1.1 Important Examples MORE EXAMPLES

Exm 1: Cuclidean space " = 1% = (%y...,3n) : xieR} ® x:F", p2), set lally 2 (100® 4 [alP 4 +12017)
noves :
Cuclidean : ||3)|=\/1,?+,_2'1+...+x“1 X v.s over F, dim=n. Eveny basis has exadly N elements
max: || 2he = maxj T2} 8- 39-:---,9'\}, then YA EX, Xz A€ 4. ¥ Anln ().
norm: -h,g = ( PRIDIRERL)

Rem: real dim-n vector space X is iso +o R".
© P4, bvosis = i\,x,..,,zd}.

Exm: Ty 2 38(x) = a0 + Q1 +---+q‘td} . Dim(Pd) = A+, nosms: Il == (I;ll-‘(‘l)\'dﬁ)yp
so Pg 2 R o 1Y T AT e

(
other noem: NNl := .r, | £6x) | ax

@ “’-:' -.si Q = (04,0q,0y,...) : 0j €F, Hairely many Q) to}

Exm 2: RUO: dim =00, basis = TLx2%. o} T R® SRR, Ti(n,.) w I, 8%
norms : “”‘Ll S ,f,l\-f(‘x)‘ dx
“ :““ K ma}j"j‘elaj, @ 'F.oi = ix = (1°l’|l"') T Xy € ‘F}

L sequence space £° isa subspace of W .

Exm 3¢ C([0)17 = continuows, real valued Functions on Ton)

dim: o0, no natural bosis. ® clol: NFll~:= S |F)
norms : WENL = Fo (6] ax el o= (L ieenrax)'

N6l = 1':\;}}((—‘(:”

) Ex 1: Reverse friangle inequality: | Nxll - lyl)[ € Ix+yl\

Exm 4: sequence space : ':= T2 =z, : B2l < ”}, Pl
norms: Nz llp =(F:Ix;|')|/' Ex2: Fx) = Wxll is continuous on X.
poo: ew“i '5=("i);>,." ?3?'13““} Ex 9. Cach v.5. was @ Wamel basis: 1€adach s.t
norm: ||§|l.° 1= Supj,, 1=l UXeX, xis a finte lin. Comb. of ssme  Qa's.

1.2. Normed Linear Spaces

Dfn 1: X vs. over F, ANorm on %: W-N:X > F savistying
* lxll> 0 yxex, Nall=0e x:0;

o Mol = 1=l Yxex,xeF

o Mx 4yl < W=l + Nyl V¥x, yeX

Normed lLinear space "z (X, N-0).

Prop 2: OOhn).  d(ay): = lix-ylh gives metic space (¥,d).



2.1 Inequalities

Lem 1: A,B »0 and oé&ﬁ‘. Then AOa"’f °A+("9)B
E Ll

Notation: 1¢p<eo, set ge(pm So that p+q =)

Thm 2: (Holder's Inequatity) For any two Sequences
iﬂ\,..-,ﬂn‘ ond iln,...,b“}' Qi,bi %0, For any |¢pcoo

vy« (o) (Euv) ©

)= )=

© when psl, Zoib ¢ %a; - max bj (H')

15jen

5 "
b S .S b "
. p=o0, E“JbJ Smt:aj %5) (\-\ )

Cor 3: 1=("l)j>,., ‘j‘-(‘:\j)',m Complex seq. . lep<coo:

‘;15 Yj | $ (?.';.lxj\’)‘l-'t-(;‘[ g;\‘l)‘/" ( W - Complex)

T & ( Minkowski’s Tnequality) @ % = (%1,-52n)
and Y= ly,..,4n) of %", tnen

(Eross) ¢ (Et)® s (Sl (o
or

“1*5“9 5 “"“p + Wyhy Bo \¢P <oo

N20c0  exknds +his 4o infinite sequences.

Prop 5: ( Minkowski’s I nequality +or imegm\s\
§,9€Cton), (M - In¥)

(1" Ve + g1t ax) ¢ (6 veeitan) s (5 1gco®en)
2.2 Metric Strucdure of Novmed Linear Spaces.

Din 1: G CX open if VX€G ,3r>0 st Be(x)C G
G CX closed if X\G is open.

