Principal G-bundles, Clifford bundles, and spin or
bundles

Tef A principal G-bundle s a fibw bwolle zP— X,

oo ethar with 2 centinuoun righk ackion of (G en P which
presences e fioers by acting frecky and dransibively on
Yem.

Locally) P looks Uke Urlr where G acks Iy malbiplication

on e ﬂzﬂzﬁ,
AM) = wee

N/
U

Ex. Let X bcamo’ropdoq'-c»Qspw,a.nAthbca.m-
shected corer of X, Hae P is o prncipal Zy—bundle,
where Yae achkon of Z, en P 'n-\'erchamof/.) e  sheeks.

Fiet we wil gve an example o4 o principal Cr-lowndle ot
Comes from o ~veckev loundle and +een tha.amemﬂ.
onstrnction of a prncipal G-loundle coming from a fiber
Bunolle .
E
Ex. Lekb ¥ be a real, n-dim wecker bundie , Haon one
can define B(E), Hee bundle of lbosee in E. The
fiber PulE)x conmet o4 4oe et of all bases of Ex. This
is & principal Gla—loundle.
The growp ackion is an follows: fix g=ay)e Gln , Haen



given o. bosic p=(vy, . ¥n )€ B (Bx) Lits inherently in Hoe
fiber) we define  pg=(vi,..,Vi) where VjT Zuvmay . Lte
easyy +o see Jhat e ackion is free and +onstive en e
fibers.

I? E in orientalole we can construct o principat
GLr - bundle, P (E).

Associated Pﬁnoi,paﬂ. Cr—wrdlle construckion.

Cosider a. fiber bundle E " with stuctwe growp G € Homeo (F).
Leds recall {2 definition
i U opon cover o X
i by A U) = U B (lacal drivializakion)
i hyohpt UaPU)XF = (U0 Ug) = F
haohp (<, $) = (x, a0 f) Nrotdrai iy
Gp): UuNUp = G (trarsition funclion)

Transition data satisfies Yap Yy Qvu= 1.

Def. any fiber bundle witl struckwre growp G has an ossocaked
principal Gloundle RlB) eblwined in the Fo\lowin.ﬂ manner ,
i replace F by & in Hue local produck
i poste e ® CT-)) bﬂ-&khcx lo(a e same braneition funchions,
whene geptx)elr acts on G on e LEFT.
Nete: while each fiber Ylooks Uke’ G, Heere s no preferred
wdentity.
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| clifford and spinor bundiee . |

E
Ex. Lot ;2 be a read n-dim vector bundle sver manifsld X. Assame

e bundle in eriented and eq,mkpped with a4 Riemannian struckuse
Then we cam corsider e bundle of eriented edttorommal frames,
This is & prinecpal  SDn—bumdle .

Led =:P—=X be a principal G-bundle and consder ansther space F.
homomerpliem ,  p- G —7Homeo(F) we e conshuck a Fiber bundle eve
F as follows .

Consider Hne ackion of G on P*F gen by Watp,£)= (P97, f)(g)--F).
Det. LA P T be Hoe guotiant space of e above action. One s
projection PrF—=P—=X descends +o a map 7 PHF =X, which s
over A with fiber T ooalled Hie bundle asocated © P by p.

Some -W\awz)\‘cs bo consider ...
S0nC R™ 7 SD.C U7 Apn): SO0~ Aut(Un)

property] ronlti ;u?em}ien

Ded. Hre Ui\c{-'ed bundle 6€ Hre oriamted Riemannion veckor bumdle E
is Har  bundle
CA(E) = Po(E) X lip) U,

We cowldd also define e CI(E) a0 e q,unl-vw\i: bundle,
cE)-(Z0E) £,



~ 70 (E)

Rd. (L(E) & o bwndu of Uiffod algebras oner X.

Todk. each of #ae nokions inhingic to  Uitford algelras
ouries over to  (Lovd bwndlles, ie. Har decomposition
UE)= W(E)e L'(E)

Pop. Haere is o camenicat veckor lowndle isometny , A A'(E) =7 CA(E),
under which A(NE)= UE) and AAME)='(E).

Ded. Lt E be an eviented Riemommion vector bundle with oo gpin
structure S‘PsmeE)"PsoLE)- A real gpinor bundle of E b a
bwndle of $ae form S(E)= Pgnl(E) Xp M, whae M is a ledt
mdule for ln and where _a: Spinn— OWM) is e representotion
gren By left mulbplicalion by elemonks of  Spinm.

Ex. Corsider Cln as a modulle ever tself loyy febt mulbiplication €.
The comesponding veal gpinor lewndle ic,
Cegin (E) = Pegin (E) %2 U1,
Facds: Uspin (E) s @ pmncipal Unloundle amdl Hasre is o nadwmd
embedding  Psga(E) < Ulspn(E) hence every real  spinov loundla {or
E com bt Captuwed from Hais enc.
Neke Hut UsanlE)+ CL(E). Leks see whyy, corsider
Ad: Spinn = Auk(Chn)
2M-\=LAMLM
Ad's 800 — Aud(Cn)
cApn) -



Mnd 0 we cee Mot  CUE)= PoinlE) Xag Cn.

A _werddy point. we care aJoou k reps o Hut oo ROT descend
{'OIWSQ’% SBV\.

Pﬂg. Let S(E) be a real Spiner bundle . Then SLE) o o
bundle of modiles over e bundle of ql%dzms CME). Th
porticulor Hae seclions of S(E) ot o module ever Har
seckions of CAE).
Proed.
The W’
PpnE) 2 x M =22 Bin[E)x M
2 s
i (E) % ok M -2 Rgn(E)x M
gren o4,
(pigsm) —> Lp,@-m)
| ¢
Lpg' g4 ' gm) = Cpq's grgom)
ucawba Cormmutes . Tlru,w(-\ere, g descendls o a mapping. ,
e UE)OSE) — &E) . (riven loy Har map top bett — laottom
ma)b\’c ot Hae aloove.

Def. Two gpiner loundles are equivalent & Hary e e“(uxmlan*
on bundles o CUE)-medules. A bundle of CUE)-medules is
ealled imveduncible # ok ech x Hae fiber & wdducble an a



moobJ@ orer CQ(E.,,).

Prop. Everyy spiner bundle of E cun be decomposed ko a direc
s &4 ireducible ones.



