SEMI-STABLE DEGENERATIONS AND PERIOD SPACES FOR
POLARIZED K3 SURFACES
MARTIN C. OLSSON

Abstract. Modular compactifications of moduli spaces for polarized K3 surfaces are constructed using the tools of logarithmic geometry in the sense of Fontaine and Illusie. The
relationship between these new moduli spaces and the classical minimal and toroidal compactifications of period spaces are discussed, and it is explained how the techniques of this
paper yield models for the latter spaces over number fields. The paper also contains a discussion of Picard functors for log schemes and a logarithmic version of Artin’s method for
proving representability by an algebraic stack.
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1. Introduction
The purpose of this paper is to introduce certain new moduli spaces obtained as solutions
to moduli problems involving “semi-stable K3 surfaces”, and to investigate their relationship
with minimal and toroidal compactifications of period spaces as well as automorphic forms.
To give a feeling for the types of moduli problems we study, let us give a set theoretic
description of the simplest of the stacks considered in this paper. This stack, which depends
on the choice of an integer k > 0, will be denoted by M2k and will be defined over Q. The
stack M2k is quite a large stack, but it will be used to construct various other stacks which
perhaps are more interesting (our approach is analogous to the situation for elliptic curves
where one constructs various interesting stacks from the moduli stack of generalized elliptic
1
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curves ([13])). Though the natural description of M2k is using logarithmic structures (see
below), we can describe the isomorphism classes in M2k (C) without using this language.
Recall ([20], p. 2, (cf. [31])):
Definition
1.1. A combinatorial K3 surface over an algebraically closed field κ is a scheme
S
X = Xi over κ with local normal crossings such that the following hold:
(i) X has one of the following forms:
Type I. X is a smooth K3 surface.
Type II. X is a chain of elliptic ruled surfaces with rational surfaces on either end.
Type III. X is a union of rational surfaces. The double curves on each component form a
cycle of rational curves and the dual graph of X is a triangulation of S 2 .
(ii) (d–semistability) There is an isomorphism
Ext1 (Ω1X , OX ) ' OXsing .
(iii) The dualizing sheaf ωX is trivial.
We say that X is stable if the singular locus is connected (cf. [16], (3.1)). Equivalently, X
is stable if X is of type I or III or of type II with no elliptic ruled components.
It is known that the above definition of stability is equivalent to X having no infinitesimal
automorphisms ([18], 3.5).
To define what is meant by a polarization on a combinatorial K3 surface X, suppose first
that we can find a semi-stable degeneration X̃ → ∆ over the disc with generic fiber a smooth
K3 surface and closed fiber X. Then the irreducible components Xi of X are divisors on X̃.
We let G ⊂ Pic(X) be the subgroup generated by the images of the classes of the Xi . It turns
out that G is independent of the choice of the degeneration (see the discussion in (3.2)).
Definition 1.2 (compare with ([16], 3.11)). A polarization on X is a class λ in Pic(X)/G
which admits a lifting L in Pic(X) such that for some N > 0 the map X → X ⊂ Pr (for some
r) defined by LN contracts finitely many curves on X to points. The class λ is primitive if
λ is not divisible in Pic(X)/G. The degree of λ is defined to be L2 ∈ Z, for any lifting L to
Pic(X) (it turns out to be independent of the choices (3.10)).
It is known that for a smooth K3 surface, the class of a line bundle L is a polarization in
the above sense if and only if L is numerically effective and L2 > 0 ([16], 0.6).
Some justification for this definition may be provided by the following observation. If
(X, L) is a combinatorial K3 surface with a line bundle as in the definition, then the class
c(L) ∈ H 2 (X) corresponding to L in the limiting mixed Hodge structure associated to a
smoothing of X (when X is endowed with a suitable log structure, H 2 (X) is the log de Rham
cohomology of X) depends only on L modulo G.
We can now state some of the basic properties of M2k :
(1.2.1) M2k is a smooth Deligne-Mumford stack over Q (see (1.4) for our conventions about
algebraic stacks).
(1.2.2) M2k has a natural open substack Msm
2k ⊂ M2k classifying smooth K3 surfaces with
primitive polarization of degree 2k. The complement M2k − Msm
2k is a smooth divisor.
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(1.2.3) The isomorphism classes in M2k (C) are naturally in bijection with the isomorphism
classes of stable K3 surfaces over C with primitive polarization of degree 2k.
To construct M2k , we need to make sense of a family of stable, polarized K3 surfaces. This
will be done using the tools of logarithmic geometry in the sense of Fontaine and Illusie ([28]).
The basic idea is that a combinatorial K3 surface admits a natural structure of a smooth log
scheme (in fact d-semi-stability is equivalent to the existence of a certain kind of log structure
([27], 11.7 (2))), and the notion of polarization is naturally defined using the log structure.
The stack M2k with its log structure coming from the divisor at infinity is then the moduli
stack over the category of log schemes classifying polarized log K3 surfaces. In particular,
there is a universal polarized log K3 surface (X , λ) over M2k which induces the bijection
(1.2.3).
It should be noted here that the class of log schemes we consider in this paper is very
restrictive, and it would also be interesting to consider more general log smooth morphisms.
Our justification for restricting to stable log K3 surfaces is a theorem of Shepherd–Barron
([44], Theorem 2) which implies that any point on the boundary of a toroidal compactification
of the period space for polarized Hodge structures coming from K3 surfaces corresponds to
the polarized mixed Hodge structure of an element in M2k (C). Thus if one is interested in
limits of families of smooth K3 surfaces, it is reasonable to restrict attention to stable log K3
surfaces. For example, as we now explain the stacks M2k contain enough information about
degenerations of polarized K3 surfaces to capture in a purely algebraic manner the minimal
and toroidal compactifications of period spaces.
To understand the relationship between M2k and period spaces, denote by Λ the unique
even unimodular lattice of signature (3, 19) ([42], 1.1), and fix a primitive vector h ∈ Λ with
h2 = 2k. Let D2k be the set of filtrations on Λ ⊗ C defining a Hodge structure with Hodge
numbers those of a K3 surface for which h is of type (1, 1). Such a filtration is determined by
a line C · v ⊂ Λ ⊗ C such that v 2 = 0 and v · v̄ > 0. Let Γ2k denote the group of isometries of
Λ fixing the element h. The orbifold quotient Γ2k \D2k , viewed as a stack over the category
of smooth complex manifolds, has the following modular interpretation (see for example
the proof of ([33], 2.12)). For any smooth complex manifold S, the fiber (Γ2k \D2k )(S) is
equivalent to the groupoid of data (V (Z), F, < ·, · >, λ) where
(1.2.4) V (Z) is a local system of free Z-modules on S.
(1.2.5) F is a holomorphic filtration on V (Z) ⊗Z OS .
(1.2.6)
< ·, · >: V (Z) × V (Z) −→ Z
is a bilinear symmetric pairing.
(1.2.7) λ is a global section of V (Z).
(1.2.8) For each point s ∈ S, there exists an isometry
β : (V (Z)s , < ·, · >s ) ' Λ
such that β(λs ) = h and such that β(Fs ) defines a point of D2k (here (V (Z)s , Fs , < ·, · >s , λs )
denotes the pullback of (V (Z), F, < ·, · >, λ) to the point s).
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If S/C is a smooth variety and f : X → S a smooth K3 surface with primitive polarization
L of degree 2k, and if f an : X an → S an denotes the associated map of analytic spaces, then
we obtain a quadruple (R2 f∗an Z, F, < ·, · >, c(Lan )) as above on S an by letting F be the Hodge
filtration on
(1.2.9)

(R2 f∗an Z) ⊗ OS an ' R2 f∗an Ω•X an /S an ,

< ·, · > the pairing defined by cup-product, and c(Lan ) the first Chern class of Lan . Hence
we obtain an analytic map
(1.2.10)

pS an : S an −→ Γ2k \D2k .

Now the orbifold Γ2k \D2k has a natural structure of an algebraic stack over C by ([9], 10.11),
and by ([10], 3.10) the map (1.2.10) is induced by a unique algebraic map pS : S → Γ2k \D2k .
If (X 0 , L0 ) is a second primitively polarized smooth K3 surface over S and if p0S : S →
Γ2k \D2k denotes the associated morphism, then an isomorphism (X, L) ' (X 0 , L0 ) induces
an isomorphism of functors pS ' p0S , and hence we obtain a morphism of algebraic stacks
(1.2.11)

