NOTES ON ETALE COHOMOLOGY

PETER J. HAINE

ABSTRACT. These notes outline the “fundamental theorems” of étale cohomology, following
[4, Ch. v1], as well as briefly discuss the Weil conjectures.
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1. COHOMOLOGICAL DIMENSION

1.1. Definition. Let X be a scheme, 7 a topology on X, and € a prime. A 7-sheaf F of abelian
groups on X is €-torsion if for every objectU — X of the site X, such thatU is quasicompact,
the abelian group F(U) is £-torsion.

Torsion sheaves are defined in the obvious way.

1.2. Definition. Let X be a scheme, 7 a topology on X, and € a prime. The £-cohomological
dimension cd,(X,) of X, is defined to be the smallest integer so that H;(X; F) = 0 for all
r > cdp(X,) and €-torsion sheaves F on X, and oo if no such integer exists.
The cohomological dimension of X, is defined by
cd(X,) = sup cd,(X,)
€ prime

1.3. Warning. This definition of cohomological dimension is highly nonstandard and it is
not obvious whether or not it agrees with the standard one from topos theory.
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1.4. Theorem (Tate [, Thm. 15.2]). Ifk C K is a field extension, then
cdp(K) < cd,(k) + trdeg, (K),
where cd, refers to the étale €-cohomological dimension of the field.

1.5. Theorem ([, Ch. vi Thm. 1.1]). If X is a scheme of finite type over a separably closed
field, then cd,(X) < 2 dim(X).

1.6. Corollary ([4, Ch. v1 Cor. 1.4]). Let X be a scheme of finite type over a field k. For all
primes € # char(k) we have

cdp(Xy) < cdp(k) +2dim(X) .

2. THE PROPER BASE CHANGE THEOREM

2.1. Theorem ([lf, Ch. vi Thm. 2.1]). If n: Y — X is a proper morphism of schemes and
F € Cnstr(X), then the sheaves Rimt, (‘F) are constructible foralli>0.

2.2. Corollary (proper base change [4, Ch. vi Cor. 2.3]). Let
f

Y — Y
d
El lrz
X — X
f
be a pullback square of schemes. If 7t is proper and F is a torsion étale sheaf on Y, then the
base change morphism

(f o Rim )(F) - (R7, o f)(F)
is an isomorphism for all i > 0.

2.3. Corollary ([4, Ch. vi Cor. 2.5]). Letw: Y — X be a proper morphism of schemes and
x — X a geometric point. If F € Shv,,(Y) is torsion, then there is a canonical isomorphism

Riﬂ* (Bl > Hie’t(Yx§ Flz)

foralli>0.

If, moreover, all fibers of  have dimension at most n, then Rz, (F) = 0 fori > 2n. If all
fibers of m have dimension at most n, X is a characteristic p scheme, and F is p-torsion, then
R, (F) = 0 fori > n.

2.4. Corollary ([4, Ch. vi Cor. 2.6]). Let k C K be separably closed fields and X a proper
k-scheme. Write f: Xx — X for the basechange projection. If T € Shvy,(X) is torsion, then
the natural map

HL(X; F) - Hy(Xgs 1 F)
is an isomorphism for all i > 0.

2.5. Corollary ([4, Ch. vi Cor. 2.7]). Let A be a Henselian ring and s, € Spec(A) the closed
point. Let m: X — Spec(A) be a proper morphism and X, = X the closed fiber. If F €
Shvy,(X) is torsion, then the natural map

H},(X; F) — Hiy(Xo3 Fly,)

is an isomorphism for all i > 0.
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3. HIGHER DIRECT IMAGES WITH COMPACT SUPPORT

3.1. Definition. A morphism of schemes 7: X — S is compactifiable if there exists a fac-

torization
#)
X

where j is an open immersion and 7 is proper.
A compactification of a compactifiable morphism 7 is a choice of a factorization 7 = 7},
where j is an open immersion and 7 is proper.

>

X

T

»n ———

3.2. Definition. Let 7: X — S be a compactifiable morphism and 77 = 77j a compactifica-
tion of 7. Define R 7, := R(7,) © ji, and for r > 0 define
Rim, = R'(7,) ° ji .