Dfn: Subspace is a subser NEX where evew linear
Combination of elements in ¥ s contained in V.

Te x,4yeY > wzx+pyey VYapcF

Rem: if N\ o subspace, then 0 €VN.

Pop 2: Y S X a subspace. If Y\ open, then Y =X.

Dén: Closure of W =Y := Set of \imit poinks of S

T smallest (losed SRt  Conkdining S.

lem 3: V \a subspace . Then N is alse a linear subspace.
Dfn 4 = \ is dense in X if Y= X.

Din 5: k c(X,d) is compac i every open Covering
of K has a finire subcover.

Pop 6: Kk ¢ (X,d) is compact iff Qvery infinite  sequente
1%t in Kk has a subseq. Which converges o a point in K
Compact < sequentially Compact

Dfn3: set € € (X, 1) is bounded if 3r»0 si ECB(O).
Thm 9:k < (F", I-lp) is compacte® K is closed and bounded .

Cor 10: X fin. dim v.s. with basis B. For ony l¢pe e,
a set K in (X, 00p,8) is compoct iff K is Closed and bounded.

Rem: (QP, “‘“q,l is an NLS for qgwup>):
Bur  P¢e P not NLS.



3.1. Banach Spaces Lo

“w \\o\es “
Metric space is Complese ¢ euew Cauchy Sequence
Tan} ©X  Converges to a poiat in X.

Dfn 1: N (X, 0-N) is called a Bamach space if tne
associated metrit space (X, d) is a Complele metL space.

EXAMPLES
® Finite dimensional NLS

(Cco.l:\,l\-u,_») S dlay) =l§;;gm\rm -§y |
© nNoT Banach spaces : (C(o,\],l\-llLP) _lsp<on.

Counier example : i-?n = 7‘“}

® (€, 1-0p) | 1¢pce

Lem 2: (€,11) o Bonach space and te+ ¥
b o linear subspace of E- (Y, W) is a
Banach space ifF Y is a closed \inear subspace of E

ovpier ,
Completion of NLs® (X, WUl T (e, nw) , Where

€ complere , X dense in E, and Wxh=Wx\' WxeX.

@ C'-" i'l=(1_'|)j,,| . & cﬂud\\, in X} . Equiv_ re‘
Ton € omvy © Mxj-y;ll >0 as joe. € Yn.
€ isa v.s: (%) +(Cy):= Ux+y)  o«Cx):= Cuxl,

@ ¥xec, -2l € lxj-xell 50 as joe
2 10461} s caucy in R

R compete = 0% Nl exisks.
i e Exah’ == 555 0l

® Ldentity 2 €X  witw [1']:[11,‘!,‘1,...}]_
® (e, nn) s a Banach Sspace.

Din 3+ (%, WNx) and (Y, 1-04) be wis. Then:
* Llinear wap T:X=Y i35 caned an isomety if
Wy =Wxl, vV xe %

X ond Y ace caved [sometrically isomorphic ¢ 3
an isometry  T:X oato Y. Then T': Yo YXis
Qumatically & sujective isometwy (T \inear).
Banach space (omplevion of (X,\\-“‘) is @
banach spce (Y, W-1\y) and an iso merny
T2 % 3V st T(X) is dense i Y.

Prop &t T, (Y, WNy)) and 1S, (2,0-02)} ho
Completions of (% h-0x). Then Y and 2 are

isoreicically  isomorphic.
3.2 Equivalence of Norms

DEn 1: Two norms l-lle , N-WN2 are equivaens it 3
O constane A st VxeX,

Wall, s A, ond UWal, ¢ AND,,
> B cABiH | Bl C AB(D)

Rem: can aiso show I AB EF st YxeX,
Wal, & AWz | and Wl € 8NN,

)

Rem:  equivalent norms  is Gn eguivalence  relavien

Prop 2: NI, and NNz be +we equivalen norms on X:
O T T . Ll hen T} 2 x wer N,

I GCXopen wer W-lly, tnen G open wet l\-1i2
© (%01 is Banach > (X, 1-112) is Bonach.

Thm 3: let X be a Pinite dim v.s over F. Then
all vorms on X arQ equivolent.

