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Representations like decimal representation are used for defining com
putability on the set of real numbers. Translatability between different 
representations has been studied in the past by several authors. Most 
of the not computably solvable translation problems are not even con
tinuously solvable. In this paper the degrees of discontinutity of trans
lations between a number of common representations are compared 
and characterized. Mainly three degrees are considered: the first one 
with translations between the standard representation and the wea.k 
cut representations, the second one contains among others the trans
lations between m-adic und n-adic representations, and the third one 
contains translations concerning proper cut representations and the 
iterated fraction representation. 
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1. Introd uction 

T(JU 
-----~-.,.,. .... --

Almost every approach to introduce effectivity ( constructivity, com
putability, computational complexity) on the real numbers is (at least 
indirectly) based on some representation 8 :~ Ew --+ IR, where E is 

,, . a finite alphabet and Ew is the set of all infinite sequences of elements 
(./::,tt,of E. If 8(p) = x then the sequence p = p(O)p(l) ... is considered as 

,.; ~-. · '\:·a:'-name of the real number x. A well-known example is the decimal 
,. , ; , representation 810, e.g. 810(3, 14159 ... ) = 1r E IR. Representations 
.. ,, ·· ·' c,~P be compared by reducibility ("translatability"): 8 is computatio-

\ :_.;. c.i.ha'.lly reducible to 8', 8 :::;c 8', iff there is some computable function 
\; ~:::;,y,f,{-j' : ~ Ew --+ Ew, wi th 8(p) = 8' f (p) for all p E dom ( 8). The repre-

. .,. tr., .~ 

' '",..,., sentations 8 und 8' are called computationally equivalent, 8 =c 8', iff 
8 :::;c 8' and h' :::; 8. 

The representations on which all the approaches to effectivity in analy
sis are based are elements of a single equivalence dass. lt is remarkable 
that the decimal representation is not in this dass. Computational re
duci bility for a variety of representations if IR has been studied by T. 
Deil [ 2 ]. 

The Type 2 Theory of Effectivity (TTE) (see e.g. Kreitz and Weihrauch 
[ 3 ], Weihrauch [ 10 ] [ 12 ]) gave new insights. Computable functions 
f :~ :r;w --+ Ew are continuous (w.r.t. to the Cantor topology on Ew). 
This continuity can be interpreted as a very basic kind of constructivity: 
( a finite portion of the output depends only on a finite portion of the 
input). 

For representations define: 8 is (continuously) reducible to 8', 8:::; 8', 
iff there is some continuous f :~ Ew --+ Ew with h(p) = 8'f(p) for all 
p E dom( 8). lt turns out that for all representations 8, 8' considered by 
Deil [ 2 ] either 8 :::;c 8' or 8 i, 8' (while Deil has only proved 8 "f:.c 8'). 
This means that in these cases non-translatability is independent of 
Church 's Theses and depends on a more elementary effectivity concept. 
Similarly, almost all "effectively unsolvable" problems in Analysis turn 
out to be not continuously solvable in their TTE-formulation. 
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In ordinary recursion theory, "computable" reducibilities and corre
sponding degrees of unsolvabiliy are introduced for comparing and 
classifying the kinds of non-effectivity of sets and functions. Corre
spondingly, in TTE continuous reducibilities can be used for compa
ring and classifying kinds of non-continuity (i.e. non-constructivity) of 
problems in Analysis (v. Stein [ 7], Mylatz [ 5 ]). While for subsets of 
Ew a nice reducibility theory is avaible (Wadge [ 8 ], see also Weihrauch 
[ 11 ] and Staiger/Weihrauch [ 6 ]), for functions f :~ Ew ~ Ew we 
have a natural reducibility but almost no knowledge about its struc
ture. Before developing a theory also for this case, more non trivial 
examples should be studied in detail. 

In this paper we introduce a concept of continuous reducibility for "pro
blems" and characterize the degrees of discontinuity for the translation 
problems between several representations of the real numbers. 

The non-continuous translation problems between the standard repre
sentation, the left-cut and right.':..cut r.e. representations and the naive 
Cauchy representation belong to a single degree. This degree contains 
the translation from the enumeration representation to the characteri
stic function representation of the natural numbers. 

The m-adic representations are special cases of the "weak separation" 
representations. lt is shown that the non-continuous translation pro
blems between most pairs of weak separation representations (including 
the m-adic representations) also belong to a single degree of disconti
nuity which is characterized by a special separation problem of open 
sets. 

Finally, the non-continuous translation problems concerning right-cut, 
left-cut und continued fraction representations belong to a single degree 
which can also be characterized by a simple abstract problem. 
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2. Prerequisites and Basic Definitions 

Let E be some sufficiently large finite alphabet with { 0, 1} ~ L By E* 
we denote the finite sequences (words), by Ew the infinite sequences 
over E. Concatenation of words x, y E E* and sequences p E Ew is 
denoted by xy E E* and xp E Ew, resp. For X, Y ~ E*, and T ~ r;w, 
define XT := {xt I x E X,t ET} (correspondingly for xY,XY, .. . ). 
On E* we consider the discrete topology ( every X ~ E* is open). On 
r;w we consider the "Cantor topology" Tc defined by the following basis 
of open sets: 

{wEw I w E E*}. 

The standard pa.iring <, >: r;w X r;w --t E"' is defined by < p, q >= 
(p(O), q(O),p(l), q(l ), ... ). Tuplings with more than two arguments are 
defined accordingly. Tuplings and their inverses are continuous. The 
standard (Cantor) pairing IN x IN --t IN is also denoted by <, > (ac
cordingly for tuplings with more than two arguments). 

A representation of a set M is a possibly partial, surjective function 

The following representations will be used repeatedly (see Weihrauch 
[ 10 ]): 

En r;w --t 2w (enumeration representation) 
En(p) := {n 101n+10 is a substring of p}, 

Cf E"' --t 2w ( characteristic function representation) 
Cf (p) : = { n I p( n) = 1}, 

l :C Ew --t w"' (p := t(p)) 
t-1(non1 .. . ) := ln°Üln1 Ü ... 

For p E E"' let p[n] := p(O) .. . p(n - 1) E E*, and for w E E* let 
En(w) := {n 101n+10 is a subword of w}. 

