Math 1A — UCB, Fall 2010 — A. Ogus
Solutions' for Problem Set 1

§1.5 # 2.

(a) How is the number e defined?

(b) What is an approximate value for e?

(¢) What is the natural exponential function?

(a) There is some real base a so that the tangent to a* at the point (0,1) has a slope of
1. e is defined to be that base.
(b) e~ 2.71828
(c) e
O

§1.5 # 17. Find the exponential function f(z) = Ca® whose graph is given.
Given that f(z) = Ca” and given the two points (1,6) and (3,24) on the graph of f, we
obtain the following two equations:
(1) 24 = Ca®
(2) 6 = Cal
Of course neither C nor «a is equal to 0, so we may divide the first equation by the second,
yielding %4 = a’. Thus, a = 2. Substituting this value back into the second equation gives
C= g = 3. Finally, we may conclude that f(x) = 3-2".

O

§1.5 # 20. Suppose you are offered a job that lasts one month. Which of the following methods of
payment do you prefer?

I One million dollars at the end of the month.

IT One cent on the first day of the month, two cents on the second day, four cents on the third day,
and, in general, 27! cents on the nth day.

Let’s suppose the month has 30 days to begin with. Then the total money gained from
option II is
1+24+44---+2%cents

Just looking at the last of these numbers, a calculator gives
229 cents = 536, 870, 912 cents = 5, 368, 709.12 dollars

Since 5,368,709.12 is larger than 1,000,000 (the total money gained from option I), we
see that option II is preferable. However, what if the month in question only has 28
days? Still, since 227 cents = 1,342, 177.28 dollars > 1,000,000 dollars, it is better to choose
option II. Note that we haven’t needed to calculate the total amount you would get
through option II: it is sufficient just to establish a lower bound on the amount you
would get through option II.

O
§1.6 # 5.

Solution. It is 1-1 because every horizontal line intersects the graph at at most 1 point. ([l
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81.6 # 6.

Solution. It is not 1-1 because the horizontal line y = 0 intersects the graph at 3 different points,
i.e., the are 3 different values of x which satisfy f(x) = 0. O
§1.6 # 17. If g(x) = 3 + = + €%, find g~ (4).

Solution. g—!(4) is the solution set of 3 + = + ¢® = 4. Obviously # = 0 is a solution, but g(x) is

strictly increasing, so = 0 is the only solution. g~'(4) = {0}. O
§1.6 # 21. Find a formula for the inverse of the function f(z) = /10 — 3.
Solution. Let y = /10 — 3z, square both sides, we get y?> = 10 — 3z, so = = #. U

3

§1.6 # 23. Find a formula for the inverse of the function f(x) = e*".
Solution. Let y = exs, take In on both sides, we get Iny = 23, so z = /Iny. O

81.6 # 34. Find exact value of each expression.
(a) In(1/e) (b) log1o V10
Solution. (a) In(1/e) = —Ine = —1.
(b) log;o V10 = 1/21og;, 10 = 1/2. O

§1.6 # 35. (a) Find the exact value of log, 6 — log, 15 + log, 20.
Solution. log, 6 —log, 15+ logy 20 = log, 2 +1logy 3 —logy 3 —logy 54-logy 4+1ogy 5 = logy 2+-logy 4 =
1+2=3. U

§1.6 # 54. Find (a) the domain of f and (b) f~! and its domain where f(z) = In(2+ Inz).
Solution. (a) To make In(2 + Inx) meaningful, we should have 2 + Inz > 0, i.e., Inz > —2, so the
domain of fis {z:z > e 2} = (e72,00).

(b) The range of f is all the real numbers, so the domain of f~! is the set of all real numbers. To
get the formula for f~1, let y = In(2 4+ Inx), so e¥ = 2+ Inx, we get x = e 2. O

81.6 # 63. Find exact value of each expression.

(a) tan(arctan 10) (b) sin~!(sin(77/3))
Solution. (a) tan(arctan 10) = 10 because tan o arctan is the identity function from R to R.

(b) sin~!(sin(77/3)) = sin~!(sin(27 + 7/3)) = sin~!(sin(7/3)) = 7/3 as 7/3 lies between —7/2
and /2. O

§1.6 # 65. Prove that cos(sin~!z) = V1 — 2.
Solution. Let y = sin~! 2, then siny = z, we also have sin?y + cos>y = 1 and cosy > 0 because y

lies between pi/2 and /2, so cosy = V1 — x2. O
§2.1 # 1.
Solution. (a) The slope of the secant line PQ) where @ = (5,694) is 6954__12550 = —44.4.
. _ .. 444-250 _
The slope of the secant line PQ where @ = (10,444) is *j5=1z~ = —38.8.
The slope of the secant line PQ where ) = (20,111) is 1%5:?20 = —27.8.
The slope of the secant line PQ) where @ = (25,28) is 2285:21550 = —22.2.
. _ . 0=250 _
The slope of the secant line PQ where @ = (30,0) is 555z = —50/3.

(b) The slope of the tangent line at P ~ =388-218 — _333,
()
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§2.1 # 3. The point P(1,1/2) lies on the curve y = x/(1 + ).

(a) If @ is the point (z,z/(1 + x)), find the slope of the secant line PQ for the following values of
x:

(i) 0.5 (i) 0.9 (iii) 0.99

(b) Using the result of part (a), guess the slope of the tangent line to the curve at P(1,1/2).

(c) Using the slope from part (b ) find an equation of the tangent line to the curve at P(1,1/2).

Solution. (a) (i) X2=95/0+05) _ q/3 ~ 0.333333.

(i) L2=99/CQ109)  0.263158.

(i) L2=099/0LE0-99) . 0.251256.

(b) Guess the slope is 0.25 because as = gets closer and closer to 1, the slope of the secant line get
closer and closer to 0.25.

(c) The equation of the tangent line is y —1/2 = 1/4(xz —1). Simplify it, we get y = 1/4z+1/4. O
§2.1 # 6. If a rock is thrown upward on the planet Mars with a velocity of 10 m/s, its height in
meters ¢ seconds later is given by y = 10t — 1.862.

(a) Find the average velocity over the given time intervals:

(i) [1,2] (i) [1,1.5] (i) [1,1.1] (iv) [1,1.01] (v) [1,1.001]

(b) Estimate the instantaneous velocity when t=1.

; y(2)-y(1) _
Solution. (a) (i) The average velocity is 5=~ = 4.42

(ii) The average velocity is % =5.35

(iii) The average velocity is % = 6.094
(iv) The average velocity is %):?1’(1) =6.2614
(v) The average velocity is % = 6.27814
(b) It is almost 6.27814.