Cor & (%, 11 Findim Nis. Twen (X,00) is a
Banach space . 1€ Y is a linear subspace of X,
then Y is Cosed.

Cor 6: (X, N-W) Fin. dim NLS. Then o subset KCX
s compact iff K is clesed and bounded.

Thm 6: (X, 00) NS, Bi(0) is compact i€f

X is  finite dimensional.



4.1 Inner Product Spaces

Dfn 4: X=V-S-over F. An J/mmer product on X is a wap
$ydixaX 2 gavisfying

® {%,x> %0 y xeX, <x.x>0¢> x=0

® <x.y5 - <TX> N x,yeX

@ Lax +PY, 27 = adx, 1) + BLy,2> oS

Note : <%, X4 = <Y bup X%,y =2, 4y,
Nofm - “'L‘I '.‘-~|<X,7l>

EXAMPLES

@ “,_n’ <Yy T 1"§'+...+an"

J<1l1~) = “1“2

2, <awy = Z % Y;

=

a0 = Ixl,

© cto,n, <59 = 569 dx
o = Wil

Thm 2 ( Cauchy - Schwarz  Inequalivy)
(%,<5o). ¥xex,
[<ax,u>) € bl Wyl

Useful 4act: Reday> ¢ I<a,92) ¢ A=l “\j“.

Dfn: = ond y ave Orthogona) i {x,¥7 = 0.
notation: x LY.

Pop & (Pywogoras) |F =1y, +nen (1)

o+ g2 = a4 yl?

Pop 5 (Povalelogram law) ¥ =a.y €X, (xps)

fx + 9l + e -gh2 = 2( i & 0 yl?)

(reay)
Rem: if X an NLS + \was paoligtogram law, Ywen

can (onstuct o : B<YY = ) x4yt - W -yW?,

Prop 63 (%, <,>) with scalars € . Then

3
b <xy> = 2 M +iky)\2

k=0

= hxaghi -\ -y W2 4 M +igh =il x-ig“z

So caled " polarixotion idenvities of IR and c”.

4.2. Orthogonality

orthagonal projection

Span (y) := 1 oy A€ IF}
Py(x):= <%9>Y4 < linear map , C Span(y).
Py(x) L (- Py@x) Il x - Py = wntlix-ayll : xew}

Y Bin. dim subspace of IPS (X,¢Y), then VY has an
octhonsrmal  basis  (onB): Y = span(er,...,en), <€i,& = 3%

z

loj1?
i J

3 -Jiz,“iej 2 Wit= Z
Thm 1 Sc (X ¢,>) TIPS, ond of ¥ T&GY1.. The tinear
map  Py:X->Y given by Pyxc: 3%. <x,8;7@) sarisfies:
@ (x-px)Ly y ye
@ Bessel's Tnequaity: & Kx, &>l ¢ nxll?

equivalemty = NPy xlI® € JIah?.
® Pyxis ame uniave closest point in ¥ 4o X

Nx-pyxll = min 3 hx-yh: ye 11
EXAMPLES:

© Use T 1 ® Compute 2.3'-':'{_&“];' (LIPS K N L'

Method:

D Consider n#t dim Irs (Pn,B-0a) <D = 5. $x) 9 dx
o ¥ ooz Zxt}

1

3

Construct ONB for ¥ using @ of hm 1.

By Thm 1, the poly PEY that achieves the min in +he
n-1

imegral 05 Py f(x) = DRI ypere £lx) = 2"

Giram- Schmid+ Process (mave own)

A L= < uw,vD

Pﬂ)“(‘l) c T Y

w, = Vv

Wz = Vz - P"")u‘(‘lr.)

Uy T vy - Py (v3) T P (v3)

Wy = Vy - Py (V) - Py (vay) = Pr)y,(Ve)
K-\ . w

ug = Vg - ‘?‘ PN]‘:‘ (vy) ev = 'S
) —

Wue )




5.1. Hilber+ Spaces

Dfn: a Hilber+ space is an IPS (%, 40>) where ihe

mekic  induced by <°> is  complete.

Hi\be::- spaces C Banach  spaces.

