Differential operators and topological index

X — n-dim manrfeld
EF— mM,cemp\eoc wechkor bwndles over X.

Dedin. A differential operator of order m on X is a
Vineaw map , P:ME)=T(F) with e %wm property: for
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omd where A F0 for some oo swih that lo|=m.

Debn. Goiven Lol coordineted & local trivializakions o4 E
and T, Hu p"ma'.\e«,Q aﬂ»m\ov{ of apcm/kor P
(qWM aAOWz) S,

a(%,3)(P)=cu(P): Ex— Fx
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Quertion: s oz (P) well defined? Givon dittercnt local  coovds
amel Woeal pivialieations i Hee aamloo{ different?
Thatts 4wo tommen selntions o Hae alosve,
(1) Grive o coonl free definition o4 wae principal symbed
amol  how Mw-\ab same
(2) Shew Mok §AY (emAramsform as o tensor under



s of coordinate system = o(P):O"TXeE — F
= o (P)eT(O™TX @ Hem (E/F)) .

s is what {2 beok does.

Defn. a dibkerentiaQ eparater P is elliptic  for
each nen-zero vecker SeTIXK fae principal  symiook is

invertible . gections of Frivial
v C-owndle of X.

Eaample. Laplace-Belivami operator , A C(X)— C7(X)

Led X be endewed with some Riemannian mednc g with
metric temsor gy dxydxe .
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Example. Dirac WW , Pr F(Q)‘_’ T(s)

Recall
Do = 21¢j- Vo
Choosing appropriote localizations
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7%(D)=15¢5; =13

Exercise. show Jhat D :TUS)=T(S) is elliptic.

Pop. Led PP T(E)=TF) (same order) and Q:T(F)—=[T(L)
be differentiaQ egperotors, then for TETEX and Y eR
one han,
a(kP+t'P’) = tog (P)+ ty (P)
3(Q°P)= % (Q) * = (P)

UThe prmmrva Sy mbad s a NILE 9‘03(.0& when cmsidered 1o
e on the ca’rama‘)w'l' bund le .”

Leds examine Hais «Fw{ in evder +» deline an eloment of
K- 'Hr\wnq fov am @u\(Bb erd&}o'(

Reeall (fromn K-theony ) e eguivalence ef  funchors,
’)L L(X, Y)—? KLX,‘{) whith equates Has segpence ®emet

L'ol )V'LJUH :Uqu O-_"V - - -—’V — O /Nﬂﬂwgﬁ\’b
of weckor bundles Vi over X, with an dumet of X.
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e TX = X

P:(E)—"(F)
o(P): A*E- 7n*F  (lowndle mayp)
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from Hre Bero section.

DX =15€T*X | Ig]« 1)
The s‘ambal of an elligtic eperador P defines an element

ot K- Hueory ,
<(P)= [*E ,m*F; o(P) ] € [K(DX,2DX) = Kepr (TX)

()
homeo.

New ms’.a’ex hwo mMaps -
(1) Hre smooth mbco'.ouﬂﬂ y X TR®

Q) Hwe conenical “scrwnch”, TTRN_:' ipt})
Beth of Hiese mavps Indwee maps  on K—Ma

B Kepe (TX) =7 Kepe (TRY)
g Kept (TIR®) — K(pt)™ Z.

Deln. 42t -\-v‘:o'\o%\w.ﬂ index of o differentia apmdw
P () "’e‘\.& inw )

top-ind(P) = q: (41 (= (™) )