3.3. Warning. The notations of are abusive as they depend on the choice of
compactification and it is not generally possible to make a functorial choice of compactifi-
cations. In general R, is not even functorial in proper maps of compactifiable S-schemes.

3.4. Theorem ([4, Ch. vi Thm. 3.1]). Ifn: X — S is a compactifiable morphism and F €
Shv,,(X) is torsion, then the sheaves R, (F) are independent of the choice of compactification

of .
4. THE SMOOTH BASE CHANGE THEOREM

4.1. Definition. Let X be a scheme. The characteristic of X is the set
char(X) = [im(X — Spec(Z))| = { char(x(x))| x € X} ,
where |-| denotes the underlying space of a scheme.

4.2. Definition. Let X be a scheme and F € Shv,,(X). We say that F has torsion prime to
char(X) if for all primes p € char(X), the multiplication by p map F — F is a monomor-
phism.

4.3. Corollary (smooth base change [4, Ch. vi Thm. 4.1]). Let

f

Y /Y

a
Frl ln
X — X
f

be a pullback square of schemes. If m is quasicompact, f is smooth, and F € Shv,(Y) has
torsion prime to char(X), then the base change morphism

(f e R )(F) — (R7, » f)(F)
is an isomorphism for all i > 0.

4.4. Corollary ([4, Ch. v1 Cor. 4.2]). Let m: Y — X be a smooth proper morphism and
T € Shv,(Y) a constructible locally constant sheaf with torsion prime to char(X). Then for all
i > 0, the sheaf R'rr, (F) is constructible and locally constant.

If, in addition, X is connected, then the groups Hi,(Y; Fly ) are isomorphic for all geomet-
ric points X — X. ’
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4.5. Corollary ([4, Ch. v1 Cor. 4.3]). Let k C K be separably closed fields and X a k-scheme.
Write f : Xi — X for the basechange projection. If F € Shvy(X) is torsion with torsion prime
to char(X), then the natural map

Hy(X; F) - Hy(Xg; f1F)
is an isomorphism for all i > 0.

4.6. Corollary ([, Ch. vi Cor. 4.5]). Let m: X — S be a morphism of finite type schemes
that are locally of finite type over a field k, and let F € Cnstr(X). If resolution of singularities
holds for X (e.g., if char(k) = 0 or dim(X) < 2) and the torsion of F is prime to char(X), then
the sheaves R'rr, (F) are constructible for all i > 0.

5. PuriTYy

5.1. Definition. Let S be a scheme. A smooth S-pair (Z, X) is a closed immersioni: Z<»X
of S-schemes.

A smooth S-pair (Z, X) has codimension c if for all s € S, the fiber Z, has pure codimen-
sion c in X.

5.2. Theorem (cohomological purity [4, Ch. vi Thm. 5.1]). Let S be a scheme andi: Z<+X

a smooth S-pair of codimension c. Let F be a locally constant torsion sheaf of torsion prime to

char(F). Then the following equivalent statements hold.

(5.2.a) We have that R*i(F) is locally isomorphic to iYF(=c) (as a sheaf on Z), and for
q # 2c we have that R (F) = 0.

(5-2b) The unit F — j, j'(F) is an isomorphism, R*'j, (j~1F) is locally isomorphic to
i,i'F, andR1j,(j7'F)=0forq+0,2c—1.

5.3. Observation. Assume the hypotheses of [[heorem 5.3, that n € Z is prime to char(X),
and the multiplication by n map F — F is zero. If V. — X is a finite étale map and s €
I'(V; F), the map Z/n — F|;, defined by s defines a map

M (Vs Z/m) = HE o (V5 Fly) -
By varying V we get a morphism of étale sheaves on X
(5.4) F — Homy (i, R*i*(Z/n), i, R*i'(‘F)) .

Since R*i*(Z/n) is locally isomorphic to Z/n by [Theorem 5.3, we see that R*“i*(Z/n) is
locally free of finite type. Hence the proof of shows that the morphism (5.4) is
an isomorphism. Thus we may write the morphism (5.4) as an isomorphism

i(T) ® R*i'(Z/n) = R¥i'(F).

5.5. Notation. Let S be a scheme, i: Z<»X a smooth S-pair of codimension ¢, and # an
integer prime to char(X). We (abusively) write T,y = R*i(Z/n).

