Math 54 Spring 2005

Solutions to Homework

Section 10.2

Problems 1-8: Determine whether the given function is periodic. If so, find the fundamental

period.

1.

sin dz.

In general if f(x) is periodic with fundamental period T then f(ax),a > 0 is periodic with
fundamental period % This is equivalent to saying f(z) = f(x + T)Vzx if and only if f(ax) =
f(a(z + L))V, which is obvious.

sin z is periodic with period 27 = sin 5z is periodic with period %277 = 2%

cos2rmx.

cos x is periodic with period 27w = cos 27z is periodic with period %27r =1.

sinh 2.

Suppose sinh 2z is periodic with period T. If f(z) is differentiable and periodic with pe-

riod T then its derivative is also periodic with the same period [f'(z) = %w =
f(x+T+h}Z—f(I+T) — f,($+T)]

So we get that then cosh 2x should also be periodic with period 7. But then their difference
e?® = cosh 2z — sinh 2z is also periodic with period 7. This means Vze?* = ¢2*2T = 2T =
1 = 2T =0 = T = 0 contradiction, since T is the period so must be positive. We have a
contradiction, = sinh 2z is not periodic.

Problems 13-18: Graph the function and find its Fourier series.

1, - L<z<0

14. f(:(:):{()’ 0<z<L },f(x—l—?L):f(x).

15.

ag = %f—LL f(a)dz = %fEL ldz + %foL Odz = %(JUBL) =1

an = b1y f@)cos Frde = L [° 1 cos MEde + } [0+ cos M = § [° cos e =
%(n% sin "Lﬂ\(iL) = —n%r sin (—nm) = %sin (nm) =0

bnl :L%ffL f(x) Sinmllx;lflj‘ = %fng . SiHL};xdﬂ’j + %fULO . SinﬂLdeU = %JLOLSHlﬂLxdx =
—7 (5% cos ”—E"”|O_L) = —-—(1 —cos (—nm)) = -—(cos (nm) — 1)

The Fourier series of f is

: . . (2n—1
B350 1 i (cos (nm) = 1) sin B = J4 3700 | g m(—2) sin 252 = § -2 5700 | by gin BnoUne

nmw n—1

ra={ 5 gT3s0 L = s,

0<z<m

ap =1 [T fla)de =1 adr+ L [Tode=1(Z]°,)=-T

™
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27.

an = = [T f(x)cos ZLdy = 1f0 x - cosnzdr + 1f07r 0 - cosnzdr = %firxcosnxda; =

71r Eﬂxd(sinnm) _ %x(smnx) B lf smm:d lf smmcd _ icoz# (lﬁ _ %(#(17
cos(—nm)) = 1 ( — cos(nm))

by =2 [T f(z)sin"t2dy = 1 f z-sinnzdr+1 [ 0-sinnadr = 1 f :Usmnmdx——ff Lad (snr) =
g (smmnz) o4 1[0 cosne gy _eosCnn) [ sinpao _ _eoslon) _ (1)

The Fourier series of f is
_%_i_zzozl (n%r(l — cos(nm)) cos(nz) + (f1q)ln+1 sin(nx)) _ 4+Zn X <2co;n27{)2;)z) + (*1)n+;sin(nx))

Suppose that g is an integrable periodic function with period T'.

a) If0<a<T, show that fo x)dx = fa+Tg(ac)dx
I—fo daz—fo dq:—|—fg
Make a change of variable y = x + T for the first integral. Get
I=[7""gly =Dy + [, g(@)de = [7 g(y)dy + [, g(x)dz
Now change the variable y to x.
I=[27Tg(x) dx—i—ng dm—f“+T (v)dx
b) Shot that for any value of a, not necessarily in 0 < a <T, fo x)dx = fa+T (x)dx

Let a be any number. Then since T > 0 there is an 1nteger n such that nT <a < (n+1)T

ie. 0 <a—nT < T. Then part a) will give I := fo x)dr = f(g_;:,:f)HTg(:c)dx. Now make

S gty nT)dy = [ gy)dy = [ g(w)da
c¢) Shot that for any values ofa and b, fa+T (z)dx = b+Tg(:1:)da:

We know that for any a, fo x)dr = faJrT (z)dz and for any b, fo x)dr = b+T g(z)dz.
These together give [ atT )dm = b+T g(z)dx.

change of variable y =z +nT. Get I =

a) Let vq,va,vs be a set of mutually orthogonal vectors in three dimensions, and let u be any
three-dimensional vector. Show that u = ai1vy + agve + agvs, where a; = % (NOTE:
even though it is not stated explicitly, but it is implied that v; # 0.

Let w be any vector in the given vector space.vy, ve,vs are orthogonal and nonzero =
they are linearly independent. Since we are in a three dimensional vector space, these
vectors form a basis = 3by, by, b3 : w = byvy + bavy + bgvs. Now

A= (u —a1V] + aavy + azvs, w) = (u, bivy + bovy + b3V3) — (a1V1 4+ asvy + agvs, bivy +
bovo + bng) = bl(u,vl) + bg(u,VQ) + bg(u,Vg) — Zf] 1 a a;b; (VZ,V])

By orthogonality if i # j, (v;,v;) = 0 so

A = bl (u, Vl) + bg(u, V2) + bg(u, Vg) — albl(vl, Vl) — ang(VQ, V2) — agbg(Vg, 1)3)

But (u,v;) = ai(vi, vi), so A=0.

So (u — a1vy + agva + azvy,w) = OVw. Take w = u — a;vy + agvae + agvs. We get
l|lu — a1vy1 + agve + azvs|| =0, so u — a1 vy + agva + azvs = 0.

b) Define the inner product (u,v) by

(u,v) = f_LL w(z)v(z)d.

Also, let



¢n(x) = cos(nmz/L),n=0,1,2,..;
Yn(x) = sin(nwz/L),n =1,2,..;
Show that Eq. (10)
[f_LL f(z)cos(nmx/L)dx = ap/2 f_LL cos(nmz/L)dz + Y, 1 coam f_LL cos ™E cos MLy
+ > g 00bm, f_LL sin ML cos 272 dx]

can be written in the form

(fsdn) = ao/2+ 3, =1 U (Pms Pn) + 32—y Cbm (Ym, dn) (V).

Obvious.

Use Eq.(v) and the corresponding equation for (f,1y), together with the orthogonality

relations, to show that a, = (((]{fzﬁ)) ,n=0,1,2,..;b, = (Effﬁ).

Since all of ¢,,, 1, are pairwise orthogonal, we get that in (v) the only non-zero term on

the right is ay, (¢, ¢n), so we have (f, dn) = an(¢n, dn) ie. an = % The equation for
the b,, can be gotten in a similar way.



