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1. Outline

This note gives a brief survey of some techniques used to extend the correspondences between the

Seiberg-Witten and Gromov invariants of symplectic 4-manifolds beyond the symplectic setting.

The second section of introduces the intersection form, which is fundamental to the study of 4-

manifolds (and in fact is the key to the topological classification of 4-manifolds due to Freedman).

The third section discusses the Seiberg-Witten and Gromov invariants for symplectic manifolds and

the correspondence between them. The fourth section is devoted to understanding near-symplectic

forms. In the fifth section, we analyze “pseudoholomorphic curves” on a manifold which is only

near-symplectic, and catalog the near-symplectic results which are analogous to those used to prove

the correspondence between the Seiberg-Witten and Gromov invariants in the symplectic case.

The sixth section introduces Lefschetz fibrations on 4-manifolds and their correspondence with

symplectic structures, then discusses current work using the perspective of Lefschetz fibrations on

the above mentioned invariants.

2. Intersection Forms

Throughout, X will denote a topological, oriented 4-manifold; very soon it will also always be

smooth.

Definition 1. For a topological, closed, oriented 4-manifold X, the intersection form is the

symmetric bilinear pairing on H2

QX : H2
dR(X;R)×H2

dR(X;R)→ R given by (α, β) 7→
∫
X
α ∧ β

It can also be defined on H2(X;Z)/torsion by (a, b) 7→ 〈a∪ b, [X]〉 (a fundamental class of X exists

since X is oriented). Using Poincaré duality, there is an intersection paring on homology mod

torsion: [A] · [B] := QX(PD[A], PD[B]).

QX can be interpreted on homology as a signed count of the intersection of representatives of

each of the homology classes. After choosing a basis for H2
dR(X;R), QX can be expressed as a

diagonal matrix; b+2 (b−2 ) denotes the number of positive (negative) eigenvalues of this matrix.
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b+2 + b−2 = b2 := dimH2
dR(X;R) since it is possible to show that QX is an isomorphism between H2

mod torsion and H2 mod torsion (to get QX(α, ·)([B]) = QX(α, PD[B]) 6= 0, choose [B] = PD(β)

for which
∫
X α ∧ β 6= 0), and therefore can have no zero eigenvalues.

Intersection forms are instrumental in the classification of topological 4-manifolds up to homeo-

morphism. However, the situation of smooth 4-manifolds is much more complicated. For example,

there are infinitely many non-diffeomorphic smooth structures on topological R4, and whether there

exist smooth structures on topological S4s not diffeomorphic to the standard one is unknown.

3. Invariants of 4-Manifolds

From now on, X will denote a smooth, oriented 4-manifold.

There are some fairly strong results involving invariants of symplectic (and so necessarily smooth

and oriented), compact 4-manifolds which would be nice to extend to general smooth, compact,

oriented 4-manifolds. (For an elucidating exposition of the hierarchy of structures on smooth, closed

4-manifolds, see Cannas da Silva [2].)

Definition 2. K ∈ H2(X;Z) is a characteristic element if for all A ∈ H2(X;Z), K(A) =

[A] · [A]. The set of characteristic elements of X is denoted by CX .

The Seiberg-Witten invariant of a smooth, compact, oriented 4-manifold X is a map SWX :

CX → Z. It involves a moduli space Mδ
K(g) of solutions to the so-called “perturbed monopole

equations” on sections of certain bundles over X obtained from the double cover of the oriented

orthonormal frame bundle (with respect to g). The superscript δ references the perturbation (so

that we aren’t finding exact solutions to the monopole equations, but sections which are solutions

after they have been perturbed by a small amount in the fiber direction), and the subscript K

and the g indicate dependence on the characteristic element K and a choice of metric g. Then

SWX(K) = 〈µm, [Mδ
K(g)]〉. Mδ

K(g) is thought of as a closed, oriented submanifold of a space

homotopy equivalent to CP∞, whereupon it has a fundamental class. µ is the generator of the

cohomology of the space whichMδ
K(g) is a submanifold of, and m is half the dimension ofMδ

K(g).

When X is symplectic, the monopole equations become more simple, allowing the geometric results

below. In particular, the guarantee of a compatible almost-complex structure provides a complex

structure on TX, which makes the following theorems possible.