5.6. Corollary (Gysin sequence [, Ch. vi Cor. 5.3]). Let S be a scheme, i: Z<X a smooth
S-pair of codimension c, n an integer prime to char(X), and F € LC4(X) be killed by n. Write
[+ X — S for the structure morphism, j: U = X~ Z — X for the open complement of Z,
and writei' := fiand j' == fj. Then for 0 < r < 2c — 2 the comparison map

R f(F) = R'ji(Fly)
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is an isomorphism and there is a long exact sequence

0 — R f(F) —— RjU(Fly) —— (7 (F) ® Tyx) 5 R f.(F)

RU(Fly) — R%1GTF @ Tyyy) —— R f(F) ——— - .
The maps labeled i, are called Gysin maps.
5.7. Example ([4, Ch. v1 Ex. 5.6]). Let k be a separably closed field and n € Z prime to
char(k). Then
. (Z/n)(-r/2), reven0<r<2m
Hy (P Z/n) = .
0, otherwise .

With a few more results it is possible to show that if X is a smooth projective k-variety,
for a generic curve i: C<+X, the map
i*: HL(X; (Z/n)(1)) — HL(C; (Z/n)(1))
is an injection. Using Poincaré duality one can show that this result extends to smooth com-
plete intersections.

5.8. Theorem (Deligne [, Ch. vi Rem. 5.7]). Let S be a quasicompact scheme. Then for any
morphism w: Y — X of finite type S-schemes and F € Cnstr(Y;Z/n), there exists a dense
open subscheme U, C S such that:

(5.8.a) OverU,, the sheaves R"m (F) are constructible for all but finitely many r > 0.
(5.8b) The formation of the sheaves R"m, (F) is compatible with all base changes along mor-
phisms T — S with image in U,,.
Moreover, if S is regular and 0 or 1-dimensional, the sheaves R'm (F) are constructible
(over S) for allr > 0.

6. FINITENESS THEOREMS

6.1. Corollary ([, Ch. v1 Cor. 2.8]). If X is a proper k-scheme and F € Cnstr(X), then
H},(X; F) is finite for all i > 0.

6.2. Corollary ([, Ch. v1 Cor. 5.5]). Let X be a smooth k—vqriety and F a finite locally
constant étale sheaf on X with torsion prime to char(k). Then Hy,(X; F) is finite for alli > 0

7. FUNDAMENTAL CLASSES

7.1. Notation. Throughout this section k denotes a separably closed field, n a integer prime
to char(k), and A == Z/n.

7.2. Conventions. In this section all schemes are smooth k-varieties and all sheaves are
A-modules.

7.3. Observation. If i: Z<»X is a smooth k-pair of codimension ¢, then the spectral se-
quence
HL(Z;i 'R (F)) = HLU(X; F)
gives canonical isomorphisms
HY,(Z;i ' R*i'(F)) = HF" (X F),
for any locally free sheaf F of finite rank. In particular,
I[(Z;i'R*i(F)) >~ HE(X; F) .
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7.4. Observation. Ifi: Z<»X is a smooth divisor of codimension 1 with open complement
j: U= X~Z < X, we have an isomorphism of exact sequences

) )
H(U;G,,) — HY(X;G,,) — HL(X;G,,) —— HLU;G,,)

| | | |

r(U;0p) - zZ Pic(X) T) Pic(U)

Moreover, the Kummer sequence gives an exact sequence

. )
H,(X;G,) — HL(X;G,,) —— H%4(X;u,)

[

Z Z . H%(X; A(1)) .

‘n

7.6. Definition. If Z<» X is a smooth divisor of codimension 1, then define the fundamental
classsz;x € HZZ(X; A(1)) by setting s, x := 9(1), where 0 is the boundary morphism in the
sequence ([7.3).

7.7. Observations.

(7-2.2) By the exactness of the sequence (7.5)), s/ x is n-torsion.
(7-2b) The fundamental class s, generates R (A(L)).

7.8. Theorem ([l4, Ch. vi Thm. 6.1]). There is a unique function (Z, X) — sz x sending a

smooth k-pair of codimension c to a fundamental class s, € H% (X; A(c)) satisfying the

following:

(7-8.a) sz/x has order n.

