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Background Needed Linear algebra pairings duals tensor prod

Useful knowing what a group is and what a category is
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1 Motivation for TQFTS

Rough Idea physics We should try to study objectsmovingthrough
spacetime by associating

vector

object M um space of States
Z M

body

evolution of M evolution mapover time

M M

µ

mo

za

Z M Z N



This assignment should be subject to some relations given two
pictures

Mo

Point The map Z Mo Z Ma we assign this big picture
should be the composite of the maps

Z Mo Z Ma and Z Mn Z M2



Cobordism s

Rough Definition M N n t manifolds without boundary

A cobordism between M and N is an n manifold with

boundary W and an identification

OW I M LI N

M
W

N I
M N

M N O
TO is amanifoldof

everydimension

co bordant
y

jointly together
I
bounding



Technical Point We want to be able to say which manifold is the

start and which is the end so we needeverything to be oriented

Orientation of a point assignment of t or

Orientation of a line choice of forward direction

Orientations of S a n

reflect

Orientation of surface in IR consistent choiceof outwardfacing
normal

SimplifyingAssumption All of our manifolds will be compact
Closed andbounded
in IRN



The CobordismCategory

Definition Let me 1 write Coben for the category with

o Objects Compact oriented n 1 manifolds
1 morphisms diffeomorphism classes of oriented cobordism s

2 Composition gluing cobordism

Mo i na yo M

Vote Here the cylinder m m is the identity

Operation We can take disjoint unions of cobordism s



Cases of Interest

cob 7

Objects finite collections of signed points
0

morphisms directed lines I I
I
no g

F

F I

cob 2

abjects finite collections of oriented circles a

morphisms surf



Definition Atiyah 1988 net k field

th n dimensional topological quantum field theory TOFT is a

symmetric mononoidal functor
Z Coben Vectk

Explicitly an assignment

compactoriented
G 7 manifold

M
K vectorspace
Z M

cobordism M N
linear map
Z M ZEN

such that

3 2 O I Ku z respectsgluing

µ zemun Ezln Q N21 Z M m is the identity



Application knot invariants

Witten used 3d TQ Fts to give invariants of knots

1 Given a knot k c 53 we can thicken k to a solid torus t k

12 The 3 manifold 53 t k defines a cobordismfrom theboundary
torus to the emptymanifold

evs t k
Z T2 K



2 First Observations

Question Given an n 1 manifold M what are some cobordism
hat we always have
Z Coben Vectk TOFT

Identity Mx 0,1 ME IM

M M

Z M Z M

Yacaronis

É
M M with

opposite EM M I
orientation

0 MUTT MUM O

K Z M OZ F ZIM QZ M
a

k



S Relation

M M M

GCE
D

M M M

M M

This says that the composite
id

Z M E KEZM Z M OZM EZLN ZIMEK I Z Mk

is the identity



z Relation

M M M

0

Em0 0
N N N

M M

This says that the composite
if

Z F E ZIM E K
e

ZIMqZM EZLN
Ed

KEZIA EZ M

is the identity



Proposition Let k be a field and V a k vector space TFAE

1 V is finite dimensional
double dual

2 V N H Ham Ham V K K is an isomorphism
v e e v

3 There exists a k vector space V and maps

er VVqV k Coev K V EV

such that the composites

I KEV Tid Vq ur q u
id a er

up z v f
Relation

and ZRelation

vzWgK
id coev

ur q v qu
v er id

kqvv zur

are the identities



Note In the setting of 3 the map
VV Hom V K
w v ev w u

is an isomorphism

Terminology condition 3 is called dualizability

Corollary Z Coben Vect n dim TQFT
For every n 1 manifold M the vector space Z M is finite dim
With dual Z N



Id TQFTS

There aren't somany cobordisms between O manifoldsThey're all
generated by

Pt
Pt pt

Pt

Pt Pt

Theorem Evaluation on the positively oriented point ptt defines an
equivalence of categories

f'd
TQFTS
over k

Fun Coba Vectis
finite dim
K vectorspaces

z i Z Ptt



3 2d TQFTS

Goal Explain the classification of 2d TQFTS

Classification of surfaces compact orientable surfaces are

classified up to diffeomorphismby their

genus of holes and number of boundary components

T T
Sphere Torus

2 components

here with disk remove

genus o genus 0 genus 1
2 components 1

0components O

genus 3 0 components 5



First cobordism to observe

Macaronis

S si
s

E E

S s

Z S 2 S k z s 2
z sijo en

k

caps

s s 0

K HZ S Z syÉtk



Pants

s
I s s

ff S S T
z S It 2 5 02

z 5 02 Z S

s
gives Z s a product

a b a b



First Relations

Relation I

of

k Zis's tz syaz K zig

a
0

S

z 5 02 2 5 It k z sijo en
k



Proposition Cob 2 is generated under composition and disjoint
union by the following six cobordisms

E E
This swap cobordism says

X UY E Y LIX
roof Idea
we can always put a surface in normal form

genustmanytimes



unit counit Relations

Unit Relation I x x x i

S s

s

S

KEZE 2 S 2 S 2 S Z S
unit

s

I
2 S yZ s21519

Ionit



Counit Relation

s

as S S

Do

Ze 2 S 2 S OK 2 S Z S
comult if K

counit

s

s

Z S
coma

2 5 YoungKqZSy



Associativity Relation

Coassociativity Relation



Commutativity Relation

CocommutativityRelation

I



Frobenius Relations

Fut

i

i

iit



Commutative FrobeniusAlgebras

Definition k field

A commutative Frobenius algebra over k is a finite dim k vector

space A equipped with linear maps

A EA A A É A E A

K Its A A It k

satisfying all of the relations we found above

This seems very complicated



Not obvious

EquivalentDefinition k field

A commutative Frobenius algebra over k is a finite dim k vector

space A equipped with

1 An associative commutative and unital multiplication

Mutt AQA A HEA E K A
7 1A

2 A linear map counit A K such that the bilinearform

AYA A Fit K

Ca b Counit ab
is nondegenerate

Examples

I n an diag matrices with
counit tr

121 the groupalgebra keg for G
an abelian group
Counit x Coeff of ee G



Theorem Evaluation on the circle S defines an equivalence of
categories

2d TQFTS
Frobenius

over a
fun cobia Vectis gig YE

Z i Z S



4 Outlook The cobordismhypothesis

Question can n dim TQ Fts also be classified by a single
object with algebraic structure

tistory
7 In 1995 Baez Dolan gave a precise conjecture called the

cobordism hypothesis
2 Requiresusing Loo n categories

Tools 2000s Joyal Lurie ReZk Barwick

3 2008 Lurie Sketced a solution

4 Many others have given alternative solutions

Ayala Francis collaborators introduced factorization homology

generalizesHochschild homology



Applications

Topology Knot invariants mirror symmetry

Algebra Representationtheory Fusion categories Ben Zvi Nadler
character theory

Relations to geometricLanglands



Further Reading

Kock Frobenius algebras and 2D topological quantum field theories

Atiyah Topologicalquantum field theory
Baez Dolan Higher dimensional algebra and topologicalquantum

field theory
Freed the cobordism hypothesis

I Beautifully written expository article
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