Continuous reducibility ( reducibility for short) for representations is 
defined by 

8 ~ 8' :-<=} ~f :~ r;w --t E"' continuous: Vp E dom(8): 8(p) = 8'f(p), 
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8 < 8' means 8 ~ {/ and not 8' ~ 8. Let 

(8-. 8') = {J :~ Ew--+ Ew J Vp E dom(8): 8(p) = 8' f(p)} 

be the set of all ( not necessarily continuous) translators form 8 to 8'. 
For functions f,g :~ Ew --+ E"' (or E*) define reducibility by 

J ~ g :{::::::> 3 continuous functions A,B: Vp E dom(J): f(p) = A(p,gB(p)). 

A set X of functions f :~ E"' --+ Ew (or E*) may be considered as 
the set of solutions of a problem Px ( e.g. the set ( 8 -. 8') is the 
set of solutions of the problem to translate 8 to 8'). We compare the 
"difficulty" of such problems by a uniform reducibility. For sets X, Y 
of functions :~ Ew --+ Ew (or E*) define: 

X ~ Y :{::::::> there are continuous functions A, B : 
Vg E Y: 3J EX: Vp E dom(f): f(p) = A(p,gB(p)) 

Thus A and B define a uniform method which for every solution g of 
Problem Py produces a solution of Problem Px. Clearly f ~ g {=:::> 

{J} ~ {g}, hence f ~ g may be considered as a short notation of 
{J} ~ {g}. The relation ~ is transitive. As usually, define X = 
Y :={::::::> X ~ Y and Y ~ X {equivalence). The equivalence classes 
can be called "discontinuity degrees of problems". 
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3. Representations Below the Standard Representation 

Let Q ~ IR be some dense subset of IR, and let IIQ : IN -- Q be some 
(total) numbering of Q. We define four representations :~ Ew --+ IR 
of the reals numbers. 

Definition 1 

(1) Naive Cauchy representation 8c: 

8c(p) = x ~ the sequence 11Qp(O), 11Qp(l), ... converges to x 

for all p E Ew and x E IR. 

(2) R.e. left cut representation 8<: 

8dp) = x =~ En(p) = {i I vQ(i) < x} 

for all p E Ew and x E IR. 

(3) R.e. right cut representation 8>: 

8>(P) = x :~ En(p) = {i I vQ(i) > x} 

for all p E Ew and x E IR. 

( 4) Standard representation 88 t: 

for all p, q E Ew and x E IR. 

For the special case that !IQ is a standard numbering of the rational 
numbers, e.g. 11 < i,j, k >:= (i - j) \ (1 + k), translatability has 
been discussed in detail by Deil [ 2] (computational) and Weihrauch 
[10] (continuous). For this IIQ, the representation 8st is computationally 
equivalent to those representations of the real numbers on which almost 
all approaches to effective analysis are based. 
The degrees of 8c, 8<, 8> and 8st, do not depend on the particular 
choice of Q und IIQ. 
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Lemma 2 
Let R be dense in IR and let llR: IN ----t R be a numbering of R. Define 
öc, ö~, ö~ and ö~t by replacing VR for VQ in Definition 1. Then 

b' _ b' b' _ r::I r:1 _ r:1 r:1 _ r:1 
C = c, < = u<, u> = u>, ust = ust· 

Proof: 

öc :S De: Thereisafunction h: INxlN ----t IN with lvQ(i)-vRh(i,j)I < 
2-i. Define a functionn f :~ Ew ----t Ew by dom(f) := dom(t) and 

j(lnooln1Ü ... ) := 1h(no)Q1h(n1,l)Q ... 

Then f is continuous and öc(p) = 8cf(p) for all p E dom(bc). 

8< :S 8~: For given p E Ew define words w; E E* (i = 0, 1, ... ) by 

if llR(m) < llQ(k) and 01H10 is a 
subword of p(O) ... p(i) 

otlierwise 

and set f(p) := w0 w 1 ••• Then f is continuous and 

m E Enf(p) ~ :lk E En(p): llR(m) < vq(k), 

hence 8<(p) = 8~f(p). 
The other statements are proved correspondingly. 
Q.E.D. 

The following translatability results are well known [ 2, 10 ] : 

Theorem 3 

(1) Öst < 8< < 8c, Öst < ö> < öc, 

(2) 8< 1:. 8> and ö >1:. ö<. 
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(3) bat is ( up to equivalence) the least upper bound of 6< and 6> 

The proofs are easy. For illustration two examples are included. 

Proof 

6< :::; 6c: For p E r;w define a sequence w0 , w1, ... of words as follows: 

Wo := c 

{ 

0 if En(p[n]) = 0 
Wn := 01 k+io if k E En(p[n]) and 

vQ(m) :::; VQ(k) for all m E En(p[n]). 

Define f(p) := w0w1 •• •• ' Then f : r;w ------+ r;w is continuous and 
6<(p) = 6cf(n) for all p E dom(6d. 

6< 1:. 6>: Assume, 6< :::; 6>. Then there is some continuous 
f :~ r;w --+ r;w with 6<(p) = 6>f(p) for all p E dom(6<)- Let 
p = 01n°01n1 0 ... with 6<(p) = ;c. Then 6>f(p) = X. Hence for some 
k, n 01 k+to is a suffix of f(p)[n]. Consequently, x < vQ(k). By conti
nuity of f, there is a prefix v of p such that f(vEw) ~ f(p)[n]Ew. There 
is some r E Ew such that 6<(vr) > VQ(k), but f(vr) E f(p)[n]Ew, hence 
vQ(k) > 6>f(vr) = x (contradiction). 
Q.E.D. 

By the next theorem the essential parts of which are from v. Stein [ 
7 ) all the not continuously solvable translation problems between the 
above representations are in the same degree of discontinuity, namely 
in the degree of EG: Ew ------+ Ew, the translator from the enumeration 
representation En to the characteristic function representation Cf of 
2w (i.e. {EC} = (En --+ Cf)). Notice that EG is a "very non 
continuous" function. 
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Theorem 4 

The following sets of translations are equivalent: 

(En -t Cf), (8c -t 8<), (8c -t 8>), (8c -t 8st), (8< -t 8>), 
(8> -t 8<), (8< -t 8at), (8> -t 8st). 