(78b) Ifc = 1and Z is connected, then sz is the class of Definition 7.4,

EF8c) If¢p: (Z',X") — (Z,X) is a morphism of smooth k-pairs of codimension c, then
¢ (sz/x) = sz1/x1-

8.4 If
N
X
is a commutative triangle where (Z,Y), (Y, X), and (Z, X) are smooth k-pairs of codi-
mensions a, b, and c, respectively, then s,y ® sy;x = Sz,x, once we have made the
canonical identifications
H (Y5 Ru (A(€))) = HZ (G A(c)),
HY (Y R4 (A(0) = HEZ (Y; Aa)) @ HY (X; A®Y)) -
7.9. Corollary ([, Ch. v1 Cor. 6.4]). Let (Z, X) be a smooth k-pair of codimension c. Then
Ty, x is canonically isomorphic to A(~c).
7.10. Proposition ([4, Ch. vi Prop. 6.5]).
(f-1d-a) Projection formulas: Leti: Z<»X be asmooth k-pair of codimension c, writei, : Hy(Z; A) —
HZ24(X; A(c)) for the Gysin map, and let 1, € HY%(Z; A) = A denote the identity.

Then
— i, (1) is the image of sz x under the map HZ(X; A(c)) — HE(X; A(c)).



NOTES ON ETALE COHOMOLOGY 7

— Forallx € H;*(X; A) and z € H,(X; A) we havei, (i*(x) — z) = x — i,(2).
In particular, i,i*(x) = x — i, (1y).
(F-1db) Gysin maps compose: Ifi; : Z<+Y andi,Y<»X are both smooth k-pairs, then (i,i;),

12,*11,*-

8. THE WEAK LEFSCHETZ THEOREM
8.1. Theorem ([4, Ch. vi Thm. 7.1]). Let X be an m-dimensional projective variety over a
separably closed field and i: Z<»X the inclusion of a hyperplane section.

(Bala) If X and Z are smooth, n € Z is prime to char(k), and F € LC,(X;Z[n), then the
Gysin map i, : Hy(Z;i ' F) — HL2(X; F(1)) is an isomorphism for r > m and a
surjection forr =m — 1.

(B1b) If F € Shvy(X) is torsion, then the map HY(X; F) — Hy(X; F) is an isomorphism
forr = m+ 2 and a surjection forr = m + 1.

8.2. Theorem ([4, Ch. vi Thm. 7.2]). If X is a scheme affine and of finite type over a separably
closed field, then cd(X) = dim(X).

9. THE KONNETH FORMULA

9.1. Convention. Throughout this section A is a finite ring and unless otherwise stated all
sheaves are A-modules.

9.2. Theorem (Kiinneth formula [4, Ch. vi Thm. 8.5]). Consider a pullback square of schemes

XxY Loy

X —> 8,

and seth = gf = fg. Assume the following:

(b-2.a) S is quasicompact,
(b-2b) f and g are compactifiable,
(B:2.c) F e Shvy(X; A), G € Shvy(Y; A), and F is flat as a A-module.

Then there is a canonical quasi-isomorphism
R f,(F)®5 R.g,(G) > R, (F=k G)

If, moreover, R_ f, (F) is flat for all v > 0, then for all m > 0 we have a canonical isomor-
phism
D RSP0y Reg.(G) = RIA(F 2, G).

r+s=m

9.3. Lemma (proper base change [, Ch. viLem. 8.9]). Consider a pullback square of schemes
XxgY 1y
J
o Jo
X —> S,

where g is proper, and let G € Shvy(Y; A). Then there is a canonical quasi-isomorphism

f*Rg.(G) = RG.(f*G).
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9.4. Corollary ([lf, Ch. vi Cor. 8.13]). Let X and Y be schemes over a separably closed field
k, F € Shvy(X; A), G € Shvy(Y; A). If X and Y are proper over k, F is flat, and Hy,(X; F) is
flat for all v > 0, then for all m > 0 we have a canonical isomorphism

P HL(XF) ey HY(Y;G) = HE(X xY; Fr, G)

r+s=m

induced by the cup product pairings.

