
Fourier Series: Summary

Fix L > 0 and let ` := 2L and I := [−L,L].

P := {f :R → R : f(x + `) = f(x) for all x ∈ R}.

P0 := {f ∈ P : f is continuous }.

(f |g) :=
1
L

∫ L

−L

fg for f, g ∈ C0(I) or in P0.

un(x) := cos(
nπ

L
x), n = 0, 1, 2, . . .

vn(x) := sin(
nπ

L
x), n = 1, 2, 3 . . .

WN := span{u0, u1, . . . uN , v1, v2, . . . vN}

Theorem: WN is a linear subspace of P0 of dimension
2N + 1, and (u0, . . . uN , v0, . . . vN) is an orthogonal
basis. Moreover

||un||2 = ||vn||2 = 1 for n > 0, and ||u0||2 = 2.



Corollary: If f ∈ C0(I), let

an := (f |un) =
1
L

∫ L

−L

f(x)un(x)dx

bn := (f |vn) =
1
L

∫ L

−L

f(x)vn(x)dx

πN(f) :=
a0

2
u0 + a1u1 + · · · aNuN + b1v1 + bn · · · vN .

Then πN(f) is the orthogonal projection of f onto
WN .
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Proofs

Let
εn(x) := un(x) + ivn(x) = e

inπx
L

for n = 0,±1,±2, . . . . Note that εnεm = εn+m and
ε−n = εn.

Lemma:
(εm|εn) =

{ 0 if n 6= m
2 if n = m.

Proof:

(εm|εn) =
1
L

∫ L

−L

εm(x)εn(x)dx

=
1
L

∫ L

−L

e
πi(m−n)x

L dx

If n = m, this is 1
L

∫ L

−L
dx = 2. If n 6= m, it is

1
L

L

(m− n)πi
e

πi(m−n)x
L

∣∣∣L
−L

= 0.
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Hence if n 6= m,

(un|um) = (
εn + ε−n

2
|εm + ε−m

2
)

=
1
4
((εn|εm) + (εn|ε−m + (ε−n|εm) + (ε−n|ε−m))

= 0.

In the same way, one can show that (un|vm) =
(vn|vm) = 0, assuming n 6= m.

Now if n > 0,

(un|vn) = (
εn + ε−n

2
|εn − ε−n

2i
)

=
−1
4i

((εn|εn) + (ε−n|εn)− (εn|ε−n)− (ε−n|ε−n))

= (2 + 0 + 0− 2)

= 0.

Finally, if n > 0, εn ⊥ ε−n, so

||un||2 =
1
4
||εn + ε−n||2
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=
1
4
||εn||2 + ||ε−n||2

=
1
4
(2 + 2)

= 1

The proof that ||vn||2 = 1 is similar.
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