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15.7

4 a)

Since (x, y, z) = (−
√
2,
√
2, 1)

r =
√
x2 + y2 + z2 =

√
(−
√
2)2 + (

√
2)2 + 12 =

√
2 + 2 + 1 =

√
5

θ = arctan(
y

x
) = arctan(

√
2

−
√
2
) = −π

4

z = z = 1

b)

Since (x, y, z) = (2, 2, 2)

r =
√
x2 + y2 + z2 =

√
22 + 22 + 22 =

√
4 + 4 + 4 = 2

√
3

θ = arctan(
y

x
) = arctan(

2

2
) =

π

4

z = z = 2

8

r = 2 sin(θ)

r2 = 2r sin(θ)

x2 + y2 = 2y

x2 + (y − 1)2 = 1

The surface is a cylinder of radius 1 centered along the (0, 1, z) axis.

12

See diagram attached.

20

See diagram attached. ∫ ∫ ∫
E

(x− y)dV =

∫ ∫
R

∫ y+4

0

(x− y)dzdA

=

∫ ∫
R

(x− y)(y + 4)dA =

∫ ∫
R

xy − y2 + 4x− 4ydA

=

∫ 2π

0

∫ 4

1

(r2 sin θ cos θ − r2 sin2 θ + 4r cos θ − 4r sin θ)rdrdθ

1



=

∫ 2π

0

[
r4

4
]41 sin θ cos θ − [

r4

4
]41 sin

2 θ + [2r2]41 cos θ − [2r2]41 sin θdθ

=

∫ 2π

0

63.75 sin θ cos θ − 63.75 sin2 θ + 30 cos θ − 30 sin θdθ

= 63.75(0)− 63.75(π) + 30(0)− 30(0) = 63.75π

28

Density = r

E is a sphere of radius r = a centered at the origin

Mass =

∫ ∫ ∫
E

rdV =

∫ 2π

0

∫ a

0

∫ √a2−r2
−
√
a2−r2

r2dzdrdθ

= 2π

∫ a

0

2r2
√
a2 − r2dr = 4π

∫ a

0

r2
√
a2 − r2dr

Using substitution r = a sinφ.

= 4π

∫ π/2

0

(a2 sin2 φ)(a cosφ)(a cosφ)dφ

= 4πa4
∫ π/2

0

sin2 φ cos2 φdφ = πa4
∫ π/2

0

sin2(2φ)dφ = πa4
∫ π/2

0

1− cos(4φ)

2
dφ =

π2a4

4

30 ∫ 3

−3

∫ √9−x2

0

∫ 9−x2−y2

0

√
x2 + y2dzdydx =

∫ π

0

∫ 3

0

∫ 9−r2

0

r2dzdrdθ

= π

∫ 3

0

9r2 − r4dr = π[3r3 − r5

5
]30 = 32.4π

15.8

4 a)

Since (x, y, z) = (1, 0,
√
3)

ρ =
√
x2 + y2 + z2 =

√
12 + 02 +

√
3
2
= 2

φ = arctan(

√
x2 + y2

z
) = arctan(

√
12 + 02√

3
) = arctan

1√
3
=
π

6

θ = arctan(
y

x
) = arctan(

0

1
) = 0

b)

Since (x, y, z) = (
√
3,−1, 2

√
3)

2



ρ =
√
x2 + y2 + z2 =

√√
3
2
+ (−1)2 + (2

√
3)2 =

√
3 + 1 + 12 = 4

φ = arctan(

√
x2 + y2

z
) = arctan(

√√
3
2
+ (−1)2

2
√
3

) = arctan
1√
3
=
π

6

θ = arctan(
y

x
) = arctan(

−1√
3
) = −π

6

8

ρ = cos(φ)

ρ2 = ρ cos(φ)

x2 + y2 + z2 = z

x2 + y2 + (z − 1

2
)2 =

1

4

The surface is a sphere of radius 1
2 centered at (0, 0, 12 ) axis.

12

See diagram attached.

20

∫ ∫ ∫
E

f(x, y, z)dV =

∫ 2π

π/2

∫ π/2

0

∫ 2

1

f(ρ, φ, θ)ρ2 sinφdρdφdθ

26

See diagram attached.

∫ ∫ ∫
E

√
x2 + y2 + z2dV =

∫ 2π

0

∫ π/4

0

∫ 2

1

ρ(ρ2 sinφ)dρdφdθ

= 2π

∫ π/4

0

[
ρ3

3
]21 sinφdφ =

14π

3

∫ π/4

sinφdφ =
14π

3
[− cosφ]

π/4
0 =

14π

3
(1− 1√

2
)

28

Distance from a point inside a ball of radius a = ρ.

Avg. Distance =

∫ 2π

0

∫ π

0

∫ a

0

ρ(ρ2 sinφ)dρdφdθ = 2π

∫ π

0

[
ρ4

4
]a0 sinφdφ

=
πa4

2

∫ π

0

sinφdφ = πa4

3



36

See diagram attached.

Volume =

∫ π/6

0

∫ π

0

∫ a

0

ρ2 sinφdρdφdθ =
π

6

∫ π

0

a3

3
sinφdφ =

πa3

18
(2) =

πa3

9

42

∫ a

−a

∫ √a2−y2
−
√
a2−y2

∫ √a2−x2−y2

−
√
a2−x2−y2

(x2z + y2z + z3)dzdxdy

=

∫ 2π

0

∫ π

0

∫ a

0

(ρ)(ρ2 cosφ)(ρ2 sinφ)dρdφdθ = 2π

∫ π

0

a6

6
sinφ cosφdφ

=
πa6

6

∫ π

0

sin(2φ)dφ = 0

4