9.5. Theorem (¢-adic Kiinneth formula [4, Ch. v1 Cor. 8.21]). Let k be a separably closed
field and € a prime different from char(k). Let X and Y be compactifiable k-schemes and A
the integral closure of Z, in a finite extension of Q,. If F € Cnstr(X; A), G € Cnstr(Y; A),
and F and G are flat A-modules, then:

(b-3.a) We have a canonical isomorphism H.(X; F) ®, H.(Y;G) » H(X xY; FR G).
(b-3.b) For allm > 0 there is a short exact sequence

0 — P HAX;F) e, HI(Y;G) —— HI'(X xY; FRy G)

r+s=m l
@ Tor{ (HL(X; F),H{(Y;§) — 0.
r+s=m

10. THE CycLE CLASS MAP

10.1. Convention. Fix an algebraically closed field k. All schemes in this section are smooth
k-varieties.

10.2. Notation. Fix an integer n prime to char(k), and write A := Z/n. For a smooth k-
variety X, write H}(X; A) = €D, ., HZ (X; A(r)).

r>0

10.3. Remark. Asagraded group, the degree r piece of H%,(X; A) is HZ (X; A(r)). Moreover,
the cup product makes H,(X; A) a graded-commutative ring.

10.4. Recollection. Let X be a smooth k-variety. An elementary r-cycle on X is a closed
integral subscheme Z ¢ X of codimension r. The group of algebraic r-cycles C"(X) is the
free abelian group on the set of elementary r-cycles. Write

cr(x)=EPcrx).
=0

Elements of C*(X) are called algebraic cycles on X.

10.5. Definition. Let X be a smooth k-variety. An elementary r-cycle Z ¢ X and an ele-
mentary r'-cycle Z' ¢ X intersect properly if each irreducible component of Z N Z' has
codimension r + r'. In this case Z - Z' is defined and belongs to crr' (X).

Algebraic cycles Z,Z' € C*(X) intersect properly if every elementary cycle of Z inter-
sects every elementary cycle of Z' properly, in which case Z - Z' is defined in the obvious
manner.

10.6. Observation. For a morphism 77: Y — X of smooth k-varieties we can sometimes
define a morphism 7* : C*(X) — C*(Y) by setting

7*(2) =T, (Y x Z)

for an elementary cycle Z ¢ X, where I', ¢ Y x X is the graph of 71, and extending linearly to
algebraic cycles. The map " makes sense as long as all of the intersection products I;-(YxZ)
are well-defined.
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10.7. Remark. According to [[1l, Prop. 1.3], * is well-defined if 7 is a flat map of algebraic
k-schemes (though we only consider smooth k-schemes), or in the case that both the source
and target are smooth (which is the case that we are interested in).

10.8. Observation. If 7: Y — X is a proper morphism of smooth k-varieties, there is a
morphism 77, : C*(Y) — C*(X) defined on elementary cycles Z C Y by

0, dim((2)) < dim(Z)

7, (2) =
deg(n|;)n(Z), otherwise,
and extended linearly to C*(Y).

10.9. Lemma (projection formula for cycles). Letm: Y — X bea proper morphism of smooth
k-varieties, Z € C*(Y), and Z' € C*(X). Then

n, (2" 2)=2"-n.(2),
if the intersection products n*(Z') - Z and Z' - 7, (Z) are defined.

10.10. Definition. Let X bea smooth k-variety. The cycle classmap cly : C*(X) — H3(X; A)
is the homomorphism of graded groups defined as follows.

(Lo.1id.a) Ifi: Z<»X is a smooth elementary r-cycle, then define clx(Z) = i,(1,), where
i,: HY(Z; A) — HZ(X; A(r))

is the Gysin map and 1, € H%(Z; A) is the identity. Equivalently, cl(Z) is the im-
age of the fundamental class s, x under the map HZ (X; A(r)) — HZ(X; A(r)).

(Lo.1d.b) This definition extends to singular elementary cycles by virtue of the following
lemma, and extends to each graded piece C"(X) by linearity.

10.11. Lemma ([lf, Ch. vi Lem. 9.1]). Let X be a smooth k-variety. For any reduced closed
subscheme Z C X of codimension r, we have H,(X; A) = 0 for s < 2r.