The Gromov invariant of a compact, symplectic 4-manifold X is a map GrX : H2(X;Z) → Z
which is given by a weighted count of pseudoholomorphic representatives of certain homology classes

of X, for which a specific sum of their Poincaré duals is the given element of H2. Note that this

is the Gromov invariant as defined in [14] (see also [15]), where the domain of each map realizing

the submanifolds as pseudoholomorphic is not fixed. This is in contrast to the Gromov-Witten

invariant of [21].

Here are some of the main results which relate these two invariants.
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Theorem 1. (Taubes, [14].) Let (X,ω) be a compact, symplectic manifold with b+2 > 1. Let K be

a given characteristic element with SWX(K) 6= 0 and with the class α = 1
2(K− c1(X)) ∈ H2(X;Z)

nonzero. Then for a generic compatible almost-complex structure on X, PD(α) ∈ H2(X;Z) can be

represented by a pseudoholomorphic submanifold.

Theorem 2. (Taubes, [18].) For (X,ω)as above, the classes ±c1(X) satisfy SWX(±c1(X)) = ±1.

So K = −c1(X) would satisfy the hypotheses of Theorem 1. These results give credibility to the

following theorem:

Theorem 3. (Taubes, [15].) For X compact, symplectic, with b+2 > 1, it is possible to make choices

so that SWX equals GrX .

In the case b+2 = 1, one has to make some further choices indicated by the symplectic structure,

but results analogous to the above three still hold.

4. Closed Self-Dual Forms and Near-Symplectic Forms

On an oriented Riemannian n-manifold, the Hodge star operator is a particular identification of k

forms with n−k forms; on a 4-manifold X, the Hodge star is the unique involution of Ω2(X) given

in local oriented orthonormal coordinates {x1, x2, x3, x4} by ∗gdxi∧dxj = dxk∧dxl where {i, j, k, l}
is an even permutation of {1, 2, 3, 4} (the presence of the metric can be felt in the requirement of

orthonormality, and serves to single out a unique homomorphism).

Definition 3. A 2-form η ∈ Ω2(X) is self-dual if ∗gη = η, and anti-self-dual if ∗gη = −η.

The space of all self-dual forms on X with respect to g is denoted by Ω2
+,g(X), and the the space

of anti-self-dual forms by Ω2
−,g(X). Since ∗g is defined pointwise it makes sense to talk about

the exterior powers Λ2
+,g(X) and Λ2

−,g(X), which are the sub-bundles of Λ2(X) := Λ2T ∗pX whose

fibers are spanned by, in local oriented coordinates, {dx1 ∧ dx2 + dx3 ∧ dx4, dx1 ∧ dx3 − dx2 ∧
dx4, dx1∧dx4 +dx2∧dx3} and {dx1∧dx2−dx3∧dx4, dx1∧dx3 +dx2∧dx4, dx1∧dx4−dx2∧dx3},
respectively. I will use the notation Λ2

±,g(V ) to denote the self-dual and anti-self-dual subspaces of

Λ2V 4 for g some inner product on V (that is, if {e1, e2, e3, e4} is an oriented orthonormal basis for

V , Λ2
+,g = R{e1 ∧ e2 + e3 ∧ e4, e1 ∧ e3 − e2 ∧ e4, e1 ∧ e4 + e2 ∧ e3}). Note that Λ2

±,g(X) and related

notions are bundles over X while Λ2
±,g(V ) is a subspace of an exterior power of V . Λ2(X) splits as

Λ2
+,g(X)⊕ Λ2

−,g(X). Ω2
±,g(X) consists precisely of the smooth sections of Λ2

±,g(X). Whenever it is

obvious from context I will suppress the subscript g denoting the metric.

If ω is self-dual then ω∧ω = |ω|2 dvol, so (ω∧ω)p is zero precisely when ωx is zero. If in addition ω

is closed then because ω’s square only vanishes when ω vanishes, it is symplectic on the complement

of its zero set Z = ω−1(0).

