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Details: This is a chain rule problem:

d _Ofdx  Ofdy  Ofdz
il "= w Y oya T o

We now evaluate the above at t = 2. When t = 2, r(2) = (1,2,(2)%). Also, r'(t) =
(0,1,2t), so that at t = 2, r'(2) = (0, 1,2(2)). Therefore

(e ondy oriy
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t=2

d
()

t=2

2

8

Details: Combine the equation of the two surfaces, 2 = 2% and z = 4 — 9?2, together,
to see that 2% + y* = 4. What this means is that the intersection of the two surfaces
(which is a curve) lies on the cylinder x* +y? = 4, i.e. the surface we are interested in lies
entirely on top of the disk 22 + 4% = 4 in the z-y plane. We will take this as the region

of integration.
2 27
// (4 —9?) — (¥ dwdy = / / (4 —7rHrdodr = 8r
D o Jo

Alternatively, you may integrate the volume over the z-z plane. The answer is the same,
but the integral is harder to compute.
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The minimum distance is v/5/2. The set of points closest to the origin is described by
{z?+y*=12=-1

Details: Use Lagrange Multipliers. For computational ease, we will try to minimize

the squared distance to the origin. d?> = f(x,y,2) = 22 + y? + 22, The constraint is

g(z,y,2) = x> +y*—3/2—z. For Lagrange Multipliers, we are trying to solve Vf = A\Vg:

2r = \2x
2y = A2y
22 = =\
From the first equation
A=1or z=0



If A = 1, the third equation tells us z = —1/2. Plugging back into the constraint, we
have ) )
{oont )
F="3
as a solution of Lagrange Multiplier.

If on the other hand, x = 0, then from the second equation y = 0, and plugging back
into the constraint, we have
x
{

as another solution of Lagrange Multiplier.
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Finally, plug (1) and (2) back into d = v/f to find the that (1) is the minimizer, and the
minimizing distance is v/5/2.
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Details: Take the change of coordinates v = 2% and v = y?. The point of taking this
change of coordinates is to transform the region of integration into the region S in the
u-v plane described by u? +v%? =1, u > 0, v > 0. The Jacobian is

The integral is

1 1 1 ™
drdy = || Vir—— dudv = - || dudv = = - f quarter circlo — -
//;l’y T ay //S U’U4\/m u av 4/]§ u av 4 area oI quarter circle 16
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Yes, F is conservative, because we can find the potential f(z,y) = In(\/2% + y?) + C.

Details: In this problem, you cannot just check %—2 = %—1; to show that F is conservative,

because that theorem requires that the domain D is open and simply connected, which
this domain is not, so the Theorem does not apply. To show that F is conservative, we
must produce the function f for which Vf = F.

Proceed by the hint: assume f(x,y) = g(r), where r = y/22 4+ 2. Then

- ~ /dgdr dgor\ dg x y
Vf_<f$’fy>_<d7“8x7dr0y>_ dr<\/x2+y27\/x2+y2>

Since we want Vf = F, this implies that Z—f = \/ﬁ = % Now, integrate to recover

g(r) =In(r)+ C. So that f(z,y) = g(r) =In(r) + C = In(y/2? + y?) + C.

2




6
—3x+3y —2z=-3

Details: The tangent plane will contain both r, and r,, so we cross them to find the
normal vector. At the point (1,2,3), v =1 and v = 2.

Tul) = (0,0, 3u%)], , = (0,2,3)

I‘U|(1,2) = <1,U,O>|(1’2) - <]., ].,0>
=n = (0,2,3) x (1,1,0) = (—3,3,-2)

Therefore, the equation of the plane is —3x + 3y — 2z = —3.

7
%7? (2\/§ — 1)
Details: Parameterize the surface in terms of vy, 2.

r(y,z) = (yz,9, 2)

ry(y,2) = (z,1,0)

r.(y,z) = (y,0,1)
=r, Xr, = (1,—2,—y)

The surface integral:

1 2 9
Surface Area://ldS:// ]ryxrzldydz:/ / \/1+r2frd6’d7’:§7r (2\/5—1)
S S o Jo
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(a) Courtesy of WolframAlpha

3

e
/—’ - [ T
' / it from 0to 2x)
- : x
—-0.4 -0.2 ~ ] 0.2 04
T EK""'\-..\_K
/ —0.5 \
ﬂ-.._\_____‘_ _'___'_'_‘_._ /
— I



(b)

Details:

(a) Sketch the curve by plotting some points for 6 =0, 7%, 7, ..., 2.

(b) Integrate one half of one petal and then multiply by 4 to get the area. For 0 <6 < 7,
the part of the curve in the first quadrant is traced out from (0,0) to (0,1). This is a
graph of x in terms of y, so we use the formula

W=

b w/2 1
/ z(0)y'(0)df = / sinf cosf - cos df = 3
a 0
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Detail:  Use Stokes’ Theorem. First calculate CurlF(x — 1,—y,—1). Then find the

equation of the plane that contain the three points: x + y + 2z = 1. Finally, calculate
using Stokes” Theorem:

/ F.dr = // CurlF - dS, by Stokes’ Theorem
c S

= // CurlF - (r, x r,)dzdy
T
T

1 1—y

:// r—y—2drdy
0o Jo
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Details:  Use Divergence Theorem. Let S be the surface given in the problem, the
upper hemisphere oriented upward. Let D be the disk {2 + y* < 1,z = 0}, oriented
downward. Together S and D make a closed surface, to which we apply the Divergence

Theorem:
//F-dS+//F-dS:///DiVFdV
s D 1%

The second integral over D is zero, because on D, z = 0, and so F = (zz,yz,2) = 0.



Therefore

J[F-as= [[[ b
:///ngHdV
:///szdm///vmv

1 pn/2 p27
= / / / 2pcos ¢ - p*singdfdepdp+ Volume of hemisphere
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