Sample Quiz 13 Solution, MATH 54, Fall 2014

Name (Last, First):
Student ID:

1. Find a general solution to the homogeneous equation:

d S
2 _ Z 44y =
(dt 5) <dt2 * )y 0
Solution. The auxiliary equation becomes

(r—53%(r?+4)=0

with the roots
r=>5 (triple)
r=2i (single)
r=—2i (single)

For the triple root » = 5, we obtain three linearly independent solutions
y1 = €%, yp = e, gy = 1265,
The complex roots r = 4+2¢ correspond to
Y4 = cos2t, ys = sin 2t

Hence, a general solution y consists of all possible linear combinations of those five linearly inde-
pendent solutions:

y=C et 4 Oyted + COst?e® + Oy cos 2t + Ok sin 2t

where C1,--- ,C5 are arbitrary.
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X — —sint < — cost
V= | cost | 27 lgint]|”

Determine if {x1,x2} form a fundamental solution set of the system:

2. Let

Solution. First, show that x; and x; are solutions to the system by checking
, —sint]’ —cost 0 —1| [—sint 0 -1

X1 = = . = = Xl
cost —sint 1 0 cost 1 0

< — cost /_ —sint| |0 —1| |cost| |0 -1 <
27 |sint| | cost| |1 O0|sint| |1 o2
Since x; and x9 are solutions to a homogeneous linear system, it suffices to check if the Wron-

skian is equal to zero at some point to in order to determine the linear independence of {x1,x2}.
Then the Wronskian reads

Wx1, xa](t) = det [— sint cost}

cost sint

Choose any point tg, say tg = 0, so that

—sin0 cos0 01
Wix1,%2](0) = det [ cos 0 sinO] = det [1 0] -7

Therefore, the Wronskian is always nonzero at any ¢, which implies that the set {x1,x2} is linearly
independent. Hence, {x1,x2} is a fundamental solution set of the system.




