
① Reminder

DEI A cone of Turing degrees is a set of the form
Zs-A { x E DT l x Zay J for some fixed y .¥y Turing degrees

Thin (Martin's cone theorem) Every set of Turing degrees
either contains a cone or is disjoint from a cone

[
Assuming ZFTAD ! False in ZFC

Def If f , g
: 212W are Tuning invariant :

iff fEng fSmg means f Eagle) on a coneand
g Emf
f f Eng means flex) Et g on a cone

"

Martin order " and "Martin equivalence"



Martin's conjecture Assume ZFTADTDC

① Every Turing invariant function f : 2W→ 2W is either
• Martin equivalent to a constant function
"constant on a cone

"

• Martin above the identity function
"

f-(x) ZT X on a cone
"

② Functions which are above the identity are
pre
- wellordered by the Martin order and

the successor in this pre- wellorder is the

Turing jump .

Successor of f is X1→f(x)
'



② Past Results

Thin (Starman- Steel) Martin's conjecture holds for all

regressive functions

The Cslaman- Steel) Part 2 of Martin's conjecture holds
for all order preserving functions which are not
above the hyperjump

Def A Turing invariant function f : 2W→ 2W is

reg_ if f Et x on a cone
TV

Def A Turing invariant function fi : 2W→ 2W is

order preserving if for all x,ye 2W
-x Zay ⇒ f ⇒ fly)



③

Ourresultseehmpart 1 of Martin's conjecture holds for all
← measure preserving functionsnext week

Thin Every order preserving is either constant on a
✓ come or measure preservingon two

weeks "order preserving ⇒ measure preserving
"

Coy part 2 of Martin's conjecture holds for all
order preserving functions

what does "measure preserving
"
mean?

Explaining that is the goal of today 's talk



Three Views of

Measure Preserving
Functions on the

Turing Degrees .



④ View # 1 : combinatorial Definition
=L

Def A Turing invariant function f : 2W→ 2W is measure

preserving if for all Z, there is some ng such
that

f-
X Zt y ⇒ FG) ZT Z ya

"
f eventually gets above z

''
↳ VEZ

"f goes to *nfenity in the limit
"If sends the cone

above y into the

Egle: Every function which is a%Fe Effete
Z

identity. Surprisingly hard to find others coven
in ZFC ) .

This is the most useful definition for proving
things , butt maybe not the most interestingdefinition conceptually



⑤ View#2:Martder

Prop A Turing invariant function is measure preserving if
and only if it is above every constant function
in the Martin order

A picture of the Turing awaitant functions :7-
? ? •

guy
here To
- Turing jump

•
- identity function

• upper bound for constant functions (
obvious)

:
a:*::*:.:*:c:*. ;D

nothing
←IEe:{Yatsko:*Feynman
↳ ?? initial segment)



⑥ View # 3 : Martin Measure
-

Some Background
Def An ultrafilter on a set X is a collection U
of subsets of X such that

" filter " (
① 0# U , X E U

AE U =
"
A is large

"

② A EU, AE B ⇒ BEU

③ A , B EU ⇒ AnB E U
"ultra" [④ A EX ⇒ either AE U or ACE U

Def Martin measure, Um , is the collection of subsets
of the Turing degrees defined by

A E U µ ⇐ A contains a cone

Thin (Martin's cone theorem
, restated) Un is an ultrafilter

Actually , Um is a countably complete ultrafilter



Def If U is an ultrafilter on a set X and f :X→ X
then the pushforward of U along f, written f-* CUI,
is the ultrafilter on Y defined by

A E f* (a) ⇐ f-
'

(A) EU

Example If f :X→ Y is constant on a set ou U
then f-* (U) is a principal ultrafilter

Example The pushforward of Martin measure along
the function x t wi gives a countably complete
ultrafilter on w ,

Hence AD ⇒ w
, is measurable !

Def A function f :X→ X is measure preserving for
an ultrafilter U on X of

f-* (U) = U



Prop If f : 20→ 2W is a Turing invariant
function then f is measure preserving it and
only if the function on the Tuning degrees
induced by f preserves Martin measure

proof :
(E) Given z, Ty fccouecy)) E CorreCz)

So Conely) E f
-'(coneCED .

And f-
'

(Dtl Coneczs) disjoint from Conely)

(⇐ ) Given z , know f-
'(Coweta)) contains a

cone, say Conely) . So fcconecy)) E Cometh



⑦Applicaton:Rudin-kroder
Some more background
Def suppose U and V are ultrafilter on X

✓→U

U Sek V means there is f :X→X s .tn. 4*43=4
U ERK V means U ERK V and ✓ ERK U

↳ Not the usual definition ?
This gives a quasi order on ultrafilter on X

Example If U is a principal ultrafilter concentrating at
aEX then U is ERK minimal

f-*(V) - U where f-G)=a for all x

Example U is ERK -minimal among ⇐ U is Ramseynoaprineipal ultrafilter
on w



The (Part 1 of Martin's conjecture for measure preserving
functions, restated)

f Part 1 of Martin's ⇐
If U is a nonprincipal

conjecture
ultrafilter on the Turing degrees

Assuming UERK Um ⇒ U=Uµ
AD or ADT G

• Um is minimal

proof : f :D>→ D,
• Nothing else is Erk to it

4* (Un) = Um ⇐ f is measure preserving
⇒ f 3M id

caveat : Need more than AD to go from
f : DT → It to Turing invariant function
on 2W



This suggests : Try to prove part 1 of Martin's
conjecture by looking at Erik on the Turing degrees

• Use ideas from set theory
• Just prove Um is ERK minimal or

just prove nothing is ERK to it

•hooakµatyspegitIEowuHm¥KYnofFeTo



⑧

Thelebesguellltrafilter-hm-C.rolmogovov O- l Law) If AE 2W is closed

under Piquantly it
a,Hb%5EiteyLebesgue measuredµ(A) = O or MCA)- l

many places then
*EA#yet

oft 14444 lkkh?
↳A closed under rational shifts ⇒ measure is O or1

Thin ZFTAD ⇒ Every set is Lebesgue measurable

COI ZFTAD⇒ Lebesgue measure is an ultrafilter
on the Turing degrees ! Let 's call it UL .

Question : Is UL Erk Um ?
What we can show : Um #Rk UL (⇒ Um IRK UL)



The Un #RK UL

proofs : suppose Um Erk UL

so there is a function f : DT→ D, sit.

f-* CUL) - Um
can uaew it as f : 2W → D,→ w,

so x- wit shows Lebesgue measure pushes
forward to a nonprincipal ultrafilter on w,

But every map
2W→w, is constant on a set

of positive measure !

Otherwise { x I wit EAS has measure 0 for cfbl A↳
Look at B - IC#y) I wit a wifey) }

By Fubini fSBd×dy=fTBdjdxI mcfyl without'T'D-1
G- ulex Iwf cwf'D 91=0



Question : Is Uc smoothy below Un

Thug (Marks) UL < pipe Um ⇐ If :2° → 2W Turing invariant

G Assuming AD
fC*) is x- random for all ×

Question : Is Um Erk - maximal among ultrafilter
on DT ?


