




























































	 	 	 	 	 	 




















Interactions Between

HomotopyTheory
β

AlgebraicGeometry

Peter Haine




















































































Three main intersections

Motivic homotopytheoryÉtale
A

homotopy
theory Mura's talk

Derived Spectral
This talk algebraic geometry




















































































Why inject homotopytheory
into algebraicgeometry




















































































Better Descent Results

Thm

1 X 1 DIX I

topspace derived a

s a sheaf of a cats

of sheaves

2 X 1 Dgc X
scheme derived a.at's

an 8C Sheaf of co cats

ofquasicoherentsheaves

3 X 1 x 2 is a sheaf valued in DLR
topspace complexof

singular cochains




















































































Vote

cohomologicaldescent
Descent for sheaf Descent

spectral seq forcategories for RT

However it turns out to often be easier to prove descent
for the sheaf o categories

case Study Bhatt Mathew The arc topology

Get more conceptual proofs with fewer assumptions e g
Almost immediate from 3

Thm If X is a locallyweakly contractible top space then

Rtsneaf X 2 2

in DCL




















































































Intersection theory

Bézout's Thm C C CHE smooth curves w transverse

intersection and fundamental classes C C HEIR 2

C u C CAC in H IE Z I

if non transverse but
Cnc is a finite of points

Idea to deal with non transverse n replace pullback by
a derived enhancement locally modelled on derived

Since so much has been said elsewhere we won't say more




















































































Hidden Smoothness

Philosophy Beilinson Deligne Drinfeld Konsevich

many classical moduli stacks are

sffm ff.ieTwrongdim
but have derived refinements that are better behaved




















































































Thm X k Smooth proper M the derived moduli of either

1 Vector bundles on X

21 Coherent Sheaves on
3 principal G bundles on for G an algebraic group
Then Kim is perfect and

dim x d Tor amplitude Hu d 1
d 1 JUL smooth
d 2 M quasi smooth

However If d 2 then the underlying classical stack

Me M is singular with unbounded cotangent complex




















































































Underived statements with proofsnaturally
using derived tools

Absolute purity for flat Cohomology Cesnavicius Scholze
R m noetherian local ring that's a complete intersection

G finite flat commutative R group
Then

Him R G o for i dim R

fppf cohomology dim R

if R is regular
and not a field




















































































A preview of the setup Animation

key point If we take the functor of points perspectiveseriously
the main obstruction to the setupof DAG is what the co cat
of rings is

Simplicial commutative rings OK for homotopy theorists but
maybe difficult for others

There's an alternative perspective




















































































Ntn R ring Polyp CCAlge full Subcat on fg polynomial
R algs REX Xn

Thm The 1 category CAlge is obtained from Polypby
freely adjoining filtered colims reflexive coequalizers

If D is a 1 category with these colimits then there is an

equivalence of categories

Funfitt refoeg CAlge D Fun Polyp D

F I F
Polyp

Explicitly
CAlge Fun Poly Set

S Homcangel S




















































































Def the co category of
animated R algebras cagniOR

simplicial Commutative R algs

is the universal o category obtained from the 1 category
Polyp by freely adjoining filtered Colimits and Colimits

of simplicial objects

Fun filt CAlg
ni D Fun Polyp D
E F

Polyp

Explicitly
CAlgii Fun Poly Spc

a cat of spaces a groupoids
Ikan complexes



Étale homotopy
theory



What is the étale homotopytype

Defined by Artin Mazur in the late 60s refined by
Friedlander in the early 80s

Difficult to use definition no universal proproperty

used by Sullivan 74 and Friedlander followingQuillen
to prove the Adams conjecture in topology

2015 Hoyois gives a new definition using Lurie's shapetheory
uses a topoi has a universal property



scheme us profinite space 17 x E Pro SPCA
or stack States finite to
117 X It X all i are finite

and ti o for iso
For a finite ring R

HILMÉ X R HÉtLX R

Diisse e't R Funds M x Perf R

locally constant w

perfect stalks

17 Speck BGK

Work of Barwick Glasman H gives a new description
of 17 x as the classifyingprospace of an explicit
procategory



Basic properties

TLDR All basic results about étale cohomology are true at the
level of the étale homotopytype

work of many Artin Mazur Friedlander Lurie Hoyois
Carchedi Chough Orgogozo H Holzschuh Wolf

Fundamental Fiber Sequence Kfield w Sep closure k k

K qcqs then there is a fiber sequence
178 XE M X BE

it E Int X for n 2 usual it SES



Riemann Existence If X is finite type then there is a

natural map
MOLX E 17 x

that becomes an equivalence after profinite completion

Kinneth Formulas K E of char p 0 X Y qcqs k schemes

1 If Y k is proper then

178 KY 178 x 178 Y

2 with no additional assumptions

178 X KY 178 x 178 Y

1 If completion away from p
3 Formulas for symmetricproducts



Affine analogue of proper basechange If A I is a henselian

pair then
17 Spec AI 17 SpecA

This is just a sample many more results



Anabelian Geometry

Conj Grothendieck 1983 K Q finitely generated extension
X Y K anabelian varieties

mod conjugationby Y
Then the natural map

Isomy X Y 150mg Éx Y

is bijective compatible with homomorphism
it I Speck Gk

Thm Tamagawa Mochizuki late 905 Grothendieck's conj
true if X and Y are smooth hyperbolic curves



Issue we don't really know what anabelian means

Clearly a restrictive condition

Only reasonable if X and Y are étale Klt 1 s

Grothendieck's conjecture should hold for more

general varieties if we replace the by 17

Thm A Schmidt Stix K Q finitelygenerated extension

X Y smooth k varieties st embeddings YEE
17hfffftic

Then the natural map
150m X Y to EquivBG 17 x 17 Y

is a split injection with a natural retraction

Cor If 17 x 17 Y over BGK then EY as k schemes



Thm Holschbach J Schmidt Stix

K alg closed field char k 0

k Smooth variety

Then 17 x if and only if Speck

Thm Achinger If X is a connected affine scheme
then

17 x is 1 truncated
i e Bait X



Conj Deligne Morava For any g n 0 the étale homotopy
type 178 Man is 1 truncated

the mapping class group Tg n is good in the sense

of Serre for a finite G module M
H G M I H G M

known for g 2 and all n by Birman Hilden



The Artin Tate Pairing

Setup Eq smooth geometrically connected surface

ltq prime Brna x Br X

divisible elts

M Artin and Tate defined a pairing

Brna x a Brna x 10 Q I

Conj Tate 1966 The Artin Tate pairing is alternating

History
19673186 Manin gave examples disproving Tate's conj

1996 Urabe found mistakes in Manin's work



Thm Feng 2077 Tate's conjecture is true

uses analogies from arithmetic topology

Idea Because of the fiber sequence

17 XIE 17 X BE IS

dim 4 dims dim 1

17 X behaves like a real 5 manifold

Artin Tate linking form on an

orientable
pairing 44 1 manifold
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