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① Countable Borel equivalence relations (CBER)

X Y standard Borel spaces↓

E
,
F equivalence relations on X,

Y

E is a CBER EE X * X is Borel

Bowel All equivalence classes countable
reducible

& F 7f : x -> X Bonel sit. x Ey => f(x)F f(y)

Examples
① Ax = equality on X x-y#x = y

② AN B any CBER with countably many classes

③ Fo = eventual equality on 2

frg> 5NnIN f(n)= g(n)



⑪ Picture of CBERs

Thm (silver) Either BAN or ARE
"

Thm (Harrington - Kechris-Louveau) Either
&BAR Or O BE.. Def E is hyperfinite of there are

El & Eze ... sit all equivalence classes
·
R

of En are finite & E = UnEn

/· (Silver Thm (Dougherty-JacksonKechsa:

Question What is the structuree) · 5: = CBER with 1 of non-hyperfinite BERs ?
class

· Do = CBER with O

classes



⑪ Picture of CBERS

Question What is the structure of

" Adams-Kechris non-hyperfinite BERs ?
-

& & - s r....
M

·? ↑ Thm (Adams - Rechros) There is an uncountable& antchain of CBERS& Actually much more

· Eo Questions

- N
· AR) HkL ① More dichotomy theorems?

(Silver E>B Go Sote - + ( # SB Eo or EEBF)
· -

.-
:

to
②Successor of Eo?e) · 5: > to S .t. FBE = FEB Eo!

· Do (sempty
# Eo



② Measure reducibility for E
,

F non-smooth

comment All known proofs of F use measure theory

Idea Study B up to measure zero

M Borel probability measure on X

E u F FASX st. (A) = 1 and El B F

E S F For all u
, M F

Eas hyperfonte and Ela hypertente
perfinite

comment E measure hyperfinite EM Eo

AtO
O-o ->

O
&. N Lo ~

& Eo * EO
⑨

80 8



⑪ Conley and Miller's results

Question More dichotomy theorems?
> Go site + ( # & Eo or t F)

M M M

Thm (Conley-Miller) No countable base for non-measure-

hyperfinite CBERs under M

E.l, for any <Fune non-measure-hyperfinite,
-E sit for all , Fr M E

=> No dichotomy thm
Fo #2-....E·

The point Any Further dichotomy · Eo
cannot use measure theory

Question Successor of Eo?
>B to S .t. FCBE => F Eo!- -

M M M

This talk probably yes ,



O2.2 Successors of Eo

Question Successor of Eo?
EM to S .t. FC E = FEM Eo!M

Thm (Conley- Miller) Suppose 1 is a measure set
1① E is not *- hyperfinite FA (A)= I-
D& For all x, E is u-hyperfinite ↓(A) = 0

Then E is a successor ofEo for Es

This talk (me + Jan Grebik) :

① A combinatorial condition that implies Conley & Miller's
condition ↳ lossless expansion

② Two plausible candidates for this combinatorial condition



③ Lossless expansion
*-*

·-
CA

·

!

!
&· AG = (N , E) finite d-regular graph 8-

A A = V

&A Ge I one endpoint of e in A, one in V-A)

Def (Edge expansion) h(6) = min IGAIA)
IAI E IVI /2

h(C) large > hard to trap a random walk in a set A

Comment Random d-regular graph has high expansion
h(G) d/2

comment average degree of A = -12//A)

(Informal) Def C is a lossless expander if very small subsets of G
-have almost optimal expansion- average degree & 2+E

1A//IA) 1 d - 2 - E



(Informal) DeP0 Lossless expander if very small subsets of C
have almost optimal expansion- average degree & 2+E

Question Why 2 + 5 ? Why not I+ & ?

a000

p% average degree
Answer

. of A : 2 - &

(Non-
standard)Def A family of d-regular graphs Go

,
G

, , ... is a

lossless expanding family if for all E30 there is 8>0

and N S .t.

u = N, AEvCG( - average deg of A 2E



(Non-standard)
Def A family of d-regu Go

,
G, , ... is a

lossless expanding famylargraphs
te

all 500 there is 80

and N S .t.

u = N, A & V (Gn) ,

IA) 8(V(on))
-> average deg- of A 2+ &

Example Gn = random d-regular graph onn vertices

wohp. Go
, G ....