p : Msm
2k ⊗ C −→ Γ2k \D2k

which we refer to as the period map. The global Torelli theorem ([16], 1.2) implies that (1.2.11)
is representable, étale, generically an isomorphism, and a bijection on geometric points. More
generally, if Γ ⊂ Γ2k is an arithmetic subgroup, the quotient Γ\D2k has a natural structure
of an algebraic stack and receives a representable, étale morphism from a stack classifying
polarized K3 surfaces with suitable level structure.
It is not quite true, however, that Msm
2k ⊗ C is isomorphic to Γ2k \D2k . As mentioned above,
the map (1.2.11) is étale and the two stacks have the same C-valued points. However, the
objects of Γ2k \D2k have more automorphisms than the objects of Msm
2k (because of so-called
−2–curves; see ([16] 1.2)). The philosophy of this paper is that for many questions the
difference between the two stacks can be neglected.
This is at least true with regards to defining automorphic forms. If ω denotes the universal
line bundle on Γ2k \D2k , then the pullback p∗ ω is isomorphic to (f∗ Ω2X ∗ /Msm ) ⊗ C where f :
2k
X ∗ → Msm
2k is the universal K3 surface. We show (8.3) that for every integer l, the natural
map
2
H 0 (Γ2k \D2k , ω ⊗l ) −→ H 0 (Msm
)⊗l ) ⊗ C
2k , (f∗ ΩX ∗ /Msm
2k
is an isomorphism. Moreover, if X → M2k is the universal log K3 surface, then the natural
map
2
H 0 (M2k , (f∗ Ω2X /M2k )⊗l ) −→ H 0 (Msm
)⊗l )
2k , (f∗ ΩX ∗ /Msm
2k
is an isomorphism as well (8.4). This result enables one for example to think of a cusp form
of weight l with respect to Γ2k as a “rule” which to any polarized log K3 surface f : X → T
over some log scheme T associates a section of (f∗ Ω2X/T )⊗l (where Ω2X/T denotes the second
wedge product of the log differentials) which vanishes at the points t ∈ T over which the fiber
is singular (in the usual sense).
Once we have this interpretation of automorphic forms as sections over the moduli stack of
log K3 surfaces, we can also construct minimal and toroidal compactifications of the period
spaces (([9]) and ([8])). To explain this, let us consider the situation of a neat arithmetic
subgroup Γ ⊂ Γ2k so that Γ\D2k is a scheme and not only an algebraic stack. We will
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construct a Deligne-Mumford stack M2k,Γ , which will be defined over a certain number field
FΓ ⊂ C, classifying polarized log K3 surfaces with “Γ-level structure” (7.10–7.13). Over
M2k,Γ there is a universal log K3 surface f : X → M2k,Γ and if Ω2X /M2k,Γ denotes the second
wedge product of the log differentials, then we show that (f∗ Ω2X /M2k,Γ )⊗l is generated by global
sections for suitable l and that Γ(M2k,Γ , (f∗ Ω2X /M2k,Γ )⊗l ) is finitely generated. The image of
the map to projective space defined by f∗ Ω2X /M2k,Γ is then a model (Γ\D2k )∗FΓ for the minimal
compactification of Γ\D2k over FΓ . In particular, the image is a normal projective scheme.
Once we have the minimal compactification, we can construct certain toroidal compactifications by blowing up sheaves of ideals on (Γ\D2k )∗C and normalizing (see the discussion in
(8.6)). However, we will show that the relevant sheaves of ideals are already defined over FΓ ,
and hence we obtain models for toroidal compactifications over FΓ . In fact we show more.
Let Σ denote the data needed to define a projective toroidal compactification of Γ\D2k (a
“Γ-admissible collection of fans”), and let (Γ\D2k ) be the associated compactification. We
associate to Σ a quasi-separated algebraic space M2k,Γ,Σ over FΓ with the following properties:
(1.2.12) There is a polarized log K3 surface over M2k,Γ,Σ which is the universal solution to a
certain moduli problem.
(1.2.13) There is an étale quasi-finite map pFΓ : M2k,Γ,Σ → (Γ\D2k )FΓ to a proper scheme
(Γ\D2k )FΓ which comes equipped with a canonical isomorphism (Γ\D2k )FΓ ⊗ C ' (Γ\D2k ).
(1.2.14) If V ⊂ (Γ\D2k )FΓ denotes the image of pFΓ , then (Γ\D2k )FΓ − V has codimension
≥ 2, and the map p : M2k,Γ,Σ → V is universal for maps from M2k,Γ,Σ to separated algebraic
spaces.
Moreover, the relationship between M2k,Γ,Σ and V is well-understood in terms of elementary
modifications ([19], 12–14) just as in the case of Msm
2k ⊗ C and Γ2k \D2k .
The paper is organized as follows.
In section 2 we review some results from the paper ([40]) which will play an important role
in what follows.
In sections 3 and 4 we define the log Picard functor of a morphism of log algebraic spaces
and study its basic properties. In section 3 we study the geometric points of this functor which
have a natural structure of a group. Moreover, in the case of a surface we show that there is
a natural intersection pairing on this group (3.9). This will enable us to speak of the degree
of a polarization in what follows. In section 4 we consider the case of an arbitrary base. We
define the log Picard functor for an arbitrary morphism and prove that it is representable by
an algebraic space (4.6) when the morphism satisfies a logarithmic analogue of cohomological
flatness in dimension 0. This is a logarithmic analogue of a theorem of M. Artin ([5], 7.3).
We have also included a brief discussion in section 3 of the logarithmic Picard group for log
curves which may be of some independent interest. The log Picard group for log curves has
previously been studied by T. Kajiwara ([26]).
We introduce the notion of a polarized log K3 surface in section 5, and discuss some basic
properties. Then in section 6 we define the stack M2k and prove that it is a Deligne-Mumford
stack using the results of appendix B.
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Once we have M2k we can define various other algebraic stacks classifying log K3 surfaces
with level structure. This we do in section 7.
Finally in section 8 we discuss the minimal and toroidal compactifications of Γ\D2k . We
also show that the Hodge bundle with logarithmic connection and Hodge filtration on M2k,Γ,Σ
obtained from the universal family descends to the scheme (Γ\D2k )FΓ (notation as above).
The results of this section are perhaps more naturally viewed in the context of Shimura
varieties (i.e. replace Γ\D2k by an appropriate Shimura variety), but in order not to introduce
too much machinery into the paper we have chosen not to discuss this. We hope that it is
clear how to proceed for the reader familiar with this subject.
We have included two appendices, the results of which are used in the proof that M2k is
algebraic. The first appendix discusses a version of M. Artin’s theorem ([2], 5.3) with an
algebraic stack as a base. The main result is (A.12). In the second appendix we reformulate
(A.12) in the case when the base is Log (see (1.4), and we obtain a logarithmic version of
([2], 5.3).
1.3. Acknowledgements. We would like to acknowledge the strong influence on this paper
of the work of R. Friedman ([16]) and R. Friedman and F. Scattone ([20]) on partial compactifications of period spaces for K3 surfaces. In addition, we found N.I. Shepherd-Barron’s
paper ([44]) very helpful.
Much of this work was done at the Mathematical Sciences Research Institute in Berkeley,
CA. The author would like to thank this institution for its excellent working conditions.
Thanks are also due to A. Abbes, L. Illusie, and A. Ogus for their encouragement which led
the author to return to the subject of K3 surfaces. Special thanks are due to J. Starr for
numerous enlightening conversations. We also want to thank the referee for helpful comments.
The author was partially supported by an NSF post–doctoral research fellowship.
1.4. Conventions and Prerequisites. We assume that the reader is familiar with logarithmic geometry at the level of the paper ([28]) as well as the stack-theoretic approach
introduced in ([39]). We freely use the notation of these two papers. In particular, if S is a
fine log scheme, we denote by LogS the algebraic stack whose objects are morphisms of fine
log schemes X → S, and whose morphisms are given by strict morphisms over S. We some∗
times write Log for Log(Spec(Z),OSpec(Z)
) . Only fine log schemes are considered in this paper, so
we often omit the adjective “fine”.
Regarding algebraic stacks we follow the conventions of ([32]), except we do not assume
that our stacks are quasi-separated. More precisely, by an algebraic stack we mean a stack
X in the sense of ([32], 3.1) satisfying the following:
(1.4.1) The diagonal
∆ : X −→ X × X
is representable and locally of finite type;
(1.4.2) There exists a surjective smooth morphism X → X from a scheme.
We call an algebraic stack X for which there exists an étale surjective cover X → X a
Deligne-Mumford stack.
The reader is assumed to be familiar with algebraic stacks.
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In sections 5–8 all algebraic spaces are defined over Q unless we state otherwise.
2. Canonical log structures on semi-stable schemes
In this section we review some definitions and results from ([40]) which will be used in
what follows.
2.1. If R is a complete discrete valuation ring with uniformizer π, and X/R is a regular
algebraic space with smooth generic fiber and closed fiber X0 a divisor with normal crossings,
then the morphism X → Spec(R) can naturally be viewed as the underlying morphism of
algebraic spaces of a log smooth, integral, and vertical morphism of log algebraic spaces by
endowing Spec(R) and X with the pushforwards of the trivial log structures on the generic
fibers ([28], 3.7 (2)). The purpose of the paper ([40]) was to investigate to what extent the log
structures on X and Spec(R) are intrinsic invariants of the above situation, and to generalize
to other bases.
Definition 2.2. A morphism f : X → S is semi-stable if it is flat and if for every geometric
point s̄ → S the fiber Xs̄ is étale locally isomorphic to
κ(s̄)[x1 , . . . , xn ]/(x1 · · · xr )
for some n and r.
We will often consider the following class of log morphisms in what follows:
Definition 2.3. A morphism (f, f b ) : (X, MX ) → (S, MS ) from a log algebraic space to a
log scheme is log semi-stable if f is log smooth, integral, and vertical and if the underlying
morphism f : X → S is semi-stable (recall that a morphism of fine log schemes g : (U, MU ) →
(V, MV ) is called vertical if the cokernel in the category of sheaves of integral monoids of the
map g ∗ MV → MU is a sheaf of groups).
2.4. Fix a proper semi-stable morphism f : X → S from an algebraic space to a scheme S of
finite type over an excellent Dedekind ring, and consider the functor
IVLSX/S : (log schemes over S) −→ (Set)
which to any log scheme (T, MT ) associates the isomorphism classes of pairs (MXT , f b ),
where MXT is a log structure on XT := X ×S T and f b : pr∗2 MT → MXT is a morphism of
log structures such that
(XT , MXT ) −→ (T, MT )
is log semi-stable. The following theorem is proven in ([40], 1.2) (the result is stated there
only for the case when X is a scheme, but the argument generalizes verbatim to the case of
an algebraic space):
Theorem 2.5. IVLSX/S is representable by a log scheme over S. The tautological map from
the underlying scheme of IVLSX/S to S is a monomorphism of finite type.
Remark 2.6. If S = Spec(κ) for an algebraically closed field κ, then IVLSX/S is non-empty
if and only if X is d-semi-stable in the sense of ([17], 1.13). This follows from ([40], 3.14) or
([27], 11.7 (2)).
The theorem prompts the following definition:
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Definition 2.7. A proper log semi-stable morphism (f, f b ) : (X, MX ) −→ (S, MS ) is special
if the tautological map (S, MS ) → IVLSX/S is strict (recall that a morphism of log schemes
f : Y → Z is strict if the map f ∗ MZ → MY is an isomorphism).
2.8. It follows from (2.5) that if (f, f b ) : (X, MX ) → (S, MS ) is a proper log semi-stable
morphism, then there exists a cartesian diagram in the category of log algebraic spaces
a

X
(X, MX ) −−−
→ (X, M]X )



 ] b]
b
(f,f )y
y(f ,f )

(2.8.1)

a

S
(S, MS ) −−−
→ (S, M]S ),

◦

◦

where the morphisms a S and a X are the identity morphisms and (f ] , f b] ) is special. In
fact, it is shown in ([40], 2.6) that the additional data of the diagram (2.8.1) is unique up to
unique isomorphism (and not just unique up to isomorphism). In other words, given a second
cartesian diagram
b

X
(X, MX ) −−−
→ (X, NX] )



 ] b]
b
(f,f )y
y(g ,g )

b

S
(S, MS ) −−−
→ (S, NS] ),

◦

◦

where b X and b S are the identity maps and (g ] , g b] ) is special, there exists a unique isomorphisms
i1 : (X, NX] ) −→ (X, M]X ), i2 : (S, NS] ) −→ (S, M]S )
such that i2 ◦ (g ] , g b] ) = (f ] , f b] ) ◦ i1 , i1 ◦ bX = aX , and i2 ◦ bS = aS . This has the following
corollary:
Corollary 2.9. Let (X, MX )/(S, MS ) be a proper and special log semi-stable morphism.
Then there are no non-trivial automorphisms of (X, MX ) over (S, MS ) which are the identity
on X.
2.10. If (f, f b ) : (X, MX ) → (S, MS ) is a proper log semi-stable morphism and if (g, g b ) :
(S, MS ) → IVLSX/S denotes the tautological morphism of log schemes, then by ([28], (1.4.1))
the morphism (f, f b ) is special if and only if the induced map ḡ b : g −1 MIVLSX/S → MS is an
isomorphism. Therefore, (f, f b ) is special if and only if for every geometric point s̄ → S, the
fiber (Xs̄ , MXs̄ ) → (s̄, Ms̄ ) is special (here Ms̄ denotes the pullback of MS to the point s̄).
Now in the case when S is the spectrum of a separably closed field κ, we can give an
alternate description of what it means for (f, f b ) to be special. First of all, it follows from
the proof of (2.5) that MS is a free monoid of finite rank and that for every geometric point
x̄ → X the monoid MX,x̄ is also free of finite rank. Moreover, for suitable isomorphisms
MS ' Nr and MX,x̄ ' Nr+s the natural map
f b : MS −→ MX,x̄
is of the form

(2.10.1)

ei 7→

ei
if i 6= r
er + er+1 + · · · + er+s if i = r.
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In particular, if x̄ is a singular point of X, then there exists a unique element among the
irreducible elements of MS whose image in MX,x̄ is not irreducible. Thus we obtain a map
s : Xsing −→ {irreducible elements of MS }.
The condition that (f, f b ) is special is then equivalent to the statement that the map s induces
a bijection between the set of connected components of the singular locus of X and the set
of irreducible elements in MS . In other words, if (f, f b ) is special, then s induces a canonical
isomorphism MS ' NC(X) , where C(X) is defined as follows:
Notation 2.11. If X is a scheme over a separably closed field, then we denote by C(X) the
connected components of the singular locus of X.
2.12. Suppose now that S is the spectrum of a complete local ring Â with separably closed
residue field and that (f, f b ) : (X, MX ) → (S, MS ) is special. Then by the preceding
paragraph, we have a canonical isomorphism H 0 (S, MS ) ' NC(X0 ) , where X0 denotes the
closed fiber of X. For each c ∈ C(X0 ), let Mc ⊂ MX be the subsheaf of sections m ∈ MX
such that étale locally there exists n ∈ MX such that m + n is a multiple of the image of the
c-th standard generator of NC(X0 ) ' MS . Denote by Mc ⊂ MX the inverse image of Mc . It
follows from a local calculation that there is a canonical decomposition in the category of log
∗
)
structures on X (here the sum denotes pushout over OX

(2.12.1)

MX '

M

Mc ,

∗
c∈C(X0 ),OX

and that the map f −1 MS → MX is compatible with the C(X0 )–grading.
Example 2.13. If z ∈ X is a point of the c-th component of the singular locus, then in an
étale neighborhood of z we can find a chart
X −→ Spec(Â[x1 , . . . , xn ]/(x1 · · · xr − t)),

t ∈ Â

0}ni=1 .

In this neighborhood Mc is simply the log structure
sending z to the point {xi =
associated to the map Nr → OX sending ei to xi .
2.14. It will also be useful later to observe that the set of points Z of X where f is not smooth
has a natural structure of an algebraic space. Let Zc be the c-th connected component of Z
(note that by ([4], 3.1) the connected components of Z are again indexed by C(X0 )). Then
the sheaf
(2.14.1)

Ext1 (Ω1X/Â , OX )

is supported on Z, and we let Jc be the ideal sheaf which in a neighborhood of z ∈ Zc is equal
to the annihilator of (2.14.1) and trivial elsewhere. It follows from ([40], 3.14 (1)), that if we
choose an étale neighborhood U of z and an étale morphism giving a chart to
Spec(Â[x1 , . . . , xn ]/(x1 · · · xr − tc ))
for some n, r, and tc ∈ mA , then Jc is the ideal
(x1 · · · x
bj · · · xr )rj=1 ,
and the closed subspace of X defined by Jc is set theoretically equal to Zc .
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In the case when tc = 0, this also gives a description of Mc . Let νc : X̃c → X be the
blow-up of the ideal Jc .
Proposition 2.15. Assume that tc = 0. Then there exists a unique isomorphism σ : Mc '
νc∗ N with the property that for every geometric point x̄ → X with inverse images x̄1 , . . . , x̄r ∈
X̃c , the induced map
Mc,x̄ −→ (νc∗ N)x̄ ' ⊕x̄i Nx̄i
sends a primitive element e ∈ Mc,x̄ with lifting ẽ ∈ Mc,x̄ to the generator of Nx̄i for the
unique point x̄i for which ẽ maps to zero in OX̃i ,x̄i .
Proof. It suffices to prove the proposition after replacing X by an étale cover so we may
assume that
X = Spec(Â[x1 , . . . , xn ]/(x1 · · · xr ))
with the natural log structure, and that Zc is equal to the singular locus. Let Xj ⊂ X be the
closed subscheme defined by xj = 0. In this case, X̃i is equal to
r
a

Xj .

j=1

Define a map νc−1 Nr → N by sending the j-th generator ej to 1 on Xj and all the rest of the
generators to zero. The resulting map Nr → νc∗ N then induces the required isomorphism σ
on X which is easily seen to be unique and hence defined globally.