Proof 

Proposition 1: {EC} 5 (8< -t 8>), {EC} 5 (8> -t 8<). 
Proof 1: For p E :Ew define a sequence w0 , wi, ... of words by 

if VQ(m) < I:{3-i I i E En(p[k])} 
otherwise 

and define f(p) := w 0 , w 1 •• •• Then f is continuous, and 

for all p E :Ew. Define a function g : :Ew X :Ew -t :Ew als follows. 
For arguments r, s E :Ew define a sequence ck by the following recursion. 

k = 0: 
Choose some m 0 with 1/2 < vQ(m0) < 1. Define 

k-1---+ k: 

io := µj[mo E En(r[j]) or mo E En(s[j])] 

{ 

div 

eo:= ~ 
if j 0 does not exists 
if mo E En( r[jo]) 
otherwise. 

lf c1c_1 does not exist then Ck does not exist. Assume Co, .•. , Ck-1 have 
been determined. Define 

ak := L{ri I i < k,c(i) = 1} 

and choose some mk with 

ak + 3-k /2 < VQ(mk) < ak + 3-k_ 
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Define 
jk := µj[mk E En(r[j]) or mk E En(s[j])) 

{ 

div if jk does not exists 
Ck := 1 if mk E En(r[jk]) 

0 otherwise. 

Define g(r,s) = eoc1 ... if c; exists for all i, g(r,s) = div otherwise. 
Then g is continuous. 

Proposition 2: Assume h<(r) = b>(s) = E{3-1 
1 i E En(p)} =: xP. 

Then for all k g(r,s)(k) exists and k E En(p) <==> g(r,s)(k) = 1. 

Proof 2: By assumption En(r) n En(s) = 0. Let m0 , m 1 , ... be the 
numbers of the above construction for r and s. 

k = 0: 
0 E En(p) ==} Xp ~ 1 ==} VQ(mo) < Xp ==} m0 E En(r) \ En(s) ==} 

g(r, s )(0) = 1 
0 (j En(p) ==} Xp ~ 1/2 ==} vQ(m0 ) > Xp =;,- m 0 E En(s) \En(r) ==} 

g(r, s )(0) = 0 
k-1---. k: 
By induction, eo, ... , Ck-l exists. We obtain 

k E En(p) ==} xP ~ ak + 3-k =;,- vQ(mk) < xP ==} mk E En(r) \ En(s) 
=;,- g(r,s)(k) = 1 

k (j En(p) ==} g(r,s)(k) = 0 (accordingly) 

q.e.d. (2) 

Define h(p,q) := g(f(p),q). Then h is continuous. 
Let T E (h< -+ b>)- Then for any p E ~w, b<f(p) = h>Tf(p) = 
E{3-i I i E En(p)}, hence by Proposition 2, g(J(p), TJ(p)) exists and 
Vk: k E En(p) ~ g(J(p),Tf(p))(k) = 1 ~ h(p,Tf(p))(k) = 
1. Therefore, for all T E (h< -+ b>) EC(p) = h(p, Tf(p)), hence 
{EG}~ (h<-+ b>)- {EG}~ (h>--+ h<) can be proved accordingly. 
q.e.d. (1) 

Proposition 3: (hc --+ hst) ~ {EG}. 
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Proof 3: For p E Ew define a sequence w0 , wi, ... of words by: 

{ 
01 l+<n,k>Q 

W<i,n,k> := Ü 
if i > k and lvQp(k) - VQP(i)I ~ 2-n 
otherwise 

and set f(p) := wow1 ••• Then J is continuous and 

Enf(p) = {< n,k >I :li > k: lvQp(k)-vQp(i)I ~ 2-n}, 

therefore, 

EG f(p) < n, k > =l=l {=:::;,, (Vi > k)lvQp(k) - VQp(i)I < 2-n. 

For p, r E Ew define sequences xi, Yi ( i E IN) of words by 

if r < n, k > =l=l and VQ(m) < VQp(k) - 2-n 
otherwise, 

if r < n, k > =l=l and VQ(m) > llQp(k) + 2-n 
otherwise, 

and define 91 (p, r) := XoX1 ... and 92(P, r) := YoY1 • •. 
Then 91 and 92 be continuous .. If hc(P) = x and r = EG f(p) then 
En(91(p,r)) = {m I vQ(m) < x} and En(92(p,r)) = {m I vQ(m) > x}. 
Defi.ne h by h(p,r) :=< (91 (p,r),92(p,r) >. Then h is continuous and 
the function t with t(p) = h(p, EG f(p)) translates hc into bst· 
q.e.d. (3) 

From Theorem 3 and Proposition 1 und 3 we obtain 

) s ( 8c -, 8,,) S {EG) 

This proves our theorem. 
Q.E.D. 

11 



4 The class of m-adic and Related Representations 

Reducibility between m-adic representations has been investigated in 
the past by may authors (see Deil [ 2 ]). 
Here we shall charaterize the degree of the non continuously solvable 
translation problems. 

Definition 5 (m-adic representation) 

Let E be a finite alphabet and m E IN , m ~ 2 with {O, 1, ... , m -
1, +1, -1,.} ~ E. the m-adic representation bm :~ r;w ---+ IR of IR is 
defined by 

where s E {+1, -1} and ai E {O, ... ,m - 1} for i :S: n. bm(P) 1s 
undefined for arguments p which do not have this form. 

First, we embed the m-adic representation into a more general dass. 

Definition 6 (weak separation representation) 

Let Q ~ IR be dense in IR and let 11 : IN --+ Q be a numbering of Q. 
Define 6,, :~ r;w ---+ IR by 

{ 

r(i) = 0 
6,,(r) = x :{=} Vi 

r(i):tO 

for all r E r;w and x E IR. 

