
4-MANIFOLDS AS “FIBER BUNDLES”

MORGAN WEILER

Structures on 4-Manifolds

I care about geometric structures on 4-manifolds because they allow me to obtain results about their smooth
topology. Think: “de Rham cohomology : continuous topology as geometry : smooth topology.”

If our goal is to understand the smooth topology of 4-manifolds then we need to understand what kind of
geometric structures we can put on them, whether one structure implies another, and roughly how many of
structure A is allowed by structure B.

I have taken much of this section from [4].

We have the following containments of closed, connected, smooth 4-manifolds (such a manifold “is A” if the
manifold admits a structure of type A):

orientable
1
) almost complex

2
) symplectic ∪ complex

and

symplectic ∩ complex
3
) Kähler

Note also that symplectic manifolds are not always complex and vice versa (4 and 5).

(1) An almost complex structure gives an orientation of the tangent bundle. However, Wu [26] characterizes
almost complex closed 4-manifolds by the property

3σ + 2χ = h2 for h ∈ H2(M,Z) such that h 7→ w2(M) under the map H2(M ;Z)→ H2(M ;Z2)

(The condition is necessary since almost complex structure must provide a first Chern class satisfying the
Hirzebruch signature formula; sufficiency is probably Wu’s result.) Therefore S4 and (S2×S2)#(S2×S2)
are orientable but not almost complex. S4 has no H2, so σ = 0 and h = 0 although χ(S4) = 2. Also

#mCP2#nCP2 is almost complex if and only if m is odd.

(2) Complex structures provide almost complex structures by definition, and symplectic structures provide
almost complex structures by linear algebra or by a Riemannian metric. A manifold which is almost
complex but neither symplectic nor complex is CP2#CP2#CP2. It is not complex because it does not
fit into the Kodaira classification [14]. It is not symplectic because Taubes showed [20] that a symplectic
connect sum must have one term with negative definite intersection form, yet the intersection form of
CP2 is simply (1) (and intersection forms ⊕ under #).

(3) Kähler manifolds have compatible complex and symplectic structures, so if X is not Kähler but is both
symplectic and complex, it must not be possible to put compatible symplectic and complex structures
on X. The first example is the Kodaira-Thurston example [23]. Let M = R4/Γ, where R4 has the
standard symplectic form and Γ is generated by

(x1, x2, y1, y2) 7→(x1 + 1, x2, y1, y2)

(x1, x2, y1, y2) 7→(x1, x2 + 1, y1, y2)

(x1, x2, y1, y2) 7→(x1, x2 + y2, y1 + 1, y2)

(x1, x2, y1, y2) 7→(x1, x2, y1, y2 + 1)

M is a T 2-bundle over T 2 (because of the +1 in each generator) and is symplectic (you can calculate that
the action of Γ preserves the form, so the form descends to the quotient). Kodaira [14] says that M is
complex. However, covering space theory tells us that π1(M) = Γ, so H1(M ;Z) = Γ/[Γ,Γ], whose rank
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you can calculate to be 3. Hodge theory [5] tells us that the odd Betti numbers of a Kähler manifold
are even.

(4) See Fernández-Gotay-Gray [8] for symplectic manifolds which admit no complex structure (though they
are not simply connected). They are circle bundles over circle bundles over a T 2. There is a family

of simply connected manifolds obtained by knot surgery from CP2#9CP2 which are symplectic (see
Fintushel and Stern [9]) but not complex (see Park [17]).

(5) A non-simply-connected complex surface which isn’t symplectic is the Hopf surface. It’s diffeomorphic
to S1 × S3 and obtained as

(C2 − {0})/Γ where Γ = {2nid | n ∈ Z}
that is, (z1, z2) ∼ (2z1, 2z2). Since Γ is a group of complex transformations, the Hopf surface is complex.
However it’s closed and has no H2 so cannot be symplectic. I don’t know a four-dimensional example
of a simply-connected complex surface which is not symplectic.

A simple example of a Kähler manifold is CP2, along with all connect sums with CP2s since those are diffeo-
morphic to symplectic blow-ups.