3. The log Picard functor: first observations
3.1. Let
(3.1.1)

(f, f b ) : (X, MX ) → (S, MS )

be a special log semi-stable morphism, with S the spectrum of a separably closed field κ.
In this section we make some basic observations about the group H 1 (X, Mgp
X ). This group
had previously been suggested as a good candidate for a logarithmic Picard group ([25],
3.3), and is naturally identified with the κ-valued points of the logarithmic Picard functor
Pic((X, MX )/(S, MS )) defined in the next section (4.5). The discussion of curves (3.4)-(3.8)
is not used anywhere else in the paper and may be omitted. For a more thorough discussion
of the log Picard group for curves see Kajiwara’s paper ([26]).
Observation 3.2. For each c ∈ C(X), let νc : X̃c → X be the blow-up of the c-th connected
component of the singular locus of X as in (2.15), so that we have an exact sequence
(3.2.1)

∗
0 −→ OX
−→ Mgp
X −→ ⊕c vc∗ Z −→ 0.

Since H 1 (X̃c , Z) = 0 ([7], IX.3.6), the sequence (3.2.1) identifies H 1 (X, Mgp
X ) with the quotient of the usual Picard group Pic(X) by a map
⊕c H 0 (X̃c , Z) −→ Pic(X).
Choose an isomorphism Mκ ' Nr ⊕ κ∗ (for some r), and let
(3.2.2)

(X, M0X ) −→ (Spec(κ), N ⊕ κ∗ )
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be the log algebraic space obtained from (X, MX ) by base change via the map
(Spec(κ), N ⊕ κ∗ ) → (Spec(κ), Nr ⊕ κ∗ ),

sum : Nr → N.

If ν : X̃ → X denotes the normalization of X, then by the same reasoning as in the proof of
0
(2.15) there is a natural isomorphism MX ' ν∗ N. For each c ∈ C(X) there is a natural map
X̃ → X̃c , and hence natural maps sc : νc∗ N → ν∗ N. Moreover, from the commutativity of the
diagram
∗
0 −−−→ OX
−−−→ Mgp
−−−→ ⊕c νc∗ Z −−−→ 0

X



 gp
=y
y
y⊕sc
∗
0 −−−→ OX
−−−→ M0gp
X −−−→

we conclude that
(3.2.3)

H 1 (X, Mgp
X)

ν∗ Z

−−−→ 0

is the cokernel of a map

∗
).
(Z){connected components of X̃ } −→ H 1 (X, OX

This map has the following interpretation. Suppose X has a smoothing X /R over some
discrete valuation ring R with residue field κ. Then the different irreducible components Xi
of X are divisors in X and the image of the generator corresponding to Xi in (3.2.3) is equal
to the image of the class of the divisor Xi .
∗
Observation 3.3. Continuing the discussion in the previous observation, let LXi ∈ H 1 (X, OX
)
be the image of the class corresponding to Xi under (3.2.3). Even without the existence of a
smoothing, we can show in the following way that LXi |Xj (j 6= i) is isomorphic to OXj (−Dij ),
gp
where Dij denotes the intersection Xi ∩ Xj . Let ei ∈ MX be the section corresponding to
gp
∗
Xi so that LXi is the OX
-torsor of liftings of ei ∈ MX to Mgp
X . Let U → X be an étale
morphism, and suppose we have a lifting ẽi of ei over U . Then α(ẽi ) ∈ OX (U ) pulls back to
a generator of OXj (−Dij ) on U ×X Xj . Indeed this can be verified étale locally so it suffices
to consider the case when U is étale over

Spec(κ[x1 , . . . , xn ]/(x1 · · · xr ))
and Xi (resp. Xj ) is defined by the equation xi = 0 (resp. xj = 0). In this case it is clear
that (α(ẽi )) = (xi ). If g : Xj ,→ X denotes the inclusion of Xj in X, we therefore obtain a
map of sheaves
{liftings of ei to Mgp
X } −→ g∗ {trivializations of OXj (−Dij )},
∗
∗
and this map is compatible with the natural action of OX
(where OX
acts on the right hand
∗
∗
side through the map OX → g∗ OX ). From this it follows that LXi |Xj ' OXj (−Dij ).

Moreover, note that ⊗i LXi ' OX since the image of 1 under the natural map Z → ν∗ Z
0
lifts to M0gp
X . Indeed, the image of 1 ∈ N under the map N → MX obtained from the
structure
Pmorphism (3.2.2) is such a lifting. Hence the restriction of LXi to Xi is isomorphic
to OXi ( j6=i Dij ).
3.4. The degree map when X is a curve.
Though we do not need any results about the log Picard functor for curves, we include
some basic observations and sketch an example to motivate the definition.
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Suppose all the components Xi of X have dimension 1, and let Yi ⊂ X̃ be the inverse image
of Xi . For any line bundle L on X define the degree of L by the formula
X
(3.4.1)
deg(L) :=
degYi (ν ∗ L|Yi ).
i

A corollary of the discussion (3.3) is the following:
Corollary 3.5. If LXi denotes the line bundle associated to a component Xi as in (3.3), then
deg(LXi ) = 0. Hence the degree map descends to a map
H 1 (X, Mgp
X ) −→ Z.
Proof. By (3.3),
X
X
deg(LXi ) = degYi (OYi (
Dij )) +
degYj (OYj (−Dij )),
j6=i

j6=i

where Dij := Xi ∩ Xj (since Yi → Xi is an isomorphism over Dij , we also abusively view Dij
as a subscheme of Yi ). Since
degYi (OYi (Dij )) + degYj (OYj (−Dij )) = 0,
the result follows.



Example 3.6. Suppose X is the standard N -gon for some N > 2 ([13], II.1.1). That is, X is
a chain of P1 ’s glued together at 0 and ∞. By ([27], 11.7 (2)), there is a natural log structure
MX on X and a special morphism from (X, MX ) to (Spec(κ), Mκ ), for some log structure
Mκ on Spec(κ). Let Pic0 (X, MX ) be the kernel of the map
deg : H 1 (X, Mgp
X ) −→ Z.
Denote by Xreg ⊂ X the smooth locus of X, and choose a point e ∈ Xreg (κ). For any other
point t ∈ Xreg (κ), the sheaf OX ((t) − (e)) defines a class in Pic0 (X, MX ), and so we obtain
a map
Xreg (κ) −→ Pic0 (X, MX )
which we claim is an isomorphism of groups.
To see this, let Pic[0] (X) be the kernel of the degree map Pic(X) → Z, and note that by
([13], II.3.4) there exists a surjective homomorphism
(3.6.1)

Pic[0] (X) −→ Xreg (κ)

with the property that OX ((t) − (e)) maps to t. Denote by K0 the kernel of (3.6.1). If ei
denotes the point “1” on the i-th P1 (so e = e0 ). Then the elements Fi := OX ((ei ) − (e0 ))
(i = 1, . . . N ) map to a basis for
Pic[0] (X̃) := Ker(deg : Pic(X̃) −→ Z).
and hence induce a natural exact sequence
−1
0 −−−→ κ∗ −−−→ Pic[0] (X) −−−→ ⊕N
i=1 Z · Fi −−−→ 0.
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Since the composite of the inclusion κ∗ ,→ Pic[0] (X) with (3.6.1) is injective, the projection
K0 → ZN −1 is an inclusion. Moreover, there is a natural commutative diagram
−1
0 −−−→ κ∗ −−−→ Pic[0] (X) −−−→ ⊕N
i=1 Z · Fi −−−→ 0






ρy
y
y

0 −−−→ κ∗ −−−→ Xreg (κ) −−−→
where ρ is the map which sends Fi to i.

Z/N Z

−−−→ 0,

By (3.5), the degree of the LXi is zero, and we define K1 ⊂ Pic[0] (X) to be the subgroup
generated by the LXi so that we have an exact sequence
0 −−−→ K1 −−−→ Pic[0] (X) −−−→ Pic0 (X, MX ) −−−→ 0.
To prove that (3.6.1) is an isomorphism it suffices to show that K0 = K1 . This follows from
the following two lemmas whose proofs we leave to the reader.
Lemma 3.7. In Pic(X), LXi = 2F[i] − F[i+1] − F[i−1] , where for an integer j we denote by
[j] the congruence class of j modulo N and F0 := 0.
Lemma 3.8. The kernel of the map ρ : ZN −1 → Z/N Z is generated by the elements 2F[i] −
F[i+1] − F[i−1] .
3.9. Intersection product when X is a surface.
Suppose now that all components of X have dimension 2, and let {Yi } be the connected
components of the normalization ν : X̃ → X of X. On Pic(Yi ) we have the usual intersection
∗
pairing < ·, · >Yi , and for two elements L1 , L2 ∈ H 1 (X, OX
), we define
X
(3.9.1)
< L1 , L2 >:=
< L1 |Yi , L2 |Yi >Yi ∈ Z.
i

The following proposition shows that this defines a pairing
(3.9.2)

gp
1
< ·, · >: H 1 (X, Mgp
X ) × H (X, MX ) −→ Z.

Proposition 3.10. The pairing (3.9.1) descends to a pairing on H 1 (X, Mgp
X ).
Proof. Let G be the free abelian group on generators LXi corresponding to the components
1
∗
Xi of X. The group H 1 (X, Mgp
X ) is the quotient of H (X, OX ) be the image of G under the
map (3.2.3). Thus since the pairing (3.9.1) is symmetric, it suffices to show that for every
∗
L ∈ H 1 (X, OX
),
< LXi , L >= 0.
Denote by Dij the intersection ν(Xi )∩ν(Xj ). The curves Dij have at most nodal singularities,
so it makes sense to speak of the degree degDij (L) of a line bundle on Dij ([13], I.3.3.4).
Moreover, (3.3) shows that
X
X
< LXi , L >= −
degDij (L) −
< LXj |Yi , L|Yi >Yi
j6=i

j6=i

which equals
−

X
j6=i

degDij (L) −

X

(−degDij (L)) = 0.

j6=i
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4. The log Picard functor: general definition and representability
4.1. Turning now to the general case, let
(4.1.1)

(f, f b ) : (X, MX ) → (S, MS )

be a proper special log semi-stable morphism with S a scheme. In this section we define
a logarithmic Picard functor Pic((X, MX )/(S, MS )) and prove that it is representable by
an algebraic space. In the case when S = Spec(κ) for a separably closed field κ, the set
Pic((X, MX )/(S, MS ))(κ) will be in natural bijection with the group H 1 (X, Mgp
X ) discussed
in the previous section.
Before defining the log Picard functor, however, it will be useful to consider the following
stack:
Definition 4.2. The Picard stack of (X, MX )/(S, MS ), denoted Pic, is the stack over the
category of S-schemes whose fiber over any g : T → S is the groupoid of Mgp
XT -torsors over
∗
XT,et , where (XT , MXT ) → (T, g MS ) denotes the morphism obtained by base change.
Just as in the case of algebraic spaces ([5], p. 67), we need to impose a condition on (4.1.1)
in order to understand the deformation theory of Pic.
Definition 4.3. The morphism (4.1.1) is cohomologically flat in dimension 0 if for any
nilpotent closed immersion Spec(A0 ) ,→ Spec(A) of affine schemes over S defined by a squarezero ideal, the natural map
gp
0
H 0 (XA , Mgp
XA ) −→ H (XA0 , MXA )
0

is surjective.
The following theorem is the main result of this section.
Theorem 4.4. If (4.1.1) is cohomologically flat in dimesion zero, then Pic is an algebraic
stack locally of finite type over S.
Before giving the proof of (4.4), let us note some consequences pertaining to the log Picard
functor.
Definition 4.5. For a special log semi-stable morphism as in (4.1.1) which is cohomologically
flat in dimension 0, we define the log Picard functor, denoted Pic((X, MX )/(S, MS )) (or just
Pic if no confusion seems likely to arise), to be the sheaf associated to the presheaf which to
any T → S associates the isomorphism classes of objects in Pic(T ).
Corollary 4.6. The functor Pic is representable by an algebraic space.
Proof. If λ ∈ Pic is an object over some S-scheme T , then the group of automorphisms of
λ in Pic(T ) is the group H 0 (XT , Mgp
XT ). Thus the corollary follows from our assumption of
cohomological flatness in dimension 0 and the following general result.

