Inner products

An inner product space is a vector space with a
notion of magnitude and othogonality. Precisely:

Definition: Let V' be a vector space. An inner
product on V' is an operation which assigns to any pair
(v,w) of elements of V' a number (v|w) € R such
that:

1. (vlw)=(w]|v) for v,w e V.
2. (v+V|w) = (v|lw) + (V|w), for v,v,w eV
3. (avlw) =a(vlw) = (v|aw) fora € R,v,w € V.

4. (vlv) >0 forveVand v #0.
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If v € V, the magnitude (or norm or length) of v
is by definition

V] := v (v[v).

Two vectors v,w € W are said to be orthogonal it
(vlw) = 0.

If S is a subset of V,
St:={veV:(v|s)=0forall s S},

and is a linear subspace of V.

— Typeset by Foil TEX — 2



Fundamental formulas

Let v and w be vectors in an inner product space

V.

1. Ifv Lw, ||[v+w|]?=]Vv]|*+||w]|%
(Pythagorean theorem)

2. v+ wl =[]+ [[wl* + 2(v]w).
(Law of cosines).

3. [(vIw)] < |[[v|[l[wl]].
(Cauchy-Schwartz inequality.)

4 lv +wi| < [|v]| +[|w]].
(Triangle inequality.)
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