Notice that r(i) is arbitary if v(i) = x. 

and 
if IIQ( i) < X 

if IIQ(i) > X 

Reducibility between weak separation representations can be characte
rized easily. 
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Theorem 7 

Let Q, R be dense in IR, let v : IN --+ Q, µ : IN --+ R, be numberings 
and let ö11 and öµ. be the corresponding weak separation representations. 
Let öst be the standard representation (Def.1). Then: 

(1) Öl/ < Öst, 

(2) R <; Q {=} {jll :S Öµ.-

Proof 

First we prove (2). 
Consider the case R <; Q. Then there is some function h : IN ---+ IN 
with µ(i) = vh(i) for all i. Define f : Ew --+ Ew by f(r)(i) := rh(i) 
for all r E Ew and i E IN. Then f is continuous. If ö11 (r)=x we obtain 
for all i: 

µ(i) < x ==} vh(i) < x ==} rh(i) = 0 ==} f(r)(i) = 0, 
µ(i) > x ==} vh(i) > x ==} rh(i) =I= 0 ==} f(r)(i) =I= 0, 

hence ö11 (r) = x = öµ.J(r). This .proves 611 :S {jw 

If especially R = Q then for any two numerings v undµ of Q we have 
Ö11 = Öµ.-

Consider now the case R i Q. Let us assume first that v : IN ---+ Q 
and µ : IN --+ R are bijective. By assumption there is some k with 
X := µ(k) E R \ Q. 

Since x (/. Q, for all i either v(i) < x or v(i) > x, hence by injectivity 
of v there is only one p E Ew with ö11 (p) = x. If öµ.(q) = x, then q(i) 
is uniquely defi.ned for all i =I= k since x = µ( k) und µ is injective. Now 
let T :<; Ew--+ Ew be translator from {jQ to ÖR, i.e. TE (bQ ---+ {jR)

Assume that T is continuous. We have x = b11(P) = hµ.T(p). 
Case T(p)(k) = 0: 
Let v E Ew be the prefix of T(p) of legth k. Then T(p) E v0Ew. By 
continuity of T there is some prefix u of p such that T(uEw) <; v0Ew. 
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Let n := length (u). Since v(i) =t: x for all i, we have 

a := max {v(i) 1 i < n,p(i) = O} < x < min {v(i) 1 i < n,p(i) =t: O} =: b 

There is some y E IR with a < y < x. Let p' E Ew with bAp') = y. Since 
a < y < x, obviously p' E uEw, hence T(p') E v0Ew and T(p')(k) = 0. 
On the other hand hµT(p') = y < x = µ(k), hence T(p')(k) =t: 0 by 
definition of hµ ( contradiction ). 

Case T(p )( k) =t 0: 
A contradiction can be derived accordingly. Therefore, there is no 
continuous translator T, i.e. 8„ 1 8µ-

Now let 11: IN __. Q and µ; IN ---+ R be arbitrary and R ~ Q. There 
are bijective numberings 11' : IN __. Q and µ' : IN ---+ R. From the 
first part of our proof we know 8,, = 8,,, and hµ = 8µ,, from the second 
part 8,,, f; 8µ,, hence 8„ 1 8µ-

Finally, we prove (1). 
For any p E Ew define words w0 , w1 , .•. E E* by 

if v(j) < v(i) and p(i) =.0 
otherwise, 

and define f<(P) = wow1 •• •• Then f< is continuous and 8,,(p) = 
8<fdp) for all p E dom (8Q), Correspondingly there is a continuous 
translation f> from 8„ to 8>. Define f(p) :=< f<(p),f>(P) >. Then 
JE (8,, --+ Ost), This shows 611 S Dst• Assume bat S 6,.,. Then for all 
numberings µ ; IN --+ R, R dense in IR: hµ S 88 t S 8„ which is false by 
( 2) of this theorem. 
Q.E.D. 

Since the equivalence dass of 811 does not depend on the particular 
numbering 11 : IN __. Q of Q, we shall use the notation hQ for 811 

considering some fixed numbering implicitly. 

There are several interesting representations which are equivalent to 
weak separation representations (Deil [ 2 ]). We prove this only for the 
m-adic representations. 
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Theorem 8 

Let 8m be the m-adic representation and let v < i,j, k >:= (i - j)/mk 
and Q := range (v). Then 

Proof: 

Öm:::; ÖQ: 

For p = +lan ... ao • a_1 ... define 

I' +(P) < i,j, k >:= { ~ if v < i,j, k >::::; a(p, k) 
if v < i,j,k > > a(p,k) 

where a(p, k) := (an ... ao • a_1 ... a-k)m := I:{aimi I n ~ i ~ -k}. 
Then r + is continuous on +n:w n dom (8m)- For all < i,j, k > and all 
p E +n:;w n dom (8m) we have 

v < i,j, k > < 8m(P) ==} v < i,j, k >::::; a(p, k) ==} r +(P) < i,j, k > = 0 
v < i,j, k > > 8m(P) ==} v < i,j, k > > a(p, k) ==} r +(P) < i,j, k > * 0 

Therefore 8QI' +(P) = 8m(p). Accordingly there is a continuous function 
f _ with 8QI' -(P) = 8m(P) for all p E -n:;w n dom (8m)- Therefore r 
with I'(p) = r +(P) if p(0) = +1, r _(p) otherwise) is a continuous 
translator from 8m to 8Q. 

ÖQ:::; Öm: 
If 8q(p) = x and p(0) = 0 then v(0) :::; x, hence O = v < 0, 0, 0 >= 
v(0) :::; x. First, for a given p E dom (8Q) with p(0) = 0 we determine 
n and an,an-1, ... such that 8Q(P) = 8m(+lanan-1 .. . ao .a-1 ... ). 

Step 0: Let i0 be the number with p < io, 0, 0 >= 0 and p < io+l, 0, 0 > 
* 0. Then 

i0 = v < i0 , 0, 0 >:::; 8Q(P) ~ v < io + 1, 0, 0 >= io + 1. 

Determine n and an, ... , a0 E {O, ... , m-1} such that io = (an ... ao)m-
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Step k+l: Assume that an, ... , a_k and bk and ck have been determined 
with 

v( bk) = (am ... ao .a1 ... a_k)m :::; 6Q(P) :::; (am ... ao .a-1 ... a_k)m +m-k = v( ck) 

and p(bk) = 0 and p(ck) =I= 0. Define d0 := bk, dm := Ck, and for 
. - 1 - 1 h d· h h (d·) - (d ) . -(k+l) J - , •.. , m c oose 3 suc t at v 1 - 11 0 + J · m . 
Let a-(k+l) be the greatest j with p( dj) = 0 and Jet bk+l := dj and 
ck+1 := dj+l for this j. Then 

11(bk+1) = (am ... ao .a-1 ... a-(k+l))m :::; 

6Q(P) :::; (am ... ao .a-1 ... a-(k+1))m + m-(k+l) = 11(ck+1) 

and p(bk+i) = 0 and p(ck+i) = 1. 

