MATH 175 NOTES

MOOR XU
NOTES FROM A COURSE BY LEON SIMON

ABSTRACT. These notes were taken during Math 175 (Functional Analysis) taught by Leon
Simon in Spring 2011 at Stanford University. They were live-TEXed during lectures in vim
and compiled using latexmk. Each lecture gets its own section. The notes are not edited
afterward, so there may be typos; please email corrections to moorxu@stanford.edu.

1. 3/28

You’ve probably got a vague notion of what functional analysis is about. It is the study
of continuous linear operators on infinite dimensional spaces. This is interesting and has
applications.

1.1. Review of vector spaces. Recall the basics of vector spaces.

Definition 1.1. A linear space or vector space X has two operations: addition and multi-
plication. For u,v € X and a scalar A\, we can define u + v and Au. For this course, scalars
will be in either R or C, and X will be called either a real vector space or a complex vector
space.

There are eight vector space axioms.

(1) u+v=0v+u.

2) u+ (v4+w)=(u+v)+w.

(3) There exists 0 such that u +0 = u for all u € X.

(4) If u € X then there exists —u € X with u + (—u) = 0. (We usually write u — v
instead of the more cumbersome u + (—v).

(5) AMp ) (A)u for all uw € X and scalars \, p.

(6) Mu+v) = Au+ Av.

(7) A+ p)u = Au+ pu.

(8) lu =u for all u € X.

Recall the concepts of linear dependence, linear independence, and span.

Definition 1.2. vy,...,v, € X are linearly dependent if there exist scalars ¢4, ..., ¢, not all
zero with cyvy + -+ - 4+ ¢,v, = 0. Linearly independent means “not linearly dependent.”

Definition 1.3. If A C X is a nonempty set,
span A = {cyv1 + -+ o [0 > 1,¢q,. .., ¢, scalars}.

Definition 1.4. W C X is a subspace of X if 0 € W and W is closed under addition and
multiplication by scalars.



Definition 1.5. X is finite dimensional if there exist finitely many vectors vy,...,v, € X
with X = span{vy,...,v,}. Here, vy,..., v, is called a basis of X.
If X is not finite dimensional, we say that X is infinite dimensional.

Example 1.6. R"” = {z = (21,...,2,) | z; € R} with addition defined as z +y = (21 +
Y1, - -, Tp+y,) and multiplication by scalars defined as Az = (Axq, ..., \x,) for A € R. This
is a real vector space with the standard basis vectors.

Example 1.7. In the same way, we can define C" as a complex vector space. This can also
be viewed as a real vector space.

Viewed as a complex vector space, we clearly have dim C" = n. Viewed as a real vector
space, we have dim C" = 2n.

We consider an example that is more relevant to functional analysis.

Example 1.8. Define

(R) = {x = {xj}jzl,Z,... | z; € R, Zx? < oo}

i=1

with addition and multiplication by scalars defined componentwise. Similarly, define

(o]
2(C) = {z = {2}, 10, |5 €CD _|z* < oo}
j=1
with the same operations. We should also check that they are vector spaces; this is easy to
do.

Example 1.9. Define C(R) = {continuous functions R — R} with the natural operations
(f+9)(x) = f(z)+g(x) and (Af)(x) = Af(x). This is a real vector space. Similarly, we can
define C(C) = {continuous functions C — C} with the same operations; this is a complex
vector space.

Notice that the set of real polynomials {p(z) = a9 + a1z + - -+ + a,2™} is a subspace of

C(R).
1.2. Inner product spaces.

Definition 1.10. A complex inner product space is a complex vector space with an inner
product, denoted (u,v) € C. The inner product is a map (-,-) : X x X — C with the
properties

(1) (u,v) = (v,u)

(2) (Au+ pw,w) = Mu,w) + p(v,w) (linear in the first component)

(3) (u,u) is real and positive for u # 0.
A real inner product is defined analogously, with C replaced by R.

Remark. Note that we have (Au,v) = A(u,v), but (u, \v) = A(u,v). Also, check that
(u,v +w) = (u,v) + (u, w).

Example 1.11. X = R" with (real) inner product (z,y) = x -y defined as the dot product.

n

Example 1.12. X = C" with (complex) inner product (z,w) =37,

ijj'
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Example 1.13. For X = (*(R), we can define the inner product as (z,y) = > 77, x;y;.

Similarly, for X = (*(C), we can define the inner product as (v, w) = Y °2, 21,

We should check that these series converge absolutely. This is an easy exercise.
Definition 1.14. Define the inner product norm or length of u to be
[ull =/ (u, w).
We can now derive some properties. We begin with a basic identity.

Proposition 1.15. (u+v,u+v) = (u,u) + (u,v) + (v,u) + (v,v). Therefore, ||u + v||2 =
HUH2 + (u,v) + (u,v) + HU||2, so hence

lu+ol* = Jlull” + 2 Re(u, v) + [Jv]|*
Similarly, we have
2 2 2
lw = [ = [lu]” = 2Re(u, v) + [Jv]
Adding these gives the “parallelogram identity”

2 2 2 2
lw+ 0l + [lu = ol|" = 2([|ul]” + [Jo[]").

2. 3/30

Proposition 2.1. If > 77, x5 and P y; are convergent, then > i1 Tjy; is absolutely con-
vergent.

Proof. Recall the Cauchy-Schwarz inequality says that |z;y;| < 5(2% + 7). Then
N | X
D lziyl < 52(1332 +yj) < C. O
j=1 j=1

2.1. Inner product spaces. Recall that we were talking about inner product spaces. We
have the inner product norm ||u|| = /(u,u). This has a number of properties.

(1) [lu+0l” = [[ull® + [lo]* +2Re(u, v).
(2) [IAull = ATl

Proof. |[Aull = v/(hu, Mu) = /A (u,u) = [A] [Jul. B
(3) [(u,v)| < |lul| ||v] for all u,v € X. This is the Cauchy-Schwarz inequality.

Proof. Exercise. ([l
(4) Triangle inequality: |lu+ v|| < |lul| + [|v||

Proof. Properties (1) and (3) imply that

2 2 2 2 2
lu+ ol < ™+ loll” + 21w, o) < [lull® + [ol° + 2 Jull o]l = (lull + l0])% O
3



2.2. Norms. Let X be any linear space.

Definition 2.2. ||-|| is a norm on X if

(a) [[Aul|| = |A| |Jul| for all scalars A and for all u € X.
(b) [lu+v| < Jul|| + ||v| for all u,v € X.

(¢) [Jull > 0if u # 0.

Example 2.3. The above properties are true if X is an inner product space and the [ju|| =
\/(u,u). Every inner product gives a norm, but not all norms come from inner products.

2.2.1. Relation to metric spaces.
Definition 2.4. Define d(u,v) = |ju — v||. This is called the norm metric.

Recall the three properties of a metric:
(1) d(u,v) = d(v,u)
(2) d(u,v) < d(u,w) + d(w,v) for all u,v.
(3) d(u,v) > 0 and d(u,v) = 0 if and only if u = v
We can check that the norm metric is indeed a metric. For example, the triangle inequality
follows from the triangle inequality for norms: d(u,v) = ||[u—v| = |[u—w+w—v| <
lu — wl| +[lv — w]| = d(u, w) + d(v, w).
Now that we have a metric, we can review some metric space terminology.

Definition 2.5. B,(u) = {v € X : d(v,u) < p} ={v € X : |[uv —u|| < p} is the open ball of
radius p and center w.

Similarly, B,(u) = {ve X :d(v,u) <p} = {ve X :||lv—ul| <p} is the closed ball of
radius p and center u.

Definition 2.6. U C X is open if u € U implies that there exists p > 0 such that B,(u) C U.
C C X is closed if C contains all of its limit points, i.e. y = limu, with u, € C for all k
implies that y € C.

Definition 2.7. A set K C X is compact if for every sequence {xk}k:h” C K there exists

a convergent subsequence {xk]} . with limzy, € K.

j=1,..
Definition 2.8. X is complete if every Cauchy sequence in X converges in X.

Here’s a diagram of what we’ve considered so far:

inner product spaces C normed spaces C general metric space.
Definition 2.9. A complete normed linear space is called a Banach space.
Definition 2.10. A complete inner product space is called a Hilbert space.

Remark. This theory might seem abstract, but functional analysis was developed to solve
real problems, in areas such as partial differential equations. We’ll respect that history and
we will discuss applications of functional analysis to ODEs. All of this theory was created
to attack concrete problems.

Before we can talk about more general spaces, we should first understand finite dimensional
normed linear spaces. These have some special properties.

We can pick any basis ey, ..., e,. Then for any z € X, we can write z as z = > .

j=1 xjej.
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Remark. We will call z; as the coordinates of o with respect to the basis, and we will define
z = (1,...,x,) to be a point in C" or R™.

Then (using the Cauchy-Schwarz inequality), we have

n
E :%‘ej
j=1

We have therefore shown that ||z|| < M ||z
Proposition 2.11. Define S = {x € X : ||z||g. = 1}. Then S is a compact subset of X.
Proof. Let {z®™} € S. Then |z®|],,

sphere of R™, which is compact. Hence, there exists a convergent subsequence {g(kf)} -
7=1,..

n

n n n
2
< el = il el < |l | D el = M g
j=1 1 j=1

Jj=1 J=

[l =

gn for every z € X.

=1 for all k. This means that z* are in the unit

with lim z(*®) = y. Here, y is on the unit sphere. Let y = Z?Zl Yj€;.
Note that Hx(kﬂ') = yH <M ||x(kﬂ') — y||Rn — 0 as j — co. We also get the inequality

L=y = 2™l < yllgn = lly = 2% + 2%, < ly = 2|5, + 1,

which completes the proof. U
Proposition 2.12. We also have that ||z|| is continuous on X (and hence on S).

Proof.
|f(@) = F)l ==l = lylll < llz =yl = d(z,y). O

We know that continuous functions on compact sets attain their minima. Let m =
min,eg ||«||. Then x # 0 implies that

— €S =
12| 12|

so that ||z|| > m||z||g.. Together with what we did before, we have proved that
m|[z]lg < [Jzf] < M |[z]g.

> m,

for all x € X. This norm ||-|| is therefore equivalent to the Euclidean norm.

3. 4/1

3.1. Finite dimensional spaces. Recall that we are working with a finite dimensional
normed linear space X with norm ||-||. Last time, we showed that for any given basis
e1,...,en, we proved that there exist M,m > 0 with m||z|z. < ||z]| < M ||z||g. for all
e X.

Proposition 3.1. Note that this guarantees that all norms are equivalent in a finite dimen-
sional space. This means that if ||-||, and ||-||, are two norms in a finite dimensional space
X, then there exists a constant C' with C~*||z|, < ||z||, < C'|z]|,.

Proof. We check this fact. We have
my ||zllgn < [lll, < My [z]|gn

ma [[z]lgn < lzlly < Mz |||
5



This shows that

my M,
W, zlly < ma [zl <[zl < My flzllg. < . [l ,
which proves our statement. 0]

Proposition 3.2. All norms in a finite dimensional space gives the same open sets.

Proof. Define
Byi(y) ={z € X « |z —yll, < p}.
Note that ||z —y||, < p implies that ||z —yl|, < %—fp. Therefore, B,Ll'”l(y) - BUL!Z (y). The

my

opposite fact can be shown similarly. O
Proposition 3.3. In a finite dimensional normed space X, the closed unit ball is compact.

Proof. Let {x},_, be asequence in B,(0) = {z € X : [|z| < 1}.
We have that ||z, [|g. < = - 1. Therefore, in R", this sequence is bounded. Hence, there

exists a subsequence { gkj} which converges to y € R". In X, there is a corresponding point
v = 0yes. Then [fog, — y| < M |z, — o]

Lemma 3.4. If X is any infinite dimensional normed linear space, the closed unit ball is
not compact.

— 0. This proves compactness. 0

RT

Proof. Take some e; € X, say ||e;|| = 1.

Take es € X \ span {e; }.

Take e3 € X \ span{eq, es}.

Inductively, take e, € X \ span{e,...,e,_1}. These must exist because otherwise the
space would be finite dimensional.

Homework 1, problem 8 said that there exists w, € span{ej,...,e, 1} with 0 < \, =

len — wy|| = min{|le, —y|| : y € span{ey,...,en}}.
Define
~ €pn — Wp €n — Wy
(& = =
" [en — wa| An
For n > [, we have
~ ~ €n — Wp ~
lén — éll = v
We claim that ||é,, — &]| > 1. Otherwise,
€n — W .
nA—nn —el < ].,

which means that

len — (wn + An€r)|| < An.
Note that w, + A\,é; € span{ei,...,e,_1}, which contradicts the definition of A\, as the
minimal distance. Therefore, we indeed have ||é, — /|| > 1 and hence there is no convergent
subsequence. [l

Remark. Everything we said also works in complex spaces; just change R to C.

This concludes the discussion of finite dimensional spaces vs infinite dimensional spaces.
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3.2. More about completeness. We haven'’t yet proven that any infinite space is complete.

We claim that this is true for the space (3 = {x = (x1,29,...) 1 20 75 < oo}.

Definition 3.5. Define (z,y) = 77, 2;y;. Check that this is indeed an inner product. We
also get the inner product norm ||z|| = /(z, z).

Proposition 3.6. (% is complete with respect to this norm. This means that it is a Hilbert
space.

Proof. Let {x(k)}kzl _ be a Cauchy sequence. Let ¢ > 0. Then there exists N such that
Hx("“) — x(l)” < ¢ for every k > 1 > N. This is

Z(xﬁk) . xg-l))Q _ ||x(k) _ x(l)H < e,

J=1

Therefore, |x§k) — l’§l)| <eforall k >1> N and for all j = 1,2,.... Hence, {xék)}k
=12,..

is a Cauchy sequence in R for all j = 1,2,.... There is therefore some y; € R with

We have the inequality

M %)
Sl a0 < | Yo~ o) <
j=1 j=1
In this inequality, take the limit as £ — oo. Then
M
!
D (g =) <e
j=1

for all [ > N and for all M. Therefore, we see that

[e.e]

v =20l = | St - a2 < e

j=1

for all I > N. This shows that y — 2 € (2. We also know that () € (2, so that
y € (4. Furthermore, for every e > 0, there exists N with |y —2®|| < e for all I > N.
Hence, limz® = y in ¢4. This proves that every Cauchy sequence converges, which proves
completeness.

Note that the crucial step was to use the completeness of R. 0

Definition 3.7. A set A is convex means that for all z,y € A, the line segment joining them
isin A, ie. te+ (1 —t)y=y+t(xr—y) € Aforallt el0,1].

Theorem 3.8. Let X be any Hilbert space, and let A be any nonempty closed convex subset
of X. Let x € X \ A. Then there ezists a unique nearest point of A to x. More precisely,
there ezists a € A such that ||x — a|| < ||x — y|| for everyy € A\ {a}.
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4. 4/4

Last time, we stated Theorem that we can find a unique closest point. We can now
prove it. The proof is based on the parallelogram inequality. We don’t yet know that the
minimum exists, but we can consider the infimum.

Proof of Theorem[3.8 Let o = inf{||lx —y| :y € A}. For all k = 1,2,..., there exists
yr € A with ||z — yi|| < \/a? + 1, since otherwise we would have ||z — y|| > 1/a? + 1 for all
y € A, contradicting the definition of a.

We can now apply the parallelogram identity. This states that ||z — w||* + ||z + w||* =
2(||z|]* + [|w]|?). We plug in z = 2 — 3 and w = = — 3. Then

1 1
o =l + 1 =) + (o = )l = 2o =l + o =) < 2 (24 1+ 047

Note that ||(z — &) + (# — w)||> = 4|z — (yx + u)/2|]>. By the convexity of A, we know
that (yr +v)/2 € A. Therefore, ||x — (yr + u1)/2|| > «. Hence, we have

1 1
Hyk_yl‘|2+4a2SQ(@2—|—E+Q2+7)’

SO
9 2 2
lye — " < E—{_?
for all k,0 = 1,2,.... Therefore, {yx} is a Cauchy sequence. X is a Hilbert space, so

it is complete. Hence, {yx} is convergent, so there exists a € X with a = limy, i.e.
lim ||a — yk|| = 0. Hence, a € A because A is closed.
We now claim that ||z — a|| is the minimum distance. We have

1
a < o —all =z =y + e —all < flz = gell + llye —all < 4/e? + -+ llyx —all = a+0.

Therefore, ||z — a|| = a.
We still need to show uniqueness. Suppose that @ € A also has the minimum distance
|z — a|| = a. We want to show that a = a. We can plug a and @ in the parallelogram law

in place of y; and y;. This gives
2

_ _ a+a _
la —a|l* +4a® < [la —al|* + 4 ||z — 5 || = 2w~ al® + [z — a|]*) = 40,
so hence |la — @|*> = 0 and therefore a = a. O
4.1. Orthogonality.
Definition 4.1. In a Hilbert space X, vectors xy,...,zy € X are orthogonal means that
(i, z;) =0, foralli £ j,i,7=1,...,N.
x1,...,xy € X are orthonormal if
0 i#]
1=].

There is a fundamental identity for orthonormal vectors.
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Proposition 4.2. Let v € X, and suppose that eq, ..., en are orthonormal. Let A1, ..., AN
be scalars, let ¢; = (x,e;) for j=1,...,N. Then

x—ZAeJ e +Zrcz—w S el

=1
Proof.
N 2 N
I—Z)\jej <x—2)\el, —Z)\e]>
Jj=1 j=1
N
o () () ()
=1
N
= [l=]* = > A - Zm + Z A2
i=1 =1 i=1
N ’ N
= [l2l® + Dl = Ml =D el O
i=1 i=1

This identity is nice. Staring at it for a bit, we can read off the point that satisfies the
closest point property.

