Math 10B Spring 2018 Dynamics Worksheet 6 Solutions

Dynamics Worksheet 6 Solutions: Review

1. (a) Solve the following recurrence relation.
ap = 201 — 20p—2

aozl a1:1

Solution: We can find the solution using the characteristic equation, which here is
A2 —2X+2 = 0. The roots of the characteristic equation are 1+i and 1 —i. Therefore
the general solution is

an =C1(1+14)" + Co(1 —19)".

Now we need to use the initial conditions to solve for Cy and Cs. Plugging in n =0
and n = 1 we have

l=ag=C1+Cy
l=a; =Ci(1+41)+ Ca(1l —1i).

Solving this system of linear equations gives us C; = 1/2 and Cy = 1/2. So the final
solution is

1 _ 1 .
an = 5(1 +0)" + 5(1 — )"

(b) What is (1100?

Solution: Of course, by part (a), ajgo = 3(1 +4)1% + 2(1 — )19, But by using
Euler’s formula we can write something a little nicer looking. By Euler’s formula,
1+1¢= ﬁe’”ﬂ and 1 —7 = \/ie_”/‘L. Therefore

1 , 1 »
a100 = 5(\/5671'1/4)100 + 5(\/5677m/4)100
_1 (29062571 4 % (290¢25m)

1
= 5(—250) + 5(—250)
950

= DN

2. Compute the following indefinite integral.
x
/ o dx

Solution: We can either use partial fraction decomposition or just use substitution. Note
that 22 —4 = (z+2)(z — 2). So to find the partial fraction decomposition we need to find
constants A and B such that

T A B A(x —2)+ B(z + 2)

x2—4:x+2+x—2: 2 —4
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Therefore we need to find A and B such that Ax — 2A + Bx + 2B = x, which means
that A+ B =1 and —2A + 2B = 0. Solving this system of linear equations, we find that
A =1/2 and B = 1/2. Therefore we have

T 1 1 1 1
——dr = = dr = —(1 —2|+1 2 C.
/x2—4$ 2/x—2+x+2 x 2(n\:1: | +1njz+2]) +

3. Solve the following differential equation.

’ y2_4

Y=yt

Solution: This equation is separable. We can rewrite it as

vy 1

y2—4 241

Y 1
/y2—4dy:/t2+1dt'

We calculated the first integral in problem 2 and the second integral evaluates to arctant+
C. Therefore the solution y satisfies

So we have

1
§(ln|y —2|+1In|y+2|) = arctant + C.

In this case, it is difficult to find an explicit solution for y (on an exam though, you should
find an explicit solution for y unless the question says that you don’t need to).

4. Solve the following differential equation

(t2 —4)y +t(y + 8) = 2t3.

Solution: We can use an integrating factor to solve this differential equation. First we

rewrite it as
t 203 — 8t

2497 24

Y+ 2t.

Then the integrating factor is
[t dt _1/2(n [t42]+n [t—2]) In [t+2] Int—2]) /2
I(t)y =€ ?-47 = /=" n = (e e ) =/[t+ 2|t —2|.

Let’s suppose for a moment that ¢ > 2 so that this last expression is equal to

(t+2)(t—2) =14,
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in which case

[(y(t) = / 217/ — ddt

Substituting u = t2 — 4 we get

Solving for y(t) we get

2 -4
Note that when C' is nonzero, this is not defined at t =2 and ¢t = —2. But when C' =0 it
gives us a valid solution to the differential equation that is defined everywhere.

5. For what values of a does the following differential equation have a solution?

Solution: First we will use the characteristic polynomial method to solve the differential
equation. The characteristic equation is

52
)\2+a)\—|—%20.

Using the quadratic formula, we can find that its roots are

—a*++va?—5a?  —a=x2ai
2 N 2

=

-2 + ai.
2
Which are complex unless a = 0. First let’s assume that a # 0. So the general solution is
y(t) = Cre” 2 cos at 4+ Coe™ 2 sin at.
Using the initial conditions to solve for Cy and Cs, we find that
1=y(0)=C
2 = y(x) = Cre™ /2 cosam + Coe™ " sin ar.

As long as sinarm # 0, this has a solution. And sinanw = 0 nif and only if a is an integer
in which case cosam is either 1 or —1 and we get

2 = Cre /2 cosar.

Since €] must be equal to 1 and since e~97/2

cosam = 1 and e~ 97/2

is always positive, this means we must have
= 2. But there is no integer a that satisfies both of these.
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Now suppose that a = 0. Then the characteristic equation is A2 = 0 and 0 is a double
root. So the general solution in that case is

y(t) = C1e% + Oyt = O 4 Cat.

Using the initial conditions to solve for C; and Ca we find that y(t) = 1 + 1¢.

So the original differential equation has a solution if and only if a is either 0 or not an
integer.

6. You poll 140 randomly selected people and find the following results: 30 people like ketchup
and support NAFTA, 50 people dislike ketchup and support NAFTA, 50 people like ketchup
and oppose NAFTA, and 10 people dislike ketchup and oppose NAFTA. You believe that
liking ketchup is not independent from supporting NAFTA. Test this hypothesis.

Solution: We will perform a x? test for independence. Our null hypothesis is that sup-
porting NAFTA is independent from liking ketchup. The alternative hypothesis is that
they are not independent. The table of observed frequencies is

supports NAFTA | doesn’t support NAFTA
likes ketchup 30 50
doesn’t like ketchup 50 10

The table of expected frequencies (i.e. expected given that the two random variables are
independent) is

supports NAFTA | doesn’t support NAFTA
- 80-80 80-60
likes ketchup a0 140
doesn’t like ketchup % 46?4%0

The x? statistic is

. 2 6 2
E~aNE =y
80-80 80-60

140 140

(M_m)? (M_l )2
+ ( 14080~60 + 14060‘60 ~ 29.4.

140 140

The number of degrees of freedom is (2 —1)(2 —1) = 1.

If you look at a table you will find that the y? value is large enough to reject the null
hypothesis at the 0.05 (or even 0.01) significance level.

7. There is an urn with an unknown number of balls, some of which are white and some of which
are black. You draw 20 balls from the urn with replacement and 7 of them are black. Find a
95% confidence interval for the fraction of balls in the urn that are black.
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Solution: We are trying to estimate the mean of a Bernoulli random variable using 20
samples. Our estimate for the mean is

~_ 7
P=50

Since it is Bernoulli, our estimate for the variance is

— 7 7 91

Therefore the 95% confidence interval is

7 [91/400 7 /91/400
(20 2 20 ’%” 20 )