By this procedure a continuous function f + :~ Ew ---+ Ew is defi
ned such that for all p E OEw n dom (6Q): 6Q(P) = 8mf+(p). Accor
dingly, there is a continuous funktion f- such that öQ(P) = 6mf-(p) if 
p E dom (8Q) \ OEw. A combination of f+ and f- gives a continuous 
translator from OQ to Om. 
Q.E.D. 

As a corollary of Theorem 7 an<l 8 we obtain the well known transla
tabili ty result for m-adic representations [ 2, 10 ). 

Corollary 9 

For all m, n 2: 2: 

(1) Öm < Öat, 

(2) n divedes a power of m ~ 8m ~ On. 

Proof: 

( 1) Öm = ÖQ < 0 at 

(2) Let Qm := {(i - j)/mk I i,j, k E IN}, Qn = {(i - j)/nk I i,j, k E 
IN}. 

16 



Then bm ~ bn {:::::} hQm ~ hQn {:::::} Qn ~ Qm {:::::} n divides a power 
of m. 
Q.E.D. 

Our next aim is to characterize degrees of translators between weak 
separation representations. For this purpose we introduce a problem 
which is not formulated in terms of the reals numbers. 

Definition 10 (1-separation problem) 

Let SEPl be the set of all functions f :~ :Ew --+ :Ew such that for all 
p,q E :Ew with En(p)nEn(q) = 0 and card(IN\(En(p)UEn(q)) ~ 1 
f < p, q > exists and 

Vi : f < p, q > ( i) = { ~ if i E En(p) 
if i E En(q). 

Thus the set X:= (J < p,q >t1{0} separates En(p) and En(q), since 
En(p) ~X~ IN\En(q). We shall call SEPl the 1-separation problem. 
Notice the formal similarity between the 1-separation problem and the 
problem of finding bQ-names. 

Lemma 11 

Let Q be dense in IR, let v : IN --+ Q be a bijective numbering and let 
b8 t be the derived standard representation (Def.1) and bQ the derived 
weak separation representation. Then 

Proof 

Let SE SEP l be a separator. Assume < p, q >E dom (bst), x := 
hst < p,q >. Then En(p) n En(q) = 0, En(p) U En(q) = IN if 
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bat < p,q >ft Q, En(p) U En(q) =IN\ {k} for the k with vQ(k) = 
bat < p, q > otherwise. Remember that 11 is injective. Therefore, 
< p, q >E dom (S) and for all i: 

vq(i) < x ==;, i E En(p) ==;, S < p,q > (i) = 0, 
vQ(i) > x ==;, i E En(q) ==;, S < p, q > (i) =l= 0. 

This shows that 6qS < p, q >= bst < p, q >, therefore SE (bat----+ öQ)
We conclude SEP 1 ~ (öst----+ 80), hence (bst ----+ öQ) :S SEP 1. 
Q.E.D. 

Lemma 12 

Consider P,Q dense in IR, P n Q = 0, Vp: IN - P, VQ: IN----+ Q 
bijective numberings, 6P and öq the derived weak separation represen
tations of IR. Then 

Proof 

For p E Ew, b E IN let 

H(p,n) := {: 
if for no k 01k+10 is a suffix of p[n] 
if 01 k+io is a suffix of p[n]. 

For p,q E Ew define ai,mi,bi,di E IN,X; ~ IN and a function e :~ 
IN - IN in steps i = 0, 1, ... als follows. 

Step 0: 
m 0 := 0,do := 0,Xo := 0,e(mo) := 0. 

Choose a0 , b0 with 

and 

Step i, i = 2n + 1: 
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- Case H(p,n) = 0 or H(p,n) E Xi-i : 

Choose ai, bi wi th 

and 
llQ(bi) - llQ(ai) < rn. 

- Case H(p,n) = k,k-=t=mi-i, k fl. Xi_1 : 

Define mi, di, ai, bi as in the case above and define additionally 

Xi := Xi-1 U { k }, e(k) := ai 

xi .- xi-1 u {mi-d, 
mi .- min (IN\ Xi) 
di di-1 + 1 

Define ai, bi, e ( mi) such that 

and 

and 

Step i, i = 2n + 2: 
(accordingly with q instead of i, but to left of vQe(mi_i) in the third 
case) 

For all i either Xi-i = Xi and mi-i = mi or Xi U { mi} extends Xi-i U 
{ mi-d by a single j E IN for which l(j) is defined in Step i. Therefore 
l is a well-defined function. By the construction 

dom (l) = En(p) U En(q) U {min (IN\ (En(p) U En(q))}, 
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and the function / 1 : Ew - Ew defined by 

. { e(i) !1 < P, q > ( i) = div 
if (Vi)e( i) exists 
otherwise 

for all p,q E Ew is continuous. For any p, q the sequence [vQ(ai); VQ(bi)] 
converges to a number x<p,q> E IR. If En(p) U En(q) =I= IN, then the 
sequence m0 , mi, ... converges to k := min (IN\ (En(p)UEn(q)), hence 
x<p,q> = vQ(k) E Q. If En(p) U En(q) = IN then Case 3 occurs for 
infinitely many i and {d0 ,d1 , ... } = IN. For such a step i, vp(di-i) (/:. 
[vQ(ai); vQ(bi)] hence vp(di_1) =I= x<p,q>· Therefore (Vj)vp(di) =I= x<p,q>) 
i.e. x<p,q (/:. P. Since P n Q = 0, x<v,q> (/:. P in any case. 
Proposition: There is a continuous function h : Ew - Ew with 

X<p,q> = 8pf2 < p,q > for all p,q E Ew. 

Proof: For p, q E Ew and k E IN construct h < p, q > ( k) als follows. 
Find the smallest i such that vp(k) </. [vQ(ai); vQ(b;)]. Since x<p,q> </. P 
such a number i exists. Define 

h < p, q > (k) = { ~ if vp(k) < VQ(ai) 
otherwise. 