What we’d really like to understand is the distribution of the subsets within the larger sets. For example,
“how many” almost complex manifolds are symplectic? In order to do this we’d have to make sense of what
we mean by “most 4-manifolds which are A,” which is a tricky question (there are uncountably infinitely many
fundamental groups of four-manifolds but there are also uncountably infinitely many fundamental groups of
symplectic four-manifolds (Gompf); there are even at least countably infinitely many exotic copies of some
simply-connected compact topological four-manifolds – look up Dolgachev surfaces).

Topological Characterization of the Geometry of 4-Manifolds

Some of the above geometric structures can be characterized by purely combinatorial data. The “combinatorial
data” is usually a collection of decorated curves on surfaces, which gives the homeomorphism type; local models
for special functions associated to the curves and the surface give the diffeomorphism type. Symplectic manifolds
can be characterized in this way via Lefschetz pencils, which led mathematicians to try to understand manifolds
with b+2 > 0 and ultimately all smooth 4-manifolds via curves on surfaces.

Lefschetz Pencils and Fibrations. See Gompf and Stipsicz [12]

Lefschetz pencils and fibrations are inspired by an algebraic geometry construction on any complex projective
surface. I don’t know enough algebraic geometry to believe all the generic-ness claimed in this construction.
Therefore we’ll simply move right along to the differential topology version, which is just a lift of the topology
of the algebraic geometry situation to manifolds, along with local geometry near the singularities.

In algebraic geometry the most natural construction is that of a Lefschetz pencil, so...

Definition 1. A Lefschetz pencil on a four-manifold is a nonempty finite set B ⊂ X called the base locus
together with a smooth map f : X\B → CP1 such that

• neighborhoods of b ∈ B have orientation-preserving coordinate charts on which f is given by projec-
tivization C2\{0} → CP1

• neighborhoods of critical points have orientation-preserving charts on which f(z1, z2) = z21 + z22 relative
to a suitable smooth chart on CP1

We call Ft := f−1(t) ∪B for t ∈ CP1 the fiber of f over t.

Definition 2. A Lefschetz fibration on X is a map f : X → Σ where...

• The range Σ can be any compact connected oriented surface, with or without boundary.

• X is allowed to have boundary so long as f−1(∂Σ) = ∂X
2



• Each critical point of f lies in int(X) and is modeled as for a Lefschetz pencil.

Things to notice:

(1) The critical point model looks like a Morse function model, however, there is no index in the complex-
valued case because one can always change the sign of any coordinate’s square by using new coordinates
obtained by multiplying the old one(s) by i.

(2) Using a change-of-coordinates like (z1 + iz2, z1 − iz2) we can think of f(z1, z2) as z1z2 in the new
coordinates rather than z21 +z22 in the old coordinates. Therefore each fiber is a smoothly immersed sur-
face, critical points are positive transverse self-intersections, and regular fibers are nonsingular (they’re
preimages of z1z2 = t for small t ∈ C).

(3) Each Ft is compact and canonically oriented and interests a neighborhood of B in a smooth surface.
Blowing up a pencil at the base locus turns a Lefschetz pencil into a Lefschetz fibration where each
exceptional sphere is a section.

(4) Removing singular fibers turns a Lefschetz fibration into a fiber bundle with connected base, therefore
diffeomorphic fibers (consider the preimage of a path in the base).

(5) We can perturb f to be injective on its critical locus so that each singular fiber has a unique singularity.

(6) Each critical point corresponds to a vanishing cycle on the nearby regular fibers, which is the set that
collapses to a point above any path in the base to the critical value.

(7) Above any loop surrounding a critical value we can think of a Lefschetz fibration as a surface bundle
over a circle. A circle is just [0, 1]/0 ∼ 1, so the fibration over the loop is completely determined by
the connected component of the diffeomorphism group of the fiber which the map gluing the fibers
over 0 and 1 lives. The set of connected components of a surface’s diffeomorphism group is called the
mapping class group (MCG). So a Lefschetz fibration is completely determined by its monodromy
representation of π1(Σ\critical values) in the MCG of the fiber. Lefschetz fibrations are isomorphic iff
their monodromy representations agree up to conjugation in the MCG and isomorphisms on π1 of the
regular values of f induced from smooth maps on the regular values. We can also characterize which
monodromy representations are realizable by Lefschetz fibrations.

