
Similarilatrices Suppose A and B are nxn matrices . A and

B are similar - f :
-

1

Abstract definition : There is a
vector space V, a linear

transformation T : V→ V and bases Bi , Bz for U such

that A- = B. (TTB ,
and B - Ba (T]Bz

Concrete definition : There is an invertible matrix p such

that A- = ④BP"

↳ think of P as
B.Paisa



① Suppose A and B are similar matrices and det (A) = 5
.

what can you say
about detCB) ?

There is some invertible P sat. A = PBP
- I

5 = detca)
- det (PBP

") = detcp)det (B) detcp
-

D

= detCP3detCBde¥J
= detCB) ⇒ detCB

② Suppose A is similar to [88 ] . What can you say
about A?

A= why? There is some
invertible P sat . A =P [883 p

-i

A- PC: :] p
- '
= PC: :] = (88]

The all
- zeros matrix tonnes any

other matrix is just the all
- zeros matrix.

③ Suppose A is similar to [
'

o ? ] . What
can you say

about A?

A= why?
The identity matrix

times any
matrix just

gives
that matrix . So we have

A -- PC: :] P
-I
= pp

- '
= ( fo, ]



Diagonalizing An nxn matrix A is diagonalize if it

is similar to a diagonal matrix .
= There is a basis for R

"

consisting of eigenvectors
for A

Algorithm to diagonalize a matrix A :

-

① Find the eigenvalues of A as roots of the characteristic

polynomial , Xa (t) .

② For each eigenvalue , d, find
a basis for the eigenspace

associated to X ( ice . a basis for Null CA -din))

③ If the dimensions of the eigenspaces
sum to n then

A is diagonalizeable. Otherwise
it's not.

A = Lini - 4)To
'
"

.

.
. It . . - t;)

"

--

↳ eigenvectors
↳ corresponding
eigenvalues of A



① Try to diagonalize :

a) A- =L : ;] A- = f : :] 13531615
'

① xactl-detCA-tID-detdz-ot.IT)
= Cz -t)G - t)

Eigenvalues : 2,3

② Basis : Null ( A- 21.) = spank lb ) }

A- 249 ] =L : i ] f : ;]
× ' free } x. (

'

o )
Xz = O

Basista : Null (A - 31) = spanff ! ] }

A -3%93=1: :]il: I ] Thee 's x. lil

③ dim (E) + dim CED - 2 So A is diagonalizeable



b) B= ( IL)

① Eigenvalues of B : 2

XB A) =
det (tot It ] = Cz -tf

② BasEz : Null (B - 2E)
-

-

span{ (
'

o ] }

B- 4%1=18 :]
'Toe } x. I :]

③ dim (Ez) = I so B isnt diagonal izable .



② Find a 2×2 matrix A such that :

• L?) is an eigenvector of A with eigenvalue 5
• f !) is an eigenvector of A with eigenvalue - I

Let B = fl ? ] , Lt ] } and T : →A be defined

by T (E) = AI . Note that B is a basis

for B
' and the matrix for T relative to the

basis B is Cos I ] . Since [Tbd = A , this
tells

us that

A = stapp ( & f) Bpestd
= safe, ( 851*13,5

'

¥÷÷÷iE÷÷¥ :*:¥i÷÷÷¥" """
"

"'



whyDiagon-aze.io
A- ( so ;] B -

- C ! I] All .
'

, ]
"

a) A
''

= ( 3:
"

Igloo ) = ( 36
"

f ]
A = ( so :]
F- 139313.97 =L : :]
A? ' A? A=L: 931891=17.9 ]
:

An :( son n)



b) B
'"

= El
'

I s:::L, ]

B'
'

= [ it ] A .i33Ai al : ;]
-i

= fit ] A
'" ( t - i ]

"

= lit IP: ill .
"
:

:c ::: is .

=

e:: is



② ( 3 ;]
""

= ( no
"

32%2,202
'

]
In a previous problem,

we found #

c : ;] -- f : 13:31:15
'

so L : ;]
""

- f : ;] 13 ; ]"
"

L : :3
"

=L : :3
"

Emil :
-

it

=p:
" '

all :
-

is

=p:
"

"
"

÷
""

)
chalking find [ 3132021



Exxhraprobtems
① What is the maximum number of eigenvalues a 5×5

matrix can have ? Answer :S

Each eigenvalue has an eigenvector and eigenvectors
with different eigenvalues are always linearly
independent. Since there can be at most s

linearly independent vectors in Rs, a s- S matrix

can have at
most s eigenvalues. Also

,
there are

Sss matrices which have this many eigenvalues .

E.
g ( bog ! ! ! :o)



What is the minimum number a s- S matrix can

have and still be diagonalizabte ? Answer : 1

It has to have at least owe to be diagonalizable.

But it Eun have exactly 2 . E.g .

I ! :÷÷
.

← digs "

Engage. se

matrix .



② True or false :

a) Every 5×5 matrix with S distinct eigenvalues
is diagonalizable .

True

Each eigenspaoe
has dimension

at Keast 1 so their

dimensions sum to
S, hence the

matrix is diagonalizeable.

b) Every
invertible matrix is diagonalizeable False

counterexample : ( Zo
'

z]

e) Every diagonal
izable matrix is invertible False

counterexample : ( 'ooo ] ( (88] also works !)

(Note : A is invertible⇐ O is not an eigenvalue of A)

d) If A ¥0 and AZ - O then A is not diagonalizable
True
If O is the only eigenvalue of A & A is diagonalizable
then A- = O . So to be diagonalizeble, A must have

a

nonzero eigenvalue, d. But if Ayew and 8=10 then
→

AZ E = A CAT) = AGT) =D CAT) = 42J to



e) Every 2×2 matrix with more than one eigenvalue
is diagonal izabhe True
see part ca)

f) Every upper triangular matrix
is diagonalizabk False

counterexample : (8 I ]