Obviously, x<p,q> = 8ph < p, q >. The function h is continuous. 
q.e.d. 

The construction guarantees that vQt(k) < x<p,q> if k E En(p) and 
vQt(k) > x<p,q> if k E En(q). Now define 

g(r, t)(k) := t(f1(r))(k)). 

Then g is continuous. We shall prove now that for any T E ( bp - ÖQ) 
the function S with S(r) = g(r, Th(r)) is a 1-separator SE SEP 1. 

Let r :=< p, q > such that En(p) U En(q) = IN and card (IN\ (En(p) U 
En(q))) S 1. Then t = j 1 < p,q > exists and for all i EIN: 

i E En(p) ~ vQt(i) < x<p,q> 
~ vQft (r)(i) < bph(r) 
~ vQ/1 (r)(i) < 8QTh(r) 
~ Th(r)(f1(r)(i)) = 0 
~ g(r, Th(r))(i) = 0 
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and i E En(q) ===> g(r,Th(r))(i) = 0 (correspondengly). Therefore, S 
is a 1-separator. This proves SEP 1 S (8p---+ 8Q) 
Q.E.D. 

We combine the results as follows. 

Theorem 13 

Let P, Q ~ IR such that P and Q \ P are dense in IR. Then 

Proof 

SEPl < (8p--+8Q\P) 
< (bp--+ 8Q) 
< (bst--+ 8Q) 
< SEPl 

Q.E.D. 

(Lemma 12) 
(since 8Q S bQ\P, Theorem 7) 
(since bp S Öst, Theorem 7) 
(Lemma 11) 

Theorem 13 characterizes the degree of ( 8 p :5 8Q) if Q \ P is dense 
in IR. By Theorem 7, ( 8 p S 8Q) contains no continuous function, iff 
Q \ P =t= 0. Also for the special case that if Q \ P consists only of a 
single point we can give a characterization. 

Definition 14 (LLPO) 

LLPO is the set of all functions S :~ Ew---+ E* with 

s < p,q >= { ~ 
E {0,1} 

if p E ow 
if p =t= ow 
if p = ow 
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and q =t= ow } 
and q E ow for all p, q E Ew 
and q = ow 



No function S E LLPO is continuous. The set LLPO corresponds to 
Brower's "lesser limited principle of omniscience" (Bridges and Rich
man, [ 1 ]). 

Theorem 15 

Let P, Q be dense in R with Q \ P =t= 0. Then: 

(1) LLPO :s; (8p - öQ), 

(2) LLPO) = (öp -t 8q) if Q \ P has only one point. 

Proof: 

(1) Let vp : IN -t P and vq : IN --- Q be arbitrary bijective num
berings. There is some k with vq(k) ff:. P. Since Pis dense, there is a 
sequence [11p(a;); 11p(b;)] of nested intervals converging to vq(k). Define 
a function f : Ew --- Ew by 

f < P, q > (j) := 

where 

Ü if Cm= Ü 

1 if Cm= Ü 

Ü if Cm= 1 
1 if Cm = 1 
0 if Cm= 2 
1 if Cm= 2 

and vp(j) < vp(am) 
and vp(j) 2': vp(am) 
and vp(j) < vp(bm) 
and llp(j) 2': vp(bm) 
and vp(j) < vp(am) 
and llp(j) 2': vp(am) 

m := µi(p(i) =t= 0 or q(i) =I= 0 or vp(j) ff:. [vp(a;); vp(bi)]l 

and 

em=~U 
Then f is continuous. 

if p(m) =I= 0 
if p(m) = 0 and q(m) =I= 0 
otherwise. 

Since the sequence of closed intervals [vp( Q;); vp( b;)] converges to 
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IIQ(k) fl. P, for sorne i vp(j) fl. [vp(ai); vp(bi)]. Therefore m and Cm 
exist in any case, i.e. J < p, q > exists for all p, q E :Ew .For p, q E :Ew 
define 

{ 

IIQ(k) ifp=q=0welse 
y(p,q):= vp(an) ifp(n)=;=0 

vp(bn) if p(n) = 0 and q(n) =;= 0 

where n = µi[p(i) =;= 0 or q(i) * O]. We show 8pf < p, q >= y(p, q) for 
all p, q E :Ew. 

Let p, q E :Ew and j E IN. If Cm = 0 then y(p, q) = llp(am), if Cm = 1 
then y(p, q) = llp(bm), and if Cm = 2 then llp(am) < y(p, q) < vp(bm). 
In any of these cases one shows easily: vp( i) < y(p, q) ===} f < p, q > 
(i) = 0 and vp(i) > y(p,q) ===} f < p,q > (i) = 1. By Definition 6 we 
have y(p,q) = 8pf < p,q >. Define h: :Ew X :E*--+ :E* by h(r,s) := (0 
if s = 0, l otherwise). h is continuous. Now consider TE (8p--+ 8Q) 
and define S by S(r) := h(r, T f(r)). Then S < p, q >E {O, 1} for all 
p,q E :Ew. If p = ow and q=;= ow then öpf < p, q >= y(p,q) = llp(bn) > 
vQ(k) for sorne n, hence 8QTJ < p,q >> IIQ(k) hence TJ < p,q > 
(k) = 0, hence S < p,q > (k) = 0. If p=;=0w and q = ow weobtain 
accordingly S < p, q >= 1. 
This shows that SE LLPO. 

(2) Assurne Q \ P = {vQ(k)}. We have to show (8p--+ 8Q) ~ LLPO. 
Define J: :Ew --+ Ew by J(r) :=< p, q > where 

{ 
0 if r(n) = 0 or IIQ(k) < vp(n) 

p(n) := 1 th . o erw1se, 

{ 
0 if r(n) * 0 or vQ(k) > vp(n) 

q(n) := 1 otherwise. 

Then f is continuous. 