Proposition 4.7. Let Y be an algebraic stack such that for any object z : Z → Y over some
scheme Z, the group algebraic space Autz over Z representing the functor of automorphisms
of z is smooth. Then the sheaf Y associated to the presheaf which to any scheme T associates
the isomorphism classes of objects in Y(T ) is representable by an algebraic space.
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Proof. This argument can be found in ([2], Appendix). We repeat it for completeness. Let
u : U → Y be a smooth cover, and let V = U ×Y U , R = V ×U ×U V . Then R defines an
equivalence relation on V . Indeed to give a map T → V is equivalent to giving data (t1 , t2 , ι),
where ti : T → U are morphisms and ι : t∗1 u ' t∗2 u is an isomorphism in Y(T ). R is the
sub-functor of V × V consisting of pairs of data
{(t1 , t2 , ι), (t1 , t2 , ι0 )}.
The fact that the Aut-functors are smooth implies that R is a smooth equivalence relation
on V . Denote by V = [V /R] the resulting algebraic space. The space V represents the
functor over U × U which to any scheme T associates {∗} if p∗1 u|T and p∗2 u|T are étale locally
isomorphic and ∅ otherwise. Hence V ⊂ U × U is the equivalence relation defining Y , and
by construction it is a smooth equivalence relation. Hence Y is representable by an algebraic
space.

It will also be useful to define a log Picard functor for morphisms which are not special:
Definition 4.8. If (f, f b ) : (X, MX ) → (S, MS ) is a (not necessarily special) proper log
semi-stable morphism, we define the log Picard functor, denoted Pic((X, MX )/(S, MS )) (or
just Pic), to be the functor Pic((X, M]X )/(S, M]S )), where M]X and M]S are as in (2.8).
In the rest of this section, we prove (4.4) by first reducing to the case when S is an affine
scheme of finite type over an excellent Dedekind ring, and then verifying the conditions of
([2], 5.3).
4.9. Reduction to the case when S is affine and of finite type over Z.
With out loss of generality, we can assume that S = Spec(A) is affine. Write A as a filtering
inductive limit lim Ai of Z-algebras of finite type. Since X/S is special, the stalks of MS are
−→
all isomorphic to Nr for some r. By ([39], 5.14), there is an open substack U ⊂ Log classifying
such log structures, and since U is locally of finite presentation over Z, we can approximate
MS by a log structure MAi on one of the Spec(Ai ) for which the stalks of MAi are all
free monoids. Moreover, by ([39], 3.5) there exists an open substack S ⊂ Log(Spec(Ai ),MAi )
classifying morphisms of log schemes g : T → (Spec(Ai ), MAi ) with the property that for
◦

◦

◦

every geometric point t̄ → T the map MAi ,f (t̄) → MT,t̄ is as in (2.10.1). Now since X/S
◦

◦

is of finite presentation, we can approximate X by a proper scheme fi : X i → Spec(Ai )
after possibly increasing i, and since S is locally of finite presentation over Ai we can by
◦

◦

([32], 4.18) also find an approximation L : X i → S for the map X → S induced by the
◦

log structure on X. Let Z ⊂ X i be the closed subset of points where L is not smooth.
Since fi is proper, fi (Z) ⊂ Spec(Ai ) is a closed subset which does not meet the image
of Spec(A) → Spec(Ai ). Hence after increasing i, we can assume that Z = ∅ in which
◦

case the map fi : X i → S is smooth. We have now found a proper log smooth morphism
◦

Xi → (Spec(Ai ), MAi ) inducing X/S. Moreover, for every geometric point x̄ → X i in the
singular locus, the map MAi ,f (x̄) → MXi ,x̄ is as in (2.10.1). From this and ([40], 2.2) it follows
that Xi → (Spec(Ai ), MAi ) is a proper special log semi–stable morphism.
4.10. Pic is limit preserving.
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We have to show that if {Ai } is a filtering inductive limit of noetherian rings over S, then
the natural functor
lim Pic(Ai ) −→ Pic(lim Ai )
−→
−→
is an equivalence of categories. To see that this functor is fully faithful, suppose given two
objects λ1 , λ2 ∈ lim Pic(Ai ). After replacing S by one of the Ai , we may assume that the λi
−→
are induced by objects, which we also denote by λi , in Pic(S). Let Spec(R) → X be an affine
étale cover such that the restrictions of the λi to Spec(R) are trivial, and let Spec(R0 ) =
Spec(R) ×X Spec(R). We then have a natural commutative diagram
(4.10.1)

(4.10.2)

lim Isom(λ1|XAi , λ2 |XAi ) −→ lim Isom(λ1 |Ri , λ2 |Ri ) ⇒ lim Isom(λ1 |Ri0 , λ2 |Ri0 )
−→
−→
−→



y
y
y
0 , λ2 |R0 ),
Isom(λ1 |X∞ , λ2 |X∞ )
−→ Isom(λ1 |R∞ , λ2 |R∞ ) ⇒ Isom(λ1 |R∞
∞

where XAi (resp. Ri , Ri0 ) denotes the base change of X to Spec(Ai ) (resp. R⊗OS Ai , R0 ⊗OS Ai )
0
) denotes lim XAi (resp. lim Ri , lim Ri0 ). Since the rows in (4.10.2)
and X∞ (resp. R∞ , R∞
←−
−→
−→
are exact, the following lemma proves the full faithfulness of (4.10.1).
Lemma 4.11. Let {Ri } be a filtering inductive system of noetherian rings with compatible
log structures MRi . Then the natural map
gp
0
lim H 0 (Spec(Ri ), Mgp
Ri ) −→ H (Spec(R∞ ), MR∞ )
−→
is an isomorphism, where MR∞ denotes the log structure on Spec(R∞ ) obtained from the
MRi .

Proof. From the exact sequences
gp

∗
−−−→ Mgp
0 −−−→ OR
Ri −−−→ MRi −−−→ 0
i

we obtain a commutative diagram with exact columns
0
0




y
y
0
∗
0
∗
lim H (Spec(R
 i ), ORi ) −→ H (Spec(R
∞ ), OR∞ )
−→


y
y
gp
gp
0
0
lim H (Spec(R
 i ), MRi ) −→ H (Spec(R∞ ), MR∞ )
−→


y
y
gp

gp

0
lim H 0 (Spec(R
 i ), MRi ) −→ H (Spec(R∞ ), MR∞ )
−→


y
y
∗ )
1 (Spec(R ), O ∗ )
lim H 1 (Spec(Ri ), OR
−→
H
∞
R∞
i
−→

By standard properties of Gm , the first and fourth horizontal arrows are isomorphisms, and by
([7], VII.5.7) the third horizontal arrow is an isomorphism also. Hence the second horizontal
arrow is an isomorphism.

To see that (4.10.1) is essentially surjective, suppose given an object λ∞ ∈ Pic(lim Ai ).
−→
Let Spec(R∞ ) → X∞ be an affine étale cover for which λ∞ |R∞ is trivial. After replacing
S by Spec(Ai ) for i sufficiently big, we can find an étale cover Spec(R) → X such that
Spec(R∞ ) = Spec(R) ×X X∞ . Let λR denote the trivial torsor on Spec(R) and choose an
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isomorphism λR |R∞ ' λ∞ |R∞ . By (4.11), we can after perhaps replacing S by Spec(Ai ) for
an even bigger i, find an isomorphism σ : p∗1 λR ' p∗2 λR over Spec(R) ×X Spec(R) inducing
the tautological isomorphism p∗1 λ∞ |R∞ ' p∗2 λ∞ |R∞ over Spec(R∞ ) ×X∞ Spec(R∞ ). Moreover,
by (4.11) the equality
p∗13 (σ) = p∗23 (σ) ◦ p∗12 (σ)
holds over Spec(R) ×X Spec(R) ×X Spec(R) after possibly base changing to another Ai . In
this case, the pair (λR , σ) induces by descent an object λ ∈ Pic(X) whose image in Pic(X∞ )
is isomorphic to λ∞ . Thus (4.10.1) is essentially surjective.
4.12. Obstruction theory.
Suppose A → A0 is a surjection of rings over S with square-zero kernel I. Let
(XA0 , MXA0 ) −−−→ (XA , MXA )




y
y
(Spec(A0 ), MA0 ) −−−→ (Spec(A), MA )
be the resulting diagram of log algebraic spaces. Suppose further that
λ0 ∈ H 1 (XA0 , Mgp
XA )
0

is a class representing a torsor. Define a map
 : I ⊗ OXA0 −→ Mgp
XA
by sending i ⊗ f to 1 + if˜, where f˜ is a lifting of f to OXA . Then, as in the case of the usual
exponential map ([5], p. 69), this does not depend on the choice of f˜ and is a homomorphism.
Moreover, there is a natural exact sequence
(4.12.1)



gp
0 −−−→ I ⊗ OXA0 −−−→ Mgp
XA −−−→ MXA −−−→ 0
0

from which it follows that the obstruction to lifting λ0 to XA is a class
o(λ0 ) ∈ H 2 (XA0 , I ⊗ OXA0 ).
In this way we obtain an obstruction theory, in the sense of ([2], 2.6), for Pic. Moreover, the
conditions ([2], 4.1) are satisfied by standard properties of cohomology.
4.13. Schlessinger’s conditions.
Let us first make a general observation. If A → A0 is a surjective morphism with squarezero kernel I, then the sequence (4.12.1) gives rise to an exact sequence
gp
1
0 −→ H 1 (XA0 , I ⊗ OXA0 ) −→ H 1 (XA , Mgp
XA ) −→ H (XA0 , MXA )
0

by our assumption of cohomological flatness in dimension 0. Thus given any λ0 ∈ Pic(XA0 ),
the isomorphism classes of liftings of λ0 to XA are naturally a torsor under H 1 (XA0 , I ⊗OXA0 ).
Suppose now that
B


y
A0 −−−→ A −−−→ A0
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is a deformation situation as in ([2], 2.2), and fix λ ∈ H 1 (XA , Mgp
XA ). Recall that B → A0 is
0
surjective, A → A0 and A → A are surjective with nilpotent kernels, and I := Ker(A0 → A)
is an A0 -module of finite type.
Proposition 4.14. The natural functor
F : Picλ (A0 ×A B) −→ Picλ (A0 ) × Picλ (B)
is an equivalence of categories. Here for any ring R with a map l : R → A, we denote by
Picλ (R) the category whose objects are pairs (λ0 , ι), where λ0 ∈ Pic(R) and ι : l∗ λ0 ' λ is an
isomorphism in Pic(A).
Proof. To see that F is fully faithful, let λ1 , λ2 ∈ Picλ (A0 ×A B) be two objects and consider
the map
(4.14.1)

IsomPicλ (A0 ×A B) (λ1 , λ2 ) −→ IsomPicλ (A0 ) (λ1 |A0 , λ2 |A0 ) × IsomPicλ (B) (λ1 |B , λ2 |B ).

If the left hand side of (4.14.1) is non-empty, then the choice of an element in the set
IsomPicλ (A0 ×A B) (λ1 , λ2 ) identifies the map (4.14.1) with the natural map
(4.14.2)
gp
0
Ker(H 0 (XA0 ×A B , Mgp
XA0 × B ) → H (XA , MXA ))
A


y
Ker(H 0 (XA0 , Mgp
XA0 ×

AB

gp
gp
0
0
) → H 0 (XA , Mgp
XA )) ⊕ Ker(H (XB , MXB ) → H (XA , MXA )).

