Fourier Series: Summary

Fix L >0andlet ¢{:=2L and I := [—L, L].
P={fR—=R: f(x+/{) = f(x) forall x € R}.

PV .= {f € P: fis continuous }.

(flg): / fg for f,g € C°(I) orin P°.

Up(x) = Cos(n%a:), n=0,1,2,...

vp(x) = Sin(n%x), n=123...

W = span{ug,u,...un,v1,02,...UN}

Theorem: Wy is a linear subspace of PV of dimension
2N + 1, and (ug,...un,v,-..vn) is an orthogonal
basis. Moreover

un]l? = [|vn]|* = 1 for n. > 0, and ||ug||* =



Corollary: If f € CO(I), let

an = (flun) = = /f T) Uy (T
— o) = [ s@nte

a
wn(f) = ?Ou()qtalul +---anyuny + bivr + by, - - VN

Then wn(f) is the orthogonal projection of f onto
Wh.
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Proofs

Let .
en(x) := up(z) +iv,(z) =€ L
for n = 0,41,42,.... Note that ¢,€,, = €514, and
€E_p = €n.
Lemma: _
(E |€):{O Ifn#m
e 2 ifn=m.
Proof:
1 L
(enlen) = —/‘@J@Q@Mx
LJ_p
1 L mi(m—n)x
= —/ e%d:{;
LJj_p

If n = m, thisis L [ dz=2.1f n#m, itis

L
= 0.
~L

1 L mi(m—n)x
e L

L(m — n)mi
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Hence if n £ m,

€Em + €—m
2

€n T €—n
2

(Un|um) = (

| )
- %Uﬁnknﬁ—+(aﬁe_mr+(E—nkw0'+(€—nk—wﬁ)
= 0.

In the same way, one can show that (u,|v.,,) =
(Un|vm) = 0, assuming n # m.

Now if n > 0,
€n T €E_n €y — €E_p
—1
- 4—2 ((Enlen) + (E—H‘En) - (6n|€_n) o (e_n‘e_”))
= (24+04+0-2)

= 0.

Finally, if n >0, ¢, L e_,, so

1
lunll* = Zllen + e-all”
4
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1
llenll® + lle-nl®

2+2)

1

The proof that ||v,||? = 1 is similar.
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