In particular we can show that the monodromy around a single Lefschetz singularity is a positive Dehn
twist about the vanishing cycle. Since the critical point model is local, the monodromy is only local.

Four-manifolds are difficult so it’s inspiring to realize we can understand many of them through some-
thing associated to a surface. Unfortunately, MCGs are very difficult to understand!

(8) We like Lefschetz pencils and fibrations since they give us a “combinatorial” description of our 4-manifold
in terms of curves on surfaces, monodromy representations, and the local smooth model of the function,
which determines the smooth type of f near singularities (above any path in the regular values, f is
just Morse, so flowing along ±∇f gives a diffeomorphism of regular fibers).

Lefschetz pencils and fibrations describe which manifolds? (Gompf, Donaldson). See [12]:

Theorem 1. (Gompf) Assume a closed 4-manifold X admits a Lefschetz fibration. Let [F ] denote the homology
class of the fiber. Then X admits a symplectic structure if and only if [F ] 6= 0 in H2(X;R).

Also, ω can be chosen to make any finite set of sections of the Lefschetz fibration symplectic sections.

By blowing up the base locus, using the previous theorem, and symplectically blowing down what we blew up,
we get

Theorem 2. (Gompf) If a 4-manifold admits a Lefschetz pencil then it admits a symplectic structure.

That is, Lefschetz pencils can only exist on symplectic 4-manifolds. Don’t go looking for them anywhere else!
And if a manifold admits a Lefschetz fibration but is not symplectic then it must admit only a specific type of
Lefschetz fibration, where the fiber is null-homologous, and no fibration with a non-null-homologous fiber.
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Theorem 3. (Donaldson [6]) Any symplectic 4-maniflold admits a Lefschetz pencil.

So Lefschetz pencils not only do not exist on non-symplectic things, they characterize symplectic things.

Broken Lefschetz Pencils.

Definition 3. A broken Lefschetz pencil on X with singular set S is a finite set B ⊂ X\S and a map
f : X\B → S2 with indefinite quadratic singularities along S and is a Lefschetz pencil on X\S.

Definition 4. A map f : X → S2 has indefinite quadratic singularities along S if each s ∈ S has local
coordinates (x0, x1, x2, t) where

S = {(x0, x1, x2, t) | xi = 0}
and in suitable local coordinates on S2,

f(x0, x1, x2, t) = x20 −
1

2
(x21 + x22) + it

Topologically, depending on the direction, the preimage of the line t = const passing through the image of
an indefinite quadratic singularity is either attaching or detaching a 2-dimensional 1-handle. Attaching such a
handle can increases genus. There are two ways we can envision this. (Draw some pictures.) We again call the
belt sphere of the handle attachment a vanishing cycle.

We again get fibrations by blowing up the base locus. Broken Lefschetz pencils and fibrations can be combi-
natorially described by their image (including the image of the singular set), the monodromies around their
Lefschetz singularities (determined by vanishing cycles and the mapping class group of the fiber), and some
gluing data (determined by the vanishing cycles over the singular set). This data determines f ’s homeomor-
phism type completely if the identity component of π1(Diff(F ), B) (F is the fiber) is simply connected. As in
the unbroken case, the local model of the function determines the smooth type of f near singularities (above
any path in the regular values, f is just Morse, so flowing along ±∇f gives a diffeomorphism of regular fibers).

Broken Lefschetz pencils describe which manifolds? (Auroux-Donaldson-Katzarkov). Think of a
near-symplectic form as a form which is symplectic off a 1-submanifold, where it vanishes completely. The
ability of a smooth, oriented 4-manifold X to admit a near symplectic form is intrinsic to the topology of the
manifold:

Proposition 1. Let X be a smooth, oriented 4-manifold. Given a near-symplectic form ω on X, there is a
metric g such that ω is closed self-dual with respect to g (and therefore b+2 > 0). Conversely, if X is compact
and b+2 > 0 then for generic g there exists a closed self-dual form ω which is near-symplectic.

