

4.13 Remark (condensed, singular, and sheaf cohomology). Let R be a ring and X a topological
space that is locally compact Hausdor� and locally weakly contractible. Write C∗(X;R) ∊ D(R)
for the complex of singular chains on X. Given an objectM ∊ D(R), writeC−∗(X;M) ≔ RHomR(C∗(X;R),M) .
IfM is an ordinary R-module, then C−∗(X;M) is what is usually referred to as the complex of
singular cochains on X with values inM.

IfM is t-bounded-above, then Corollary 4.12 and [11, Corollary 3.31] provide natural equiv-
alences RΓcond(X;M)⭉ RΓsheaf (X;M)⥲ C−∗(X;M) .
Hence the condensed, singular, and sheaf cohomologies of X all agree.

4.14. Let X be a topological space that admits a locally �nite CW structure. Since Sh(X) is
Postnikov complete, Corollary 4.12 and [11, Corollary 3.31] actually imply that for any objectM ∊ D(R), there are natural equivalencesRΓcond(X;M)⭉ RΓsheaf (X;M)⥲ C−∗(X;M) .
4.3 The necessity of Postnikov completion
We conclude by explaining why Corollary 4.11 is generally false before passing to Postnikov
completions. First we explain why Corollary 4.11 is false if Shpost is replaced by Sh.
4.15 Lemma. Let K be a compact Hausdor� space. Then the following are equivalent:

(4.15.1) The functor c∗K ∶ Sh(K)→ Sh(Comp∕K) is conservative.
(4.15.2) The∞-topos Sh(K) is hypercomplete.
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Proof. Choose an extremally disconnected pro�nite set S equipped with a surjection p∶ S ↠ K.
Consider the commutative squareSh(K) Sh(Comp)∕K

Sh(S) Sh(Comp)∕S .
c∗K

p∗ S×K(−)
c∗S

Since S is an extremally disconnected pro�nite set, c∗S is fully faithful (Corollary 4.4). Since p is
surjective and the functor Sh(Comp)∕(−) satis�es descent for surjections of compact Hausdor�
spaces, the right-hand vertical functor is conservative. Hence c∗K is conservative if and only ifp∗ is conservative. To conclude, note that since p is surjective and Sh(S) is hypercomplete, the
pullback functor p∗ is conservative if and only if Sh(K) is hypercomplete.

4.16Warning. Since there exist compact Hausdor� spaces K for which Sh(K) is not hypercom-
plete [HTT, Counterexample 6.5.4.8], Lemma 4.15 implies that the functor c∗K is not generally
fully faithful.

Now we explain why Corollary 4.11 is false if Shpost is replaced by Shhyp.
4.17 Lemma. Let X be a topological space. If c∗,hypX ∶ Shhyp(X)→ Shhyp(Comp)∕X fully faithful,
then every object of Shhyp(X) is the limit of its Postnikov tower.

4.18 Lemma. Let f∗ ∶ Y ↪ X be a fully faithful left exact left adjoint between∞-topoi. If every
object ofX is the limit of its Postnikov tower, then every object of Y is the limit of its Postnikov tower.

Proof. By Observation 1.17, we need to show that t∗Y ∶ Y → Ypost is fully faithful. Consider the
commutative square Y Ypost

X Xpost .
t∗Y

f∗ f∗,post
t∗X

By Corollary 4.6, the functor f∗,post is fully faithful, and by assumption t∗X is fully faithful. Hencet∗Y is also fully faithful.

Proof of Lemma 4.17. Combine Lemma 4.18with the fact that Shhyp(Comp)∕X is Postnikov com-
plete (1.37).

4.19 Warning. Example 2.16 and Lemma 4.17 show that for X = ∏m≥1 Sm, the functor c∗,hypX
is not fully faithful.
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