Banach + IPS

EXAMPLES -

® F“, (x,47 =
® etl 11137 = 5 1;m
® crog |, ¢r9> = 5 #x) 30 dx

Parseval's Identity: Infinite dim Wilbert sPate,ieuez,---}

orthonormal sequence of yeciors.  Theh

hay? = Z 1<xeplt

z€# hos 4 unique expanson os

tvery Aement
1e; }J.’II.

on jofinite  linear  combination of
¢ whenever 2,4€C,
c0¢a¢\ycC.

i Ccalled
1% 4 (1-2)y

Dfn: C CV over F
then the line

Convex

segment

Rem: any linear Subspoce is convex.

T 1: (W, <)) g Wloerk spoce and CCH o closed,

Covex set- Then NV X ¢gC, 3! Ya€C st
N2 -yl =inf g Wx-yl:vech
Dfn 2: et S be any set of veCtors in an IPS.

The orshogonal Complemens o S is
gt:= fxex :xly ¥ 3eS}

S* = linear  closed , sast zo0.

Thm 3: H nilvert, M proper, closed , linear subspace of H.

3 linear maps Pu: W =M, Qu W= M gt Yx eH,
x = Pax + Qmx

This representation is unique, and Pu is (called +he

orthagonal projection oF H onto M.

H=MoM

5.2. Orthonormal Bases

Notation : Foyrier coefficients: XY := <x,e5d.

Thm 12: CONDITIONS FoR ORTHONORMAL  BASIS
SO NxeH, it
Sequence iej}jm is a

0; vectors. Conty 0 is ortho 4o an €3)

2G) =0 Nj»\, vhen % =0. L.e. tne

maximal orthonormal family

= H = spnn(?_eﬁj».\
< YxeH x= Ji 2G)ej = lim = X(ej
) = nd e j=

£330

e Vx,yed , {x,y> =

= Vx €H, Parseval’s identity holds:
2 = ~
=" = & 1%e0®

One of +hese sotisfied = ieﬂ on ONB8 for M.

Rem: dim(H) finite, shen (H,(-;~>) and (IF“,<':'>1)

are indislinguishable.

(X.") < ((;()));\:“ (g(j))jn:|>z

Define: (dimi = @) 1w s 07 1x = (20)j5
L T is an isemetny
(x,\’) = ((;(j))j”‘: (§0))J>,.>e’

Pop 2: T is onto

Rem: dim(¥)= 00, hoas one, tmen (H,<5>) and (€% <¢-)>g)

are indistinguishable.
EXAMPLES :
M entry

® (% I-ligr) : one- te3), ¢ (0,0,---,0,1,0,0, ...0)

®@ (ceom, <), (5,95 L' sengdx.

i e’“'""}neu forms  ONB for  Completion of
CCo), L2[o,).
Prop 3¢ W possesses an onB  iff 3 a Countable se+
S CH of vectors Which is dense in H

Hilberr space.

Has oN® —> called a separable



6.l.Bounded Linear Operators I.
Linear map : Tlazi+PR2) = o T(1) 4 pT(R2)

Condinuous: An=> %, then T(xn) = T(x).

ben a: (x,0-m), (Y, 0-h) wis, and T:X>Y q linear map.

TS a bounded linear operator  (BL0) i I M0 st

N1xll ¢ M=l

YxeX. J may ave different

@® horms on X and \

Bx: yxex, Wil s mixll
& xligr , Wzl g M
S Mxll=r, s = M
E> Yo, L .m

sup WTxW _ sup - su
Nrlh:= ,,3 WXl = i Nl = ““5“\ N2t
and
W2l ¢ NTlf=xl  ¥xex
Thm 2: T is Continuous a+ 0 : Xn=20 > Tan=>To =0.

S T s continuous b RVew point xXEX @ An X, Taa-> Tx

ST s bounded

Ex: UTh = ming M: Nl s Mbxll W xeX)

Prop: operatsr noem UTN on BLs : L(%Y) is 4 nem

EXAMPLES :
® shifr operators:  Lso : L:@P-22F gso: R: e® ¢’
LR = (‘11,15,...) Rx = (0,%1,%z,%y,...)

NRxllp = Wxlp, Wixllp < Wxlp.