10.12. Proposition ([if, Ch. v1 Prop. 9.3]). Leti: Z<»X be a closed immersion of smooth
k-varieties and ¢ = codimy (Z). Then for all v > 0, the square

C'(Z2) —— CT™(X)

clzl lclX

HZ (Z; A(r)) — H2™9 (X A(r + ¢))
commutes.

10.13. Proposition ([4, Ch. vi Prop. 9.4]). Let X and Y be smooth k-varieties. The square

C*(X) x C*(Y) —=—— C*(X xY)

chxclyl

HZ(X; A) x Hi(Y; A) oy

pr} Xpr;l
H; (X x Y5 A)* ——— Hi(X xY; A)

commutes.
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10.14. Proposition ([4, Ch. v1 Prop. 9.4]). Let X be a smooth k-variety and Z and Z' alge-
braic cycles on X. If Z and Z' intersect transversally, then

Clx(z . Z,) = Clx(z) ~ Clx(Z,) .

10.15. Remark ({4, Ch. vi Rem. 9.6]). The map cli( : CHUX) - H?t(X; A(1)) is the compos-

ite of the canonical maps C' (X) — Pic(X) givenby Z + Ox(Z) and Pic(X) — HZ(X; A(1))

coming from the identifications Pic(X) = H,(X;G,,) and A(1) = g, along with the Kum-

mer sequernce.

10.16. Example ([4, Ch. v1 Ex. 9.7]). If I” ¢ P{” is a complete intersection of codimen-

sion r, then the Gysin map A — Hg{ (P{; A(r)) is an isomorphism. Hence Hg{ (P A(r)) is

generated by clp. (L").

(fo.1d.a) Since Pic(P") = Z is generated by the class of any hypersurface L', clpm (') is
independent of the hypersurface L'.

(Lo.18.b) Thus for a codimension r complete intersection L” we have clplzn (rn = clplzn (LH=.
So the cycle class of a codimension r complete intersection is also independent of
r.

(f0.18.c) Thus the map A[t]/{(t"!) — HJ,(P{"; A) defined by sending t” clpm (LM is
an isomorphism of graded rings.

11. CHERN CLASSES

11.1. Convention. Let k be an algebraically closed field. In this section all schemes are
smooth quasiprojective k-varieties.

11.2. Notation. Letn € Z be prime to char(k). We write A == Z/n.

11.3. Proposition (projective bundle formula [4, Ch. vi Prop. 10.1]). Let X be a smooth
quasiprojective k-variety and € a rank m vector bundle on X. Let & € Hét(P(S); A(1)) be the
image of Op(¢)(1) under the map

Pic(P(€)) — HE(P(); A(1))

coming from the Kummer sequence. Let r: P(E) — X be the structure morphism. Then the
map

Hg (X5 A)[t]/{™) — Hg(P(E); A)
given by ™ on Hj(X; A) and by sending t — & is an isomorphism of graded H}(X; A)-
modules.

11.4. Corollary. Let X be a smooth quasiprojective k-variety and £ a rank m vector bundle
on X. There are unique elements c,(€) € H2 (X; A) such that

() =0, forr >m
Y (EE™T =0,
The element c,(€) is called the r™ Chern class of €.

11.5. Definition. Let X be a smooth quasiprojective k-variety and £ a vector bundle on X.
The total Chern class of X is the element

(&) =) ¢,(€) e Hy(X; A).

r>0
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11.6. Definition. Let X be a smooth quasiprojective k-variety and € a vector bundle on X.
The Chern polynomial of X is the element

chy(€) = Y ¢, (O € PHE (X5 AL .

>0 r>0

11.7. Notation. Write Var, for the category of smooth quasiprojective k-varieties.

11.8. Theorem ([4, Ch. viThm. 10.3]). The Chern classes of smooth quasiprojective k-varieties
are uniquely characterized by the following properties.

(L1.8.a) Functoriality: If m: Y — X is a morphism in Vary, and € is a vector bundle on X,
then for all r > 0 we have cr(n’l(ﬁ)) = 7% (¢, (E)).
(L1.8'b) Normalization: If £ is a vector bundle on X, then ch,(€) = 1 + px(E)t, where

Py Pic(X) — HZ(X; A)

is the natural morphism from the Kummer sequence.
(L1.8.c) Additivity: If X € Vary and

0 — & —&—¢&" —o.
is a short exact sequence of vector bundles on X, then ch,(€) = ch,(€') ch,(E").