Since the kernel of
Ker(H 0 (XA0 ×A B , Mgp
XA0 ×

AB

gp
gp
0
0
) → H 0 (XA , Mgp
XA )) −→ Ker(H (XB , MXB ) → H (XA , MXA ))

is by the exponential sequence (4.12.1) isomorphic to H 0 (XA , I ⊗ OXA0 ) as is
gp
0
Ker(H 0 (XA0 , Mgp
XA0 ) → H (XA , MXA )),

the map (4.14.2) is an isomorphism. Hence to prove that (4.14.1) is bijective it suffices to
show that the left hand side is non-empty if there exists an isomorphism
(ι1 : λ1 |A0 → λ2 |A0 , ι2 : λ1 |B → λ2 |B )
in Picλ (A0 ) × Picλ (B).
To see this, view λ1 as a lifting of λ2 |B via ι2 . Then the obstruction to lifting ι2 to A0 ×A B
lies in H 1 (XA0 , I ⊗ OXA0 ), and is equal to the class defined by the liftings λ1 |A0 and λ2 |A0 .
Hence this class is zero, and we can find an isomorphism ι : λ1 ' λ2 inducing ι2 . Thus F is
fully faithful.
To see that F is essentially surjective, let (λ1 , λ2 ) ∈ Picλ (A0 ) × Picλ (B) be an object. Then
the obstruction to lifting λ2 to XA0 ×A B lies in H 2 (XA0 , I ⊗ OXA0 ), and this obstruction is
by functoriality equal to the obstruction to lifting λ to XA0 . Hence λ2 lifts. Choose such a
lifting λ̃. Then λ̃|XA0 is isomorphic to λ1 in Picλ (A0 ) if and only if the corresponding class
c ∈ H 1 (XA0 , I ⊗ OXA0 ) is zero. But as mentioned above, the isomorphism classes of liftings of
λ2 is canonically in a torsor under this same group. From this we conclude that there exists a
unique lifting λ̃ ∈ Picλ (A0 ×A B) of (λ1 , λ2 ), and hence F is an equivalence of categories. 

SEMI-STABLE DEGENERATIONS AND PERIOD SPACES FOR POLARIZED K3 SURFACES

19

From this and standard properties of cohomology we conclude that conditions 1 and 3 of
([2], 5.3) hold.
4.15. Quasi-separation condition.
We have to show that if A0 is a noetherian integral domain over S, and if λ ∈ Pic(A0 )
admits an automorphism σ ∈ H 0 (XA0 , Mgp
XA0 ) which induces the identity in Pic(κ) for a
dense set of points A0 → κ of finite type, then there exists an open dense subset of Spec(A0 )
over which σ is the identity. By ([39], 3.5 (ii) and (iii)), the set of points x ∈ XA0 for which
gp
the image of σ in MXA ,x̄ is zero is an open set. Let Z ⊂ XA0 be its complement. Since
0
XA0 /A0 is proper, the image of Z in Spec(A0 ) is a closed set whose complement contains a
∗
dense set of points. Hence after shrinking Spec(A0 ), we may assume that σ ∈ H 0 (XA0 , OX
).
A0
c
Since XA0 is flat over A0 by ([28], 4.5), the open set Z(σ − 1) ⊂ XA0 maps to an open set in
Spec(A0 ) whose complement is dense by assumption. Hence Z(σ − 1) = XA0 , and since XA0
is reduced we must have σ = 1.
4.16. Compatibility with completion.
By ([2], 5.3) the following proposition completes the proof of (4.4).
Proposition 4.17. Let Â be a complete noetherian local ring with separably closed residue
field κ and maximal ideal m, and let Ân = Â/mn+1 . Then the natural functor
Pic(Â) −→ lim Pic(Ân )
←−
is an equivalence of categories.
Proof. The proof of (4.17) occupies the remainder of this section. Let
M
gp
gp
MXÂ '
Mi
i∈C(XA0 )

be the decomposition given in (2.12).
Lemma 4.18. For each i ∈ C(XA0 ), the natural map
gp

gp

H 0 (XÂ , Mi ) −→ lim H 0 (XÂn , Mi,n )
←−
is an isomorphism, and
gp

gp

H 1 (XÂ , Mi ) = 0 = H 1 (XÂn , Mi,n )
for all n.
Proof. Let Zi ⊂ XÂ be the connected component of the singular locus corresponding to
i ∈ C(XA0 ). By (2.12) there is a canonical isomorphism H 0 (Spec(Â), MSpec(Â) ) ' NC(XA0 ) ,
where MSpec(Â) denotes the pullback of the log structure on S. Let ti ∈ A be the image in
Â of a lifting of the i-th standard generator of NC(XA0 ) to MSpec(Â) . The element ti ∈ Â is
gp
well defined up to a unit. Since the sheaf Mi has support on the closed subscheme of XÂ
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defined by ti = 0, we can replace A by A/(ti ), and hence can assume that ti = 0. In this
case, we can find an étale neighborhood of the form
Â[x1 , . . . , xn ]/(x1 · · · xr )
around any point z ∈ Zi , and the ideal Ji of Zi is equal to
(x1 · · · x
bj · · · xr )rj=1 .
gp

Let νi : X̃i → X be the blow-up of Ji . Then by (2.15) the sheaf Mi is isomorphic to νi∗ Z.
gp
Thus H 0 (XÂ , Mi ) is isomorphic to a direct sum of Z’s indexed by the connected components
of X̃i , and similarly for the reductions. Thus the first isomorphism follows from ([4], 3.1) which
implies that the connected components of X̃i are in bijection with the connected components
of the reductions of X̃i . The statement about the H 1 ’s follows from ([7], IX.3.6).

Define K (resp. Kn ) to be the image of
gp

gp

gp
0
0
0
H 0 (XÂ , Mgp
X ) −→ H (XÂ , MXÂ ) (resp. H (XÂn , MX ) −→ H (XÂn , MXÂ )),
Â

Ân

n

and let Q (resp. Qn ) be the cokernel. Our assumption of cohomological flatness implies that
the natural maps Kn → Kn−1 are all isomorphisms, and hence there is a morphism of exact
sequences
0 −−−→
(4.18.1)

K


y

−−−→

gp

H 0 (XÂ , MXÂ )


γy

−−−→

Q


y

−−−→ 0

gp

0 −−−→ lim Kn −−−→ lim H 0 (XÂn , MXÂ ) −−−→ lim Qn −−−→ 0,
←−
←−
←−
n
where the map labeled γ is an isomorphism by (4.18).
Lemma 4.19. Suppose Y /Â is a proper algebraic space which has the property that for any
surjective morphism R → R0 of Â-algebras with square-zero kernel, the natural map
H 0 (YR , OY∗R ) −→ H 0 (YR0 , OY∗R )
0

is surjective. Then the natural map
H 1 (Y, OY∗ ) −→ lim H 1 (Yn , OY∗n )
←−
is an isomorphism, where Yn denotes the reduction of Y modulo mn+1 .
Proof. The Grothendieck existence theorem ([14], III.5.1.6) implies that to give an invertible
sheaf L on Y is equivalent to giving a compatible family of invertible sheaves {Ln } on the
reductions. From this it follows that it is enough to show that if {Ln } and {L0n } are two
compatible families such that for all n, Ln and L0n are isomorphic, then in fact the two
families are isomorphic. For this it is enough to show that any automorphism of some Ln can
be lifted to Ln+1 . In other words, that the map
H 0 (Yn+1 , OY∗n+1 ) −→ H 0 (Yn , OY∗n )
is surjective.



SEMI-STABLE DEGENERATIONS AND PERIOD SPACES FOR POLARIZED K3 SURFACES

21

Note that the lemma applies to spaces obtained by pullback from X/S. Indeed if
Spec(R0 ) ,→ Spec(R)
is a closed immersion over S defined by a square zero ideal in R, then the map
gp
0
H 0 (XR , Mgp
XR ) −→ H (XR0 , MXR )
0

is surjective by the assumption of cohomological flatness, and since the diagram of sheaves
on XR
∗
∗
OX
−−−→ OX
R
R0


y
y
gp
Mgp
XR −−−→ MXR

0

is cartesian by the definition of a log structure it follows that the map
∗
∗
H 0 (XR , OX
) −→ H 0 (XR0 , OX
)
R
R
0

is surjective.
Lemma 4.20. (i) The natural maps
K −→ lim Kn ,
←−

(4.20.1)

Q −→ lim Qn
←−

are isomorphisms.
(ii) The maps
H 0 (Xn , Mgp
H 0 (XÂ , Mgp
XÂ ) −→ lim
Xn ),
←−
are isomorphisms.
(4.20.2)

H 1 (Xn , Mgp
H 1 (XÂ , Mgp
XÂ ) −→ lim
Xn )
←−

Proof. To see (i), note that it follows from (4.19) that the map Q → lim Qn is injective since
←−
there is a natural commutative square
Q


y

i

1
−−−
→

∗
H 1 (XÂ , OX
)
Â

'
y

i

2
∗
lim Qn −−−
→ lim H 1 (Xn , OX
),
n
←−
←−
where the maps i1 and i2 are injective. Combining this with the five lemma applied to (4.18.1),
it follows that the maps (4.20.1) are isomorphisms.

Statement (ii) follows from (i) and (4.19) by considering the natural morphisms of exact
sequences
0 −−−→ A∗ −−−→ H 0 (XÂ , Mgp
−−−→ K
−−−→ 0
XÂ )






y
y
y
0 −−−→ A∗ −−−→ lim H 0 (Xn , Mgp
K −−−→ 0,
Xn ) −−−→ lim
←−
←− n
1
∗
1
0 −−−→ Q −−−→ H (XÂ , OXÂ ) −−−→ H (XÂ , Mgp
−−−→ 0
XÂ )






y
y
y
∗
0 −−−→ lim Qn −−−→ lim H 1 (Xn , OX
) −−−→ lim H 1 (Xn , Mgp
Xn ) −−−→ 0.
n
←−
←−
←−
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4.21 (Completion of proof of (4.17)). Suppose given a compatible family {λn }n ∈ lim Pic(Ân ).
←−
By the second isomorphism in (4.20.2) we can find an object λ ∈ Pic(Â) whose reduction
mod mn+1 is isomorphic to λn for each n. We claim that in fact we can choose a compatible
family of isomorphisms. It suffices to show that any isomorphism ιn : λ|Ân → λn can be
lifted to an isomorphism ιn+1 : λ|Ân+1 → λn+1 . By assumption there exists an isomorphism
ι̃ : λ|Ân+1 → λn+1 , and choosing one such isomorphism we obtain an automorphism ιn ◦ ι̃|Ân
of λ|Ân . Now by our assumption of cohomological flatness this automorphism can be lifted
to Ân+1 and twisting ι̃ by a lift we obtain ιn+1 . This proves that the functor is essentially
surjective.
To see that is it fully faithful, observe that the second isomorphism in (4.20.2) combined
with the argument of the preceding paragraph show that two elements λ1 , λ2 ∈ Pic(Â) map
to isomorphic objects in lim Pic(Ân ) if and only if λ1 |Ân ' λ2 |Ân for every n. This combined
←−
with the first isomorphism in (4.20.2) implies that the functor is fully faithful.

5. Polarized log K3 surfaces
Definition 5.1 (cf. [29] or [35]). A morphism of log algebraic spaces f : X → S is a log
◦

K3 surface if it is proper, log semi-stable, and if for all geometric points s̄ → S the second
exterior power Ω2Xs̄ of the log differentials is isomorphic to OXs̄ and H 1 (Xs̄ , OXs̄ ) = 0. A log
K3 surface X/S is special if the morphism f is special in the sense of (2.7).
◦

Remark 5.2. If X/S is a log K3 surface and S is isomorphic to the spectrum of an alge◦

braically closed field, then X is a scheme. This follows from ([24], appendix B.3.4), which
◦

shows that the normalization of each component of X is a scheme, combined with (5.13) and
(5.14 (i)) below.
Remark 5.3. It follows from the argument of ([35], 3.4) that the underlying algebraic space
of a log K3 surface X over a separably closed field is a combinatorial K3 surface in the sense
of (1.1).
◦

◦

Definition 5.4. A log K3 surface X/S is stable if the geometric fibers of X/S are all stable
in the sense of (1.1).
◦

Proposition 5.5. Let X/S be a stable log K3 surface with S ' Spec(κ) for some field κ of
characteristic 0. Then the Hodge numbers hpq = dimκ H q (X, ΩpX ) are as follows:
1 0 1
0 20 0
1 0 1
Proof. Since κ has characteristic 0, one can reduce in a standard way to the case when κ = C.
In this case the result follows from ([29], 2.5 and 4.1).
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Corollary 5.6. If f : X → S is a log K3 surface, then f is cohomologically flat in dimension
0, and hence by (4.6) the associated logarithmic Picard functor Pic is representable by an
algebraic space.
Definition 5.7. Let X/S be a log K3 surface, and let Pic be the associated Picard space
◦

(4.8). A polarization on X/S is a map λ : S → Pic of algebraic spaces such that for each
∗
) such that for some N > 0 the
geometric fiber Xs̄ , there exists a lifting L of λs̄ to H 1 (Xs̄ , OX
s̄
N
sheaf L is generated by global sections and the map Xs̄ → X s̄ ⊂ Pr (for some r) defined by
LN contracts only finitely many curves on Xs̄ to points. λ is primitive if for every geometric
◦

point s̄ → S, the corresponding element λs̄ ∈ Pic(s̄) is a primitive element.
Remark 5.8. Here Pic(s̄) has a group structure from the isomorphism
Pic(s̄) ' H 1 (Xs̄ , M],gp
Xs̄ ).
5.9. Let κ be an algebraically closed field of characteristic 0, and let X/(Spec(κ), Mκ ) be
a special stable log K3 surface (where Spec(κ) has the log structure associated to N → κ,
1 7→ 0). Assume given a line bundle L on X which is generated by global sections and
let π : X → X ⊂ Pr (for some r > 0) be the map to projective space defined by L.
Here X denotes the scheme-theoretic image of X. We assume that π only contracts finitely
many curves on X to points (so in particular π restricted to each component of X defines a
birational map onto its image). The following technical result will play an important role in
what follows:
Theorem 5.10. For N sufficiently big, the map π : X → X defined by LN is étale locally on
X relatively projective.
The proof occupies the remainder of this section.
Let us begin with some general remarks about contractions. Recall the following result due
to Artin:
0
Theorem 5.11 ([3], 6.1). Let X be an algebraic space,
` Y0 ⊂ X a closed subspace and Y → Y
a finite morphism. Then the coproduct X := X Y Y in the category of algebraic spaces
exists and is the unique maximal modification of X along Y → Y 0 (see ([3],`p. 88) for the
definition of a modification). Moreover, if U → X is étale, then U = XU YU YU 0 (where
XU = X ×X U etc.).