There is sorne function g : IN --+ IN with IIQ(i) = vpg(i) for all i =;=k. 
Define h: :Ew X :E*--+ :Ew by h(r,w)(k) :=wand h(r,w)(i) := rg(i) 
if i::;: k. Let S be sorne function frorn LLPO. Define T by T(r) := 
h(r, S f(r)). Assume x = 8p(r). Then for i * k, vQ(i) < x ===} vpg( i) < 
x ===;, rg(i) = 0 ===;, T(r)(i) = 0 and IIQ(i) > x ===} T(r)(i) =;= 0 
(accordingly). At Position k we have: 
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IIQ(k) <X==> p = ow and q=t=Ow ==> Sf(r) = S < p,q >= 0 ==> 
T(r)(k) = 0, 
IIQ(k) > x ==> q = ow and p=t=Ow ==} Sf(r)=t=O ==> T(r)(k)=t=O 
IIQ(k) = x ==> p= q = ow and Sf(r) E {0,1} and T(r)(k) E {0,1}. 
Therefore we have TE (8p - 8Q) and since SE LLPO was arbitrary 
we have (8p - 8Q) :S LLPO . 
Q.E.D. 

A representation 8 :~ 1;w - M is admissible, iff 8' :S 8 for all ( Tc, T5 )

continuous representations 8 :~ 1;w - M, where Tc is the Cantor 
topology on 1;w and Ts ={X~ MI i5-1 X open in dom (8)} is the final 
topology of 8 (Kreitz, Weihrauch [ 4, 10 ]).The admissible representa
tions can be called "constructively effective". The m-adic representa
tions are not admissible (Kreitz, Weihrauch [ 10, 9 ]). We prove this 
for the broader dass of weak separation representations. 

Theorem 16 

( 1) The final topology of any weak separation representation is the 
real line. 

(2) No weak separation representation is admissible. 

Proof: 

Let Q ~ IR be dense and let 8 be the derived weak separation represen
tation. We show that the final topology of 8 is the real line topology 
TR. We may assume r E Dom (8) ==> range (r) ~ {O, l}. 
rR ~ T5: The set {(a; b) E IR I a, b E Q and a < b} is a basis of T11.. If 
suffi.ces to show that i5-1 ( a; b) is open in dom( 8) for a, b E Q, a < b. 
Let m,n EIN with v(m) < v(n). Let 

D := {q E Ew 1 3m', n' : v(m) < v(m') < v(n') < v(n) and 
q(m') = 0 and q(n') = l} 

Then Dis open and p E i5-1(11(m), v(n)) {=} p ED n dom(8). 
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-rs ~ -rR: Let X~ IR such that 8-1x is open in dom(8), i.e. XE -r6 • 

We have to show X ~ -rR. Let 8(p) = x EX. Then x E 8(wEw) ~ X 
for some prefix w of p. 

Let w = p(O) ... p(n - 1). 
Case x =F v(i) for i < n: 
Let a := max {v(i) 1 i < n,p(i) = O}, b := min {v(i) 1 i < n,p(i) =F O}. 
Then x E ( a; b) = 8( w Ew) ~ X. This shows that x has an open 
neighbourhood in X. 

Case x = v(k) for some k < n: 
Case p(k) = 0: Let b := min {v(i) 1 i < n,p(i) = l}, then [x; b] ~ 
8(wEw) ~ X. Let p'(k) := 1 and p'(i) := p(i) for i =F k. Then 8(p') = x 
hence x E 8(w'Ew) ~ X for some prefix w' of p'. As above we show 
[a;x] ~ 8(w'Ew) for some a E IR. Therefore x E (a;b) ~ X, i.e. x has 
an open neighbourhood in X. 

Case p(k) = 1: (interchange p with p' in the above case). 
Therefore the 8-open set X is open in the real line. 

(2) The standard representation 8st of IR is ( Tc, -r11.)-continuous, hence 
(-rc, -rs )-continuous. By Theorem 7, 8st "{; 8, hence 8 is not admissible. 
Q.E.D. 
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5. Cut Representations, Iterated Fraction Representations 

In Section 3 we have introduced the representation b<. b<(p) = x iff p 
enumerates the set of all i such that VQ(i) < x ("p enumerates the left 
cut of x"). 

We shall now use characteristic functions of left cuts as names. For 
this Section 5 let Q ~ IR be some fixed su bset dense in IR and let v 
be some numbering of Q. As for weak separation representations the 
degree of a representation will depend in Q but not on v. 

Definition 17 

Define representations i<, i> and 10 of IR by: 

'Y<(P) = x :{=} p-1 {1} = {i I v(i) < x} 
'Y>(P) = x :{=} p-1 {1} = {i I v(i) > x} 

{ 

Ü jf v(i) < X 

10(p) = x :{=} Vi: p;(i) = 1 if v(i) = x 
- 2 jf v(i) > X 

If Q = Q and v is the standard numbering of ~ then 'Y< is the left cut 
representation, 'Y> is the right cut representation, and ,o is ( computa
tionally equivalent to) the iterated fraction representation of IR (Deil [ 
2 ]). 

The following lemma can be proved easily ( cf. Deil [ 2 ] ) . 

Lemma 18 

(1) deg(,0 ) is the greatest lower bound of deg(,<) and deg(,>)-

(2) 'Y< 't 1o, 'Y> 't ')'o, 'Y< 't 'Y>, 'Y> 't 'Y<· 

(3) lf bq is a weak separation representation then 

'Y< :::; bQ and 'Y> :::; 8q. 
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As in the former cases we introduce a new problem for characterizing 
the degree of translators for the cut representations. 

Definition 19 

Let EG l be the restriction of EG to {p I card (IN\ En(p)) S 1}, i.e. 

G f EG l(p) = { E_n(p) 
div 

if card (IN\ En(p)) ~ 1 
otherwise. 

Lemma 20 
(öst -+ ,o) S {EG 1} 

Proof: 

By Lemma 2 we may use 11 for determining öst= 

Ö8 t < p,q >= x {==} En(p) = {i I v(i) < x} and En(q) = {i I v(i) > x}. 

For < p,q >E dom(8st), En < p,q >= {i I v(i)=l:x}. Define h :~ 
}:;W X :E* - :E* by 

h(< p,q >,O') := { ~ 
if Oli+IQ is a subword of p[m] 
if Oli+io is a subword of q[m] 
and not of p[m] 

if m := µn[Ol i+l 1 is a subword of p[m] or of q[m]] exists. For all 
other arguments let h(r,w) := div. Then h is continuous. Define 
/ : ~ :Ew X Ew --+ Ew by 

!( )(
.) { h(<p,q>,Oi) 

<p,q>,r z := 1 
if r( i) =I= 0 
otherwise. 