(ctond, Nlp). 1:ceon > F 5 14 = fo mEx)x
> 115 € ey

Prop %: T:X Y lin.op, dim(X) € c0. Then T is continuous.

Eval/vec: Tx = 2t s e:\::"x sl

Spectral Radius: pP(T) := sup |2 |
by independent  of norm.

Self adjoint: < Tx,9> = <XTY S o(7) = N1ll

L all eal evals, basis of evecs.

Adjoint: T¥ob Tiz {Tx,97 =<x,THD

T 1= self adjint-

Singular values of T:= evals of T¥T.

6-2. Bounded Linear Operators
Tom 1: N Banach > L(x¥) Banach

Prop 2: (Ex&ension from a dense  subspace )

K NUS , Y Banach, X' CX dense , linear subspace.
Suppose T € L(x4Y). Then 3! TeL(xy) st Ty =T,
WF0= 0<h, and 7 on 1so metwy 57T an iSometay.

Prop 3: ket TE€ L(xY) . Ker(T) is a closed subspace.
Finite Rank Operators (Fro)

Finite Rank operator : = FR(%Y) ={T€£(M) . dim (Tm(n) <o
Pop 4 : Te€L(XN), T(O Fin dim, ¢j:X SF, 1¢j6m

lin. cood- wmaps of T wri. o basis 6=§‘v‘3}3,. of  T(X)

Then T is (ontinuous i C) i convinwous N 1¢)jEm.

X* = L(Y,F) = space of

linear functionals.



3.1 duwal Spaces

Dfn 1: X NS over F, The dua/ space to X is
the spoce £(X,IF) := space of al Cont, \in maps XF.
Noravion: ¥*:= L(x, F), and 7T eY¥ is caled
bounded Iinear functional on X.

X*¥ is complere a\ways-

Prop 2: Let 1¢p< 00 The dual of 2% is isomerdcally
isomorphic  to Q% wynere Ve +'la =1.
sgn* C- i -\, 0, ‘\-\}

Ex: o (€)% 0 is0 o €=
* ()Y iso iso o €'

® itomelvic embedding of 2! ian (2")
Thm 3: (Riesz  Represemtadion  T\ieorem)
Led W be a compex Hiloert spae. Then 3 o
conjugare - linear iSometdC isomorphism fom H onto WY
given by T:yE> Ty where Ty®X = <, 9.

Rem: Il Tyl = Wyl

Rem: F=IR = T is linear.

3.2. Adjoints
matrix of T= (aij), vhen marix of T¥ i (O5)

Thm ¢ H K Hilben , TEL(WX). Y yek, 31 Tryen
Sudh Wt ST = <x, THY) N % eM
The mop y — ™y s e L(KH), saiskying
NT¥0 = Ty

Rem: T 7 =T

Prop 2: H,K Hilbert, TE £(W,K). Then
[RSA TN od BERTR (RN Radlh

Integral operators

T: CloM = CCoAY  ljpear: THG) = f: k(x.y) £(y)dy,
where KE C[€o) xToN).  K:= kernel of T

K = example of an integml operator.
Can eytend o Hilbert space

Then if T is an ntegml operater with hernel K(a1y),
then iks  adjoint ™ ¢ alse on integral operator, with
k¥ (y) = Ky

L,

eq L'C%M) is completion of CCopl.



Extending idea of adjoinis +o
8.1 Transposes all normed spaces, nol just Hilbert.
Dfn 1: Let X, Y NLS and T € L(x,N). The franspose of T,
denoted by T', is the map T y¥ oy given by
(T'g) (x) = 9(T(0)
Prop 2: X,¥Y NS and TE€ £(%Y). Then T:Y¥>X¥s
a BLo and NT N < NTH

Prop 3=Sx"* NS and T€ £(X,¥). If N saksfies
Y|
tyh =gevmie 199)] yeY , then NT' =070

KeFlex'.vitg :
ot % on X* by

X normed space, xeX, define action
EER AR B ¥ ROY O

Then % € X*%. XXM

L is an isometny of X onvo ¥

Define L% % . Linearity

imples
Dfn: Banach space X is reflexive if L:X=>X*is sudective.
Ex: any Milbert space is reflexive.