Theorem 4.3. The point of span{ey, ..., ex} which has minimum distance from x is exactly
Zf;l cie; and it 1s the unique such point.

Intuitively, we expect that this minimum point on span {e;} is orthogonal. We can check
this:

N N N
(x — Z c;é;, Z )\j@j) = ij(x, ej) — Z Cixi = chxj - Zcixi = 0.
i=1 j=1

j=1 i=1 j=1 i=1
As we expected, this means that

(S P

Theorem 4.4. Let ey, ey, ... be an (infinite) sequence of orthonormal vectors in the Hilbert
space X. Then for every x € X,

(i) > o0, cie; is convergent, where ¢; = (x,¢e;) for all i, that is, there exists y € X with

N
E Ci€; —
i=1

(11) This is Bessel’s inequality and it is very important.

lim
N—oo

o0

2
> lal® <z

i=1
(iii) Equality holds in (ii) if and only if x = Y"° | ce;.
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The proof will use the identity [4.2]
Proof. We will first prove (ii). By identity 4.2/ with A\; = ¢; for all 4, we have

N 2 N
0< $—Zcz‘€i = ||$||—Z|Ci|27
i=1 i=1

so therefore SN |¢;]* < ||z||* for all N. This proves (ii).
Now we prove (iii). We have

00 N N [e'e)

d el = lle” & lim Y el = [lz]* & lim |z - }: | e=>"ce
- N—00 < -

=1 i=1 =1 =1

Finally, we prove (i). let Sy = Zf\il cie;. Then N > M implies that

N 2 N oo
ISy = Sull> = || D eeil| = D falP< DY el =0
i=M+1 i=M+1 i=M+1
as M — oo. This proves that Sy is a Cauchy sequence, and hence Sy is convergent. That
concludes the proof. O
5. 4/6
X is a Hilbert space and eq, ey, ... is an orthonormal sequence.
Definition 5.1. ey, es,... is a complete orthonormal sequence if x = Y >° (z,¢;)e; for all
reX.
Theorem 5.2. The statement (C) that ey, eq,... is a complete orthonormal sequence (i.e.

r=> 7 (x,e)e for all x € X) is equivalent to each of the following:
(i) Bquality holds in Bessel’s inequality for every x € X (i.e. ||z)* = 322, |eil?)
(11) There does not ezist an x € X \ {0} with (z,e;) =0 for every i.
(117) span{ey,eq, ...} is a dense subset of X.
Proof. We already proved (i) last time in Theorem
(i) = (C). Consider Y :° (z,e;)e;. We know that this converges. Then

(:L' — Z(x,ei)ei,ej>

i=1

= (z,¢;) — <Z(x,ei)ei,ej> = (,¢) = > _(w,e)(eie)) = (w,¢5) — (x,¢5) = 0.
i=1 i=1
By (ii), this means that x — "~ (z,e;)e; = 0, which is (C).

(C) = (ii). Suppose z € X, then x =3 2 (z,e;)e; = Y o0) cie;, s0o x = 0 if (z,¢;) =0
for every 1.

(C) = (iii). Take x € X. Then (C) implies that

00 N
T = E ce; = lim E Ci€;,
N—oo
i=1 i=1
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which is a limit of sums in span {eq, ey, ... }. Therefore, z is a limit point of span {ej, ey, ... }.
Since x was arbitrary, this means that span{ej, es, ...} is dense.

(ii) = (C). Take any point € X. Then (iii) implies that = limy_,o yn Where
YN = ZJQ_Nl AVe; € span{ey, ..., e,}. This means that

QN
x — Z )\év €;
j=1
as N — oo. By the fundamental inequality that we proved last time, we have
QN 2 QN 2
x—chej x—Z)\;Vej
3=1 J=1

<
Note that this is also true with sums up to M, with M > @y and )\]L =0 forall L > N.
Let € > 0. Then there exists Ny such that

M
r — E cjej
Jj=1

for all M > Ny. This is the definition of convergence, so x = lim;_, Zj\il cjej = Z;;

2

—0

— 0.

<€

cjej.

Example 5.3. Define
Li[—m, 7] = {f ; / |f|? exists and is ﬁnite} :

—T

This has an inner product
1 [" —
(1.9) =5 [ @) dr

We can easily check the inner product properties.

This is not as simple as it looks. What type of integration are we using? The Riemann
integral is not good enough. Using the Riemann integral, this space lacks completeness.
There are a huge class of counterexamples.

Therefore, we will use the Lebesgue integral. We will spend a couple of lectures on this,
but for now, don’t worry about it. All Riemann-integrable functions are also Lebesgue-
integrable with the same integral; however, Lebesgue integration allows us to handle a much
larger class of functions. In particular, Lebesgue integration gives us completeness.

There is an extremely important application of the abstract theory that we have just
developed. There is a simple orthonormal sequence in this space. This is

iz —ir 2ix _—2ix nir _—nizc
{1,6 ,e et e L e e ,}

Proposition 5.4. This is an orthonormal sequence.

Proof.
2
. 1o 1 [, i = n=m
(ezna:’ ezmx) _ _/ eznxe—zmx dl’ - el(n—m)w dl' — 21 i)z ]
27r - 2’]’(’ . 3= [ei(n_m) i| = 0 n 7é m.
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In particular, all the previous theory applies to this case. In fact, we will show that this
is a complete orthonormal sequence.

6. 4/8

We are in the process of talking about an extremely important application. We are
considering the following example:

Example 6.1.
x = tiema) = { = hvifes [

—T

™

|f|? exists and is ﬁnite}

The inner product (f,g) = % f:r f(z)g(z)dx is clear. For now, we will believe that this
is a complete space (with the Lebesgue integral). Historically, this is the main reason why
people use the Lebesgue integral. This will be proved soon.

The big claim is
Proposition 6.2.

iz —ix 2ix _—2ix inr _—inc
Le™ e ™ e e .. e e b

18 a complete orthonormal sequence.

Proof. Recall that for an orthonormal sequence to be complete, we need

[e.o]

r = Z(ac, €n)eén

n=1

for all z. In this case, we have the Fourier series of f

[e's) 0o N
2(17’ en)en _ Z (f’ eznx)e—mz — lim Z (f7 einw)emw‘
n=1 n=—00 el n=—N

(We don’t have to worry too much about the limit because we already proved earlier that
everything converges.) Here,

(Fem) = o [t ar

Therefore,

N - _ N
Sn(f)(z) = Z %/ f(z)e™ ™ dte™ = %/ (=) Z in(@—t) gp.
n=-N - - n=—N

We have the Dirichlet kernel

N
DN(S) _ Z eins — e—iNs +e—i(N—1)s TR BT _|_6iNs
n=—N
. . A A ) 1— (2N+1)is —iNs _ (N+1)is

— e—st(l 4 efs +6215 4. +621NS) — e—zNS € ' _ (& 6'
1— es 1 — ers

B eis/Z(Gfi(N+l/2)s _ 62’(N+1/2)s) B sin(N + %)s

eis/2(e=is/2 — ¢is/2) o sin %s
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for 0 < |s| < 7. Note also that Dy (0) = 2N + 1.
Here, convergence does not mean pointwise convergence. We actually mean L? conver-

gence, 1.e.
f E ’Ln{l} Z'I’Lfﬂ

as N — oo with the L? inner product norm. This is what we need to show.

—0

Remark. Bessel’s inequality in this case states that

S el < ] = / FOPdt.

n=—oo

This is nice, but we don’t need it here.

We will now show that span {1, e, e~ ...} is dense in L&([—m, 7)), i.e. if f € L&([—,7])
then for every € > 0, there are \; for j = —N,..., N such that

N
f— Z /\jeij‘”

j=—N

First, we check this for when f is a continuous function with f(—m) = f(7) = 0. We claim
that we can use

1 m
m—|—1Z_:SN(f)(x 27rm+1/ ug Dy(@ =ty ds.

N=0
Here,
1 m m  _—iNs __ Li(N+1)s
Km(x):—l Dy 126 1 e'is
m+ N=o om+ N=o —e
_ m;ﬂ (Z?\;:O e—st - ezs ZN:O est)
1—ets

1 1 1 — e—i(m-i—l)s i (1 _ ei(m—i—l)s)

_m+1.1—eis< L—es ¢ 1 —eis )
1 sin®(Hs)

m+1 sin*(%)

where the calculation will be finished next time. This is the Fejer kernel. This is a nonneg-

ative function. O
7. 4/11
We want to show completeness of the orthonormal sequence {€™*:n =0,+1,...} in
Li[—m, 7).

Last time, we showed that



with ) i
_ nt - —int
o= (Fe") =5 [ e
Then

Sn(f)(x) = f( )Dn(x —t)dt

o
with
i _ sin(N + 1)s

sin 5

Note that Dx(0) = 2N + 1. Consider

I 1
m+1ZSN %/wf(t)m—‘f‘l]\,z:oDN(x_t /f oz — 1) dt,

where we define

m o —i(m+1)s _ i(m+1)s
Km(S)ZmLHNE:ODN(S):mill—leiS (1 16—6—"5 _6151 1€—ei3 )
1 1 ( 1 _ e—ilm+1)s e (1 — ellm+1)s) )
m+ 1 eis/2(e—i5/2 — ¢is/2) \ e=i5/2(eis/2 — ¢—i5/2)  is/2(e—i5/2 — ¢is/2)

1 1 | — e—ilmtl)s | _ gilm+1)s
Tt leis/2 — gis/2 <6i5/2 _o—is/2  p—is/2 _ ez’s/2)

1 pilm+1)s | g=i(m+1)s _ o 1 (emHDs/2 _ gmilmt1)s/2y2
T+l ( (€372 — e—is/2)2 ) T+ (e15/2 — e—is/2)2

1 sin®(ZHs)

m-+1 sin®

2
for 0 < [s| < 7. Additionally, Kn,(0) = =5 >0 (2N +1) = m+ 1.

This was not an obvious thing to do. It’s not clear that the average of the Sy should be
nice, but it does come out nicely.

Let’s consider some properties of K,,. Notice that it is even and positive. It is zero
whenever mTH = kmw. There is a sharp peak at zero, with height m + 1. There are a lot
of zeros, and between the zeros, there are violent oscillations. It is a good idea to draw a
picture of this.

What is the area under the graph? We have

1
A=) K()ds 27rm—i—1 s)ds =1
This is nice. It is like an oscillatory version of the Dlrac delta “function”. In the distribution
sense, these converge to the Dirac delta.
Consider this function on the intervals [—m, —9) U (d, 7], where § < |s| < 7. Then

1

m 4+ 1sin g

—0

0< Kp(s) <

as m — oo for fixed 4.
14



—7) =

Take f = g, where ¢ is continuous and g( g(m) = 0. Extend g to be 2m-periodic
Then

m+1 ZSN : /_:g(t)Kn(a:—t) dt.

This is an average of the Fourler partial sums of g, and these functions are in span {e"*}
We claim that this is a really good approximation to g. To see this, consider

Y s @ o) = | [ sOKte - D~ gte)
1

- o= [0t~ st - .t

because - f K,,(x —t)dt = 1. Make a change of variable s = x — t, and observe that all
functlons under consideration are 2m-periodic. Then

1 T+ 1 ™
. —5) — g(e))K - —8) — ga)K .
5w [ (ata=s) =N Konl)as| = o= [ tata =) = g(@) Kol s
For any § € (0, 7), we can break this integral up into
I 1
=5 [ (9w —s) = g(2))Ku(s) ds +
T™J-s

5 (9(z —s) — g(x)) Km(s) ds| .
T Js<|s|<m
Note that g is uniformly continuous because it is continuous on a compact set. Let ¢ > 0

Then there exists 6 > 0 such that |x — y| < § implies that |g(x)
picking the appropriate 9, we have

! / (9(z — 8) — g(2)) Kn(s) ds

— g(y)| < e. Therefore,
< =

- 27

+1
2

/ lg(x —s) — (:1:)\[(()ds—|—i

/6< < (9(x — 5) — g(2)) Kin(s) ds

gx —s) —g(x)|Kn(s)ds
o LG R GILAE
Let g is continuous on a compact set, so it attains its maximum. Let L = max |g|. Then we
have
s
€ 2L
K ds + — K,.(s)d
= or (s)ds + 2 5<|s|<n (s) ds
6 ™

IN

L 1 1
= K - - -
o m(s)ds +

L1 ! <e+ 2
= = €+e=2¢
7 m + 1sin? g
provided that m > mg, where ;ﬁ 12

5 < €. Therefore,

—’7T7T

m+1ZSN —9(@)

N=0

< 2¢

for all m > mgy. We're almost done. We have proved this for when ¢ is continuous. We want
to show that this is true for all L? functions, and we’ll finish this next time

15



8. 4/13

We've almost finished the proof that our orthonormal sequence {e™* :n =0,+1,...} is
dense in LZ[—m, 7|

We proved that if g : [-m, 7] — R is continuous with g(—m) = g(mw) = 0, then for any
€ > 0, there exists mg with

1 m
- S
xg[ljr),(ﬂ 9(z) m_|_1NZ: N(g)(x)| <e
for all m > myg. Then,
1 m 1 s 1 m 2
T’ A\ 2r - 5 dr < e.
g +1NZO ~(9) . 27T/Trg() m+120 Nv(g) ()| dx<e

Now, take any f € LZ[—m,7]. One of the properties of the Lebesgue integral (that we will
prove later) is that the continuous functions are dense in L.

Proposition 8.1. There exists a continuous g with g(—m) = g(m) =0 and ||f — g||;2 < €.

Using this claim, we're almost done. Then

1 & 1 ™
|f_m—|—1 Sn(g)(@)|| = f—9+9—m—+125N(9)(1’)
N=0 L2 N=0 12
1 m
<|If =gl + g—m—HZSN@)(ﬂC) <e-+e
N=0 L2

for all m > my.
We have now shown that {e"*} is complete in L? space.

8.1. Lebesgue integral. Let’s talk about the Lebesgue integral.
We should first consider the idea of “measure zero.” Let’s remind ourselves of what this
means in the Riemann theory.

Definition 8.2. A set S C [a, b] has content zero if for every € > 0 there exists finitely many
open intervals Iy, ..., Iy with S C U I; and Zjvzl |I;| < e, where |I;| is the length of ;.

In the Lebesgue theory, we make what appears to be an innocent change, by allowing
infinitely many intervals.

Definition 8.3. A set S C [a,b] has Lebesque measure zero if for every € > 0 there exists
open intervals Iy, Iy, ... such that S C U2, [; and > 72 |[;] <e.

This small change doesn’t seem profound, but it makes a huge difference to the theory.
Lemma 8.4. If 51,5,... each has measure zero, then U32,S; also has measure zero.

Remark. This is hopelessly false in the case of content zero.

A special case of this lemma is when each S; contains precisely one point. Then every
countable set of points also has measure zero. For example, the set of all rationals has
Lebesgue measure zero.

16



Proof. Let ¢ > 0 be given. Since S; has measure zero, there are intervals where S; C
Hupu...=uUx I} with 7 |I]] < £.

Then U32,S; C Uylf and 307%, >0, [ < 325, 5 =& D
Definition 8.5. Any property is true almost everywhere on |a, b] if it holds except for a set
of measure zero.

Definition 8.6. ¢ is a step function on an interval [a, b] if there exists a partition a = x¢ <
1 < --- < xy = bsuch that 9|, |+, = a; is constant.

Note that the sum, difference, or product of step functions is a step function. This requires
picking a common refinement of the two partitions. The integral of a step function is just

N
/ Y= Zai(a:i — T 1)
[a,b]

i=1
We can now state the main technical lemma that allows us to define the Lebesgue integral
for a huge class of functions. We defer the proof until later.

Lemma 8.7.
(1) Suppose that {pr} is an increasing sequence of step functions on [a,b], (i.e. pr(x) <
wr+1(x) for all x € [a,b] and for all k) such that {f[a . gpk}k . is bounded. Then

gooe

{61(7) } iy 0. 18 @ bounded (hence convergent) sequence for almost all x € [a,b]. (i.e.
there exists S C |a,b] of measure zero with {pr(x)} bounded for all x € |a,b] \ S)
(2) If {4} is any other increasing sequence of step functions with f[a,b} Yy bounded, and

with lim g (x) = lim @i (x) for almost every x € [a,b], then lim f[a,b] o = lim f[a,b] Yy,

Definition 8.8. Let Ly[a,b] be the set of all real valued functions f : [a,b] — R such
that there exists an increasing sequence of step functions {p;} with f[a,b] ¢ bounded and
lim ¢i(z) = f(z) for almost every x € [a, b].
Now, define
f=1lim Ok-
[a,b] [a,b]

The first thing we do when we meet a mathematical definition is to ask: Does it make
sense? It is well-defined by the second part of our lemma.
We now look at some properties of this integral. We will prove these next time.

Properties 8.9.
(1) Ifa, 8 > 0, and f, g € Ly, then af + g € Ly and f[mb](af%—ﬁg) = O‘f[a,b] f+ﬁf[a’b] g.
(2) If f,g € Lo then max {f, g} ,min{f, g} € Lo.
(3) If f,g € Ly with f < g then f[a,b] f< f[mb] g.