5.12. The proof of (5.11) also provides a description of the completion of the local ring of X
at a geometric point. It shows that the formal completion of X along Y 0 can be described as
follows. Let Spec(A0 ) → Y 0 be an étale morphism and let Spec(A) → Y be the base change
to Y . Because of the invariance of the étale site under infinitesimal thickenings ([23], I.8.3),
b where X
b denotes the formal
we can lift A to an étale map of formal schemes Spf(Ã) → X,
completion of X along Y . Then the proof of (5.11) shows that the formal completion of X
along Y 0 is étale locally isomorphic to Spf(Ã ×A A0 ). Moreover, this étale local description of
the formal completion of X along Y 0 completely characterizes X by ([3], 3.1). The uniqueness
part of (loc. cit.) also implies that if X = Spec(R), Y = Spec(A) and Y 0 = Spec(A0 ) are all
affine then
a
X
Y 0 = Spec(R ×A A0 ).
Y
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Lemma
5.13.
`
` Let X and Y be schemes of finite type over an algebraically closed field κ and
j1 j2 : Y Y ,→ X a closed immersion. Suppose that for every point p ∈ Y there `
exists an
affine open U ⊂ X containing the two points ji (p) (i = 1, 2). Then the coproduct X Y ` Y Y
in the category of algebraic spaces is a scheme.
`
Proof. Let X be the ringed space (|X| |Y | ` |Y | |Y |, g∗ OX ×g∗ OY ` Y h∗ OY ), where g : |X| →
|X| and h : |Y | → |X| denote the natural morphisms of topological spaces. We claim that
X is a scheme, and that the natural map of ringed spaces X → X induces a map of formal
schemes as in (5.12). This will prove the lemma by the uniqueness part of ([3], 3.1). Let
p ∈ Y be a point, and let Spec(A) ⊂ Y be an affine neighborhood of p. Then it follows
from our assumptions that we`can find an affine open Spec(B) ⊂ X containing the points
ji (p) such that Spec(B) ∩ (Y Y ) ⊂ Spec(A × A).` Let f ∈ A be an element such that
D(f ×f ) ⊂ Spec(A×A) is contained in Spec(B)∩(Y Y ), and let g ∈ B be a lifting of f ×f .
Then replacing B by Bg and A by Af , we see that we can find an affine`open neighborhood
Spec(A) ⊂ Y of p and an open set Spec(B) ⊂ X such that Spec(B)∩(Y Y ) = Spec(A×A).
In this case, Spec(B ×A×A A) defines an open neighborhood of p in X which is a scheme.
Hence X is a scheme, and the above local description of X proves that the associated map
of formal schemes has the desired properties.

Lemma 5.14. (i) Let X be a semi-stable surface over an algebraically closed field κ, and let
X̃ be the normalization of X. Let Y ⊂ X be the singular locus (with the reduced structure)
and let Ỹ ⊂ X̃ be the inverse image of Y . Then the natural map
a
(5.14.1)
X̃
Y −→ X
Ỹ

is an isomorphism.
(ii) Let V be a smooth surface (possibly disconnected) over an algebraically closed field κ and
let Y /κ be a smooth curve. Suppose given an inclusion
a
a
j1
j2 : Ỹ := Y
Y ,→ V
such that each inclusion
` ji : Y ⊂ V identifies Y with a smooth divisor on V . Then the
algebraic space V := V Ỹ Y is semi-stable.
Proof. To see (i), note that the question is étale local on X, so we may assume that X =
Spec(κ[x, y, z]/(xy or xyz)). In this case it follows that the map (5.14.1) is the one induced
by the isomorphism
κ[x, y, z]/(xy) −→ κ[x, z] ×κ[z] κ[y, z],
or
κ[x, y, z]/(xyz) −→ (κ[x, y] × κ[y, z] × κ[x, z]) ×(κ[x,y]/(xy)×κ[y,z]/(yz)×κ[x,z]/(xz)) κ[x, y, z]/(xy, yz, xz).

As for (ii), it suffices to look at the formal completion of V at a point P ∈ Y . Since Y
is smooth, we can find an étale neighborhood (Spec(R), P 0 ) → (Y, P ) of P together with
an étale morphism Spec(R) → Spec(κ[t]) sending P 0 to the origin. Let Ai (i = 1, 2) be
the unique liftings of R to formal étale neighborhoods in V of the preimages Pi (i = 1, 2)
of P in V , where Spec(R) is viewed as an étale neighborhood of Pi ∈ Y via the inclusion
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ji : Y ,→ V . Then by (5.12), the formal completion of X at P is isomorphic to the completion
of (A1 × A2 ) ×R×R R. Since V is smooth, we can find étale maps
κ[t][[x]] −→ A1 ,

κ[t][[y]] −→ A2

reducing to the specified map κ[t] → R (send t to a lifting of t ∈ R and send x and y to
elements such that the image of (t, x) and (t, y) generate the ideals of P1 and P2 respectively).
Then by ([41], 3.2.2) the induced map
κ[t][[x, y]]/(xy) ' (κ[t][[x]] × κ[t][[y]]) ×κ[t]×κ[t] κ[t] −→ (A1 × A2 ) ×R×R R
is étale and hence induces an isomorphism on completions.



With these technicalities we can prove (5.10) treating in turn each of the different possibilities for the fibers as described by the following definition and result of Shephard–Barron.
Definition 5.15 ([44], p. 145). Let V be an irreducible component of X and let C ⊂ V be
an irreducible curve. C is called a
(i) (§)-curve if C is isomorphic to P1 , is disjoint from all double curves, and C|2Ṽ = −2.
(ii) (†)-curve if C is isomorphic to P1 , meets the locus of double curves in exactly one point
which is not a triple point, and C|2Ṽ = −1.
(iii) (*)-curve if C is a double curve (possibly equal to a curve of self-intersection of V ) such
that C ' P1 and C 2 = −1 on each irreducible component on which it lies (in the case when C
equals a curve of self-intersection of V this means that each of the two connected components
of C|Ṽ ⊂ Ṽ has self-intersection −1).
Proposition 5.16 ([44], 2.7). Let V be an irreducible component of X and let C = {C1 , . . . , Cr }
be a connected configuration of curves contracted by π on V . Then C is of one of the following
forms:
(i) C = {C} where C is a (*)-curve.
(ii) C1 is a (†)-curve and C2 , . . . , Cr are (§)-curve such that the dual graph of C is the following:
•

•

•

C1

C2

C3

···

•

•

Cr−1

Cr

(iii) C is a negative definite configuration of (§)-curves.
Lemma 5.17. For N sufficiently big, the map π has connected fibers.
Proof. We can without loss of generality assume κ = C. By ([20], 5.5) and ([16], 4.3), there
◦

exists a smoothing (X̃, L̃) of the pair (X, L) over the disc ∆ such that for N suitably big
◦
L̃N is generated by global sections. Let f¯ : X → X ⊂ Pr be the image of the morphism to
∆

projective space defined by L̃N . To prove the lemma, it suffices by the analytic version of
Zariski’s main theorem ([22], p. 213) to show that for suitably big N the space X is normal.
To verify this we may make a finite base change ∆ → ∆ as in ([44], 2.10) and perform
permissible elementary modifications in the sense of (loc. cit., page 145) by (loc. cit., 2.1).
Thus the result follows from (loc. cit, proof of theorem 2W).
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For the rest of the proof we assume that N is chosen so that π has connected fibers. Since
the assertion of (5.10) is étale local on X, we can without loss of generality assume that
X = Spec(A) and that π : X → X is an isomorphism away from some point P ∈ X. We
consider the various possibilities for π −1 (P ).
5.18. π −1 (P ) = {C} is a (*)-curve.
Proof. It follows from the “triple point formula ” ([19], p. 8) that C cannot be a nodal curve
lying in the intersection of a smooth component and a component with self-intersection. This
implies that there exists a component U of X which meets C but does not contain C. Let
LU be the line bundle on X corresponding to the component U (3.3). Since C is rational and
LU |C ' OC (U ∩ C), LU defines a relatively ample invertible sheaf in some neighborhood of
P by ([14], III.4.7.1).

5.19. π −1 (P ) is a negative definite configuration of (§)-curves.
Proof. Since every smooth proper surface over κ is projective ([24], appendix B.3.4), the map
X → X is Zariski locally on X a proper morphism between quasi-projective schemes, and
hence is a blow-up by ([14], III.2.3.7).

5.20. π −1 (P ) meets two smooth components and the restriction of π −1 (P ) to each component
is a configuration as in (5.16 (ii)).
Proof. Let V and U be the two components of X and let {C1 , . . . , Cr } (resp. {C10 , . . . , Cs0 })
be the curves on U (resp. V ) contracted by π. Let Y ⊂ V ∩ U be the locus of intersection.
We can then contract the curves {C1 , . . . , Cr } on V to get a smooth space V 0 (first contract
C1 , then C2 etc. ) and similarly contract {C10 , . . . , Cs0 } to give a space U 0 . Then the`strict
transforms of Y in V 0 and U 0 are isomorphic to Y , and we can form the space X 0 = V 0 Y U 0 .
By the universal property of coproduct we obtain a map
(5.20.1)

X 0 → X.

It suffices to show that the map X → X 0 obtained from (5.14 (i)) is projective. For then
(5.20.1) is proper, and since it is bijective on points it is an isomorphism.
We prove by induction on r + s that the map X → X 0 is projective. So consider first the
case when r = 1 and s = 0. Let V 0 be the space obtained by contracting C1 on V , and let
P ∈ X 0 be the point which is the image of C1 . By assumption X 0 is quasi-projective. Thus
there exists an effective Cartier divisor D on U such that ordP (D) = 1 and such that D meets
Y transversally. We view D as a Cartier divisor on X 0 . We claim that there is a natural
closed immersion X ,→ B, where B denotes the blow-up of X 0 along D. By the universal
property of blow-up, this assertion is étale local on X 0 . Since X 0 is semi-stable by (5.14 (ii)),
we may assume that X 0 = Spec(κ[x, y, x]/(xy)) and that P is the point (x, y, z). We can
further assume that V 0 is the component y = 0, U is the component x = 0, and D is the
closed subscheme defined by (x, z). Then V is the blow-up of V 0 at P and it is elementary
to check the assertion. This proves the case when r + s = 1. To get the general case, assume
`
without loss of generality that r ≥ 1. Then contract C1 on V to get V 0 and let X 0 = V 0 Y U .
Then by induction X 0 is projective over X and the case r + s = 1 shows that X → X 0 is
projective.
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5.21. Case 4: π −1 (P ) contains a (†)-curve and X is irreducible.
Proof. By shrinking X, we may assume that the singular locus Y ⊂ X is smooth.
Let X̃ be
`
the normalization of X and let Ỹ ⊂ X̃ be the inverse image of Y (so Ỹ ' Y Y ). The inverse
image of P in X̃ then consists of two connected components {C1 , . . . , Cr } and {C10 , . . . , Cs0 }
as in (5.16 (ii)). Let X̃1`
be the space obtained by contracting the configuration {C1 , . . . , Cr }
on X̃ and let X1 = X̃1 Ỹ Y . By (5.14 (ii)), the space X1 is semi-stable. We claim that if
s ≥ 1, then the map X → X1 is projective.
In the case when s ≥ 1, C10 defines a divisor on X1 whose restriction to Y is equal to the
divisor of P . The map X̃ → X̃1 is the blow-up of a sheaf J˜ on X̃1 with support equal to
one of the points in the inverse image of P ([24], ex. 7.11 (c)). We denote the subscheme of
X̃1 defined by J˜ by Z1 . Let r be the order of vanishing of J˜ at P , and let rC10 ⊂ X̃1 be the
closed subscheme defined by r times the ideal of C10 . If Z `
⊂ Y denotes
the closed subscheme
`
0
`
corresponding to the divisor rP , then we let W := (Z1 rC1 ) Z Z Z. By construction
there is a natural map W → X1 . We claim that this map is a closed immersion and that if
B denotes the blow-up of X1 along W , then there is a natural closed immersion X ,→ B.
These assertions can all be verified étale locally on X1 . Thus we may assume that X1 is étale
over Spec(κ[x, y, z]/(xy)) and that X1 is affine, say equal to Spec(A). We can further assume
that C10 is defined by the ideal (y, z). Let A1 = A/(x), A2 = A/(y), and let B = A/(x, y).
Since A is étale over κ[x, y, z]/(xy), it follows that
A = (A1 × A2 ) ×B×B B,

Ã = A1 × A2 .

