
Math 126 - Fall 2014 - Homework 11
Hard copy due: Monday 12/8/2014 at 1:00pm

Problem 1. Let Q,Q′ be hermitian operators on L2 and let Ψ ∈ L2. Show that

E([Q,Q′]) := 〈Ψ, [Q,Q′]Ψ〉
is purely imaginary, where [Q,Q′] is the commutator defined by [Q,Q′] = QQ′ −Q′Q.
Problem 2. Recall the formula for polar coordinates in R2: (x, y) = (r cos θ, r sin θ).

Write u(x, y) = v(r, θ). Show that ∆u = 1
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Remark. You don’t need to turn it in, but it’s a good exercise to do the analogous computation
with spherical coordinates in R3.

Problem 3. Consider the Schrödinger equation on R× Rd with a real-valued potential:

i~∂tΨ = − ~2
2m∆Ψ + V (x)Ψ.

Suppose Ψ is a normalized solution and define Ψ̃ by Ψ̃(t, x) = eiθΨ(t, x) for some θ ∈ R.

(i) Note that Ψ̃ is a normalized solution to the Schrödinger equation.
(ii) Let Q be any observable. Show that the expected value of Q in state Ψ is equal to the

expected value of Q in state Ψ̃.

Remarks. This problem demonstrates the (global) gauge invariance of the Schrödinger equation.

Problem 4. Use the power series method to solve the eigenvalue problem for the harmonic
oscillator in one dimension:
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(Here k > 0 is a constant.)

Remarks. The equation simplifies if you work with z =
(
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x. Before expanding in a power

series, consider the approximate ODE that results when z is very large. Observe that a(z) = e−z
2/2

is an approximate solution to this ODE (for large z). Look for q of the form q(z) = a(z)r(z). Figure
out what ODE r solves, and look for a solution to this ODE in the form of a power series. You may
use without proof that the only well-behaved series solutions are those that actually terminate (i.e.
polynomials). Finally, don’t worry too much about providing formulas for the eigenfunctions, but
instead focus on finding the eigenvalues.

Problem 5. Let F : R3 → R3. Prove the identity

∇× (∇× F ) = ∇(∇ · F )−∆F,

where ∇ denotes gradient, ∇× denotes curl, ∇· denotes divergence, and ∆F = (∆F1,∆F2,∆F3).

Problem 6. (optional exercise) Recall that for a state Ψ ∈ L2 and an operator Q we have

E(Q) := 〈Ψ, QΨ〉, σ2Q := ‖(Q− E(Q))Ψ‖2,

where 〈f, g〉 =
∫
f(x)g(x) and ‖f‖2 = 〈f, f〉. Show that for any state Ψ ∈ L2 and any two

observables Q,Q′ we have the uncertainty principle:

σ2Qσ
2
Q′ ≥ (− i

2E([Q,Q′]))2.

Hint. The only inequalities you need are the Cauchy–Schwarz inequality, i.e. |〈f, g〉| ≤ ‖f‖ ‖g‖,
and the fact that |z|2 ≥ [Im(z)]2 for z ∈ C.

Remark. Even if you don’t solve this problem, try to see what this inequality tells you for various
choices of Q and Q′. (The most famous example is Q = x and Q′ = p.)
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