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Solutions to Homework 4

dz _dzdx  dzdy

3 2 2 3 2 2
== +—— =" —2xy)(2t)+ (3x 2t) =12t 2xy + X

d 0 ) 1 , 2
dw _owdx owdy owdz ., .. ol +2xey/Z(_12) — et %)

dt — Oxdt  dydt 9z dt z z z 0z

Ry(1,2) = Gy (u(1,2),v(1,2))ug(1,2) + Gy (u(1,2),v(1,2))v5(1,2) = 9 x 4+ (—2) x 2 = 32

R(1,2) = Gu(u(1,2),v(1,2))ur(1,2) + Gy (u(1,2),v(1,2)),(1,2) = 9 x (=3) + (=2) x 6 = —39

2(1,2) = £:(0,0)(2) + £,(0,0)(—4) = 8 —32 = —24

5(1,2) = £(0,0)(—1) + £;(0,0)(4) = —4+32 =28

I
/N SN SN

u vu vu 1%

dw_owdx awdy wa
or oxor Odyor dzor
dw_dwdx odwdy owdr
00 0x00 Jyod0 9700

= (y+2)cosO+ (x+z)sinB+ (x+y)0 =0+n+ 1w =27

(y+2z)rsin®+ (x+z)rcos®+ (x+y)r=—2+47m) x24+0+2x2=-21

Taking x derivative on both sides, we obtain

—ysin® 4y, cosx = 2x + 2yyy

_ 2x+ysin6
=t
cosx—2y



33.

Taking x derivative on both sides, we obtain
€z = Y2+ Xyzx

yz
e —xy

Ix —

Taking y derivative on both sides, we obtain

€‘zy = xz2+xyzy
xz

Z =
Y et —Xxy

35.
We first know that =3 forx=2and y =3

dT 0T dx dTdy

1 1 1 1
a9 Y7 S “)=4x>+3x%x - =2°C/
dt ox dt + ay dt X<x>y)2 /7t+1 + }(x,y)( ) X 4+ X 3 S

3

39.
(a)

The volume is V = Iwh WV aval v P
w
e 02X 24+ 1x2x24+1x2x(—3) =6m’
ar A a Tawar Tanar  2XPX2HIX2X2H1X2x(=3) = 6ms
(b)
The surface area is A = 2Iw +2lh +2wh
dA  0Adl 8Aal 0A oh

a@a_ae, oA onon _ ) — 10m2
dt_alat—f—awat—l—ahat_2><(2+2)><2+2><(1+2)><2+2><(1+2)><( 3) = 10m-/s

©
The length of a diagonal is d = V/I2 + w? + h?
%*de%Jrafdawarafd%*il x 2+ 2 x 2+ 2 x (—=3) = 0m/s
dt —dlot owot ohot 1+4+4 Vita+a Ji+4d+4 -
45.
dz dzdx  0dzdy .
3= anga—yg = frcosO+ f,sin@
dz 0dzodx  dzdy .
30 = a%-f—a—y% = —fxrsin@+ fyrcos6
It can be shown that
%2 1%2_ o2 L . 2_ 2 2_%2 %2
(ar) +r2(ae) = (fycos0+ f,sind) +r2(—fxrsm9+fyrcose) =fi + 5 —(ax) +(ay)
52.
Please refer to P45 for part (a) and (b).
(©)

Starting from

o)
—i = fycosO+ f,sin0

d
we take the 0 derivative of % and get
0%z . . . .
596 = —fxsin® + f,c080 + (— fix7sin® + fiyrcos ) cos O + (— fy,rsin® + fy,rcos0)sind®
-

= — fysin@+ f,cos0 + r(— fr sinBcos O + f, cos? 0 — Sy sin” @ + fyysin@cosB)

Note that % is explicit in 0, that’s why the first two terms have the first order derivatives.



53.