Since near-symplectic forms are nearly symplectic, and broken Lefschetz pencils are barely non-Lefschetz, one
would expect...

Theorem 4. (Auroux-Donaldson-Katzarkov [1]) Let S be a 1-dimensional submanifold of a compact oriented
4-manifold X. Then the following are equivalent:

• There is a near-symplectic form ω on X with zero set S.

• There is a broken Lefschetz pencil f on X with quadratic singularities along S, and with a class h ∈
H2(X) such that h(Σ) > 0 for every component Σ of every fiber of f .

Broken Lefschetz Fibrations over S2 Describe all Four-Manifolds (Gay-Kirby, Lekili, Baykur,
Akbulut-Karakurt). In [1] §8.2 Example 1, the authors exhibit a broken Lefschetz fibration of S4 over S2.
b2(S

4) = 0 so S4 is not near-symplectic. This example led many authors to try to understand whether or not
we can find broken Lefschetz fibrations to S2 on all four-manifolds.

Theorem 5. (Gay-Kirby, Lekili, Baykur, Akbulut-Karakurt) Any map X → S2 is homotopic to a broken
Lefschetz fibration.
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Lekili [15] further realized that one can ask all singularities to be only folds and cusps, removing Lefschetz
critical points. Also see Baykur [2]. This inspired people to study instead maps with only folds and cusps,
rather than Lefschetz singularities.

Morse 2-functions (Gay-Kirby). A Morse 2-function is a generic smooth map from X to a surface. That
is, its singularities are only folds (as before) and cusps (births and deaths of Morse singularities). One can
also think of a Morse 2-function as a function which locally above a path of paths in the domain looks like a
homotopy of Morse functions.

We call the image of the singular set the fold curves of the Morse 2-function.

Note that associated to the regular fiber “inside” a cusp (that is, above points on the acute side of a cusp of
the fold curves) are two vanishing cycles which meet in exactly one point in the fiber. Associated to highest
genus regular fiber above points near a crossing of the fold curves are two vanishing cycles which do not meet.

We’d like to avoid definite folds (local extrema of the Morse functions above paths in the base, that is,
connected components of the fiber appearing and/or disappearing) and preserve fiber-connectedness in ho-
motopies of Morse 2-functions.

Lefschetz pencils and fibrations give a somewhat combinatorial description of a four-manifold: is it similarly
possible to understand manifolds from their Morse 2-functions with indefinite folds and connected fibers?

Most of what follows in this section is taken directly from [11].

Theorem 6. (Gay-Kirby [11]) Suppose all fibers of a Morse 2-function f : X → Σ have genus > 1 and all the
regions in Σ bounded by fold curves are simply connected. Then the following data reconstruct X and f up to
diffeomorphism:

(1) Think of the fold curves as a fold graph Γ. It’s vertices have valence 2 (at cusps) and 4 (at crossings)
and it divides Σ into polygons Ri. This subdivision allows us to co-orient Γ (orient it’s normal direction)
in the direction of decreasing genus of the polygons. When ∂Σ 6= ∅, we ask the vertices of Γ to be in the
interior of Σ and the edges to be transverse to the boundary.

(2) The standard fiber FR, a genus gR surface above each point in the interior of a region R.

(3) For each outward-oriented edge e of a region R we record the attaching circle (also known as the
vanishing cycle), a simple closed curve Ce on FR. It is the attaching circle for the 2-handle attached
when crossing e (which is a 0-handle when crossed in the opposite direction).

(4) Gluing data for each outward oriented edge e of a region R: choose a linearly independent set of
2(gR−1) simple closed curves A(1,e), B(1,e), . . . , A(gR−1,e), B(gR−1,e) in FR disjoint from Ce so that Ai t Bi

consists of one point and (Ai ∪ Bi) ∩ (Aj ∪ Bj) = ∅ when i 6= j. These show how to identify the genus
gR − 1 surface obtained from surgery along Ce (from collapsing the vanishing cycle) with the standard
fiber in the adjacent, lower genus region across e, by mapping the Ai, Bi to the standard basis (picture)
for a genus gR − 1 fiber. (I had to take some liberties with this definition, but my additions seem to be
the only thing which makes sense.)