Proposition 1. If X is compact, the dimension of the space of all closed self-dual 2-forms is equal

to b+2 .
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Proof. Following [7]. By the Hodge decomposition Ωi(X) = Hi(X) ⊕ dΩi−1(X) ⊕ d∗Ωi+1(X) for

any metric g, where d∗ = ±∗d∗ (the sign depends on the dimension of X and i) and Hi(X) consists

of those forms η which are both closed and satisfy d∗η = 0 (we say η is harmonic). Reducing

to closed forms eliminates the d∗Ωi+1(X) term since d∗ ◦ d∗ = 0 (this follows from the fact that

∗∗ = ±1) yet nothing in d∗Ωi+1(X) can be closed lest it be in Hi(X) (the sum is direct, so nothing

can be in both). Modding out by dΩi−1(X) leaves us with, in the case of a 4-manifold X and i = 2,

H2(X;R) = imd
kerd = H2(X).

Every 2-form ω can be written as a sum of a self-dual and an anti-self-dual form, 1
2(ω + ∗ω) and

1
2(ω − ∗ω), respectively. Moreover, both self-dual and anti-self-dual closed forms are harmonic.

Finally, no form can be both self-dual and anti-self-dual, so H2(X) splits as a direct sum of the

spaces of self-dual and anti-self-dual forms.

If ω is self-dual and nonzero then QX(ω, ω) =
∫
X ω ∧ ω =

∫
X |ω|

2 dvol > 0. Similarly one can show

that QX(ω, ω) < 0 when ω is anti-self-dual. Therefore b+2 (b−2 ) is at least the dimension of the

space of closed self-dual (anti-self-dual) 2-forms. Neither can be any bigger lest, by the splitting of

H2(X), they add to more than the dimension of H2(X;R) = H2(X). �

Since closed self-dual forms are so common, it would be nice to extend the techniques of symplectic

geometry to the closed self-dual case. The theory is even nicer since one can demand (by a suitable

choice of g) that a closed self-dual form vanish only on a single circle. The rest of the section

investigates this demand. In what follows, note that if η ∈ Ω2(X) then for all p ∈ X, ηp can be

regarded as a bilinear pairing on TpX representable by a skew-symmetric matrix.

Definition 4. A near-symplectic form ω on a smooth, oriented 4-manifold X is a closed 2-form

satisfying

• ω ∧ ω ≥ 0

• As a skew-symmetric matrix, the rank of ωp is either 0 or 4.

• ω is transverse to the zero section of Λ2
+,g(X).

A consequence of the rank of ωp always being either 0 or 4 is that ω ∧ ω is zero precisely where ω

is zero.

A precise statement of the final condition would go as follows: the tangent space to the bundle

Λ2
+,g(X) over X at any (p, 0) splits as a direct sum TpX⊕Λ2

+,g(T
∗
pX). Let ∇ωp = π2 ◦dωp : TpX →

Λ2
+,g(T

∗
pX), where the d is not the exterior differential but the derivative of ω as a map from X to

Λ2
+,g(X), and where π2 denotes projection onto the Λ2

+,g(T
∗
pX) factor. Then ∇ωp has rank 3, its

maximal possible rank since Λ2
+,g(T

∗
pX) has dimension 3. A consequence of the transversality of ω

is that the zero set of ω is a 1-submanifold of X.

As in the case of a closed self-dual 2-form, a near-symplectic form is symplectic off its vanishing

locus since its square is zero only on its vanishing locus.
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Both of the definitions in this section rely on the choice of a Riemannian metric g. However,

the ability of a smooth, oriented 4-manifold X to admit either a closed self-dual form or a near

symplectic form is intrinsic to the manifold and independent of the choice of metric, in the sense

that a suitably generic choice of g will leave one with a form ω which satisfies all of the above

conditions. The following proposition makes this clear.

Proposition 2. Let X be a smooth, oriented 4-manifold. Given a near-symplectic form ω on X,

there is a metric g such that ω is closed self-dual with respect to g. Conversely, if X is compact

and b+2 > 0 then for generic g there exists a closed self-dual form ω which is near-symplectic.