82
a—’j = frcos> 0+ 21y sinBcos O + £y sin’O
Starting from
)
£ = —fxrsin@+ fyrcos6

we take the 0 derivative of g—é and get

2
a—ei = r?(fexsin® @ — 2f,,5in0cos B + f,y, cos® B) — r(frcosO + f,sinH)

2z 1% 19z
[HS=SS4 22, - %
or? + r? 002 + ror

1 1
= fxxcosze—&—ZfXy sinBcosO + fy sin%0 + r—z[rz(fxx sin29—2fxy sinecos9+fyycos2 0) — r(fccos0+ f,sin0)] + ;(fxcos6+fysin6)
:fxx+fyy:RHS

14.6
7.
(@)
_of. of. 1. x.
Vix,y) = gl‘*‘ @J = yl— y2']
(b)
Vi2,1)=i-2j
(©
. oae 3.4,
Duf(2,1) = (i-2j)-(3i+ i) =1

9.
(@)

V(x,y,2) =< 2xy2— y2*, 2 — x2 X%y — 3xyz® >
()

Vi(2,-1,1) =< -3,2,2>
(©
4 3 2

Duf(Z,—l,l) =<-32,2>-< O,g,—g >= g

24.
Vf(x,y2) =< 1H(yz),§,§ >=<0, %,2 >

The maximum rate of change is |V f(x,y,z)| = 1/ %/, in the direction of the gradient < 0, J,2 >.



27.

()
Given Dy f = |V f]|cos®, its minimum occurs at @ = T, i.e., Dyf = —|V f]. The corresponding direction is —Vf.
(b)
V£(x,y) =< 4x’y —2xy° x* —3x%? >
—Vf(2,-3) =< —12,92 >
34.
(a)

Vf(x,y) =< —0.01x,—0.02y >=< —0.6,—0.8 >
The direction due south is u =< 0, —1 > and the directional derivative is
Dy f(x,y) =< —0.6,-0.8>-<0,—1>=0.8

which means you start to ascend at the rate 0.8m/s.
(b)

The direction northwest is u =< —1,1 > and the directional derivative is

<-1,1>

=—0.14
V2

Dyf(x,y) =< —0.6,—0.8 > -

which means you start to descend at the rate 0.14m/s.

(©)
The slope is the largest in the direction of the gradient < —0.6,—0.8 >, its angle to the horizontal axis is cos~!(0.6).

IVf(x,y)| =1

40.
(a)

Dyf=<fuo,fy> -<a,b>=af,+bf,
ODyf ODyf

20
Duf =< dx ' dy

> <ab>=< afx+afe,bfo+bfy > <a,b>=d fu+2abfo+bfy
(b)
fo=e
h= 2xe®
fxx =0
fy= 4xe®
fry = 2¢%
Based on the formula in (a)
D2f =16 x 042 x 24(2¢%) + 36(4xe®) = (96 + 144x)e?
42,
F(x,y,2) = —x+y* +22+1
The normal direction is < Fy, Fy, F; >=< —1,2y,2z >=< —1,2,—~2 >, therefore the tangent plane is
—(x=3)+2(y—1)—-2(z+1)=0
and the normal line is

x—=3 y—1 z+1
—1 2 =2




50.

The gradient vector
Vg(1,2) =< 2x—4,2y >=< 2,4 >

The tangent line is
—2(x-1)+4(y-2)=0

5S.
The normal direction of the hyperboloid is < 2x, —2y, —2z >. The vector should be parallel to < 1,1, —1 >. So the points should be, if exist,

2x_;2y_—2z

1 1 -1

Substituting of the parametric form of the line equation y = —x, z = x into the equation of the hyperboloid, we obtain —x*> = 1 which is
impossible. So there are no such points.

56.

The normal direction of the ellipsoid is < 6x,4y,2z >=< 6,4,4 > and that for the sphere is < 2x — 8,2y — 6,27 —8 >=< —6,—4,—4 >, s0
they have the same tangent plane at the point (1, 1,2).

63.

The normal direction of the paraboloid at the point (—1,1,2) is < 2x,2y, —1 >=< —2,2,—1 > and that of the ellipsoid is < 8x,2y,2z >=<
—8,2,4 >. The tangent vector of the intersection curve should be perpendicular to both of the normal directions. So it can be obtained by
taking the cross product.

<—-2,2,—1>x<-8§,2,4>=<10,16,12 >

The tangent line can then be written as

x+1_x—1 x—2

10 16 12

65.

Substitution of the parametric equation of the helix into the paraboloid equation obtains # = 1. The point they intersect is (—1,0,1). The
tangent vector of the helix at this point is < —wsinms,Tcosms, 1 >=< 0,—mx,1 >. The normal direction of the paraboloid at this point is
< 2x,2y,—1 >=< —2,0,—1 >. Then the angle between the two vectors is

<0,—-m,1>-<-2,0,—1> ~1

0= =
CTTI<0, IS [< 201> VAmidl

Therefore,

—1
0=cos | —— ~97.8°
V5m2 41

So the angle between the tangent plane and the helix is 6 — /2 = 7.8°.