Warning: f € Ly does not imply that —f € L,.
9. 4/15

Recall that Ly is the set of f : [a,b] — R such that f(z) = limgg(x) for almost every
z € [a,b], with @1 > ¢k, where ¢y, are step functions with [ ¢, bounded.

We have some properties:
17



Properties 9.1.
(1) If f € Lo and if f: [a,b] — R with f(x) = f(x) for almost every z, then f e Ly and

Jui ¥ = Jun £
(2) @, >0and f,g € Lo imply that af + Bg € Lo and [(af +Bg)=a [ f+5[g.
(3) f,9 € Lo and f < g implies that [ f < [g.

Proof. We prove (3). Pick increasing sequences ¢y and v, with f = lim ¢, and g = lim ¢y
almost everywhere.

Let ¢r = min {¢y, ¥x }. Note that this is still a step function, and it still converges almost
everywhere to f. To see this, notice that

lim @ () = min {lim 4(2), lim ¢y ()} = min {£(2), g()} = f()

almost everywhere. Similarly, we define Yr(z) = max {¢x(z), ¥r(z)} to be a step function
with lim ¢y (z) = g(x). Therefore, we see that [ f «+ [ < [¢p — [g.
The point is that we should reduce everything to step functions. 0

A big defect is that f € Ly does not imply that —f € L£,. We enlarge this space to get
around this problem.

Definition 9.2. Let £!' = {g—h:g,h € Ly}. This is the space of Lebesgque integrable
functions.

Observe that £! is indeed a linear space.

We should check this. For example, for multiplication by scalars, if g — h € £, we should
show that A\(g — h) € £'. To do this, we have two cases: A > 0 and A < 0. In each case,
either A\g, \h € Ly or —Ag, —A\h € Ly, so the result follows simply.

Definition 9.3. For f =g —h € L', we define [ f= [g— [h.

Such a definition might plausibly be nonsense. There might be lots of ways of writing f as
a difference of two functions in Ly. Suppose that g; — hy = go — hs. Then g + ho = go + hy.
Each is a sum of functions in Lo, so we can use the linearity in £y to see that [ g1 + [ he =
[ g2+ [ hy. Therefore, [ g1 — [ h1 = [ g2 — [ ho. Therefore, our definition works.

It seems like we got something for nothing, by extending Ly so simply to £!. But we can’t
get something for nothing. It turns out that it will be hard to show some really simply facts.

We have some properties:

Properties 9.4.

(1) If f € £ and f:la,b] = R with f(z) = f(z) almost everywhere then f € £' and
[F-Ir

(2) If f1, fo € L' with f; < fo, then [ fi < [ fo.

(3) If f € L then |f| € L and | [ f| < [|f].

(4) If f € L' then there exists a decreasing sequence {gy} C Lo with gi(z) — f(z) for
almost every z € [a,b] and [ g, — [ f.

(5) If f € £ and [|f| =0, then f(z) =0 for almost every z € [a, b].

(6) If we have a sequence { fi,} C £ of nonnegative functions f > 0 with [ f;, — 0, then

there exist a subsequence { fy, }j=1 ,  Wwith fi (z) — 0 for almost every = € [a, b].

18



Proof. (1) follows trivially from the corresponding fact about L.

We check (2). f1 = g1 — hy and fo = gy — hy for g1, g, h1,ha € Lo. We know that

—hy < ga—ha, 50 g1 +hy < ga+hy, and so [(gi+he) < [(g2+hi), and hence [ f1 < [ fa.

We check (3). f € L', so f = g— h, where g,h € Ly. Here, we use a trick to express
lg — h| as a difference of functions in Ly, that is, |¢ — h| = max{g,h} — min{g, h} € L.
Now, f < [f], so that [ f < [[f].

We check (4). f € L1, so that f = g — h for g,h € Ly. Then h = lim ¢, with @1 > @y
and [ ¢ bounded and [ ¢, — [ h; a similar statement is true for ¢ = lim. Then
g — h = lim(g — ) almost everywhere, and g — ¢ = lim;_, (¢ — px) is the limit is a
sequence of step functions, so g — ¢i € Ly, so we are done.

Note that (6) implies (5); just take f, = |f| for all k.

We now need to prove (6). This is a bit trickier than the previous properties. We pick fi,
such that [ I, < 2 and kjy; > kj. We can Certamly do this because [ fi — 0. By (4), there
exist g; € Lo Wlth g; = fr, and fgj < [ fi, + 55 Pick an increasing sequence {1;;},_, o
of step functions with lim; ,. ¢;;(z) = g;(x) for almost every = and lim; o [;; = f gj
for j = 1,2,.... We can take these to be nonnegative, as otherwise we could just redefine
¥;i = max {¢;,, 0}.

Define ; = 2221 i, where 1; is a nonnegative step function. Then for ¢ > N,

Z/w”_/Z%_/wz Z/wﬂ
<z/gj<z/fk oED 2} =2

for every 7. Then [ 4, is bounded and ;1 > v;. By the main technical lemma , we see
that v;(x) are bounded almost everywhere, i.e. for almost every x, there exists M, with

N
D ilx) < vi(x) < M,
7=1

for all @ > N. Therefore, Zjvzl gj(z) < M, for all N. Hence, 3%, g;(x) < M,. This series
converges, so g;(z) — 0 as j — oo for almost every x. Hence, we also have f; (z) — 0 for
almost every x € [a, b], which concludes the proof. O

10. 4/18
Recall that we defined £!([a,b]) = {f: f =g —h,g,h € Lo[a, ]}

Definition 10.1. Define
9= [ 181
[a,b]

Note that this is almost a norm. It has two of the three norm properties. We have

Hf1+f2||1=/[b]|f1+f2|S/[b](llelle):Hf1!|1+\|f2|!17
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and ||Af]l; = |A|||f|l,- However, for the third property, || f|; = 0 implies that f(z) = 0 for
almost every x € [a,b]. It formally fails the third property, but it does not fail badly. We
say that |||, is a seminorm.
Remark. If f € L'[a, b], there exists a sequence {(.} of step functions such that || f — (||, =
0 and (x(x) — f(x) for almost every = € [a,b]. This sequence converges in the seminorm
and converges almost everywhere pointwise.
Proof. We have f = g—h with g,h € Ly. This means that g(z) = lim ¢ (z) for almost every
z and lim [ ¢, = [ g, with pgi1 > ¢p. Likewise, h(z) = lim )y (x) for almost every z and
lim [y = [ h with @1 > .

Take (x = pr — ¥y. Then Yp(z) = pr(x) — Yp(z) — g(x) — h(x) for almost every x. Also,
since g — ¢ > 0 and h — ¢ > 0 almost everywhere, we have

/ |f—Ck|§/ |9—90k|+|h—¢k|§/ (g_SOk)“’/ (h =) — 0. O
[a,b] [a,b] [a,b] [a,b]

Theorem 10.2 (Completeness of L£'). Suppose that {fi} C La,b] is Cauchy with respect
to ||-|l,- (This means that for every € > 0 there exists N such that || fi — fill, < € for all
| >k > N.) Then there exists f € L'[a,b] such that ||fi. — f||, = 0 (i.e. fx — [ with respect

to [|-{],)-

Proof. Consider applying the Cauchy property with ¢ = 279, Then there exists k; such
that Hfl — fij < 27 for all [ > k;, and we can choose k;.1 > k; for every j. Hence,
kajJrl_fijl <27 .

By the above remark, there exists a step function (; with H Jr; — G H1 < 277, Then we can
see that

||€j+1 - Cj”l = ng-i-l - fk’j+1 + fkj+l - fkj + fkj - CjHl
< HCJ’H - fkj+1||1 T ka]-+1 - fkj”l ™ ka] - CjHl <27 427 4277 <27
Take (y = 0. Observe that we can always write a; = max {a,0} > 0 and a_ = max{—a,0} >
0, so that a = a; — a_; then
I l !

G=Y(G=6G1) =D (GG )= D (G—=G)-=q =1,

Jj=1 J=1 Jj=1
where ®; and ¥, are increasing sequences of step functions. Then
!

l
[ @)= [ S 1G-Gal =316 - il <4
[a,b] j=1

[a,b] j=1
Then the first part of the main technical lemma [8.7 tells us that ®;(z) — g(z) and ¥;(z) —
h(z) almost everywhere, where g, h € Ly, and f[&b] g = lim f[a,b] ®; and f[a,b] h = lim f[a,b] U,
Therefore, ¢ — g(x) — h(x) almost everywhere. Define f = g — h € £L'. We know that this
is the pointwise limit of (;. In addition,

IU—MMz/V—QFi/M—éﬂ—@—WM

§/|g—®l\+/\h—%]—/(g—fI)l)+/(h—\Ifl)—>0.

20



Now,
/\f—fkl! Z/\f—CerCz—fkl! <[If =ally + 14 = full, = 0.

On the other hand, we know that [|f; — fi,| = [|/i — full; = 0 as { = oo by the Cauchy
property. Hence,

1f = Ally < W = Fully + 1y = filly = 0.

We cooked up a function f, and this took some work to do. We needed to find an increasing
sequence of step functions. Then we checked that f actually satisfied the properties that we
wanted. This concludes the proof. 0

There is an important corollary, called the Monotone Convergence Theorem.

Theorem 10.3 (Monotone Convergence Theorem). Suppose that we have an increasing
sequence of functions {fx} C L', i.e. fir1 > fx. Further suppose that f[a | fr is bounded.

Then there exists an f € L such that fi.(x) — f(x) almost everywhere and f[a 0 fe — f[a 0 f.

Proof. Take | > k. Then

1= Aill, = /[ Ui go= /[ Ny

Also, f[a i fr is a bounded increasing sequence, so lim f[a . fr exists. This implies that {fx}
is Cauchy. By completeness, we have therefore shown that there exists f € £ such that

Jay fe = Juan I
Now, ||fx — fll; = 0, which means that f[a . |fr — f] = 0. By Property there exists

a subsequence {fi,} with fi, (z) — f(z) almost everywhere, which therefore means that
fr(xz) — f(z) almost everywhere. O

Corollary 10.4. Let {fi} C L' with f[a b | fi| is bounded, and assume also that there exists
[ :]a,b] = R such that f(x) =lim f.(z) for almost every x € [a,b]. Then f € L.

Remark. Caution: It may be false in general that [ fr, — [ f.

This is a very powerful fact that the pointwise limits of £! functions converge to an £!
function. Nothing of this sort is true for the Riemann integral. This fact is extremely general.

11. 4/20

Today we will discuss linear functionals, and go back to the Lebesgue integral next time.
We first make some final remarks about orthogonality.
11.1. Final remarks on orthogonality. We work in a Hilbert space X. Let FE be any
non-empty set.

Definition 11.1. The orthogonal complement of E is

Et={reX:(z,e)=0foralec E}.
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We claim that E* is a closed linear subspace of X. This should be an easy exercise. We
check that it is closed. Suppose that 3, — vy and y, € E* for all k, and take any e € E.
Then

(s )l = 1y =y, €) + (yrs )l = [(Y = s )] < lly = il llel] =0,
so therefore y € B+,

Lemma 11.2. If M is a closed linear subspace of X then

(i) M+ M ={0}.

(ii) x € X implies that v = y + 2z with y € M and z € M*, and this representation is

unique.

(iii) (ML)t = M.

Proof. We prove (i). If z € M N M* then (z,z) = 0, so that ||z|* = 0 and hence z = 0.
We prove (ii). Recall that there exists y € M with ||z — y|| = min,ep ||z — 2||. Notice

that ||z — y — tAz||” has minimum at t = 0, for all scalar A # 0 and nonzero z € M. Then

Iz —y) = tA=]* = [lz = y|I” + £ | A2]” — 2t Re(w — y, A2)

has minimum at ¢t = 0. This implies that Re(A(z — y,2)) = 0. Take A = (v — y, 2), so we
get (x —y,z) =0, and hence x —y € M+

We still need to check uniqueness. Assume that * =y + 2 = y + Z with y,y € M and
2,Z € M*. Subtracting, we see that y — = Z — z are in M and M, so by part (i), we see
that y —y = Z — 2 = 0, which implies uniqueness.

We prove (iii). Take x € M. Then (z,w) = 0 for every w € M*. This says that
r € (M+)*t. Hence, M C (M*)+. We should prove the reverse inclusion.

Take any x € (M*)+. By part (ii), we can write x = y + 2z with y € M and z € M*.
This tells us that 0 = (z,2) = (y,2) + (2,2) = (2,2) = ||z||>. This means that z = 0, so
r =y € M. Hence, we've shown that (M+)+ C M. Therefore, (M+)+ = M. O

The main content of this lemma was part (ii).
11.2. Linear functionals. Let X be any normed space.

Definition 11.3. f is a linear functional on X if f: X — R (if X is a real vector space) or
if f:X — C (if X is a complex vector space).

Lemma 11.4. Let f be such a linear functional on X. The following are equivalent:

(1) f is continuous (at each point of X)

(2) f is continuous at 0

(3) there exists M with |f(x)| < M ||z|| for every z € X.
When the final condition holds, we say that f is a bounded linear function. The final
condition 1s called Lipschitz continuity.

Proof. (1) = (2) is trivial.

We want to prove that (2) = (3). We use the -6 definition of continuity at 0 with
e = 1. This means that there exists § > 0 such that |f(z)| = |f(z) — f(0)] < 1 whenever
|z]| < d. Take z € X \ {0}. Then



so hence |f(z)| < 2 ||z|| for every x € X. This proves (2) = (3).
Finally, we will show that (3) = (1). Take z,y € X, and |f(z) — f(y)| = |f(z —y)| <
M ||z — y||, which implies continuity at y. O

From now on, we will usually refer to bounded linear functionals instead of continuous
linear functionals; this is more convenient for our purposes.

Definition 11.5. If f is a bounded linear functional on a nontrivial space X, we define

11 =su {0 e x|

]

This makes sense because f is a bounded linear functional, so that the set above is
nonempty and bounded.

Definition 11.6. Let X* be the set of all bounded linear functionals on X.
Note that X* is a linear space.
Proposition 11.7. || f|| is a norm.

Proof. We check each of the three properties:

(1) IAfIF= AL
(2) If +gll < N1+ llgll-
(3) [|f]l =0, and || f|| = 0 if and only if f = 0. O

Proposition 11.8. X* is a Banach space.

We will prove this proposition later, but it is fairly elementary, so try to do this on your
own.

Theorem 11.9 (Riesz(-Fréchet) representation theorem). Suppose that X is any Hilbert
space, any [ is any bounded linear functional on X. Then there exists y € X such that
f(x) = (z,y) for all x € X, and such y is unique.

Proof. First, we consider uniqueness. We have (z,y) = (z,7) for all x € X, Then (z,y—7) =
0 for every # € X. In particular, choose z = y — §, so that ||y — §||*> = (y — §,y — ) = 0, so
that y = 9.

Now, let K = ker f = {x € X : f(x) = 0}. This is clearly a linear subspace of X. We
claim that it is closed. Suppose that y, — y with y, € K for every K. Then f(y) = lim f(yx)
by continuity of f at y, but f(yx) = 0 for every k. Hence f(y) = 0 and hence y € K.

There are two possibilities. If f = 0 then K = X. This implies that we can take
y = 0. We can therefore safely assume that f is not the zero functional. This means that
K # X, so there exists a point 2 € X \ K, and we can choose z € K1\ {0}. Observe that
f(x) = Af(z) = f(xr — Az) = 0 when \ = %, which means that x — %z € K, so it is
orthogonal to z, i.e.

— Lx) z 2 e T — MZ' z -
(z,2) 7(2) =] ( f(z)” ) 0,
so hence (@)

(z,2) = %HZH ,
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and hence

f(x) = (a: |J|C(||)> ,

so we can simply choose y = ﬁ;(ﬁ%z O

12. 4/22

Let’s finish our discussion of the Lebesgue integral. Recall that we proved the Monotone
Convergence Theorem [10.3]
This has a very useful corollary:

Corollary 12.1. We have a given function f : [a,b] — R and {fi} C L ([a,b]) with fy — f
almost everywhere, and {f[a . |fk|}k is bounded, then f € L.
) =12

-----

This has not many hypothesis.

Proof. The proof is two applications of the Monotone Convergence Theorem. Without loss
of generality, we may assume f > 0 for all £ because otherwise we can write f, = fi, — fi_,
with fi, and f;_ as £' functions converging to fy and f_ respectively.

Suppose that [ > 1, and define the increasing sequence

Fk,l == _min{fk>"'7fk+l}a

for [ = 1,2,.... Each of these is bounded above by zero, so the Monotone Convergence
Theorem applies. There is therefore some Fj, = lim;_,o F; € L'([a,b]). Here,

Fi(z) = —inf { fx(x),..., fim(z)},
so that

—Fk = inf {fk(l’), N fk-i-l(x)} S fk
is an increasing sequence bounded above by fr. We can again apply the Monotone Conver-
gence Theorem. Then lim —F, = f almost everywhere, so f € L([a, ]). d

Definition 12.2. Define £?([a,b]) to be the set of functions f : [a,b] — R such that both
[ et

Proposition 12.3. £%([a,b]) is a linear space.

Proof. 1t is clear that if f € £2 and \ € R, then trivially A\f € £2.