Proof. Near-symplectic ⇒ self-dual; following [1]. Given ω a near-symplectic form on X, the goal

is to build a metric g for which ω is self-dual. The idea is to choose a rank 3 sub-bundle P of

Λ2(T ∗X) which (i) ω is a section of and (ii) on which the wedge product is positive-definite. P

can then be realized as Λ2
+,g(X) where ω is self-dual for g. This is because P will be constructed

(below) by patching together local constructions for which P is pointwise the self-dual forms for

the Euclidean metric on the tangent space at that point, and ω is a section of P . Take a partition

of unity subordinate to the open cover used in the construction of P , and pull back the Euclidean

metric on the open sets, patching it on intersections using the partition of unity. Then by (i) and

(ii), ω is self-dual for the metric obtained in this way.

Assume that the wedge product is positive-definite on a 3-dimensional subspace U of Λ2R4 if and

only if U = {v + L(v) | v ∈ Λ2
+,Euc(R4) and L : Λ2

+,Euc(R4) → Λ2
−,Euc(R4) is linear with operator

norm < 1} (Euc denotes the Euclidean metric on R4). Now let U0 and U1 be such subspaces,

corresponding to L0 and L1. For all t ∈ [0, 1] let Ut = {v + (1− t)L0(v) + tL1(v)}. (1− t)L0 + tL1

remains linear and has operator norm less than one when L and L′ do, so for all t, Ut is a positive

definite subspace for the wedge product. It is in this sense that the space of positive definite

subspaces of Λ2(R4) is “convex”; on X, positive-definite sub-bundles can be interpolated between

by interpolating between their respective local Ls. Now let ζ consist of all p ∈ X for which ∇ωp has

rank 3. On each connected component ∇ωp must vary smoothly, so set P = im∇ωp for all p ∈ ζ.

Since the rank of ∇ω must vary smoothly in the sense that the connected components of ζ are truly

disconnected (∇ω must have rank 2 somewhere on any path through X which begins and ends in

different connected components of ζ), by the convexity of positive-definiteness it is possible to use

a partition of unity to patch together the demands for P over ζ, where all interpolation happens

over q ∈ X for which ∇ωq has rank < 3.

It remains to show that on R4, U is positive-definite for the wedge product if and only if it can be

written as a suitable graph (and therefore we can use, as in the above paragraph, the convexity

following from this characterization). Assuming the latter, for all v + L(v) ∈ U ,

(v + L(v)) ∧ (v + L(v)) = v ∧ v + L(v) ∧ L(v) + 2v ∧ L(v) = v ∧ v + L(v) ∧ L(v) > 0
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One can check in local coordinates that the second equality holds, and the inequality holds since

the operator norm of L(v) is strictly less than 1. Therefore U is positive-definite for the wedge

product.

Now assume U is a positive-definite subspace for the wedge product. Then for all u ∈ U , 1
2(u +

∗Eucu) is self-dual and 1
2(u − ∗Eucu) is anti-self-dual. Moreover, all elements of Λ2

+,Euc can be

represented as 1
2(u + ∗Eucu) for some u ∈ Λ2(R4). Therefore if u + ∗Eucu 7→ u − ∗Eucu is linear

with operator norm less than one, we are done. The map is linear since ∗Euc is linear. Since ∗Euc
is an involution in dimension 2, the operator norm is

|u− ∗Eucu|
|u+ ∗Eucu|

=

√
(u− ∗Eucu) ∧ (u− ∗Eucu)

(u+ ∗Eucu) ∧ (u+ ∗Eucu)
=

√
u2 − 2dvol + u2

u2 + 2dvol + u2
< 1

where the final inequality comes because u ∧ u > 0.

For self-dual ⇒ near-symplectic, see [9] or [11]. The proof shows that the set of pairs of forms and

metrics for which the form is both self-dual and near-symplectic for the metric is dense in the set

of paris for which the form is only self-dual for the metric. �

See also [5] for an explicit construction of near-symplectic forms on closed X: it uses handlebody

decompositions.

Ultimately, both the closed self-dual and near-symplectic perspectives are valuable, as a suitable

choice of viewpoint allows one to satisfy the hypotheses of powerful theorems.