Then f is continuous and T with T < p, q >:= J( < p, q >, 
EG l < p, q >) is a translator from Ö8 t to ,o- (For Öst < p, q >= x, 
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v( i) < x ==} ... ==} T < p, q > ( i) == 0, v( i) > x ==} T < p, q > ( i) = 
2, v(i) == x ==} T < p,q > (i) = 1). 
Q.E.D. 

Lemma 21 
{EC 1}:::; h> ---+ ,d 

Proof 

First we assume that v : IN ---+ Q is bijective. For p E 1;w and n E IN 
define 

Seg (p, n) :== max{ k I Vj < k : 01i+10 is a subword of p[n]}. 

The sequence (Seg (p, n)) is unbounded if En(p) == IN, otherwise it 
converges to min(IN \ En(p)). For a given input p E 1;w we define 
an, dn E IN ( n == 0, l, ... ) as follows: 

n == 0 
d0 :== O; choose a0 such that lv(cio) - v(do)I > 1. 

n-l--+n 
Case Seg (p, n - l) = Seg (p, n): 
Then define dn :== dn-1, an = an-1 
Case Seg (p, n - l) < Seg (p, n): 
Define dn :== dn-1 + l; 
if v(dn) > v(an_i) + 2 · 5-n then an:== an-1, otherwise choose an such 
that 

v(an_i) + 3 · 5-n < v(an) < v(an_i) + 4 · 5-n. 

The construction guarantees 

especially the sequence (v(an))nEJN converges to some Xp E IR. 

Proposition 1: For all k: 
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Proof 1: Consider k E IN. 
Case En(p) = IN: In this case {d0 , d1 , •.. } = IN, hence there is some 
smallest n with k = dn. The construction of an guarantees 11( k) ff:, 

[v(an); v(an) + 5-n]. 
Case En(p) =I= IN: then there is some m with an = am for all n 2'.'. m, 
thus v(an) --+ v(am)- Assume (Vn)v(k) E [v(an); v(an) + 5-nJ. Then 
v(an)--+ v(k), hence v(am) = v(k) and k = am. 
q.e.d(l) 

where 

{ 
1 if v(k) > v(am) 

f(p)(k) := 0 otherwise 

m := µn[k = lln or v(k) ff_ [v(an); v(an) + 5-nn. 

By Proposition 1, f(p)(k) exists for all p, k; J is continuous. 

Proposition 2: Xp := limv(an) = '"Y>f(p) 
n 

Proof (2): For k E IN let m = µn[ .. . ] (Def. of J) 
Case k = am : v(k) ::; Xp ~ true ~ f(p)(k) = 0 
Case v(k) ff:, [v(am); v(am) + 5-~J: Then 

v(k) > Xp ~ v(k) > v(am) ~ f(p)(k) = 1 

q.e.d.(2) 

Define a function g' :~ Ew X Ew X IN --+ E by 

{ 

div if h( k) does not exist, else: 
g'(p,s,k) := 1 if Olk+10 is a subword of p[h(k)] 

0 otherwise 

where 

h(k) := µn [Olk+IO subword of p[n] 
or (Seg(p,n) = k and f(p)(an)=l=l and s(an)=l=l] 

and define g :~ Ew X Ew--+ E by 

dom (g) = {(p, s) 1 Vk : g'(p, s, k) exists } 
g(p,s)(k) := g'(p,s,k). 
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Then g is continuous. 

Proposition 3: For any T E (,> --+ ,.'I<) we have EG 1 (p) = g(p, T J(p)) 
for all p E dom (EG 1). 

Proof 3: For any p E Ew and k E IN we have 

k = Min(IN \ En(p)) 
~ (3n)[Seg(p, n) = k and Xp = an) 
~ (3n)[Seg(p,n) = k and f(p)(an)=F 1 and TJ(p)(an)=F 1). 

For each p E dom(EG 1) and each k E IN we have either (3n )01 k+lO is a 
subword of p[n) or k = Min(IN \En(p)). Therefore, if p E dom(EGl) 
and s = T f (p), then for each k one and only one of the alternati
ves in the definition of h(k) holds. We obtain for p E dom(EG 1) : 
g(p,Tf(p))(k) = 1 ~ k E En(p). 
q.e.d.(3) 

EG 1 5 ( "Y> - "Y<) follows from Proposition 3. Since the degrees 
of ,> and "Y< do not depend on the particular numbering v of Q, the 
assumption that v is bijective has been made w.l.g. 
Q.E.D. 

Theorem 22 

The following problems are equivalent ( f>Q is any weak separation re
presentation based on Q). 

{EG 1}, (6„t - ,o), (,< - ,>), h> - ,<), (f>Q - ,>), 
(h'Q - "Y<), (,< --+ ,o), (,> - ,o), (6„t - ,>), (6„t __. ,<), (6Q __. ,o) 

Proof: 

By Lemma 21, {EGl} 5 (,> - ,<)- Correspondingly {EGl} 5 
(,< - ,>) is proved. By Lemma 20. (8„t - 10 ), 5 {EG 1}. In 
general, if 61 5 63 and 64 5 62 then (01 - 62) 5 (63 __. 64). Using 
this property and the known reducibilities the above equivalences can 
be proved easily. 
Q.E.D. 
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6. Final Remarks 

Most of the translation problems considered in this paper are members 
of three degrees, the degree of 

- (En -+ C J) = {EC}, 

- SEP 1, and 

- {EG 1}. 

Easy arguments show 

SEP 1 ::; {EG 1} ::; {EC}. 

M. Schröder (private communication) has proved EG 1 < EG, and 
presumably SEP 1 < {EC 1} can be shown. 

For weak separation representations we have studied translations 
(t5p-+ bq) only for the case Q\P dense and the case card (Q\P) = 1. 
The cases Q \ P = k ~ 1, and Q \ P is infinite but non-dense are un
settled. The change of the dense set Q for cut-representations has not 
been investigated at all. 
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