1" lyoTety'

Rem: X, Y reflexve, T € L(XV). Then

8-2. Hilbert - Schmidt  Operators.
H)K Separdble Hilbert (bokh have ONBs)

Dfn1: A L0 T: WK is caled a Hrlbert- Schmidt operaror if
2, 2
R4S Z hveall"¢ o0

where $€n} is any onB for M.
HS(WK):= set of Hilbevt - Schmidv operavars between W and K.

Rem: « AS(WK) is a Lin. sub. of L(W,K)
* Nl AS(w,¥).
* dim(W) <o, ¥en  HS(HX) = LIK,K),
* FR(H,K) < AHS(WX).

IS @ norm on

Lem 2: Ler 3em) be an ONB for H, 1fm} on ONB o K.

Then Z“-‘e““"~ =y z\‘("en,:m)\z = E“T"#m“z
n "\ W
Prop 3¢ H,K tuo separable Hilberr spaces, T€ HS(WH.
Then N1l € Utlips
Prop 4@ Let W,K separable , Hilvert T € ¥S(W,X)
Ty S FRCWK) sk Tn=2Tie
N Tu-TH=20 as NDoo.

Then 1 sequence
t(“lk) :

9.1 Compact Operators

Dfn 1: XN NS, T:XY [ineav map. Then T is called
Compack & T({x:WxU<1) is a compact supset of Y.

Rem: any compact Operator iS @ bounded operator.

K(X,Y) = T compocr operatess X-"l}.

Rem: * K(XN)C £(xY)
< RO € K(xY)

Tem 2: X NS, N Banach, and Tj € L(XN) o compact
operator . Suppose 3 T € L(xY) st UTj=TlI>0 as e

Then T 1S compact-

lem 3: X, NS,
Compact iff N

T eL(XN). Twen T
bounded sequence L An} S X, the

Suppose
Sequence ¢ Txn} C© Y has G convergent Subseauence.
Cor &> X, Y NS -Then K(X\) is & subspace OF L(XY).
9.2. Compatt Operators L

Milbert Spaces: FR € HS ¢ K €/

TE HS(HK) © TV HS(KM), and NTNws = I THllus
Pop 1: W,k separable, Hilbert,ond T:H-=>K [inear. W
Tend is onB of 0 st T NTeal’¢od, pon 1 (WK
ond hence T E HS(HK).



10-1  Speckral theorem - Preliminaries

The Theorem. ..
Thm 1: W gep, Hilbert, and TEZ(H) iSa compoct,

Se\t - adjoint operator. Then 3 an orthonormal  basis
of eigenvedors ie'\} for T so that VY EW,

Te s T AaCX > en
n

Moreover, the eigenvalues 2, qre veal and when dimH=os
dhe sequence {2} belongs €0 Co. Finally, +he eigenspace
of eath nonxer gjgenwalue is infinive dimensional-

Cor 2: W TEL(H) is O (ompact | self -adjoind  operator,
Yoen W = wox XUl Ads an eigenvalue  foc T}.

Lem 3¢ Te £(M) seif - adjoink , and for some 0F XcH,
Tx =2%. Then 2€R.

lem &:T€ £(H) self - adjoint , Ond for some 0 XEH,
Tx =2 and for some O0#YEH, Ty=uy, A+
Then L x,y7 = 0.

Prop 5: TE€L(H) Compacy, seif - adjoint- Then either
NTh o -WTh is an eigenvalue for T
Lem ©: T € £W) se-adj. then T = 2 <120

Rem: T € L(H) selt-adj, dnen < T1,XVER V XeH.

10.2  Spectral Theorem, the Proot

Rem: pmjection P: V-V s self - adj € Pis orhogenal.
Rem:  Orkhogonal projection

A Spectral Theorem For Normal Operators
TTY: T

Normal :

Thm 1: Let H be 0 Seperavle (complex) Hilbert space Ond
Suppose  T€ L(H)
on ONB of eigenvectors

iS @ Compad normal operator- Then 3
fenl for T sty xeM,

Tl 3 % 2,\(1,&\781\

sequence  (An) € Co- Finally , *he
ob eath nonzer eigenwalue s finite - dimensonal.

Moreover, +he
€igenspace