There are compact 4-manifolds which admit near-symplectic forms but not symplectic ones. For

example, if X is closed and admits a symplectic form then it is well-known that 1− b1 + b+2 must be

even, and therefore if X is simply-connected that b+2 must be odd [7]. However, any X with b+2 ≥ 1

admits a near-symplectic form. In particular, see [18], [16], [10]. In [10] the example is S1 ×M3

where M3 is obtained by surgery on a knot in S3; there is an obstruction in terms of the Alexander

polynomial of the knot to a symplectic structure on S1 ×M , but if the surgery is nice enough (in

particular, “zero-framed”) then S1 ×M has b+2 = 1, so admits a near-symplectic structure.

There is a result ([13]) that, given a near-symplectic ω, one can specify the number of components

of ω−1(0) in the sense that one can always find another near-symplectic form in [ω] whose zero set

has any positive number of components.

5. Pseudoholomorphic Curves off the Zero Locus

From now on, ω will be a closed 2-form which is both self-dual and near-symplectic with respect to

the choice of metric g. This section discusses the role of the zero set Z = ω−1(0) in the existence

of distinguished subsets of its complement.

Let J =
√
2
|ω| g

−1ω, where ω and g are considered, for all p ∈ X, as from TpX to T ∗pX. J is a smooth

bundle map on TX since g and ω are. Now let {x1, x2, x3, x4} be oriented orthonormal coordinates
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for X near p. Then g = dx1dx1 +dx2dx2 +dx3dx3 +dx4dx4 and ω = f(x)(dx1∧dx2 +dx3∧dx4) +

g(x)(dx1∧dx3−dx2∧dx4) +h(x)(dx1∧dx4 +dx2∧dx3). Since g and ω are bundle maps, they are

in particular linear on the fibers, so to show that J defines an almost-complex structure on X −Z
it suffices to show that J2(∂i) = −∂i for all i (where ∂i = ∂

∂xi
|p). The case i = 1 is as follows:

J2(∂1) =

√
2

|ω|2
g−1p ωpg

−1
p ωp(∂1)

=

√
2
2

|ω|2
g−1p ωpg

−1
p (f(p)dx2 + g(p)dx3 + h(p)dx4)

=
2

|ω|2
g−1p ωp(f(p)∂2 + g(p)∂3 + h(p)∂4)

=
2

|ω|2
g−1p ωp(−f(p)2dx1 − f(p)g(p)dx4 + f(p)h(p)dx3 + f(p)g(p)dx4 − g(p)2dx1 − g(p)h(p)dx2

− f(p)h(p)dx3 + g(p)h(p)dx2 − h(p)2dx1)

=
2

|ω|2
· −|ω|

2

2
g−1(dx1)

= −∂1

therefore J is an almost-complex structure on X − Z. Moreover, one can check that it is ω-

compatible (ω(Jv, Jw) = ω(v, w)) by checking on pairs v = ∂i, w = ∂j), and that it is ω-tame by

checking that each ω(∂i, J∂i) > 0.

The Gromov invariant of a symplectic 4-manifold is a map from H2(X;Z) to Z defined by counting

pseudoholomorphic submanifolds Poincaré dual to the cohomology class with weights. In order to

extend “SW = Gr” to near-symplectic manifolds, one must know what to count.

Definition 5. (After Taubes.) For X a compact, smooth, oriented 4-manifold with ω a closed,

self-dual, near-symplectic form and Z = ω−1(0), a subset C ⊂ X − Z is a pseudoholomorphic

subvariety when

• There is a complex curve (which can be noncompact or disconnected) (C0, j) and a proper,

pseudoholomorphic map u : C0 → X − Z with u(C0) = C.

• Off a countable set S ⊂ C0 without accumulation points, u is an embedding.

•
∫
C0
u∗ω <∞

An Example. Following [17]. Let M be a compact, smooth, oriented 3-manifold with b1 > 0.