What'’s less obvious is that if f,g € £2 then f + g € £2. We should check this. We are
given f, f2,g,9° € L'. There exists a sequence ¢, of step functions with ¢, — f almost
everywhere. Likewise, there exists a sequence v, of step functions with v, — f? almost
everywhere. We can arrange to have lim [ |f — ¢x] — 0 and lim [ |f? — 4| — 0. Without
loss of generality, we can take 1) > 0 because otherwise, replace v, by max {1y, 0}.

Recall that

1 h(x)>0
sgnh(z) =< -1 h(z) <0
0 h(x)=0.

Let ), = sgn{pn}v¥r. Then Uy(x) — f(x) almost everywhere, and W% < 1), which
implies that [, , % is bounded (in fact, [ W} < [4).
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Similarly, there exists a sequence @, of step functions with ®x(z) — g(x) almost every-
where and [, @} bounded. Therefore, (4 + ¥4)* — (f + g)* almost everywhere. Also,

(Pr + Uy)? < 2(PF + ¥37), so [(T), + @i)? is bounded.
Finally, clearly f + g € £, and by the Corollary implies that (f +g)? € £ O

Suppose that f,g € £*[a,b]. Then fg = ((f+9)* — (f —9)?) € L'. We can therefore
define an semi-inner product:

Definition 12.4.
(f7 g)EQ = : fg

la,b
for any f,g € L.

We should check the properties. Trivially, this is linear in f, and (f, g) = (g, f). It mildly
fails the last property: it is true that (f, f) > 0, and (f, f) = 0 if and only if f = 0 almost
everywhere. We can define the £2-seminorm:

Definition 12.5. | £, = ]+ = /7).

The triangle inequality still holds: || f + gl 2 < | f]l 2 + |lgll z2-
Happily, that’s enough to show the Cauchy-Schwarz inequality:

Proposition 12.6. [(f,9)c2| < || fllz2 19|l 2. Equivalently,

fg < \/ / f? / 9>
[a,b] [a,b] [a,b]

We proved that £! is complete with respect to the £!-seminorm. We claim that this is
also true in the £? case.

Proposition 12.7. £? is complete with respect to the seminorm |||y, that is, if {fr} C
L2[a,b] is a Cauchy sequence with respect to this seminorm ||-||, (i.e. for every e > 0 there
exists N such that || fx — fill, < € for every k > 1> N), then there exists f € L*[a,b] with

|fx — fll, = 0.

Proof. We can always write f, = fr, — fi_, so hence without loss of generality we can take
fr > 0. Then by the Cauchy-Schwarz inequality,

I fe — filly :/[b} fi — 7] :/[b]|fk:_fl‘(fk+fl) < |Ifx = filla lIfx + fill5 -

If we use the Cauchy sequence property with ¢ = 1, then there exists some N; such that
| f — fill, < 1 for every k > [ > N;. In particular, this means that || fi, — faz,[], < 1 for
every k > Np. By the triangle inequality, we can then write

Ifelly = 1fe = oo + Fvlly < e = frlls + Il 1+ ([l
for all k > Ny, so || fk|l, is bounded. Hence, [|f. + fill, < If&lly + ||fill, < €, so therefore

17 = fill, < =
for all k > [ > N. Therefore, { f2} is Cauchy with respect to the £'-seminorm |-||,. There-
fore, there exists h € L*([a,b]) with [ |fZ — h] — 0. Therefore, there exists a subsequence
{ fk]} with f,gj — h almost everywhere.
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Also, by Cauchy-Schwarz,
=il = [ Ve 1S U il VB

i.e. {fr} is a Cauchy sequence in £', and so hence there exists f € £! with || fx — ||, = 0.
There is again a subsequence {f;,} with f,(z) — f(x) for almost every ». We can take
Ji, to be a subsequence of the fi, because f, is also Cauchy in L. Therefore, we have a
subsequence {f;} such that f;, — f almost everywhere (with f € £') and fi — h with

h € £'. Hence, h = f? almost everywhere, and hence f? € £!. Therefore, f € L2
We need to check convergence in the £2 norm. Then by Cauchy-Schwarz,

|W—ﬂb=4$h—ﬁ=iéyﬁ—ﬂm—ﬂ
s/ e flGe+ D=2 = 2], —o.
[a,b]

so hence £? is a complete space. 0

There are still a few points to clean up, such as the proof of the technical Lemma [8.7]
Also, we’ll turn the seminorm to an actual norm through an underhanded trick.

13. 4/25

We will finish the discussion of the Lebesgue integral. We want to get around the difficulty
that our supposed “norm” is only a seminorm.
Recall that for f € L'[a,b], we have the seminorm | f||, = f[a i |f|. Similarly, for f €

L[a,b], we have a semi-inner product (f, g) = [, fg-
The problem is that || ||, = 0 or || f||, = 0 implies only that f(z) = 0 almost everywhere.
To get around this, instead of considering functions, we consider classes of functions.
Definition 13.1. The £ class of f is defined as
f={9€L'a,b:g(x)= f(z) for almost every = € [a,b]} .

Note that g € f if and only if f € g if and only if f = g. Treat these as elements in a new
space instead of thinking of them as classes. -

We can now define f + g = f+ g. We should check that this makes sense. Indeed, if
fi € fand g, € g, then certainly f; + g1 € f 4+ ¢. Similarly, A\f = Af. Then we can define

Definition 13.2. L'[a,b] = {f : f € £L'[a,b]} is a linear space.

We can now define:

Definition 13.3. f[a,b} f[a’b} f and ||i||1 =|fll, = f[a,b} £

f=
Proposition 13.4. L'[a,b] is a normed (Banach) space.

Proof. We just need to check the properties: H)‘i”1 = A ]|f]| and Hi—i—g“l < HiH1 + ”2“1
Also, ||f|| = 0 implies that || f||, = 0, so that f(z) = 0 almost everywhere, and so f € 0 =
{f € LYa,b]: f(x)=0ae. € [a,b]}. O

Similarly, we can define
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Definition 13.5. L%[a,b] = {f : f € £*[a,b]}, and we can define (f,g) = (f,g) = o 19

with a norm H S H , = (f, f)- This actually is now an inner product, so this is now a genuine

Hilbert space.

To finish off the Lebesgue theory, we still need to finish the proof of our main technical
lemma [B.7

Lemma 13.6 (Lemma [8.7). If {¢} is an increasing sequence of step functions on [a,b]
with {f[a7b] wk} bounded, then {y(x)} is bounded (and hence convergent) for almost every
x € [a,b].
Proof of Lemma[8.7. Let S = {z € [a,b] : {¢x(z)} is not bounded}. Therefore, for z € S,
we see that limy_, ¥(z) = oco. We want to prove that 5 has measure zero.

Let’s agree to use the notation () = ¢y (x) — 11 (x). Notice that this is a nonnegative
function, and ¢ (z) = 0. Equivalently, we see that S = {z € [a, ] : {¢x(x)} is not bounded}.

Take an arbitrary a > 0. Let Sy = {z € [a,b] : ¢ (x) > a}. Then Sp41 D Sy, for all k, and
S, = 0. We can therefore write

N-1
Sy = (S \ Sn-1) U (Sy-1\ Sn-2) U+ U (S2\ S1) = [ J (Sksa \ k)
k=1

= ]\(;Jl {:U () < a < &kﬂ(x)} :

Recall that 1;;{ are step functions. For each k = 1,2,..., consider the partition a = :c(()k) <

:Egk) < < x%“k) — b so that v, is constant on each interval of this partition. Choose these

partitions to be compatible with both 1), and 1;;%1 (e.g. by taking a common refinement).

Define Py = { (2", Z(k)) i=1,...,Ni}. Then Sii1\ Sk is a subcollection of these. Then
we have

Qk C Sky1 \ Sk C Qp U {ﬁ(()k); e 7x§\]f€,z}

where Q. is some subcollection of Py.
Therefore,

U Qr C Sy C U (Qku{x . xg\’fc;z}>

k=1

Thus ¢n(z) > @ on UNSQy, ie.

We can now integrate this. This implies that

N—1
c> &NZQZZ‘I’

[a,b] k=1 I€Qy
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for some constant upper bound C independent of N. Hence

gfézﬂugczhm }@.

k=1 I¢€ Qk [avb
Notice that by our preceding inclusions, we have

N-1

Sy C U (Qk)UEN

k=1

where E is finite. Then
o) oo N-—1 00
USNC<UUQk>U< EN>.
N=1 N=1 k=1 N=1

Note that U_, Ex is countable and hence has measure zero, and UF_, UN"' Qx has sum
of lengths of intervals < C/a.

Observe that if we take a point y € S then y € Sj for all sufficiently large &k, so S C
UX_1SN.

We can now finish the proof. Let € > 0 be given. Choose o > C'/e. Then select Jy, J, . ..
with Uy—1En C Ujil Jj and Z ‘le <E.

o0 oo N-1 00 o0 N—-1 o0
sc|)sec (U UQk>U<UEN> ) (U Qk>U<UJj>,
N=1 N=1 k=1 N=1 N=1 \ k=1 j=1

which now has length < 2¢, so we are done. 0

This was the hardest proof of the Lebesgue theory, which shouldn’t be surprising since
everything followed from it.

13.1. Linear operators. Now we will consider the next topic, which is linear operators.

Definition 13.7. Let E and F be normed spaces. Then T : E — F'is a linear operator (i.e.
linear map) if T'(ax + Py) = oT'(z) + BT (y) for all z,y € E and for all scalars a, .

Definition 13.8. We say that T"is bounded if there exists M such that ||T(z)| < M ||z||
for all z € E.

We should be somewhat careful here; ||T'(x)|| is a norm in F', while ||z|| is a norm in E.

In the same way as for the linear functionals (as in Lemma [11.4)), we get the following
theorem:

Theorem 13.9. T is continuous at each point of E if and only if T is continuous at 0 if
and only if T is bounded.

14. 4/29

14.1. Bounded linear operators. We started our discussion of bounded linear operators.

Let £/ and F' be normed spaces, and suppose that T': ' — F' is linear. Then T is bounded
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means that there exists M with ||T(x)|| < M ||z|| for every x € E. In this case, we can define
the operator norm

17l = sup {m xe E\{O}} — sup {IT@)|| - =] = 1}

]
Exercise 14.1. Check that ||| is a norm on L(E, F).

A special case of this discussion is when F' = R or C, when T is just a linear functional.
Note that 7" is continuous if and only if 7" is continuous at 0 if and only if 7" is bounded.

Definition 14.2. Let L(E, F') be the set of all bounded linear maps E — F', equipped with
the operator norm.

Lemma 14.3. L(E, F) is a Banach space provided that F' is a Banach space.
The proof will be very similar to all of the other completeness proofs that we’ve seen.

Proof. L(E, F) is clearly a normed linear space, so we just have to check completeness. Let
{Ti}k=12,.. be any Cauchy sequence in L£(E, F). That is, let ¢ > 0; then there exists N
such that ||}, — T;|| < € for every [ > k > N. This implies that ||T}(z) — T;(z)|| < ||z for
every © € E. Take any fixed z; this means that {T;(x)}x=12. . is Cauchy in F' and hence
convergent (since F' is a Banach space) to some limit which we call T'(z).

Now,

Tz +py) = lim Tz + py) = lim ATy (2) + pTi(y)) = AT(2) + pT'(y)-

Hence, T : E — F is linear. Now, lim;_,oo(Tx(x) — T)(x)) = Ti(z) — T(x).
Recall that if lim z;, = z then lim ||z¢|| = ||z|| because | ||zx|| — ||2||] < ||zx — z]|-
Therefore, limy_,o ||Tk(z) — Ti(2)|| = ||Ti)(x) — T'(z)]|, and thus ||T(z) — T(x)| < ||z||
for each x € FE and for all k > N. This says that T, — T € L(E, F), and it has ||T, — T|| < ¢
for all Kk > N. Since L(E, F) is linear, we see that T' = T}, — (T, — T) € L(E,F), and
furthermore ||Ty — T'|| < € for all £ > N implies that limy_, |7 — T'|| = 0. This concludes
the proof. O

Recall that E* is the set of all bounded linear functionals on F, i.e. it is the set of all
bounded linear maps F — R if F is a real vector space, and it is the set of all bounded linear
maps FF — C if F is a complex vector space. Since R and C are complete, we can apply the
previous lemma to get the following corollary:

Corollary 14.4. Let E be a normed space. Then E* is complete.

Proposition 14.5. Let E, F,G be three normed spaces, and suppose S € L(E,F) and
T e L(F,G). ThenT oS € L(E,G) and ||T o S| < ||T|||S]-

Proof. We check this claim. Here, ||T o S(z)|| = || T(S(x)|| < ||| [|S()] < |T] IS |||
for all z € E. The desired result now follows. O

In particular, when T' € L(F, FE), this result allows us to consider the nth power T" =
To---oT, and by induction, ||T"| < ||T||". Notice that equality needn’t hold. We might

even get that 7™ = 0. We use the convention that T° = I is the identity.
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14.2. Inverses. Now we discuss inverses.

Definition 14.6. T € L(E, F) is invertible if there exists S € L(F, E) with T o S = I and
S(DIWZZIE.

Remark. There exists a linear S (not necessarily bounded) with T'o S = [p and SoT = Ig
if and only if T" is both one-to-one and onto.

Theorem 14.7 (Bounded inverse theorem). Such an S is automatically bounded if E and
F' are Banach spaces.

We will not prove this theorem in this course.

Remark. Suppose that T € L(E, F'). If there exists S such that T'o S = I then T is onto.
If there exists S such that S o T = Ig then T is one-to-one. These statements are not the
same. Here’s a nice example:

Example 14.8. Let F = F = (?, and define S to be the shift operator S(xy,zs,...) =
(0,21, xg,...). This is one-to-one but not onto. There is also a reverse shift operator, so
that S(xy,2,...) = (x2,23,...) is onto but not one-to-one.

Note that S oS = 1,2 is the identity, but S o S # 1,2 is not the identity.

Here is a very useful theorem about finding inverses.

Theorem 14.9. Suppose that E is Banach and T € L(E, E) with |T|| < 1. Then I — T is
invertible. In fact,

(J—TrlziiT@

Here, we have ZZOZO T" = limy_seo Zfzo T™ with the limat taken in the operator norm.

Proof. Suppose that M > N. Then

M N M M 0 1
sr-Sr|] 8 rle S e 5 mrem () o
n=0 n=0

n=N+1 n=N+1 n=N+1
as N — oo, which means that {ano T”} is a Cauchy sequence with respect to the
N=12,...
operator norm, and is hence convergent. Hence, our infinite sum actually makes sense.

Now - - -
PEEIS SYLE SYCE e
n=0 n=0 n=1
and similarly, (3~ T")o (I —T) =1. O

This is a very useful fact.

15. 5/2
Last time we proved that if £ is a Banach space, A € L(E, F), and ||A|| < 1, then [ — A
is invertible (i.e. (I —A)~!' € L(E, E)). In fact, (I — A)~! =>">° /A" in the operator norm.

Corollary 15.1. If E and F' are Banach spaces, the set of all invertible A € L(E, F) is an
open subset of L(E, F).
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Proof. We claim that if A € L(F, F) is invertible then B € L(FE, F) is invertible for every
B € L(E,F) such that ||B — A| < m. First, we check this claim.

Observe that if |B — Al < m then [[(B—A)o A7Y| < ||B—A||]JA7Y] < 1. This
means by Theorem I—(B—A)oA™! is invertible, which means that (Bo A™')o A = B

is invertible.
This proves the claim and hence the corollary. 0

15.1. Adjoints. We briefly digress and talk about adjoints.

Definition 15.2. If H and K are Hilbert spaces and A € L(H, K) is a bounded linear
operator, then there exists an unique operator A* € £(K, H) with (A(x),y) = (z, A*(y)) for
every x € H and y € K. Here, A* is called the adjoint operator.

This is a direct consequence of the Riesz representation theorem.

Proof. Homework 5, problem 3 handled the real case. The complex case is almost exactly
the same, except we need to check that linearity works out correctly. We can do this:

(z, A"(Ay + pw)) = (A(z), Ay + pw) = A(A(2), y) + 1(A(z), w) = Mz, Ay) + iz, Aw)
= (2, AA"y) + (z, pA"w)
for every z € H and y,w € K, so that (x, A*(A\y + pw) — (ANA*y + pA*w)) =0 for all x € H,
which means that A*(\y + pw) = AA*(y) + pA*(w).
We also want to say that A* is unique. Suppose that (z, A*y — A*y) = 0 for all z € H
and y € K. Then A*y = A*y, and hence A* is unique. O

Proposition 15.3. A* is bounded, |A*|| = ||A||, and in fact, (A*)* = A.

Proof. Take x = A*y in the definition of the adjoint, and use the Cauchy-Schwarz inequality
to see that

|A*y|1” = (A(A* (1)), y) < IAA @) Iyl < IAITA Y]yl

which means that ||A*y|| < ||A||||ly]| for every y € K, which tells us that ||A*|| is bounded
and [[4°] < [IA].

In addition, we also have that (A*y,z) = (y, Az). This shows that (A*)* = A, which
means that || Al < ||A*. O

Let’s consider what this looks like in finite dimensional space.

Example 15.4. Suppose that H = C" and K = C™. Then A € L(C",C™) is the same as
saying that A is given by an m X n matrix. Given z = (zy,..., 2,), we want to have

Az = Z Z Ai5256€;.
i=1 j=1
Suppose that w = (wy, ..., w,,). In this case, the adjoint property says that
(A@),w) =D ayz@i=) > 2(agw).

i=1 j=1 i=1 j=1
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Here, A* is given by

m

A*w = Za_ijwi,
i—1
which means that A* = (a;)"

Definition 15.5. A € L(H, H) is self-adjoint (or in the complex case, Hermitian) if A* = A.

