
The Matrix of a linear Transformation
+

① T : Max, → Mz > z defined by TCB)= AB

A -- [ 'z fo)
a) Find a basis for Mzxz

Recall that a basis for a vector space is
a set of vectors which span the whole

space and are linearly independent.
One basis for Mzxz is

B -- Ici :3 , 1%3,1%1,18918
To see this set spans all of Muz, note that

[Ed ] -- al: :3 tbf: :] tell :] toll: :]
b) Write the matrix for T relative to the basis

from part ca) .
To find this matrix

,
we need to evaluate T

on each vector in B and write the result

as a coordinate vector relative to B .

TCC : 83) = Ck fo][ 'ooo ]= ( 28] → (
'

g)
TCC: :3 ) -- Lisa : :3 =L: ;]- ( E)
TCH :3) - Citole :3 - ( fo :3 -→ is]
Tlc : :3) -- 4:31 : :3 -- C: :o)- f.%)

BlT3B=%÷÷9



c) Is T one-to- one ? Onto ?

T l- to- I ⇐ B[TIB has a pivot in every
column in REF

T onto ⇐ BET]B has a pivot in every
row in REF

1¥ ! :{I l : : :

I:O:& :{ feet
No Pinots 9.4%11%9
No pivots in rows 304
⇒ T is not onto

d) Find bases for Kerk) and rangeCT) .

KerCT) ~ Null (BET]B)

rangeCT)
~ Col CBCTTB)

O X , =
- 5×3NullCBCTTB) : ( log ! ! sq) xz= -5×4×3thee

xx free

solutions to homogeneous equation :

I ' 1%1+4%1



Null CBCTIB)= spanff
'

!)
,
I}

To find a basis for kente)
,
translate

these vectors back to Mzxz .

kerCTJ-spanff-sooI.18-sl.IT
Col CBCTIB) : f ! ! ! !)- f ! ! ! !)

pivot columns

⇒ Col .GG#=spanffko1.lEIf
To find a basis for range(e),

translate

these vectors back to Mzxz

rangecetspanflk83.co



chairgeofB.ae
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① Suppose V is a 2- dimensional vector space
and B - IT ,TJ ,

C - Eui , at} are bases

for V such that
it, = J, + Tz
Tz = I -Tz

a) If IE V such that (I]c= ( 3) ,
what is (5)B ?

[work = ( }] ⇒ I = 2.uit 3. Fez

Soc

I tsai -⇒

b) Find a matrix A such that for all
EE V, AE]o= LEIB .

Suppose [Edc = (¥) . Then
I = x , "Ui t Xz - UT
= x. (Ttv) txzcu, - J2)
= (* itxDI t (x , - xz)Tz

Hence EIB -- I ]
This tells us that ACE;] = I ]

is:c:c.: :*:} :&;'⇒a=



The matrix A is the change
coordination from C to B (aka
"

change of basis matrix
") , written • Pee

c) Find a matrix D sit. for all IEV
,

D B
- [E)c .

In other words, fond BB .

Two approaches .

Approach 1 : Guess-and- check
we can repeat the method of the
solution to part (b) if we can

write 8
,
and Fz as Loncar

combinations of it, and Ty .
Notice
i. tuz = Cuitvz) c- Cui -⇒ = 28

,

it
,
- viz = (uitvz)- Cui - Ez) = 2%

Hence
I
,
= tzu , ttzuz

Jz = tzu - tzu,
"

d?.=lYI'
Approach 2 : systematic approach
Notice that I,

= BPI



so we just need to invert [ it] .

list : :] foil ; ;]
c. it. l: :*: .

%=



② B - { lil . Lil 's c -- fl 'd .
I

Find p
C. ← B

•

Two approaches

Approach 1 : Ip =

cepae.su?B=sneII-stePeBsm.P
.
=/ : ;]

sad?
- f : I ]

kilt :] i" to ;l : ;]
1 : :* :

" l : :L :":

check : Kiki's = III:3
= [

'

o :] v

E. = Hi =fY
Approach 2 : The formula for Pe , when

13=15 , .
- - big and C - fei - - - Eng

'

is

I. = finicky. . .
- city.)



So to find I , we need to find
coordinate vectors in the basis C for

[ i ) and It]
Ire. we need to wrote [ ! ] and ft ]
as linear combinations of [I] and [?] .
I.e. we need to find a,b, c, d C- Rs s.tn.

I :] -- a tbh] us [ 131 !)

(1) = all] toll ?] -Kil 't]

limit] to -31 : ;]
f : :*. :3 " too.

so %=lY
In general of Bef -b , - big ,

C- IT .- EJ
are bases for fkn

, you can find CE,
by row reducing
(

'

a
, -414 . . . muslin Id?.)