11.9. Remark. By (L1.§.[) the total Chern class defines a homomorphism of abelian groups
c: Ko(X) - Hj(X; A). Moreover, this homomorphism respects the gradings.

11.10. Corollary. Let X € Vary. If (dim(X) — 1)! is invertible in A, then the cycle class map
cly defines a homomorphism cly : CH*(X) — Hj(X; A) which is natural in X.

11.11. Remark. is true with A replaced by Q,, where £ # char(k). In this
case, the invertibility condition on (dim(X) — 1)! is vacuous.
12. POINCARE DuALITY

12.1. Notation. We write A == Z/n, and n is always taken to be prime to char(X) for any
scheme X that we take cohomology of with coefficients in a A-module.

12.2. Notation. If X is a seperated variety of dimension d and x € X is a closed point, we
abusively write cly (x) for the image of the fundamental class s, x under the natural map

H2(X; A(d)) — HX(X; A(d)) .

12.3. Theorem (Poincaré duality for smooth varieties [, Ch. vi Thm. 11.1]). Let k be a
separably closed field and X a dimension d smooth separated k-variety. Then:

([2.3.a) There is a unique trace map ny : H2(X; A(d)) — A such that ny(clx(x)) = 1 for
all closed points x € X. Moreover, nx is an isomorphism.
(i2.3.b) If F € Cnstr(X; A), the natural pairings

H'(X; F) x Ext¥ " (F, A(d)) — H¥(X; A(d)) - A
are perfect for 0 < r < 2d.

Proof Idea. To construct the trace map:
(2-3.@-1) If X is a dimension d separated variety over a separably closed field, then

H2(X; A(d) > A



12 PETER J. HAINE

(k23 Bi) Ifrr: Y — Xisaseparated étale morphism, where X is a dimension d separated
variety over a separably closed field, then for every closed point y € Y,

7w, : H¥(Y; A(d)) — HX(X; A(d))

sends cly (y) to clx (r(y)).
To prove that the pairing is perfect:

(23 B.i) Ifr: X' — X is finite étale, the pairings are perfect for (X', F') if and only if
they are perfect for (X, 7, F').

(f2:3B.ii) If U ¢ X is an open subvariety, the pairings are perfect for (X, F) are perfect
for (X, F) if and only if they are perfect for (U, F|;;). To do this, we show that
the pairings are prefect for sheaves with support in a smooth closed subvariety
Z¢X.

(k2.3 B.ii) If 7: X — Sis a smooth projective morphism with 1-dimensional fibers, the
pairings are perfect for locally constant constructible sheaves. To do this, we
show that if X is a variety for which the pairings are perfect, then the appropriate
derived versions of the pairings are perfect.

(k2:3 B.iv) The pairings are perfect for constant sheaves.

(k2.3 B.v) The pairings are perfect for locally constant sheaves.

(23 H.vi) By pulling back to an open subvariety on which a constructible sheaf is locally
constant, we conclude the theorem. O

12.4. Corollary (“classical” Poincaré duality [4, Ch. v1 Cor. 11.2]). Let X be a dimension
d separated variety over a separably closed field. Then for any locally constant constructible
A-module, the cup product pairing

H(X; F) x H¥"(X; F(d)) = H*(X; A(d)) - A
is perfect for 0 < r < 2d.

12.5. Corollary ([, Ch. v1 Cor. 11.5]). Let X be a dimension d separated variety over a
separably closed field. If X is not complete, then for any locally constant torsion sheaf F on X
we have H¥(X; F) = 0.

12.6. Theorem ([4, Ch. vi Thm. 11.7]). Let X be a dimension d projective variety over a sepa-
rably closed field. Then for allr > 0, the group N (X) of r-cycles modulo numerical equivalence
is finitely generated.