In the finite dimensional case, H = C". This means that (a;;)" = (a;;), which means that
a;; = aj; for all < and j. This also means that the diagonal entries are real.

Proposition 15.6. If A € L(H, H) is self-adjoint then (Ax,x) is always real.

Proof. This is because (Az,z) = (z, Az) = (Ax, z) by the self-adjointness property. O
Proposition 15.7. If A € L(H, H) is self-adjoint, then
A A
a1 = s _ g 6452
o 7l " ek el

z)| [[Az|]

lll

Proof. Let m = sup, ‘(‘ﬁl E

|All. We need to prove the reverse inequality.
Note that (A(x +y),z +y) = (A(z),z) + (A(y),y) + (A(y), ) + (A(z),y). Here, notice

that (A(y),x) = (x, A(y)) = (A(x),y). Then we have

(Alz +y), 7 +y) = (A(2), 2) + (A(y), y) + 2Re(A(z), y)

(Alz —y), =z —y) = (A(2),2) + (A(y), y) — 2Re(A(2),y).
Subtracting, we get that

4Re(A(x),y) = (Alz +y), z +y) — (Alr — y),z - y)
< mlllz +yl* + llz = ylI*) < 2m(llz]* + [lyl)-

Suppose that A(x) # 0. Then choose y = |||KJ;|||A( ), to get 4z| |A)|| < 4m|z|>.

Therefore, | Az|| < m||z| for every z, so therefore ||z|| < m, which means that ||A| =m. O

. Notice that Cauchy-Schwarz implies that m < sup,_,

16. 5/4

Today we will talk about the spectrum. Suppose that E is a complex Banach space and
suppose that we have a bounded linear map A € L(E, E).

16.1. Spectrum.
Definition 16.1. The spectrum of A is 0(A) = {\ € C: A\ — A is not invertible}.
Recall that we say that A € L(F, F) is invertible if A is 1-1, onto, and A™' € L(E, F).

Remark. {\: A\] — Aisnot 1:1} U {\: A\l — A is not onto} C o(A).

If A\l — A is not 1:1, then there exists  # 0 with (Al — A)(z) = 0, i.e. Az = Az. Here,
A is an eigenvalue, and this means that all eigenvalues are in o(A). Note that the spectrum
might be much bigger, however.

Example 16.2. Let F = C" with the usual inner product norm. A € L(FE, E) is given by
an n X n matrix, so o(A) is exactly the set of eigenvalues.
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Example 16.3. Let £ = (%. Take any z = (z1,22,...) € 2. Let S be the shift oper-
ator S(z) = (0,21, 22,...). Clearly, S € L(E,FE); in fact, it is norm preserving. It has
no eigenvalues. To see this, suppose that there were some z such that Sz = Az. Then
(0,21, 22,...) = (Az1, Az2, ... ). This means that z; = 0, which means that z, =0, .... That
is, z = 0, and hence no A is an eigenvalue. However, the spectrum of this shift operator is
actually very big: o(S) ={Ae€o: |\ <1}

Lemma 16.4. o(A) is a closed subset of {\ € C: |\ < [|A|l}.

Proof. Take any A ¢ o(A), which implies that A\] — A is invertible. Recall that the set of
invertible operators in L(F, E) is an open subset of L(F, E) with respect to the operator
norm. Then there exists ¢ > 0 such that ||B — (A — A)|| < ¢ implies that B is invertible.
In particular, if p € C then |u — A| < 6 implies that ||(uf — A) — (A — A)|| < 9, and hence
wul — A is invertible. We have therefore shown that o(A) is closed.

Now, suppose that |[A| > ||A]|. Then M — A = A(I — +A). Note that ||{]| = w <1, s0
by our general theorem [14.9] this means that AT — A is invertible.

This means that no A with |[A] > ||A]| is in o(A), or in other words, we’ve proved that
o(A) C{A: Al <A} 0

16.2. Compact operators.

Definition 16.5. Suppose that F and F are normed linear spaces. A linear operator T :
E — Fis compact if T({z € E : ||z|| < 1}) is contained in a compact subset of F.

Remark. Note that this is the same as saying that for all R > 0, we know that T'({z € E :
|z|| < R}) is contained in a compact set.

T compact implies that T is bounded. Assume otherwise; then 7" is not bounded. Then
there exists a sequence {z;} C E with |lzx|| = 1 and [|T(zy)|| > k, which means that
there does not exist a convergent subsequence of {T'(xy)}. If there were such a convergent
subsequence T'(zy,) — y then ||T(xy,)|| = ||yl

Example 16.6. Suppose that F is an infinite dimensional normed space. Then Iy € L(E, E)
is certainly bounded, but it is not compact because the closed unit ball in £ is not compact:
there exists a sequence ey, eq,--- € E with |le;|| =1 for all j and ||e; — ¢;]| > 1 with ¢ # j.

Example 16.7. Suppose that T' € L(E, F') with H = T'(F) as a finite dimensional subspace
of F. We say that T is an operator of finite rank, and we claim that 7" is compact.

We should check this. Take any sequence {T'(z)}x=12,.. C H, where z;, € E and ||z < 1.
Since H is finite-dimensional, this means that all bounded subsets of H have compact closure.
Thus there exists a convergent subsequence {7, ui, }.

There is an extremely important theorem.

Theorem 16.8. If E and F' are Banach spaces and we take a sequence {Ty}r=12,.. C L(E,F)
with each T}, compact and | Ty, —T|| — 0 for some T € L(E,F) (i.e. T, = T in L(E,F)).
Then T is compact.

Proof. Take any sequence {T(zy)}r=12,. with |z < 1. Then {Ti(zx)} has a convergent
subsequence 17 (21 ). Now, {T5(x1 )} has a convergent subsequence T5(x2 ). The important

thing is that {xo} is a subsequence of {z;;} is a subsequence of {z;}. We continue this
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process of finding subsequences of subsequences. Inductively, T;(z,-1 ) has a convergent
subsequence T,(x, ).

Now we use a standard trick in analysis by taking the diagonal sequence. Let ¢ > 0 be
given. Consider {x,,}. This is a subsequence of {z,x}r—qq+1.... Therefore, {T,(z4)}4=1..
converges. That’s because {x,,}4—pp+1,.. is also a subsequence of {x,x}r—12, .

The desired result should now follow easily, and we’ll finish it next time. 0

17. 5/6

We have Banach spaces £ and F, and T, — T in L(E, F'). We want to show that if T} is
compact then 7" is compact. This is Theorem [16.8]

Finishing proof of theorem[16.8. We proved that for any sequence {zy }r=1.2.. with ||a;] <1
for all k, there exists a subsequence {x,,}s=12.. of {zk}tr=12. . such that {T,(x,q)}e=12..
converges for each p. This was done with a diagonal argument. We claim that {T'(x, ) }4=12
converges.

Let € > 0 be given. Pick p such that |7, — T'|| < €. Using the Cauchy property, we can
pick N such that ||T,(z,) — Tp(2,)|| < € for every ¢ > r > N. Then

1T (24,q) = T(@rp) | = |T(2gq) — Tp(wg,q) + Tp(2gq) — Tp(@rs) + Tp(wrs) — Tyl
< | T(2qq) — Tp(xa )l + 1 Tp(xg,0) — Tp(@rs) | + 1 Tp(@rs) — Ty
<|NT =T\ +e+ T, =T < 3¢
for every ¢ > r > N. Hence, {T(x,4)}4=12
17.1. Hilbert-Schmidt operators.

goue

is Cauchy and hence convergent. U

gooe

Definition 17.1. Suppose that H is a Hilbert space and Y is a Banach space. An operator
T € L(H,Y) is said to be a Hilbert-Schmidt operator if there exists a complete orthonormal
sequence e, ey, ... for [ such that 3 7, IT(e)|)? < oo.

Remark. It doesn’t matter which complete orthonormal sequence we use. If (f1, fa,...)
is any other complete orthonormal sequence then 77 ||T'( )P < oo as well. This is
something that will be checked on the homework.

Hilbert-Schmidt operators are important because a lot of common operators satisfy this
property, and because of the following theorem.

Theorem 17.2. Hilbert-Schmidt operators are automatically compact.

Proof. Let z; = (z,e;). Define Ty(x) = T(Z;V:l riej) = Z;VZI z;T(e;). Then Tn(H) is a
finite-dimensional space T (H) = span{T'(e1),...,T(en)}. That is, Tl is finite rank and

hence compact by example Then

[e'¢) N [e'¢) o0
(T — TN>([E) =T <Z Ij@j) - T (Z [L’j&j) =T ( Z l‘j@j) = Z ZL’jT(@j).
j=1 j=1 j=N+1 j=N+1
We should be careful and check that this final equality holds. We have
o0 M 0 M
Z xje; = ]\/llgnoo Z zje; = T ( Z :vjej) = ]\/llgnoo Z x;T(e;).
j=N+1 j=N+1 Jj=N+1 Jj=N+1
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For My > M, we can write

Mo My Mo Mo
doowTle) = Y =Tle)|| = 1| D wTe)| < Y, l=llIT(e)]
Jj=N+1 j=N+1 Jj=Mi+1 Jj=Mi+1
Mo
<llzly| D ITesl?,
Jj=Mi+1

which goes to zero because 7' is Hilbert-Schmidt, and T'(3°7, x;¢;) exists.
We now have

T =)@l < Nzl | Do W) = IT=Twll < | D 1Tl

j=N+1 j=N+1
as N — oo. O

We should see that not all compact operators are Hilbert-Schmidt.

Example 17.3. Recall that we have the space (* = {z = (21, 22,...) : 2; € R, Y 27 < o0}.
This has the usual inner product norm.

Consider T : 2 — EQ'deﬁned.by T(z) = ‘(1:1, N R i
compact operator that is not Hilbert-Schmidt.

Let e; = (1,0,...), eo = (0,1,0,...) be the standard complete orthonormal basis. Then
T(r) =372 VT Now T(e;) = % for all 5 =1,2,..., which implies that 3 ||T'(e;)||*> =
Z; = 00. Therefore, T" is not Hilbert-Schmidt.

). We claim that this is a

We still need to show that 7" is compact. Consider Ty (z) = Zﬁv 1 \[6] These have finite
rank and are hence compact. Then
2 © 9
x:
T < 2
I7(2) - I D B e S e
j= N+1 j=N+1 j=N+1

This means that |7 — Ty < \/7 — 0, and hence T" is compact.

17.2. Spectral theorem. This the simplest spectral theorem, for compact Hermitian oper-
ators. We might have seen the spectral theorem for symmetric finite dimensional matrices.
This is the generalization to infinite dimensional complex space.

Theorem 17.4. Suppose that H is a Hilbert space and T is a complex Hermitian operator,
i.e. (Tx,y)= (x,Ty) for all z,y € H. Suppose T € L(H,H). Then (kerT)* = T(H) (the
closure of T(H) ). Equivalently, we can write ker T = (T'(H))*.

If T(H) is infinite-dimensional, there exists a complete orthonormal sequence eq,es, . ..
for T(H) such that T(e;) = Aje; for every j, where \; are real numbers and \; — 0 as
Jj — 0. Also, for every x = ZJ yxje5 € (ker T, so that T(x) = Y772, Ajxje;.

If T(H) is finite dimensional, then there ezists an orthonormal basis eq,...,ex with
T(e;) = Ajej forall j=1,...,N.
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18. 5/9

We will prove the Spectral Theorem This requires three lemmas. The first two only
require Hermitian and do not need compactness.

Lemma 18.1. Let T' : H — H be Hermitian. Then all of its eigenvalues are real and
eigenvectors corresponding to distinct eigenvalues are orthogonal.

Proof. Suppose that Ta = Az for  # 0. Then (Tz,z) = Az,z) = M||z||>. Note that
(Tz,z) = (x,Tx) so therefore this is real, and hence A is real.

Now, suppose that Tz = Az and Ty = Ay for A # p. Then (Tz,y) = A(x,y) and
(x,Ty) = p(x,y), which means that A(x,y) = p(z,y), which means that 0 = (A — u)(z,y),
which means that (z,y) = 0. O

Lemma 18.2. Suppose that T : H — H is Hermitian, and suppose that L is any subspace
of H with T(L) C L. Then T(L*) C L*.

Proof. Take y € T(L*), that is y = T'(z) with x € L. We need to check that y is orthogonal
to L. Suppose that z € L. Then by the Hermitian property, we have (z,T(z)) = (T'(2),x) =
0 because T'(2) € L and z € L*. This means that y = T'(z) € L*. O

These two lemmas were straightforward and just required following the definitions. The
next lemma is slightly more complicated and is the main ingredient of the proof of the
Spectral Theorem.

Lemma 18.3. Suppose that T : H — H is nonzero, compact, and Hermitian. Then there
exists a vector ey with ||e1]| = 1 and T(e1) = A\ieq where either A\y = ||T|| or Ay = —||T||.
Therefore, either | T|| or —||T|| is an eigenvalue of T

Proof. Recall from Proposition that for Hermitian operators, ||T|| = supy, = |(T', z)|.
Then there exists a sequence {zy }r—12 . with ||zgx|| = 1 for all k and (T'(z), zx) — A1, where
either \y = ||T'|| or Ay = —||T||. We need to show that z;, converges, because then the limit
could be taken as our e;.

Note that (using the Hermitian property),

1T (2x) = Mall* = 1T () |* + AT = 20 (T (@), ) < 227 = 2\ (T (), ) — 0

as k — oo. This means that T'(zy) — A\jx — 0 in H. Since T' is compact, T'(x)) must have
a convergent subsequence. Then pick {.il?kj }i=12... such that y = lim T(xkj) exists. Then
T(xx;) — Moy, — 0 in H, which means that A\jx;, — y and hence z;; — % Therefore
T'(xx;) = T(5-). This means that y = T'(5£), or Ty = A\;y. We can now pick e; = y/A;, and

this concludes the proof. 0

This is a powerful result, and this is the main result and the inductive step of the proof
of the Spectral Theorem.
We are now ready to prove the Spectral Theorem.

Proof of the Spectral Theorem[17.4). First, Lemma implies that we have T'(e;) = Ae;
with Ay # 0 and |[e;|| = 1. Then either T'|(spanfe,3= = 0 or we can repeat this step with

(span{e; })* in place of H and T'|(span{e, 1)+ in place of T'. This works because Lemma m

implies that T'((span{e; })*) C (span{e;})* i



In the first case, we have (span {e; })* C ker 7. Also, Lemma/[18.1]implies that span {e;} C
(ker T)*, which implies that ker 7' C (span {e;})*. This means that (span{e;})* = ker T,
so that span{e;} = (kerT)*. In this case, we are done with the proof. This is the one-
dimensional case of the Spectral Theorem.

Now, we consider the inductive step. This is more or less the same as the preceding argu-
ment. Assume that k£ > 2 and we have orthonormal ey, ..., ex_; with span{e,..., ek_l}L

and with T'(e;) = A\;e; for A; # 0. Then by Lemma , either T'| . ve, o, 3+ = O or there
exists e; € (span{ey,...,er_1})T with T'(ex) = Mpex for A\, # 0. By Lemma , we then
have T'(span {er,...,ex_1}") Cspan{es,...,ex 1}

In the first case, we have (span{ey,...,ex})t C kerT, and by Lemma we have
span{ey,...,e,} C (ker T)*. Therefore, just as before, ker T = (span {ey,...,e;_1})* and
hence (ker T)* = span{ey,...,e,_1}. In this case, we terminate and are done. This is the
finite dimensional case.

Therefore, we’ve proved that either the process terminates and we are in the finite di-
mensional case of the theorem (i.e. (kerT)" is a finite dimensional subspace) or we get an
orthonormal sequence ey, €, ... with T'(e;) = A\je; with A; # 0 for all j and e; € (ker T')*.

We claim that in this case, ey, s, ... is complete in (ker T')*. This is tricky to check.

Suppose that n > 1. Then z € H implies that = y,, +x,, where y,, € (span{ey,..., e, })*
and z, € span{ey,...,e,}. Note that in this case, Pythagoras’s Theorem holds, so that
||x||2 = ||yn||2 + ||xn||2 > ||yn||2 In addition, we know that T'(z) = T'(y,) + T'(z,).

In Homework 6, question 4, we showed that A\; — 0. In addition, we have

1T < | Tlopanerseny | Il

. This means that || T(y,)| < |Ans1|l|z]] — 0, and hence

span{er....en}*

where |\, 11| = HT]

T(x,) — T(x).
Recall that we have x,, = Z?zl(x, e;)e;, so we have

> (@ ep)hje; = T(x),
j=1
and hence this series converges with respect to the inner product norm. Therefore T'(x) =
> i1 AT eg)e;.
It remains to check completeness. We know from Lemma that span{ej,eq,...} C
(ker T)*. Also, z € (span{ey, e, ... })*, which means that T'(z) = 0 and hence that z €
ker T'. Therefore, (span{ey, ez, ... })t C kerT. Note that span {ej,es,. ..} is not closed, so

1
hence span {ey, s, . .. }L = span {eq, ey, ... }. That’s the end of the proof. O

19. 5/11
First, we need to finish the last few lines of the proof of the Spectral Theorem [17.4]

End of proof of Spectral Theorem[I7.]. We have already showed that either there exists some

e, ..., e, orthonormal with span {ey,...,e,} = (ker T)* and Te; = \jej forallj = 1,2,...,n

or there exists an orthonormal sequence ei,e,,... with span{e;, ey, ...} C (kerT)* and

T(e;) = Aje; for all j and T'(x) = > 272, Aj(7,¢;5)e; for all x. Our inclusion shows that
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ker T C (span{ej, e, ... ). Also, z € (span{ey,es, ... })t, which implies that T'(x) = 0
and hence z € ker T'. This means that (span {ej,eq,...})* C kerT.