The near-symplectic manifold will be X = S1 ×M . Its closed, self-dual, near-symplectic form is

ω = dt ∧ ν + ∗Mν, where t is the coordinate of S1 = R/2πZ, ∗M is the Hodge star for M , and

ν is a 1-form on M . A generic choice of metric on M will have the property that there exists

a representative for any nonzero class in H1(M ;Z) which is harmonic (see [8]). It is easy to see

that ω is closed. To see that it is self-dual (and therefore harmonic), choose oriented orthonormal
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coordinates {y1, y2, y3} on M so that ν = f(y)dy1; in that case if ∗X is the Hodge star for X,

∗Xω = ∗X(f(y)dt ∧ dy1 + f(y)dy2 ∧ dy3) = f(y)(dy2 ∧ dy3 + dt ∧ dy) = ω

The zero set Z of ω is S1× ν−1(0). Let v : M → TM be the vector field dual to ν (so in the choice

of local coordinates this is just 1
f(y)

∂
∂y1

), and let γ : (−ε, ε)→M be a flow line for v. In particular

∗Mν(γ′(s)) = 0 for all s ∈ (−ε, ε). If the image of γ is diffeomorphic to a circle or connects two

zeroes of ν then C = S1× imγ is a pseudoholomorphic subvariety of X (in particular in those cases,

the integral of the pullback of ω – which, when restricted to C, is simply dt ∧ dy1 – over the torus

or the cylinder is finite). The almost complex structures are locally J(∂t) = ∂y1 , J(∂y1) = −∂t both

on C and on the torus or cylinder which ought to be the preimage of C under a pseudoholomorphic

map. �

A signed count of pseudoholomorphic subvarieties equalling SWX would only make sense if they

were guaranteed to exist. Fortunately, we have an analog of Theorem 1:

Theorem 4. (Taubes, [17].) Let X be a compact, smooth, oriented Riemannian 4-manifold with

b+2 > 0, a nonzero SWX , and ω a closed, self-dual, near-symplectic form. Then there is a pseudo-

holomorphic subvariety C ⊂ X − Z such that C is the homological boundary of Z.

To understand the final statement, note that each component of Z has a tubular neighborhood

diffeomorphic to S1 × B3, so with boundary diffeomorphic to S1 × S2. A linking 2-sphere LS2

of Z is any {pt} × S2. C is the homological boundary of Z if [C] · [LS2] = ±1 for all linking

2-spheres LS2 of Z.

The eventual use of this result might be in the construction of some count of pseudoholomorphic

subvarieties of X −Z which homologically bound Z which could be shown to be equal to SWX , as

in Theorem 3.

There is another result which speaks to the behavior of such C near Z, where the metric becomes

singular.

The Standard Model. If {x1, x2, x3, x4} are the standard coordinates on R4, set

ω = x2(dx1 ∧ dx2 + dx3 ∧ dx4) + x3(dx1 ∧ dx3 − dx2 ∧ dx4)− 2x4(dx1 ∧ dx4 + dx2 ∧ dx3)

g = dx1dx1 + dx2dx2 + dx3dx3 + dx4dx4

One can check that ω is closed, self-dual, and near-symplectic for g. Z = {x2 = x3 = x4 = 0}. �

If ω is modeled as above near Z, then it is possible to turn a homological boundary into a true

boundary.

Theorem 5. (Taubes, [19].) Let X be a compact, smooth, oriented Riemannian 4-manifold and ω

a closed, self-dual, near symplectic form on X such that for all p ∈ Z, there are local coordinates

with ω can be described near its zero set as in the standard model, above. Let C ⊂ X − Z be a

pseudoholomorphic subvariety. Then for all but a finite set of p ∈ Z, every p centers an open ball
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in X which intersects C in a finite number of components. The closure of each component is a real

analytically embedded half disk whose straight edge coincides with Z and whose interior does not

intersect Z.

More restrictions can be proven about the type of real analytic embedding which appears.

Furthermore, as described in [19], it is possible to homotope any given ω in a neighborhood of Z

so that it coincides with the standard model. However, the theorem does not then prove anything

about the behavior of pseudoholomorpic subvarieties of the original form.

6. Broken Lefschetz Fibrations

There is a topological structure called a Lefschetz pencil one can put on a smooth, orientable

4-manifold X which is equivalent to the condition of admitting a symplectic form.

Definition 6. Let X be a smooth, oriented 4-manifold. A Lefschetz pencil on X is a map

f : X − {b1, . . . , bn} → CP1 which is a submersion away from {p1, . . . , pr} and which can be locally

modeled

• near the bi by (z1, z2) 7→ z1
z2

• near the pj by (z1, z2) 7→ z21 + z22

By inspection of the local models, the bis are contained in the closures of all the fibers; by blowing

them up we obtain a Lefschetz fibration.