12.7. Proposition (Poincaré duality for compactifiable morphisms [4, Ch. vi Prop. 11.8]).
Let m: X — S be a smooth compactifiable morphism of schemes with d-dimensional fibers.
There exists a unique relative trace map 1x /s - R¥7, (A(d)) — A such that for any geometric
point § — S and any closed point x € X, the trace map

fx,s: HA(Xg A(d) > A

sends clx (x) to 1. If, moreover, the fibers of  are connected, then 1x s is an isomorphism.
Moreover, 1x s is compatible with composition of compactifiable morphisms and base change
along arbitrary morphisms.

Proof Idea. Work fiberwise, using Poincaré duality for varieties and the assumptions that the
fibers are equidimensional. The assumption that 77 is compactifiable allows us to globalize
the result on fibers. O
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13. THE ZETA FUNCTION & THE WEIL CONJECTURES
13.1. Notation. In this section all schemes are F,-varieties. Given an F-variety X, we write

X=X XSpec(F,) Spec(Fq).

13.2. Definition. Let X be an F,-variety. The Zeta function of X is the formal power series
with Q-coeflicients defined by

Z(X,t) = exp(Z wt”) .
n>1 n

13.3. Conjectures (Weil). Let X be a smooth projective Fy-variety of dimension d.
(£3.3.a) Rationality of the Zeta function: we have that

2x,1) = Lot - P (X, 1)
T R ) - Py(Xoh)

where each P.(X,t) is a polynomial with coefficients in a field of characteristic 0.
(k3.3 b) Integrality: Py(X,t) =1 —t, P)y(X,t) =1- th, each each P.(X,t) has roots whose
inverses are algebraic integers.
(3.3.c) Functional equation: Z(X, q’dt’l) = i—qu/ZtXZ(X, t), where x is the Euler charac-
teristic of X.
(3.3-d) Riemann Hypothesis: the inverses of the roots of P,(X,t) and all of their conjugates
have complex absolute value q"'°.
(3-3.€) Specialization: If X is the specialization of a smooth projective variety X over a num-
ber field, then
deg(P(X, 1)) = B.(X(C)™),
where B,(Y) denotes the r™ Betti number of a space Y.

13.4. Theorem (Lefschetz trace formula [}, Ch. vi Thm. 12.3]). Let ¢: X — X be an en-
domorphism of a smooth projective variety over an algebraically closed field k such that the
intersection I'y - Ay is defined. Then for any prime € # char(k) we have

2 dim(X)

(-8 = Y (1) tr(¢* | Hi(X; Qp)) -
r=0

13.5. Theorem ([2, Ch. 1v Thm. 1.2]). Let X be a smooth projective F,-variety. For allr > 0,
and primes € # char(F,), the polynomials

P, ,(X,t) = det(id — t Fr* | H;,(X; Qp)) .

in Q,[t] have coefficients in Z. Moreover the polynomials P, ,(X,t) are independent of the
prime €.

13.6. Notation. Let X be a smooth projective F_-variety. Write P,(X, ) for the common
polynomial P, ,(X,t) € Z[t].

13.7. Theorem (Riemann hypothesis for varieties [2, Ch. 1v Thm. 1.2]). Let X be a smooth
projective F -variety and £ # char(F,) a prime. Then the eigenvalues of Fr* on H,(X;Q,)
and all of their conjugates have complex absolute value q"'%, and the inverse roots of P,(X,t)
are algebraic integers of absolute value q'"'*.



14 PETER J. HAINE

13.8. Theorem (rationality of the Zeta function [{, Ch. vi Thm. 12.4]). Let X be a smooth
projective F -variety. Then
PI(X) t) Pzd—l(X) t)

A0 = Py(X,t) -+ Pyy(X, 1)

13.9. Theorem (functional equation for the Zeta function [2, Ch. 1v Thm. 1.2; |, Ch. vi Thm.
12.6]). Let X be a smooth projective ¥ -variety of dimension d. Then

ZX,q ") = (D)EINgR P Z(X, ),

where y is the Euler characteristic of X and N is the multiplicity of the eigenvalue q*/* of Fr*
on HY(X; Q) (for any prime € # char(F,)).

13.10. Theorem ([, Ch. v1 13.1]). Let X be a separated F -variety. Then for any prime € #
char(Fq) we have
Z(X,t) = [ [ det(id -t Fr* | HE(X; Q) V™"

r=0
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