Therefore, ker T = (span {ey, ey, ... })" and hence (kerT)' = span{ej,ey,...}. This
means that span {e;, ey, ...} is dense in (ker T')*. That is, e, €, ... is a complete orthonor-
mal sequence in (ker T')*. This concludes the end of the proof of the Spectral Theorem. [

19.1. An application of the Spectral Theorem. We will spend the next few lectures on
an application of the spectral theorem. We will give an application to ordinary differential
equations. There are equally important applications to partial differential equations, but
those require more machinery than what we have available.

Consider an interval [a, b] and two real valued function p : [a,b] - Ris C*and ¢ : [a,b] — R
is C%. Assume that p > 0 on [a, b].

For u € C?%([a, b]), consider the differential operator Lu = (pu')’ + qu = pu” + p'u’ + qu.

There is an existence and uniqueness theorem for ordinary differential equations, which
we will not prove in this class.

Theorem 19.1 (Existence and uniqueness theorem). Let g : [a,b] — R be a given C°
function, and suppose we are given that u(ty) = ¢ and u/'(ty) = co at some given point
to € [a,b]. There exists a unique C*([a,b]) function u with Lu = g on [a,b] and u(ty) = ¢
and u(ty) = cs.

We will be particularly interested in what is called an “eigenvalue problem”, and we’ll see
that this relates to a certain Hermitian operator.

19.2. Sturm-Liouville.
Problem 19.2. We are given the Sturm-Liouville eigenvalue problem:

—Lu = Au on [a, b]
au(a) + pu'(a) = 0 for given a, f not both zero
~yu(b) + du'(b) = 0 for given =, d not both zero.

Example 19.3. We do a very simple example. Consider the interval [a,b] = [0, 7] with
p = 1 and ¢ = 0 on the interval. Take («,5) = (1,0) and (v,0) = (1,0). In this case, our
problem is

—u" = A on [a,b]
u(0) = u(m) = 0.

In the case A > 0, the general solution is u = Acos v/t + BsinvAt. Which of these
satisfy the boundary conditions? Checking u(0) = 0, we see that A = 0. Then u(7) = 0
forces either B = 0 or VA = j for j = 1,2, .... In particular, if u is nonzero then A = j2 and
the corresponding solution is u; = B sin jt.

In the case A = 0, we get u” = 0, which means that v = At + B. The boundary conditions
force A = B = 0, so there are no nonzero solutions.

In the case A < 0, we have u = AeV~ + Be V=M and again, the boundary conditions
imply that A = B = 0.

The point is that there are some special values of A that work. In addition, the functions

u; form a complete orthonormal sequence for L]0, 7.
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We want to show that the same type of behavior occurs for the general Sturm-Liouville
problem. We will end up showing that there exist a complete orthonormal sequence of
eigenfunctions.

Proposition 19.4. Suppose that u,v € C*([a,b]) are not identically zero, and suppose that

Lu =0 and Lv = 0. Then either u = cv for some constant ¢ or the vectors (;‘,((?)) and (:,((?))

are linearly independent vectors in R? for every t € [a,b].

Proof. We can check this. If (:j,((i?)) and (3,((’;%))) are linearly dependent then either (:j,((’;%))) =
c (;’,(é‘:)))) or (:}’,((tt‘;))) = ¢y (;;‘,((';‘;))) (these cases are not the same in the case when one of the
vectors is 0).

We can just consider the first case; the second case is the same. We then have u(ty) —
cv(to) = 0 and v/ () — 10 (to) = 0, which means that w(ty) = w'(tg) = 0 for w = u — cyv.
By the uniqueness theorem, this means that w = 0, which means that u = cv. This proves
the proposition. O

Corollary 19.5. In the case Lu = 0 and Lv = 0, we have either u = cv or uwv' — vu' # 0
for allt € [a,b]. Actually, p(uv’ — vu') is constant.

Proof. The first statement is simply a restatement of the preceding proposition. Now, we
have

d d
5w’ —vu')) = —((p')u = (pu')o) = (pv')u + pv'u’ = p(u')'vv = —quu + quv = 0,
so indeed p(uv’ — vu') is constant. O

Here, the quantity p(uv’ — vu') is called the Wronskian.

Proposition 19.6. As before, suppose that u,v € C*([a,b]) with Lu = 0 and Lv = 0 and
u, v not identically zero. Assume that 0 is not an eigenvalue of the Sturm-Liouville problem,
and we have the boundary conditions

{au(a) + pu'(a) =0
yu(b) + 0v'(b) = 0,

where each of u and v satisfies the boundary conditions of the Sturm-Liouville problem on
one endpoint. Then u # cv, and hence, p(uwv’ —vu') = ¢ # 0 on [a,b].

Proof. Otherwise, we would have that both u and v would satisfy the same Sturm-Liouville
problem with A = 0, which is a contradiction.
Therefore, we see that p(uv’ —vu') = ¢ # 0 on [a, b]. O

20. 5/13

Recall that we are talking about the Sturm-Liouville eigenvalue problem We have
Lu = (pu') + qu for p € C'([a,b]) and ¢ € C°([a,b]). Assume for the moment that A = 0 is
not an eigenvalue.

Recall that we showed last time that if Lu = 0 and Lv = 0, and each of w and v satisfy
one of the two boundary conditions, then we have uv’ — vu’ # 0. Also p(uwv’ — vu') = ¢

is a constant called the Wronskian. Note that we can always get such v and v due to the
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existence and uniqueness theorem. That is, we can solve Lu = 0 with u(a) = ¢, v/(a) = ¢
with ¢ + o8 = 0, and we can solve Lv = 0 with v(b) = dy, v'(b) = ds with dyy + d20 = 0.

Problem 20.1. For a given g € C°([a, b]), we want to solve

Lw=g
aw(a) + pw'(a) =0
yw(b) 4+ dw'(b) = 0

To do this, we use the method of variation of parameters. The goal is to find w in the
form w = pu + v with some ¢ and ¥ to be chosen. We want to find ¢ and .
Note that w' = pu’ +1yv" +ug’ +vy)’. Suppose that we stipulate that ¢'u+11'v = 0. Then

(pw')" = ((pw)) + (¥ (pv")) = —que + pu'¢’ — quib + pP'v’ = —qu + p(u'¢’ + ¢'v'). Hence
Lw = (pu') + qw = p(v'¢’ +Y'v") = g if and only if u'¢' + vy = 2. Therefore we have two
equations:

Su+YPv=0

u/(p/ ‘I_/U//l/}/ — %

This can be written in matrix form as

(e ) (0)-30)

This can be solved by brute force, or by computing the inverse of the 2 x 2 matrix, yielding

solutions
¢ =t
Y = u.
Hence, we have
b
() = / 9()0(s) 4o 4
’ c
t
w@%:/)M)M@ds+B.
“ c

Thus, supposing that A = B = 0,

w(t) = /tb 9)0E) ) as + /t 91US) 4y as.

C C

We check the boundary conditions: w(a) = u(a) fab Q(L:(S) ds and w'(a) = u'(a) fab &:(S) ds.
Then

b
aw(a) + pw'(a) = (cu(a) + ﬁu'(a))/ w ds = 0.

Similarly, we have w(b) = v(b) [* 2242 gs and w'(b) = v/(b) [ 9Us) g5, Then again,

a c a

b
yw(b) + dw'(b) = (yv(b) + 51}'(1)))/ w ds =0,
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so our proposal solution w(t) is actually the solution to this problem. That is,

b (s b
w(t) = / 9(s) [H(s —t)u(t)v(s) — H(t — s)u(s)v(t)] ds = / k(s,t)g(s)ds

c
where k(s,t) = H(s_t)"(t)”(S)JgH(t_s)“(s)”(t). This is a symmetric function and H(s) is the
Heaviside function
0 s<0
His) =4, |
1 s>0.

Remark. We have

LIGLIC R g
k(s,t):{M t>s.

is continuous on the closed square [a, b] X [a b].

Define T : C%([a,b]) — C°([a, b]) by T(g) f k(s,t)g(s)ds. Observe that T is linear
and this is well-defined for all g € L?*([a, b]). Also we claim that T'(g) is C°([a, b]) even when
g € L*([a,b]). We can check this last statement. Let ¢ > 0 be given. By continuity of k,
there exists § > 0 such that |k(s,t1) — k(s,t2)| < € whenever [t; — to| < § for ty,ts € [a, ]
and s € [a, b]. Therefore,

T(g)(t1) = T(9)(t2)| =

/(l{;(s,tl)—k(s,tQ 5) ds /|k:st1 ks, 12)||g(s)] ds

b
< 5/ 1-[g(s)|ds < evb—allgll gy = Ce

for some fixed constant C' whenever t;,ts € [a,b] with |t; — t2] < 0. This means that
T 12([a,b]) — C%([a, b))
Now, we have (by Fubini’s Theorem):

(.T(@) = [ TaOnOd = [ 1) [ ks gls)asa

//]st ) dt g(s) ds = (T(h), g).

Therefore, (T'(h),g) = ) for all h,g € C°%[a,b]). Next time, we’ll show that this is
also true for h, g € L2

21. 5/16

We continue the discussion of the Sturm-Liouville eigenvalue problem [19.2]

We are assuming for the moment that zero is not an eigenvalue. We used this to get
particular solutions u, v with Lu = 0, Lv = 0 each satisfying half of the boundary conditions:
au(a) + pu'(a) = 0 and yv(b) + §v'(b) = 0, with u # cv and v # cu. This means that
p(uv’ —vu') =k # 0. We'll remove this assumption later.

Recall that we can now solve the inhomogeneous problem [20.1} Our solution was

b
wlt) = [ ks, gls) ds,
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where k(s,t) = k(t,s) and k is continuous on the square [a, b] X [a,b]. In fact, we have

v(s)u(t)
A s>t
k(s7t):{m s < t.

We also showed that this is ¢(t)u(t) + ¥ (t)v(t), where

I 1 /[
o) = [ v(o)gle)ds and v = ¢ [ ulsgls)ds
t a
This allowed us to define an operator T : C%Ja,b]) — C*([a,b]) and T : L*[a,b] —
C°([a,b]). Acting with g, h € C°([a, b]), we saw that T is self-adjoint, giving (T'(g), h) 12{as =
(9, T(h))12[ay- We claim that this is also true for g, h € L*[a, b).

Proposition 21.1. T is self-adjoint as an operator from L* to L?.

Proof. Recall that the continuous functions are dense in L? so for any ¢g,h € L*[a,b],
there exists sequences g, by € C%([a,b]) of continuous functions with ||gx — g||;» — 0 and
IFc = Bl 2 0.

According to the self-adjointness property that we showed for continuous functions, we
have (T'(gx), i) r2ap) = (grs T'(hi)) 12]ap) for all k. Recall from last time that we also have

T(9)(t) = 7 k(s,t)g(s) ds = (k(s,1),9(s)) 1210 Hence,

b b
wwww;/wummw@s /iwwwﬂwmm,

so therefore max(ep) |T(g)] < max|k[vb—a|[g]/;2(,y- Note that for any f € L?[a,b], we

have || f||;. = \/fabf(s)2 ds < max|f[vb— a. Therefore, we've shown that [ T(g)|| 21,y <
max [k|(b = a) |9l L2 4

We now claim that as k — oo, we have (T'(gx), h)r2as — (T(9), h) 120y as k — co. We
check this:

(T'(gr), hk)LQ[a,b] = (T(gr) = T(g), hs) + (T(g), h) + (T(g), hx — h)

Here, the first term is

(T'(gr) = T(g), he) < 1T (gx) = T [[Pkll = 1T (gr = I [ i
< max [k|(b - a) [lgx — gl /]l = O

and the last term is (7'(g), h — h) < [|T'(g9)]| ||hx — h|] — 0. Therefore, we see that indeed
(T(gs), hw) — (T(g), h) and similaly (g5, T(h)) — (9, T(R))

Therefore, we see that T : L*([a,b]) — C°(a,b]) C L*([a,b]) with (T(g),h)r2jy =
(9, T(h))12[as), SO hence T'is self-adjoint as an operator L? — L. O

In addition, we also have the following result:

Proposition 21.2. T : L*[a,b] — L*[a,b] is compact. In fact, it is Hilbert-Schmidt, i.e.
there exists a complete orthonormal sequence f1, fa, ... for L*[a,b] with Z;’il ||T(fj)\|ig[a’b] <

Q.
42



Proof. Recall that for L*([0,27]), with the inner product (f, g) = 027r f(z)g(x) dx, we have
already found an orthonormal sequence {-% 75, C0S T, sin x, cos 2, sin 237 .. }. To do this, we

just need to rescale them. Define a new variable t, where x = %b(t—aa and dr = 2” - dt. This

yields the new inner product (f,g) f f t)dt. Our new orthonormal sequence is

then
1 27 (t — a)n . 2n(t—a)n
—, COS , sin ,
V2 b—a b—a
Note that this is a complete orthonormal sequence, and all functions are C°[a, b].
We now have that

n=12,....

2 2 [
g LU = p— ’ k(s,t) fi(s)ds = (k(s,t), ;()) 20

Bessel’s identity then tells us that

(b E a)Q i(TU}-)(zﬁ))2 = & /abk(s,t)2ds

=1
for all ¢ € [a,b]. This means that

2
b—a

b
(T(f)(1)? < / k(s 1) ds,

M-

Jj=1

N b b
> Il < [ [ s asa

which is a fixed constant. This shows that 37, [ T'(f;) 12 120y < 00, 80 T'is Hilbert-Schmidt.

We already showed that 7" is bounded (in fact, [|T'(g)[ 21,y < max [k[vd — a ||| 12(,4). and

hence T' is compact. (Note that Hilbert-Schmidt does not imply compact; boundedness is
necessary!) O

which implies that

Therefore, the Spectral Theorem [I7.4 applies, and hence there exists a complete orthonor-
mal sequence hy, ho, ... for (ker T')* with T'(h;) = Ajh;, A\; # 0, and A\; — 0 as j — oo.

We claim that ker 7' = 0 (this will be checked next time). Assuming this for now, we see
that hq, hs, ... is a complete orthonormal sequence for L?[a,b] and T'(h;) = A\jh; with \; # 0
for all j. How does this relate to the original Sturm-Liouville problem [20. 1]/

Recall that T : L%*[a,b] — C°[a,b] C L*[a,b] maps into the continuous functions, so
therefore each h; € C°[a, b] is continuous. However, we also know that T : C°[a, b] — C?[a, b],
which means that in fact each h; € C?[a,b]. We also assumed that this operator solves the
Sturm-Liouville problem, so that L(T(g)) = g, so hence \;L(h;) = h;, so we've transformed
the problem [20.1] into

L (hj) = 1 h
hj(a) + 6 hi(a) =0
vh;(b) + 61 (b) = 0.
In summary, we have found a complete orthonormal sequence of functions for L?[a, b], each of

which is in C?[a, b], and that solve the Sturm-Liouville problem with our boundary conditions.
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This completes the solution of the Sturm-Liouville eigenvalue problem, except that we still
need to check that kerT" = 0.

This was a highly nontrivial result, so it wasn’t surprising that we had to work so hard
for it.

22. 5/18
Recall from last time that we still need to check that ker 7' = {0}.

Proposition 22.1. ker 7' = {0}.
Proof. Recall that for g € L?[a, b], we have

Tg)(0) = [ k.9l ds = ut)pylt) + v(0)54 )

where § = p(uv’ — vu') # 0 and

24l 5/ 5)ds and 1, (1) ﬁ/

Suppose that g € L?[a,b]. Recall that there exists a sequence {gx} C C%[a,b]) with
lgr — gl ;2 = 0. Then

T(gr) = ult)pg, (t) + v(t)thg, (1).

Note that
b b
(1) — alt)] = ﬁ / o(5)(gu(s) — 9(s)) ds| < ,73 / [o(3)]1ga(s) — g(s)| ds
o max [ max(,p [v] ——
= |[B|b] / ng _g )|d8 < |/6|b] b_a“gk_gHL?[a,b} — 0.

The same argument is true for 1, (t), so therefore T'(gx)(t) — w(t)py(t)+v(t)1y(t) uniformly.
This means that T'(gx)(t) € C°a, b].

Last time, we also checked that T'(gy)(t) — T'(g)(t). Thus, T'(g)(t) = u(t)py(t) +v(t),(t).
We knew this to be true for g € C%([a,b]), and now we've checked it for g € L*a,b].

Also, by construction, (T(gk)) (t) = u'(t )gogk( )+ V' ()1, (t); we chose ¢ and 1 to make
this happen and in fact u(t)py, (t) + v(t)yy, (t) = 0. We use the same uniform convergence
as before to see that (T'(gx))’(t ) u'(t)e ( ) V'(t)1hy(t) uniformly.