is a lossless expander

Recently : Lossless expandersusedtoconstruct go
a



④ Lossless expansion in Borel graphs

G d-regular Borel graph on X

& Borel probability measure on X

dega( = It al (g) E(G)5 & AX Bowel

augdegy(A) = Sadega() d)

Def C is a x-lossless expander if for all >0 there

is S30 such that X/A) S > augdegy(A) = 2+ 5

Comment NCA) = A U [ /EXEA (, g) #(G)]

augdegy(A) = 2+ 3 X(N(A)) = (d-1-2) x(A)

o
-regular -> most vertices in a

- have 3 neighbors
outside A



X# Lossless expansion and successors ofEo O↓TA

X compact Polish space with fixed metric
↑ finitely-generated non-amenable group actory freely on X

G Schweier graph of AX

* ↑- invariant probability measure on X s .6 supp(x) = X

= orbit equivalence relation of TX

Thm (Grebik-L .) If ↑ acts by isometries and C is a

x-lossless expander then E is a successor ofEo for M

Idea ↑ non-amenable acts freely => not 6-hyperfiniteJ

u 1
,
x-lossless expander => u-hyperfinite

To finish, apply Conley & Miller's thm



Proving hyperfiniteness
Two useful ideas when proving m-hyperfiniteness

① Def An undirected Borel graph G is orientable if its

edges can be directed such that each vertex has
out degree at most 1

& [ & [-
->

->24.--
os -

d - &&
o

&
o

Bowel
Thm (Dougherty-Jackson- Kechris) If G is orientable then
the associated equivalence relation is hypertonite

O② To show -> is u-hyperfonite, it IS enough to show
that for all 20 there isA Site u(A) = 1- e

and EIA is hyperfinite
I

(Because we can

↳ Essentially Dye-Krieger assume is quasi-invariant)



⑬ Proof sketch

Thm (Grebik-L .) If ↑ acts by isometries and C is a

x-lossless expander then E is a successor ofEo for M

Fix +X
,
& > O

Goal : Find A & X s.
t. 0M(A) ? 1- E

② GIA Bore orientable

Iterative process : On each step , delete a small number
of vertices & orent some edges

To

ensure A cOneachstep manonwe



Iterative process : On each step , delete a small number
of vertices & orent some edges

Each Step :

Phase 1 Iteratively orient degree 1 vertices

O↓

i dor !↳

:
-- & &

&

↓d X

....
000-000...

-
0-0-0-00...I

↑&J
&↓ Tod

Phase 2 Cut & Orient long paths
% : %
o -> o- X

s

a 000r -d
-on

... x1
-o

...



Iterative process : On each step , delete a small number
of vertices & orent some edges

claim 1 : This produces an orientation

We only orient an edge away from a

verted when the vertex has degree 1

Claim 2 : We never get stuck
There is always either a deg. 1 vertex or a long path

If not
, get a set withhighaverage degree

and 5-measure O Gall vertices deg. 22,

contradicts lossless expansion
lots of high deg . vertices

↳
after taking S-thickening for
some small enough &



⑤ Candidates

Thm (Grebik-L .) If ↑ acts by isometries and C is a

x-lossless expander then E is a successor ofEo for M

Question Does this ever actually happen?

Two candidates :

① Random rotations of 52

② Limit of sequence of finite graphs



Random rotations of 52

Pick two rotations 80/8,
50 (3)

↑ = <80
,
7, < P

X = $3
x = Lebesgue measure

Fact If we pick two rotations of 53 at random then
with probability 1, they generate a free subgroup of 50(3)

Bourgain-Gambard : Many examples of 2 rotations which

generate expander graphs - but not necessarily
lossless expanders



Limit of finite graphs

Def Given a finite graph G
, a b-lift G'-G is a

graph formed from G by :

① Replace every vertex u of G by k vertices
Ul . e , Uk

② Replace every edge (u,v) of G by a

matching of <1..., 15 & & V
, ..., VRS

o
- -> ·% -

If matchings are chosen randomly ,
G' is a random

K-lift of G



a
l

-aa-1

Idea ① Start with Go ·ab b
-1

--
bb-1

Note : #2 acts on Go

# ↳② Form Go G - G24t ...I
- -

random random as s

Ko-lft kn-10R+

Ko,
K, Kz. . . fast-growing sequence

③ = 1 On

Note :#2 acts on G
, freely wh prob . 1

④ x = natural measure on 6 = limit of counting
measures on On

Some evidence G is a x-lossless expander