The ideal J˜ is then an ideal of A1 such that J˜ induces the ideal (z r ) in B. W is the spectrum
of
˜ × A2 /(z r )) ×B/(zr )×B/(zr ) B/(z r ).
((A1 /J)
From this it is clear that the map W → X1 is a closed immersion, and that W is defined by
the ideal
I = (J˜ × (z r )) ×(zr )×(zr ) (z r ).
From this description it also follows that the natural projection map I → J˜ is surjective as
is the map I → (z r ). This implies that there is a natural closed immersion X ,→ B.
To complete the proof of this case, it therefore suffices to consider the case when s = 0. We
construct X1 as in the preceding paragraphs. Then the map X1 → X is proper and injective;
hence an isomorphism. Thus X is semi-stable by (5.14 (ii)). Replacing X by an étale cover
we may therefore assume that X = Spec(A) is affine and étale over Spec(κ[x, y, z]/(xy)). The
argument now proceeds as in the preceding paragraph using the ideal (z) instead of C10 . 
6. The stack of polarized log K3 surfaces
6.1. Fix an integer k ≥ 1, and let M2k /Q be the fibered category whose fiber over a scheme
T is the groupoid of triples (MT , X, λ), where MT is a log structure on T , X/(T, MT ) is a
special stable log K3 surface, and λ is a primitive polarization on X/(T, MT ) such that for
each geometric point t̄ → T the restriction λt̄ of λ to Xt̄ satisfies λ2t̄ = 2k. A morphism
(MT , X, λ) → (M0T , X 0 , λ0 )
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consists of a pair (ι, γ), where ι : M0T → MT is an isomorphism of log structures on T and
γ : X → X 0 is an isomorphism of log algebraic spaces such that the diagram
X


y

γ

−−−→

X0


y

(id,ι)

(T, MT ) −−−→ (T, M0T )
commutes, and such that γ is compatible with the polarizations. We denote by
MM2k : M2k −→ Log(Spec(Q),Q∗ )
the functor (MT , X, λ) 7→ MT .
Theorem 6.2. M2k is a smooth Deligne-Mumford stack. There is a natural open substack
Msm
2k ⊂ M2k classifying smooth (in the usual sense) polarized K3 surfaces, and the complement
M2k −Msm
2k is a smooth divisor. Moreover, the functor MM2k is that induced by the log structure
associated to the divisor M2k − Msm
2k .
Remark 6.3. Before proving the theorem, let us remark how the stack M2k viewed as a log
stack (B.1) with log structure MM2k coming from the divisor at infinity can be interpreted
as a solution to a moduli problem on the category F Log of fine log schemes over Q. If T is
a fine log scheme over Q, then we define (M2k , MM2k )(T ) to be the groupoid of morphisms
of log stacks T → (M2k , MM2k ) (B.3). There is a natural notion of pullback, so this defines
a fibered category over F Log. Theorem (2.5) and (2.8) imply that this fibered category is
equivalent to the fibered category whose fiber over T is the groupoid of pairs (X, λ), where
◦

X/T is a log K3 surface and λ : T → Pic(X/T ) is a map of algebraic spaces such that for
◦

every geometric point t̄ → T the element λt̄ ∈ H 1 (Xt̄ , Mgp
Xt̄ ) is a primitive polarization of
degree 2k. If we give F Log the topology where coverings are given by strict étale morphisms,
then (M2k , MM2k ) is even a stack.
We prove the theorem by verifying the conditions of (B.12).
6.4. M2k is limit preserving.
Suppose {Ai }i∈I is a filtering inductive system of noetherian rings and consider the functor
lim M (A ) −→ M2k (A∞ ),
−→ 2k i
where A∞ := lim Ai . To see that (6.4.1) is fully faithful, suppose given two objects (M`Ai , Xi` , λ`i )
−→
(` = 1, 2) over some Spec(Ai ). For each morphism Ai → Aj , let (M`Aj , Xj` , λ`j ) be the data
`
obtained by base change, and let (M`A∞ , X∞
, λ`∞ ) be the induced data over A∞ . We have to
show that the map
(6.4.1)

(6.4.2)
1
2
lim IsomM2k (Aj ) ((M1Aj , Xj1 , λ1j ), (M2Aj , Xj2 , λ2j )) → IsomM2k (A∞ ) ((M1A∞ , X∞
, λ1∞ ), (M2A∞ , X∞
, λ2∞ ))
−→
j

is bijective. Suppose first that (ι` , γ` ) (` = 1, 2) are two isomorphisms over some Aj which
become equal in the limit. Then since the stack Log is limit preserving (it is locally of finite
type over Spec(Z) by ([39], 1.1)), we can after passing to some sufficiently big j assume that
◦

ι1 = ι2 . Moreover, since the spaces Xj` are of finite presentation over Aj , we can by a standard
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◦

limit assume that γ 1 = γ 2 , after passing to some even bigger j. In this case it follows from
(2.9) that γ1 = γ2 . Hence (6.4.2) is injective.
To see that (6.4.2) is surjective, suppose (ι, γ) is an isomorphism over A∞ . Once again since
◦

◦

`
Log is limit preserving and X∞
/A∞ is of finite presentation, we can approximate (ι, γ ) be
◦

◦

◦

some (ιj , γ j ) over some Aj . Then (Xj1 , γj∗ MXj2 ) and Xj1 are two proper special semi-stable log
◦

schemes over (Spec(Aj ), M1Aj ) and hence by (2.5) and (2.9) the pair (ιj , γ j ) extends uniquely
to an isomorphism (ιj , γj ) inducing (ι, γ). Moreover, since Pic is limit preserving, it follows
that for some sufficiently big j the isomorphism (ιj , γj ) is compatible with the polarizations,
and hence (6.4.2) is bijective.
◦

To see that (6.4.1) is essentially surjective, let (MA∞ , X, λ) be an object over A∞ . Since
◦

◦

X/A∞ is of finite presentation, we can approximate X by some proper space X j /Aj for some
◦

j. Moreover, since X is étale locally isomorphic to
A∞ [x1 , . . . , xr ]/(x1 · · · xl − t)
for some t ∈ A∞ , one shows by a standard limit argument that after increasing j, we can as◦

sume that X j /Aj is proper and semi-stable. In this case we can define the functor IVLS

◦

X j /Aj

,

and since this functor is of finite type over Aj there exists for some sufficiently big j an element
in IVLS ◦
inducing the morphism of log schemes X → (Spec(A∞ ), MA∞ ). Moreover, since
X j /Aj

Pic is limit preserving we can also approximate λ by some λj . By (6.17) below, the set of
points in Spec(Aj ) where λj is a primitive polarization of degree 2k is an open set, and hence
after passing to some bigger j we obtain the desired object (MAj , Xj , λj ) over some Aj .
6.5. Schlessinger’s conditions (S1log ) and (S2log ).
Lemma 6.6. For any logarithmic deformation situation as in (B.6), and log smooth, integral
morphism X → Spec(A), the natural functor
(log smooth liftings of X to A0 ×A B)


y
(log smooth liftings of X to A0 ) × (log smooth liftings of X to B)
is an equivalence of categories.
Proof. It suffices to prove the following: for any log smooth lifting XB of X to B the natural
functor
(6.6.1)

(log smooth liftings of XB to A0 ×A B) −−−→ (log smooth liftings of X to A0 )

is an equivalence of categories. Now this statement is étale local on XB , so it suffices to
consider the case when XB is affine. In this case both categories in (6.6.1) are non-empty and
groupoids ([28], 3.14 (1)), so it suffices to show that for any lifting X̃ of XB inducing a lifting
X̃A0 of X, the map
(6.6.2)

AutXB (X̃) −→ AutX (X̃A0 )
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is bijective. But by ([28], 3.14 (2)), the map (6.6.2) is naturally identified with the isomorphism
Hom(Ω1XB /B , I) ' Hom(Ω1X/A , I).

Combining (6.6) with the fact that Pic is an algebraic space, we conclude that the functor
in condition (S1log ) is an equivalence.
To see that (S2log ) holds, let A → A0 be a surjective morphism of noetherian log rings as
in (B.6) and let I be an A0 -module of finite type. Suppose given a special polarized log K3
surface (X, λ) over A. Denote by (XA[I] , λA[I] ) the polarized log K3 surface over A obtained
by pullback via the retraction A → A[I]. Since H 1 (X, I ⊗ OX ) = 0, the exponential sequence
(4.12.1) shows that the map
gp
1
H 1 (XA[I] , Mgp
XA[I] ) −→ H (X, MX )

(6.6.3)

is injective. From this we deduce that any automorphism of XA[I] , viewed as a log smooth
deformation of X to A[I], is compatible with the polarizations. Hence by ([28], 3.14 (2))
there is a natural isomorphism
AutX (A0 [I]) ' Hom(Ω1X/A , I ⊗ OX );
in particular, AutX (A0 [I]) is of finite type.
To describe the tangent space T(M2k ,MM2k )/(Spec(Q),Q∗ ),X (I) (which we henceforth abbreviate
TX (I)), note that the injectivity of (6.6.3) implies that TX (I) is in bijection with the set of
log smooth liftings of X to A[I] to which λ lifts. By ([28], 3.14 (3)), we thus have a natural
inclusion
TX (I) ⊂ Ext1 (Ω1X/A , I ⊗ OX ).
Since the A0 -module Ext1 (Ω1X/A , I ⊗ OX ) is finitely generated and A0 is noetherian, it follows
that TX (I) is of finite type.
6.7. M2k is formally log smooth.
Let A0 → A → A0 be a diagram of artinian local log rings as in (B.6), and let I :=
Ker(A0 → A). We claim that for any special polarized log K3 surface (X, λ) over A, there
exists étale locally on Spec(A) a lifting of (X, λ) to A0 .
To prove this, we can without loss of generality assume that λ is induced by a line bundle
L on X.
Lemma 6.8. Let X 0 /A0 be a log smooth lifting of X to A0 . Then λ lifts to X 0 if and only if
λ lifts étale locally on Spec(A) to X 0 . Moreover, λ lifts to X 0 if and only if L lifts to a line
bundle on X 0 .
Proof. First observe that the condition that L lifts to X 0 is étale local on Spec(A). Indeed
consider the stack F over the étale site of Spec(A) which to any étale U → Spec(A) associates
◦

the groupoid of liftings of L|XU to XU0 (where XU = X ×Spec(A) U and XU0 denotes the unique
◦0

lifting of XU to an étale X -scheme). From the exponential sequence
∗
∗
0 −−−→ I ⊗ OX −−−→ OX
−−→ OX
−−−→ 0
0 −

SEMI-STABLE DEGENERATIONS AND PERIOD SPACES FOR POLARIZED K3 SURFACES

31

and the fact that H 1 (X, I ⊗ OX ) = 0 (this follows from (5.5)), we see that any two liftings
of L to X 0 are isomorphic. Moreover, for any lifting L0 of L to X 0 , the group of infinitesimal
automorphisms of L0 is canonically identified with
Hom(L, I ⊗ L) ' H 0 (X, I ⊗ OX ).
Thus if there exists étale locally on Spec(A) a lifting of L, then F is a gerbe under the coherent
◦

sheaf f∗ (I ⊗OX ) on Spec(A) (where f : X → Spec(A) denotes the structure morphism). Since
H 2 (Spec(A), f∗ (I ⊗ OX )) = 0, it follows from ([21], IV.3.4) that F is trivial.
Thus to prove the lemma it suffices to show that if λ lifts étale locally on Spec(A) to X 0 ,
then L also lifts étale locally to X 0 . To show this, we can replace Spec(A) by an étale cover,
and hence may assume that we have a class λ0 ∈ H 1 (X 0 , Mgp
X 0 ) inducing λ. Since we have a
lifting of λ, the image of λ under the map
2
H 1 (X, Mgp
X ) −→ H (X, I ⊗ OX )

obtained from the exponential sequence
gp
0 −−−→ I ⊗ OX −−−→ Mgp
X 0 −−−→ MX −−−→ 0

is zero. On the other hand, there is a natural morphism of exact sequences
∗
∗
0 −−−→ I ⊗ OX −−−→ OX
−−−→ OX
−−−→ 0
0






=y
y
y
gp
0 −−−→ I ⊗ OX −−−→ Mgp
X 0 −−−→ MX −−−→ 0,

from which we see that the image of the class of L under the boundary map
(6.8.1)

∗
H 1 (X, OX
) −→ H 2 (X, I ⊗ OX )

is zero. From this it follows that L also lifts to X 0 .