We integrate this identity over [a,t] to get that
t

T(gr)(t) = T(g)(a) + | (u'(5)pg,(s) + 1 (s)1g,(5)) ds

By uniform convergence, we can take limits under the integral, and we see that

T(9)(t) = T(g)(a) +/ (' (s)pg(5) +v'(5)1g(5)) ds

Here, as we checked earlier, the integrand is a continuous function. This means that 7'(g)(t)

is C'a, 8] and T(g) (1) = u' (1), 1) + o/ (1), 0).
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To summarize, we have that
T(g)(t) = u(t)pg(t) + v(t)y(t)
T(g)'(t) = ' (t)pg(t) + v'(t)1hy(2).
Therefore, if T'(g) = 0 then

This yields

(5 v0) (260) = ()

The determinant of the matrix is the Wronskian, which we know is nonzero. Hence, ¢, (t) =0
and 1,(t) = 0. Hence, we've derived that

/tbv(s)g(s) ds = 0 and /:u(s)g(s) ds = 0

for all t. We claim that g(s) = 0. If g were continuous, we could differentiate and use the
fundamental theorem of calculus; however, g € L*[a,b] and we have to be a bit more careful.
This is the content of the following lemma:

Lemma 22.2. If f € L?[a,b] with fat f(s)ds =0 for all t then f(x) =0 almost everywhere.

Proof. There exists a sequence of step functions ¢y with [|¢r — f||;2 — 0. Then for each ¢y,

there is an associated partition xgk), xgk), e ,xﬁ Then for each k, we have that

N
k
Pk = ZClg- )X[JC(k) MOIE
j=1

J=1"5

Then
low = FII72 = (or = 08 = Frzn = lerll” + 117 = 2(on, £
Now,
b N xgk)
(o) = [ ds =Y ol [ fs)ds =0
a le x
because
" f(s)ds:/ f(s)ds—/ f(s)ds =0.

Thus, we see that || f, — f||7» — 0 and hence f = 0 almost everywhere. O

Thus, we've seen that v(s)g(s) = 0 and v(s)g(s) = 0 almost everywhere. We never have
u(s) = v(s) = 0 because the Wronskian is nonzero, so hence g(s) = 0 almost everywhere.

This shows that ker T" = {0}. O
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Therefore, if 0 is not an eigenvalue, we know basically everything about the solutions of
the Sturm-Liouville problem [19.2] That is, there exists a complete orthonormal sequence
hi, ha,... for L?[a,b] with h; € C?[a,b] and T'(h;) = A\jh; where \; # 0 and A\; — 0. Here,
—Lh; = Aijhj and the h; satisfy the boundary conditions.

So far, we've assumed that 0 is not an eigenvalue of the Sturm-Liouville eigenvalue problem
102

—Lu = Au on [a, b]
au(a) + pu'(a) = 0 for given «a, 5 not both zero
yu(b) + o0u'(b) = 0 for given 7, d not both zero.

Currently, if 0 is an eigenvalue, we know nothing. We want to remove this assumption, and
this takes some work.

Proposition 22.3. There exists jig > 0 such that no X < —puq is an eigenvalue. (Hence,
/\ij — +00.)

Proof. Suppose that —Lu = Au for u # 0, and suppose that we have the boundary condition
au(a) + fu'(a) = 0. If § =0, we have u(a) = 0; otherwise, § # 0 and v'(a) = —Gu(a).
Consider u?(t). This is a continuous function on a closed interval, so it attains its minimum.

Let y € [a,b] be the point where u?(t) attains a minimum. Then

which implies that

=) 2 [Tty < g [ as 2 [Tt as

Now, integration by parts yiclds
Mull* = (=Lu, u)2 = /ab —((pu')'u + qu?) = —pu'ul, + /ab(p(U’)2 — qu?)
= s (aJuta) ~ pOWOO) + [ )~ )
= culw) - au? + [ 00 - )

for constants ¢ and d. Thus,

—MJul]? = —eu(a) — du(b) - / (p(e)? — )

< L/ 2—2/y N 414 #/ 2—2/b| 1% —/b<<'>2— 2)
<le b—aau auu b—aau yuu apu qu’).

We are now almost done, and we’ll finish this next time. [l
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23. 5/20

We're trying to prove that there is a fixed lower bound on all of the eigenvalues.
Finishing the proof of [22.3. Recall that we showed that if —Lu = Au (and u # 0) then

e[ + |d]

b b b
Ml < = [ - qu) + S [ el v lay [l

a

Let 0 = miny,y p; we know that p > 0. Then this is:

b d b b
< —(5/ (u')* + (max|q| + ‘clli_|a ‘) / u? + 2(|e| + |d|)/ [ul|u'].

We will now use a tricky little inequality |ab| < $(a*+b?); this is equivalent to (Ja|—[b])* > 0.
For any € > 0, we can write this as

mm—k%ﬁw(%%)Lgmﬁ+%ﬁ.

Plugging in |u| = b and |[v/| = a, and setting C' = max|q| + |CA+L‘Z|, we have

s-&/ab( +C/u+5/ CH"Z') /au2.

Summarizing, this yields:

—Aliﬂﬁ—ﬁl%dﬁ+al%dﬁ+(C+£EU;ﬂX>LZﬂ

for every £ > 0. Choose ¢ = ¢ to get

b d d 2 b
—/\/ u? < <maX‘QI+|C[l+| |+(|C|—;| J >/ u?.
a —a a

C\Hd\ + (ICI+|d|)

Let v = max|q| + | be the constant in this expression. That is, if yg is any
constant with po > 7, then any eigenvalue A must satisfy —A < pg and A > —pp. U

Recall that if gy, pio, p13, . .. are the eigenvalues then we showed that |p;| — oo, and now
that we’ve shown that they are all bounded below, we know that hence p; — oo and there
are only finitely many negative eigenvalues p;.

Furthermore, we can now get rid of that annoying assumption that 0 is not an eigenvalue.
Let Lou = (pu') + (¢ — po)u = Lu — pou. This means that —Lou = Au if and only if
—Lu = (A — po)u, and the boundary conditions for u are the same in each case of L and L.

Thus, 0 is not an eigenvalue of Ly. All of our preceding results therefore apply. This
means that there exists a complete orthonormal sequence hy, hy, ... for all of L?[a,b] with
corresponding eigenvalues uf, u3,.... Then —Loh; = pfh;, and hence —Lh; = p;h; for
W = #2 — pp. The same result in fact holds; we have a complete orthonormal sequence of

eigenvectors, and we know that the eigenvalues satisfy p1; — oo as 7 — oo.
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23.1. Application: Heat Flow. We now consider an application of this discussion to
partial differential equations. This application is heat flow.

Suppose you have a region of R™. (The physically useful situations are n = 1,2,3.) Say
this region is made of some homogeneous and isotropic material. Isotropic means that the
material is not made of crystals, so heat has no preference for flowing in a particular direction.
Let u(z,t) be the temperature at position x and time t.

There is a very accurate model for heat flow. Here are the physical assumptions:

(1) The quantity of heat in any ball B,(y) is A || B,() u(z,t) dr where X is some constant

dependent on the material.

(2) Heat should flow in the direction —V, u(z,t), and the rate of flow should be pro-
portional to |Vu|. The rate of flow of heat across the boundary 0B,(y) should be
,u IBBp(y) n - Vu where 7 is the unit normal of 9B, (y).

Hence, we should have that
d

)\_
dt Jp,(y)

u(z,t) dx:,u/ n - Vu.
9By(y)

We assume that u is a C' function so we put the derivative under the integral sign. This
is just a model, and it is close enough to a smooth function so assuming this should not be
problematic. Then we can apply the Gauss’ Theorem to see that

)\/ @:u/ n-Vu:u/ div(Vu):u/ Au.
B, () Ot 0B, (y) B, () B, (v)

Here, we used the fact that div(Vu) = Au, where A is the Laplacian.
Summarizing, we see that for any ball B,(y) of the material, we see that

/ % = /i/ Au
Bow) Ot A,

pr<y> t HBP(y) Au

This means that

Byy)  Byly)
and letting p — 0, we have that
ou
— = —Au|
or A\~

23.1.1. Ezample: n = 1. Let’s now apply this in the case of n = 1. This is the case of a
metal bar, and there are various boundary conditions. We could fix u(b) = 0 to keep the
ends have fixed temperature. Alternatively, we could insulate the ends to prevent heat flow,
yielding 2%(b) = 0.

Problem 23.1. In this case, our problem has boundary conditions and initial conditions.

2
Gu—ut>0a<z<b

au(a,t) + 6%(@,15) =0,t>0
Yu(b,t) + 624 (b,t) = 0,¢ > 0
u(z,0) = p(x),a <z <b.
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Rem}\ark. There is no loss of generality to drop the constant £ simply by rescaling via
t— =t.
o

First, we look for separated variable solutions, i.e. u(z,t) = f(x)g(t). This won’t solve
the problem completely, but it’s a good start.
We have
ou ,
- — ¢
L H@ )
0%u

= 1@)g(0),

so our PDE becomes f(x)g'(t) = f"(x)g(t). This is equivalent to
g(t) _ ["(z)

g(t)  flx)
at points where g(t) # 0 and f(z) # 0. How could that be? One side is a function of ¢
and the other is a function of x, so they can be equal only when both are constant. We can
therefore get a family of many solutions as follows: Take A € R, and solve

S0 = -Aglt) >0
f'(x)==Af(z) a<z<b.

We can solve the first equation easily; this is just g(x) = Ce ™ for some constant C. We
know how to solve second order equations, so we can also do the second equation. We're
interested in taking u = f(¢)g(z) while satisfying as many of our conditions as possible, so
we’ll make u also satisfy the boundary conditions. Observe that the boundary conditions for
u translate directly into boundary conditions of f, so we want to solve

_f/l — )\f
af(a)+ Bf'(a) =0
vf(b) +df'(b) =0

This is a Sturm-Liouville problem that we know how to solve. There exists a complete
orthonormal sequence of eigenfunctions hy, hg,... with corresponding Ay, Ag,... with A\; —
00.

That is, we have solutions c;hj(z)e %" for j = 1,2,.... These satisfy the partial differential
equation and the boundary conditions. Now we have to try to satisfy the initial conditions.
The eigenfunctions form a complete orthonormal sequence, so ¢ € L?[a,b] implies that we
can pick ¢; = (¢, h;) to get that

o
D cihi(a)e ™M =

j=1

at t = 0 in the L? norm.
So it looks like we're done! There’s still something left to check; we need to make sure
that this series remains smooth and still satisfies the PDE. There’s still some checking and

a little way to go, but that’s the general idea.
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24. 5/23

Recall that we were consider the heat equation problem [23.1]

We showed that u(z,t) = 7%, cje 'h;(x), where ); is the j-th eigenvalue of a Sturm-
Liouville problem, h; is the j-th eigenfunction from Sturm-Liouville, and ¢; = (¢, h;) 2[4
is a candidate solution.

By construction, each partial sum is a solution of the heat equation satisfying boundary
conditions. Consider the initial conditions; at t = 0, we have Y c;jh; = . There are a
number of things to check: does this sum converge? Is it continuous?

To check these properties, we need to use the Weierstrass M-test.

Proposition 24.1 (Weierstrass M-test). Suppose we have a sequence of given real-valued
functions f, : X — R, and suppose we have numbers M, > 0 such that supy |f,| < M,, and
> M, converges. Then Y~ | fn(z) converges uniformly on X.

Proof. First, the comparison test guarantees convergence: |f,(z)| < M, and > M,, converges
implies that > f,(x) is absolutely convergent.

Let S (z) = Xy fal@) and S(z) = 308, fa(@).
Let € > 0 be given. Pick J such that > > M, <e. Then take any N > J. Then

n=J+1
Sn(z) = S@) =] > fal@)|< D Il < D My<e
n=N-+1 n=N-+1 n=N-+1

for every x. This means that sup,.x |[Sy(z) — S(z)| < € for every N > J, which gives us
uniform convergence. ]

We only have finite time, so let’s only do this under the simplest boundary conditions.
Consider the special case of the interval [0, 7] with boundary conditions u(a,t) = 0 and
u(b,t) = 0. In the notation of problem [23.1] this corresponds to (e, 8) = (7,d) = (1,0).
In this case, we know the eigenvalues of the Sturm-Liouville problem. This is A; = j2 for
J =1,2,... and hj(z) = sinjz. Here, we use the L? inner product with the appropriate
scaling to make h; have norm one: (f,g) = %fow f(z)g(z) dx. Then we have

[e.e]
;2
— eIt gin 4
u(z,t) = E cje ? 'sin jx
J=1

where

cj = —/ o(x)sin jz dx.
0

™

Proposition 24.2. This u(z,t) converges uniformly.

Proof. We will check that this converges using the Weierstrass M-test. To do this, we will
also assume that f € C?([0, 71]) satisfying the boundary conditions, so that ¢(0) = ¢(7) = 0.
Note that here, u(0,t) = u(nw,t) = 0.
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We can integrate by parts twice, observing that all boundary terms are zero, to get that

2 (7 2 L2
cj = —/ o(z)sin jrder = ——p(x) cos jz +.—/ ¢ () cos ja dx
™ Jo Jm 0 Jm 0
- %Spl(x) sin jx T 21 7Tcp”(:(:) sin jz dx = —% /ﬂ ¢"(x) sin jx dz,

Jjem o J°TJo J°T Jo

and hence ,
2
] < 20 "]
2

for j = 1,2,.... We claim that >, ;e sin jz converges uniformly on [0, 7] x [0, 00).

We can now check this: .
maxio,] ||
- 9
J
which is the jth term of a convergent sequence ) j% This is what we call M; in the
Weierstrass M-test. The Weierstrass M-test therefore shows uniform convergence. 0

;2
oIt @iy
cje”? "sinjr| <2

The uniform limit of continuous functions is continuous, which shows the following corol-
lary:

Corollary 24.3. » 77 c;e tsin ja is continuous in [0,7] x [0,00). Hence the boundary
conditions and wnitial conditions are satisfied.

Now, we just need to show that u(x,t) satisfies the heat equation. To do this, we need to
be able to differentiate; this will come from the following general result:

Theorem 24.4 (Differentiation of series). Suppose we have a sequence of C' functions
Jnile,d] = R forn=1,2,..., suppose that Y - fa(x) is convergent for all x € [c,d], and
suppose that > 7| fr(x) is uniformly convergent on [c,d]. Then f(x) = ", fa(z) is C*
on [e,d] and f'(z) =377, fi(z).

Remark. We have to be careful, and there are counterexamples where we cannot differen-
tiate inside an infinite series.

To check that Y f/(x) is uniformly convergent, the Weierstrass M-test gives a sufficient
condition: |f!(z)| < M, where »_ M, is convergent.

Proof. We can differentiate a finite sum without any problems, so that
AL N
& (Z fn<w>) =)
n=1 n=1

which implies that

[ MACLED SACES SAC!

Since Y f!(x) is converging uniformly, we can take the limit as N — oo under the integral
sign. This gives

J OIS SIAGENACIED SAGED SFAC)
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Note that Y 2, f/(x) is a continuous function on [c,d] because it is the uniform limit of
continuous functions. Then

/ t)dt = an gfn(d

By the fundamental theorem of calculus, S0 falz) is CHe,d] and %(Zle fn())
> oo fr(x), which is what we wanted. O

We can now use the theorem to see our next claim:

Proposition 24.5. u(z,t) = 7%, ;e tsin ja is C2((0, 7r) X (0,00)) and its partial deriva-

tives can be computed termwise, and hence the equation 2% = % does hold.

Bt

Proof. We will check that we can apply our general differentiation theorem. That is, we need
to see that the derivative is uniformly convergent.

Consider any fixed = € (0,1) and suppose that ¢t € [¢,d] for some 0 < ¢ < d < co. Then
the termwise differentiated series with respect to ¢

[e.@]
. g2y .

Z cj(—j%)e " sin ja

j=1
is clearly uniformly convergent on the interval [c, d] by the Weierstrass M-test. Indeed,

l¢;5%e 7 sin jz| < 2max |”]e ¢ < 2max | |e e,
[0,7] (0,7]

which is again the jth term of a convergent series. Therefore the termwise differentiation
theorem 24.4] holds and tells us that

ou Ny 2, L
%= Z]QCje_JQt sin jx.
j=1

Similarly, in an almost identical argument, if we take some 0 < ¢ < d < 7 and some fixed
t > 0, we see that the termwise differentiated series with respect to x

S)
. ,th .
E cjje COS jo
Jj=1

is uniformly convergent by the Weierstrass M-test; indeed, |c; je It cos Jt| < 2max |p”|e
is the jth term of a convergent series. Also, differentiating a second time, we see that

o

. N .

— E j2cje™? sin jx
Jj=1

is uniformly convergent on [c d]. This shows that

o ou
89&2_ chje i sin jr = — TR

This concludes the argument, and we can conclude that u(x,t) is indeed a solution to the

heat equation [23.1} Note that if we had continued in this way, we could have shown that

u(z,t) is actually C'*° in the interior. O
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25. 5/25

Let’s briefly revisit the spectrum. Suppose that X is a Banach space and A € L(X, X).
Recall that the spectrum of A is 0(A) = {z € C : A — zI is not invertible}. Recall that
o(A) is a closed subset of the closed disc {z € C: |z| < ||A]|}. We also showed that the set
of eigenvalues is trivially contained in o(A), though the set of eigenvalues might be empty
(e.g. in the case of the shift operator).

There was one thing that neglected to address: Is the spectrum nonempty?

Theorem 25.1. The spectrum o(A) is always nonempty.