One can also impose the condition that away from the bis and pjs, the map looks locally like

(z1, z2) 7→ z1. It is possible to generalize to maps to any compact surface (with or without boundary;

the case of a fibration over D2 is particularly useful).

The perspective of Lefschetz pencils and fibrations brings many new tools to bear on the study of

symplectic manifolds. (One which is particularly fundamental and which I will only mention here

is the use of mapping class groups of surfaces, which can be applied to the fibers in order to study

the total space.) Lefschetz fibrations are the complex analogue of Morse theory (recall that any

quadratic form on a vector space over C is isomorphic to x11 + · · ·+ x2n, so that we do not get any

index as in the real case). One can use Lefschetz fibrations to induce handle decompositions of

X, as in the real case. The key difference is that critical points do not disconnect, as CP1 − {pt}
is not disconnected. Since preimages of regular values connected by a path passing through only

regular values are (for general smooth maps) diffeomorphic, and the space of regular values is

path-connected, all fibers above regular values are diffeomorphic.

The correspondence between Lefschetz pencils and symplectic manifolds is given by the following

(simplified) results:
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Theorem 6. (Donaldson, [3].) If (X,ω) is a symplectic manifold then X admits a topological

Lefschetz pencil.

Theorem 7. (Gompf, [6].) For X a smooth, closed, oriented 4-manifold admitting a Lefschetz

pencil f , there is a canonical choice of an isotopy class of symplectic forms on X (it is nonempty,

and the cohomology class of the forms is specified by f).

What is most relevant to the case of near-symplectic geometry is that Donaldson and Smith have

defined an invariant of a Lefschetz fibration on a 4-manifold [4]. One constructs a fibration over

CP1 whose fibers are a symmetric product of the fibers of the original pencil, and then counts with

sign the “pseudoholomorphic” (in an appropriate sense) sections of the new fibration in a given

homology class. Usher [20] has shown that this count equals the Gromov invariant in many cases.

As in the case of near-symplectic geometry, we’d like to generalize our Lefschetz fibration tools.

Definition 7. Let X be a smooth, oriented 4-manifold. A broken/singular Lefschetz pencil

on X is a map f : X − {b1, . . . , bn} → CP1 which is a Lefschetz pencil off a 1-submanifold Z ⊂
X − {b1, . . . , bn} called the singular set. Z and f satisfy the following condition: X admits local

coordinates {x1, x2, x3, x4} near every p ∈ Z such that Z = {x1 = x2 = x3 = 0} and f is locally

given by (x1, x2, x3, x4) 7→ x21 − 1
2

(
x22 + x23

)
+ ix4.

One can again obtain fibrations by blowing up the bis. It is again possible to generalize to maps to

any compact surface. By analyzing the behavior of the fibration near the singular set, it is possible

to see a correspondence between near-symplectic structures and broken Lefschetz pencils. We have

the following (simplified) result:

Theorem 8. (Auroux, Donaldson, Katzarkov, [1].) For Z a 1-submanifold of a compact, smooth,

oriented 4-manifold X, the following are equivalent:

• There exists a near-symplectic form ω on X with zero set Z.

• There exists a broken Lefschetz pencil f on X with singular set Z.

Perutz [12] has constructed an invariant of near-symplectic manifolds analogous to the Donaldson-

Smith invariant, but involving “pseudoholomorphic” curves with boundary subject to boundary

conditions. He has conjectured that his invariant equals SWX .

7. Resources

While the bibliography is a good list of resources on the topics of near-symplectic forms and

broken Lefschetz fibrations, I’d also like to mention the pair of surveys by Taubes, both called

“The Geometry of the Seiberg-Witten Invariants.” The one which focuses on the Seiberg-Witten

invariants on a symplectic manifold and can be found in Surveys in Differential Geometry, Vol. 3

(1996), pp 299-339. The one which focuses on the possible extension to near-symplectic manifolds
10



can be found in Documenta Mathematica, in an extra volume for the International Congress of

Mathematicians (1998), pp 493-504.
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