There are obvious constraints on this data. For example: when Ri and Rj are adjacent across an edge of Γ, it
must be that Ri = Rj±1. Co-orientations must be consistent at 4-valent vertices. Attaching circles at crossings
must be disjoint, and at cusps must intersect once. There are also homotopy-theoretic constraints: from the
above data we can construct X above a dual graph (vertices are regions R and edges connect adjacent regions),
but we must fill the preimages of neighborhoods of vertices of Γ.

Doing the obvious things (above R, X is FR × R, and above an edge one attaches a handle) reconstructs X
away from regions above cusps and crossings. Therefore, the content of the theorem is that the extension over
cusps and crossings is unique if it exists.

Finally, one should expect that for most edges, (4) is redundant. The next theorem in this paper is a list of
some cases in which we do not need to record the gluing data along all edges (it is forced by choices along
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adjacent edges). Specifically, most of the time we only need gluing data along a rooted maximal tree in the
oriented dual graph of Γ.

Great! So now we understand something about reconstructing a 4-manifold from data associated to a Morse
2-function. This gives us hope for being able to construct manifold invariants from understanding that data
alone – although be careful, we still don’t have precisely minimal data.

Since the same 4-manifold can be described by different Morse 2-functions, particularly by homotopic Morse
2-functions which might provide different data, we need to understand a little about how homotopies of Morse
2-functions behave. In the following there are conditions on the dimension of X which are satisfied when
dimX = 4.

Theorem 7. (Gay-Kirby [10]) Existence: Let F : ∂X4 → ∂Σ be an indefinite, surjective Morse function which
extends to a map f ′ : X → Σ. If f ′∗(π1(X)) has finite index in π1(Σ) then f ′ is homotopic rel. boundary to an
indefinite Morse 2-function f : X → Σ. If F is fiber-connected and f ′∗(π(X)) = π1(Σ) then we can arrange that
f be fiber-connected as well.

Think about what this means for closed X and Σ = S2: any map works as f ′, and S2 has no π1, so we can
always ask for fiber-connectedness.

Theorem 8. (Gay-Kirby [10]) Uniqueness: Let f0, f1 : X4 → Σ be indefinite Morse 2-functions which agree
on ∂X and are homotopic rel. boundary. Then fi are homotopic through an indefinite generic homotopy ft. If
fi are fiber-connected then we can ask ft to be as well.

The idea here is analogous to “a homotopy of Morse functions is generically Morse, up to Cerf moves.” For
Morse 2-functions we have “a homotopy of Morse 2-function is generically a Morse 2-function, up to six moves.”
(Draw the moves.)

Examples. Here are some examples of broken Lefschetz fibrations from [1].

Let’s try to understand the four-manifolds X which can appear as the total space of the simplest possible broken
Lefschetz fibration over S2. X = X− ∪W ∪X+, where X− = T 2 ×D2 mapping to the southern hemisphere,
W = S1×cob(T 2, S2) (the standard cobordism from T 2 to S2, a solid torus with a ball removed from the interior
– check the local model by drawing both pictures), and X+ = S2 ×D2 mapping to the northern hemisphere.

π1(Diff(S2), id) ∼= Z2 (it’s homotopy equivalent to O(3), whose π1 in the identity component is that of SO(3),
which is homeomorphic to RP3) and π1(Diff(T 2), id) ∼= Z2 (twist along either circle). X depends on our choices
for gluing W to X±.

Choosing the identity for each boundary gives (S1 × S3)#S2 × S2. Choosing the identity for T 2 but not for

S2 gives (S1 × S3)#CP2#CP2. Choosing the element in π1(Diff(T 2)) represented by a unit translation in the
direction transverse to the vanishing cycle gives S4.
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