We need two preliminaries before we can prove this claim.
Definition 25.2. A function h(z) is holomorphic if for every 2o with [20] < R, we can write
h(z) = > 20 a;(z — 20) for sufficiently small [z — z|.
Theorem 25.3 (Maximum modulus principle). If h(z) is holomorphic on {z : |z| < R} then
max|.|<g [(2)] = maxz =g [1(2)]-

We will also need another very important result, which is one of the basic results of
functional analysis.

Theorem 25.4 (Hahn-Banach theorem). Let X be any normed linear space. Then there
exists a nontrivial bounded linear functional on X.

Example 25.5. For example, if X is an inner product space, f(z) = (z,y) for some fixed
y € X \ {0} would be a bounded linear functional. This is less obvious in normed spaces.

We will assume these two preliminaries for now, and defer their proofs to later. First, we
will prove that the spectrum is nonempty.

Proof of theorem [25.1 Suppose to the contrary that o(A) = ), i.e. A — zI is invertible for
every z € C. In particular, if z5 € C then we can write
A—z2l = (A—2l) — (2 —2)] = (A— 2D (I — (2 — 2) (A — 2I)™")
Let B = (A — zI)™!. Recall that by theorem I — (2 —20)(A— zI)™! is invertible if
|z — 20| (A — 20]) 7Y < 1, ie. if
1 1
(A —2zl)7H| 1B

|z — 20| <

and in this case, we have

(A—zD)"(y) = Z(z — 20) B (y)

for any y € X as long as |z — z| < m. By linearity, we get that for any nontrivial linear

functional (which exists by the Hahn-Banach theorem [25.4)),
FUA=2D)(y) =D (2= 20/ f(B(y)
=0
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is in C, so then h(z) = f((a — 2I)"!(y)) is holomorphic for |z — z| < ”B” Since we picked

2o arbitrarily, we’ve shown that h(z) is holomorphic on the entire plane C.
Suppose that |z| > 2[|A|. Then we can write A—zI = —z(I —1A), where ||LA|| <1 < 1.
Applying theorem [14.9 again, we see that

This time, we see that

M@=fWLWD*w=f(é£;< ):——zy(ym)

for |z| > 2| A||. Therefore,

0 00 A
QNNS%ZWMP _%ZCW)MKMww_

7=0

l\zl,_.

oo

1
|h(2) S—

Z

Therefore, we see that max|,i—p |h(2)] = 0 as R — oco. By the maximum modulus principle
[25.3] this shows that max.i—g |h(z)] = 0 as R — oo, which shows that h = 0.

We have now shown that 0 = h(z) = f((A—zI)"'(y)) for every y. Since the inverse maps
the Banach space onto itself, this means that f = 0, which is a contradiction because we
chose f to be a nontrivial linear functional. O

Now, we need to prove our preliminaries. First, we’ll prove the maximum principle for
subharmonic functions.

Proposition 25.6. Let u € C?(Bg) N C°(Bg), where BR = {x € R" : ||z|| < R}, and
suppose that Au > 0 on Bgr. This means that the function is twice differentiable on the open
ball and is continuous on the closed ball. Then maxg, U = Maxgp, U

Here, Au = ZJ L ;Z,u is the Laplacian.

Proof. Let ¢ > 0, and let v(x) = u(x) + ¢ ||z||>. Here, Av = Au+ 2ne > 0 in Bp.
First, suppose there some y € Bp such that v(y) = maxp, v. Then

ov ov?
_ -0 = <
o, (y) =0, 52 (y) <0,

J
which implies that Av(y) < 0; this is a contradiction to the statement that Av > 0. We
defined v in order to have strictly positive Laplacian precisely to make this work. Hence

maxu < maxv = max v < maxu + ¢ R>
Br Br OBR OBRr

for all ¢ > 0, so therefore maxg, u < maxgp, u. The reverse inequality is trivial, so we’ve
proven the maximum principle. O

We are now ready to prove theorem [25.3|
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Proof of theorem [25.3. Suppose that h(z) is holomorphic on Dy = {2 € C : |2| < R}. We
can write h(z) = h(z +iy) = u(z,y) + w(z,y) where u and v are real-valued functions on
{(z,y) : /2% + y*> < R}. Then recall the Cauchy-Riemann equations:

Ou _ dv
{817 9y
u _ _ v
oy ~ Oz
Differentiating the first with respect to x and the second with respect to y yields
Pu P v
0x2  0xdy Oydx

Pu B ov?
oy Oyox’
so hence , ,
0‘u  0%u
Au=—+—=0
4T Be + oy? ’

Similarly, Av = 0 as well; this means that v and v are harmonic. Now,

[h(2)]* = u* +v*,

so hence
0 ou ov 0 ou ov
Ah(2))? = = (2u— + 20— | + — [ 2u— + 20—
17(2)] Ox ( " ox * v@x) * dy ( u@y * U@y)
N Ox Ox oy oy -
and therefore the maximum principle holds, and we are done. O
2. 5,/27

Today we will prove the Hahn-Banach theorem. To reiterate, here is the statement of the
theorem:

Theorem 26.1 (Hahn-Banach theorem). Let X be any real vector space, and suppose that
p: X — R such that p is positively homogeneous (i.e. p(tx) = tp(z) for all t > 0 and all
x € X ) and subadditive (i.e. p(x+y) < p(x)+p(y) for allx,y € X). Let Sy be any subspace
of X and suppose that fy: Sy — R is linear with fo(x) < p(x) for all z € Sp.

Then there exists an extension f : X — R that is linear with f|s, = fo and f(z) < p(x)
forall z € X.

As we discussed last time, we are interested in a corollary:

Corollary 26.2. Let X be any normed space, and take p(x) = ||z||. Consider some arbitrary
y € X\ {0} and Sy = span{y}. Then fo(ty) = t||y|| is linear on Sy. The Hahn-Banach
theorem then implies that there exists f : X — R with fls, = fo and f(x) < ||z|| for

every x € X. That implies that f is a nontrivial bounded linear functional.

We are now ready to attack the proof of the Hahn-Banach theorem.
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Proof of Hahn-Banach theorem [26.1 Suppose that Sy is a subspace of X which contains S,
such that there exists an f; : S} — R which is linear and fi|g, = fo and fi(z) < p(x) for
every r € 5.

If S # X, then we can pick a vector a € X \ Sy, and we can define a new subspace
So ={x+ta:z € S;,t € R}. We can find an extension f; : Sy — R defined by fao(x +ta) =
fi(z) + tA where A = fy(a) and x € S;. This is clearly linear, and it is an extension of f;
because fa|s, = f1 because this is the case where ¢t = 0.

Here is the main step of the proof:

Claim. There exists a choice of A such that fo(z) < p(z) for all z € Ss.

p(
Proof. In the case t = +1, we have fo(z + a) = fi(z) + A for all x € S}, and in the case
t = —1, we have fo(y —a) = fi(y) — X for all y € S;. Adding, we have fi(x) + fi(y) =
filz+y) <plx+y) for all z,y € 5.

We use subadditivity in a somewhat tricky way to see that

fil@) + fiy) < plz+y) =p((z+a) + (y —a)) < plz+a) +ply —a),
which means that

fily) = ply — a) < p(z +a) — fi(z)
for all x,y € S;. By taking a fixed z, we see that
sup(fu(y) = ply — a)) < pl+a) ~ filz)
yeo1
for all , which in turn implies that
sup(fi(y) —p(y —a)) < inf (p(z +a) — fi(2)).
yES, TEST

That’s great, because there’s a number that fits in between these two (possibly equal to
both). Choose A to be this number. That is, there exists A € R with fi(y) —p(y —a) < A <
p(z + a) — f1(z) for every z,y € S;. These gives us two inequalities:

fi(z) + A <p(zr+a) forevery x €5
fily) = A <ply —a) for every y € Si.
If t > 0, the first inequality gives

Fol +ta) = fu(z) + 1A =t <f1 (%) +A> <t (p <%+a>> = p(z + ta).

Similarly, if ¢ < 0, the second inequality gives

folz +ta) = fi(z) +tA = | <f1 <%> —A) <t (p (% —a)) = p(z + ta).

That was the clever part of the proof. 0

It’s starting to look like the theorem is true. If we can extend it at all, we’ve shown that
we can extend it a bit more. It’s tempting that say that we’re done, but that’s not true
because we are working with infinite dimensional spaces. We need to do something a bit
more sophisticated.

Let S be the set of ordered pairs (S, fs) such that S is a subspace of X which contains
So and fg : S — R is linear with fg(z) < p(z) for all x € S, and fs|s, = fo. Here, we've
collected all extensions of f,. We can define a partial ordering on S.
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Definition 26.3. Recall that a partial ordering or any set () means that < x for all x € @,
and that r < y and y < x implies that x = y, and also that x < y and y < z implies that
x = z. This differs total ordering because two elements of () do not have to be related in a
partial order.

@ is totally ordered (or a “chain”) if z,y € @ implies that either x <y or y < z.

Example 26.4. The real numbers are totally ordered (and hence partially ordered). The
inclusion of sets is an example of a partial order.

We can define our partial ordering on S by (S, fs) = (7 fr) means that S C T and
frls = fs. Suppose that 7 C S is a chain. Then let T = Uz, s,)e7T.

Claim. We claim that this is a subspace.

Normally, this is nonsense; the union of two subspaces is not in general a subspace. How-
ever, we do have a total ordering, and we will use this to check the claim.

Proof. Take any x,y € T and o, 8 € R. Then z € Ty,y € Ty for some (Ty, fr,), (Ts, fr,) € T.
Since 7 is totally ordered, we know that either 77 C 15 or T5 C T7. Assume without loss
of generality that 77 C T5. Then x,y € T5, so therefore ax + Sy € T, as well, and we are
done. 0

We can now define a function f : T — R. For 2 € T, define f(x) = fr(z) for any T with
(T, fr) € T and x € T. This is unambiguous due to our total ordering.

Note that f : T — R is linear. To see this, consider o, 5 € R and z,y € T as above. Then
we know that z,y € T, for some T, so that f(ax+8y) = fr,(ax+By) = afr, () +Bfn(y) =
af(x)+ Bf(x). Clearly, we also have f(z) < p(z). In particular, this shows that (T, f) € S.
By construction, (T, fr) < (T, f), i.e. (T, f) is an upper bound for 7 relative to this partial
order.

These are all of the hypothesis that we need for Zorn’s Lemma:

Lemma 26.5 (Zorn’s Lemma). If S is any partially ordered set such that every chain T has
an upper bound in S, then S has at least one maximal element.

That is, there exists (5, fs) € S such that if (S, fs) < (T, fr) for some (T, fr) € S then
(S, fs) = (T fr).
We now claim that this maximal element is now the whole space: X = S. Indeed, if

S # X then we can find S; 2 S and an extension f of fg, which contradicts maximality of
(S, fs). This proves the Hahn-Banach theorem. O

27. 6/1

It is impossible to review everything, so we’ll give a brief and sketchy overview of most
(but not all) of the main topics.

We had inner product spaces and normed spaces, and we usually denote inner products
as (x,y). We checked that /(z, ) is a norm, called the inner product norm. In particular,
this means that inner product spaces are contained in normed spaces. To do this, we needed
Cauchy-Schwarz: |(z,y)| < ||| ||ly|l, and we had the triangle inequality: ||z + y|| < ||z|| +
0

We had some special results about finite-dimensional normed spaces.
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(1) We showed that in such spaces, all norms are equivalent. This means that if ||-||, and ||-||,
are any two norms then there exists a constant C' such that C~! ||z||, < ||z]|, < C ||z|],
for every x € X.

(2) Any closed bounded subset is compact. In particular, the closed unit ball is compact.

Of course, these fail miserably in infinite dimensional spaces. In fact, in infinite dimensional
space, the closed unit ball is never compact. The proof was that we showed that there exists
a sequence eg, eq, ... with |le;j|| =1 for every j such that ||e; — ¢;|| > 1 for every i # j, which
violates sequential compactness. This provided a major contrast between finite and infinite
dimensional space.

We then talked about complete spaces. A complete inner product space is called a Hilbert
space and a complete normed space is called a Banach space.

Example 27.1. For example, R", C" are standard examples of real and complex finite-
dimensional Hilbert spaces, with the inner products (x,y) = = -y and (2, w) = z - w. Other
Hilbert spaces included (3 and (%, and most importantly, L?[a,b] and LZ[a,b] with inner

products (f, g) = f[a,b] fq.

In a Hilbert space, we could discuss the parallelogram identity with the inner product

norm:

lz = ylI* + Iz + ylI* = 2([|«]” + [[yl*)-
Using this, we proved the nearest point property. That is, if A is a closed convex subset of
H and x € H then there exists a unique a € A with ||z — a|| < ||z — y|| for all y € A\ {a}.
A special case of this is when A is a closed linear subspace, in which case the nearest point
a € A has the additional property that (z —a) L A.

This brings us to orthogonality. If ¥ C H is any nonempty subset, then the orthogonal
complement of E'is E+ ={z € H : (z,e) =0 for all e € E}. We checked that E* is a closed
linear subspace. We also had a theorem: If M is any closed linear subspace then

(1) M+tn M = {0}

(2) x € H implies that z =y + 2,y € M and z € M+

(3) (MH)==M
The proof of (2) uses the nearest point property, and the proof of (3) uses (2) to show one
of two inclusions.

We then discussed orthonormal sequences in H. Suppose that eq,...,ex is a finite or-
thonormal sequence. We had a basic identity from which many results followed:

N 2 N N
=Y Nejl| = 2P+ e = AP = el
j=1 j=1 i=1

In particular, the nearest point of span {ey,..., ey} to x is Zjvzl c;jej. In this case, our basic
identity reduces to

2 N
2
= [lz)* =) |l
i=1

N
xr — E cjej
Jj=1

which is Bessel’s identity.
We can also take an infinitely orthonormal sequence eq, es,.... This allows several con-

clusions:
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(1) >_72, cje; always converges. We proved this by checking that the partial sums formed

a Cauchy sequence. That is, there exists y such that

N

Yy — ZC]‘GJ‘

j=1

— 0

as N — oo.

(2) 2%, Jei® < ||lz||*. This is Bessel’s inequality.

(3) =272, ¢je; if and only if equality holds in Bessel’s inequality. In this case, this is
called Bessel’s identity.

This leads us to our next definition. The orthonormal sequence eq, e, ... is complete if
T = Z;’il c;e;j for every x. We showed that the following are equivalent:

(1) ey, eq,... is complete

(2) Equality holds in Bessel’s inequality for every x € H
(3) No z # 0 satisfies (z,e;) =0 for all j

(4) span{ey, e, ...} is dense in H.

Our key example of a complete orthonormal sequence is in the case H = L&[—m, w|. We
showed that {ei”m}n:07i17ig7,,_ is a complete orthonormal sequence with the inner product
(f,g9) = % f:r f(t)g(t) dt. This was a long story. The proof involved the Fejér kernel, and
it’s hard to overestimate the importance of this.

We digressed a little bit because we didn’t fully understand L. To understand this, we
discussed the Lebesgue integral. We discussed:

(1) Definition of measure zero.
(2) Step functions.
(3) Main technical theorem.
(a) If oy is an increasing sequence of step functions and fab ¢x is bounded then we have
{¢r(x)}r=12,.. is bounded for almost every x € [a, b].
(b) If ¢ is an increasing sequence and lim ¢ = lim v, almost everywhere, then we have
lim fab o = lim ff V.
(4) Definition of [, , f for f € Ly
(5) L' ={g—h:g,h € Ly} is a linear space
(6) Properties of the integral. For example, if fi > 0 and f[a,b} frx — 0 then there exists a
subsequence fi, with fi, (z) — 0 for almost every z € [a, b].
(7) L2={f:feL' f2e L is a linear space
(8) Completeness.

We then discussed linear operators. Here, X is a normed space, and we let X* be the
set of bounded linear functionals, known as the dual space. This is a Banach space (even
if X is not complete). Furthermore, if X and Y are both normed spaces then we defined
L(X,Y) = {bounded linear operators X — Y'}. This had an operator norm

[T ()
IT]| = sup = sup ||T(x)]|.
w20 2l jag=

We showed that if Y is complete then £(X,Y") is Banach.
59




We discussed adjoint operators. If H and K are Hilbert spaces and if T' € L(H, K) then
there exists T* € L(K, H) such that (T'(z),y) = (z,T*(y)) for all x € H and y € K. This
needed the Riesz representation theorem. That is, in a Hilbert space H, any f € H* can be
written as f(z) = (z, z) for some fixed z € H.

Next, we discussed compact operators. If X and Y are Banach spaces, T' € L(X,Y) means
that T'({z : ||z|| < 1}) is contained in a compact subset of Y. We proved that if {7}} is a
sequence of compact operators and 7, — T in the operator norm then 7T is also compact.
The proof of this required a diagonal process.

If X is a Hilbert space, we checked that any Hilbert-Schmidt operator is automatically
compact, and we also gave an example of an operator that was compact but not Hilbert-
Schmidt. Here, H = (} and we had the operator T' € L(, (&) with T'(z) = (21, 25, %, ...).

We also had various theorems about the spectrum. If X is a Banach space and T' € £(X, X)
then we showed that o(7T') is a closed subset of the closed disc in the complex plane of radius
|T||l. One of the last things that we did was to show that the spectrum is nonempty. One of
the main tools for discussing the spectrum was that if 7€ £(X,Y) with X a Banach space
then ||7'|| < 1 implies that I — 7T is invertible.

The last part of the course was the spectral theorem, and the main application of that

theory was the Sturm-Liouville theory.
FE-mail address: moorxu@stanford.edu
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