Now by ([29], 2.5), there exists a log smooth lifting X 0 /A0 of X. Let o ∈ H 2 (X, I ⊗ OX )
be the image of L under the resulting map (6.8.1), and let
(6.8.2)

∗
d log : OX
−→ Ω1X/A

be the map which sends u to u−1 du. If X 00 is a second log smooth lifting of X to A0 with
associated obstruction o0 ∈ H 2 (X, I ⊗ OX ) to lifting L, then one shows as in the classical
case (see for example ([38], 1.14)) that
o0 =< [X 00 ] − [X 0 ], d log(L) > +o,
where [X 00 ] − [X 0 ] ∈ Ext1 (Ω1X/A , I ⊗ OX ) denotes the class obtained from the torsorial action
of Ext1 (Ω1X/A , I ⊗ OX ) on the isomorphism classes of log smooth deformations of X ([28],
3.14 (2)), and
< ·, · >: Ext1 (Ω1X/A , I ⊗ OX ) ⊗ H 1 (X, Ω1X/A ) −→ H 2 (X, I ⊗ OX )
is the natural pairing. The following lemma therefore shows that there exists a lifting of
(X, λ) to A0 .
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Lemma 6.9. The map
< ·, d log(L) >: Ext1 (Ω1X/A , I ⊗ OX ) −→ H 2 (X, I ⊗ OX )

(6.9.1)
is surjective.

Proof. Let κ be the residue field of A. Since we are working in characteristic 0, we reduce
in a standard way to the case when κ = C. Moreover, since I is a κ-vector space, we can
without loss of generality assume that I = κ, and so we need to show that the map
< ·, d log(L) >: Ext1 (Ω1Xκ , OXκ ) −→ H 2 (Xκ , OXκ )

(6.9.2)

is surjective, where Xκ denotes the reduction of X to κ and Ω1Xκ denotes the log differentials of
Xκ over Spec(κ) with the log structure induced by MA . Since H 2 (Xκ , OXκ ) is a 1-dimensional
κ-space by (5.5), it suffices to find a class in Ext1 (Ω1Xκ , OXκ ) whose pairing with d log(L) is
non-zero.
◦

Let Ω1◦ denote the usual differentials of the space X κ over κ. By ([46], 4.4), the flat
Xκ

◦

deformations of X κ to the dual numbers κ[] are classified by the space Ext1 (Ω1◦ , OXκ ). The
Xκ

natural map Ω1◦ → Ω1Xκ induces a map
Xκ

Ext1 (Ω1Xκ , OX ) −→ Ext1 (Ω1◦ , OX )

(6.9.3)

Xκ

which has the following modular interpretation. Let Mκ[] be the pullback of Mκ to κ[]
via the natural retraction κ → κ[]. Then the left hand side of (6.9.3) classifies log smooth
deformations of Xκ to (Spec(κ[]), Mκ[] ) and the map (6.9.3) is obtained by sending a log
◦

smooth deformation X 0 /(Spec(κ[]), Mκ[] ) to the underlying space X 0 . By (2.5) and (2.8),
two log smooth deformations X1 and X2 of Xκ to (Spec(κ[]), Mκ[] ) induce the same element
in Ext1 (Ω1◦ , OX ) if and only if there exists an automorphism σ of Mκ[] which induces the
Xκ

identity on Mκ such that X2 is isomorphic to the deformation X1σ of Xκ whose log scheme
is equal to X1 but whose structure morphism is the composite
(id,σ)

X1 −−−→ (Spec(κ[]), Mκ[] ) −−−→ (Spec(κ[]), Mκ[] ).
In other words, the kernel of (6.9.3) is naturally identified with the group of infinitesimal
automorphisms of Mκ[] , which is a 1-dimensional subspace isomorphic to
Hom(Mκ , κ) ' Hom(N, κ) ' κ.
From this and (5.5), we conclude that the image of (6.9.3) is 19-dimensional. On the other
hand, it follows from (proofs of ([16], 4.3) and ([20], 5.5)) that the map
(6.9.4)

< ·, d log(L) >: Ext1 (Ω1◦ , OX ) −→ H 2 (Xκ , OXκ )
Xκ

is surjective with 19-dimensional kernel. Thus to prove the lemma, it suffices to show that
there is an element in the kernel of (6.9.4) which is not in the image of (6.9.3). This follows
◦

from ([16], 4.3) and ([20], 5.5), which imply that there exists a smoothing of the pair (X κ , L).
Indeed the underlying space of any log smooth deformation of Xκ to (Spec(κ[]), Mκ[] ) is
étale locally of the form
κ[][x, y, z]/(xy or xyz),
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◦

and hence is not isomorphic to the reduction mod t2 of a smoothing of X κ to κ[[t]].

6.10. The additional conditions (B.11).
Let A → A0 and I be as in (B.6). A polarization λ on a special log K3 surface X/A defines
in a natural way a class d log(λ) ∈ H 1 (X, Ω1X/A ). Indeed, the map
1
d log : Mgp
X −→ ΩX/A

(6.10.1)

obtained from the universal log derivation ([27], 5.1) induces a map of presheaves
1
1
(U/Spec(A) 7−→ H 1 (XU , Mgp
XU )) −→ (U/Spec(A) 7−→ H (XU , ΩXU /U )),

where U/Spec(A) is a strict étale morphism and XU denotes the base change of X. If
◦

f : X → Spec(A) denotes the structure morphism we therefore obtain a map of sheaves on
the étale site of Spec(A)
Pic −→ R1 f∗ Ω1X/A
and hence a map
d log : Pic(A) −→ H 1 (X, Ω1X/A ).
It follows from the proof of (6.8) that TX (I) is isomorphic to
Ker(< ·, d log(λ) >: Ext1 (Ω1X/A , I ⊗ OX ) −→ H 2 (X, I ⊗ OX )).
From this, standard properties of cohomology, and the description of the module of infinitesimal automorphisms given in (6.5) we deduce that the additional conditions (B.11) hold.
6.11. Compatibility with completion.
Let Â denote a complete noetherian local ring Â with residue field κ together with a log
structure MÂ . Denote by Ân the reduction modulo mn+1 . We show that the natural functor
(see (B.3) for the notation)
(M2k , MM2k )Â −−−→ lim(M2k , MM2k )Ân
←−
is an equivalence of categories. For this we may by descent theory assume that κ is separably
closed.
(6.11.1)

To see that (6.11.1) is fully faithful, suppose given two polarized log K3 surfaces (X1 , λ1 )
and (X2 , λ2 ) over Â, and a compatible family σn of isomorphisms between the reductions.
◦

◦

By ([14], III.5.4.1) there exists a unique isomorphism X 1 ' X 2 inducing the isomorphisms
◦

◦

◦

σ n : X 1,n ' X 2,n . By (2.5) and (2.9) this isomorphism can in fact be extended to an
isomorphism of log algebraic spaces inducing the σn . This proves fullness of the functor. As
for faithfulness suppose σ is an automorphism of a polarized log K3 surface (X, λ). Then the
◦

◦

◦

corresponding automorphism of X must be the identity since its graph Γ ⊂ X × X is a closed
subspace, and hence determined by its reductions by ([14], III.5.1.8). The fact that σ must
also be the identity on the log structure of X then follows from another application of (2.9).
To prove the essential surjectivity of (6.11.1), we use a modification of the argument given
in ([1], proof of 2.2). Suppose given a compatible family of polarized, stable special log K3
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surfaces (Xn , λn ) which we wish to algebraize. Fix a chart N → MÂ (such a chart exists étale
locally). Then the functor over the category of Artinian local κ[[t]]-algebras with residue field
κ which to any such algebra B associates the isomorphism classes of liftings of (X0 , λ0 ) to B
with log structure induced by t, is pro-representable and formally smooth by Schlessinger’s
criteria ([43], 2.11). Say the algebra
κ[[t]][[q1 , . . . , qh ]]
pro-represents this functor. Then the family (Xn , λn ) is obtained from a family over the
reductions of this ring, and so we may assume that Â is in fact equal to this ring.
Lemma 6.12. Let X/(Spec(κ), Mκ ) be a special log K3 surface, where κ is an algebraically
closed field, and suppose λ is a polarization on X. Let L be a representative line bundle for
◦
λ for which LN defines a map f¯ : X → X ⊂ Prκ contracting only finitely many curves. Then
for N sufficiently big,
(i) the natural map O → Rf¯∗ OX is an isomorphism.
1

X
N

(ii) the group H (X, L ) is zero.
Proof. By (5.17), we may assume that f¯ has connected fibers. By a standard application of
([14], III.4.2), to prove (i) it suffices to show that if F denotes the fiber of f¯ at a point x ∈ X,
then
H 0 (F, OF ) = κ(x), H i (F, OF ) = 0, i > 0.
This follows from the classification of the fibers given in (5.16). Indeed the case of a negative
definition configuration of (§)-curves follows from ([6]), and in the other cases one can show
the result by a standard calculation (left to the reader).
To see (ii), let OX (1) be the tautological very ample sheaf on X. By ([24], III.5.3), there
exists an integer M such that H1 (X, OX (1)⊗M ) = 0. Hence it suffices to show that the natural
map
OX (1) −→ Rf¯∗ LN ' Rf¯∗ f¯∗ OX (1)
is a quasi-isomorphism. Since OX (1) is locally free this follows from (i).

By the lemma we can choose a representative line bundle L0 for λ0 and an integer N such
◦

r
that LN
0 is generated by global sections, the induced map X 0 → X 0 ⊂ Pκ contracts only
finitely many curves and satisfies (6.12 (i)), and H 1 (X0 , LN
0 ) = 0. Moreover, by (6.8), we can
then extend L0 to a family {Ln } of invertible sheaves on the Xn inducing {λn }.

Lemma 6.13. Let fn : Xn → Spec(An ) denote the structure morphism.
(i) For each n, the module H 0 (Xn , LN
n ) is flat over An and
0
N
H 0 (Xn , LN
n ) ⊗An An−1 = H (Xn−1 , Ln−1 ).

(ii) If X n denotes the scheme-theoretic image of the natural map
◦

f¯n : X n −→ Proj(Sym• H 0 (Xn , LN
n )),
then f¯n∗ OXn = OX n , X n is flat over An , and X n ⊗An An−1 = X n−1 .
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Proof. We proceed by induction on n. The case n = 0 follows from (6.12), so we suppose the
result holds for n − 1 and prove it for n.
◦

Since X n /An is flat, there is a natural exact sequence
N
N
0 −−−→ mn /mn+1 ⊗ LN
0 −−−→ Ln −−−→ Ln−1 −−−→ 0,

and since H 1 (X0 , LN
0 ) = 0 it follows that the map
0
N
H 0 (Xn , LN
n ) −→ H (Xn−1 , Ln−1 )

is surjective. From this it follows that LN
n is generated by global sections, and by the local
criterion for flatness ([14], 0III .10.2.1) the module H 0 (Xn , LN
n ) is flat over An . Moreover, there
is a natural morphism of complexes
⊗ OX 0
mnÂ /mn+1
Â 

'y

−−−→

OX n


y

−−−→

OX n−1

'
y

−−−→ 0

0 −−−→ f¯0∗ (mnÂ /mn+1
⊗ OX0 ) −−−→ f¯n∗ OXn −−−→ f¯n−1∗ OXn−1 −−−→ 0,
Â
where the bottom row is exact since R1 f¯0∗ OX0 = 0 and (6.12 (i)) holds. From this it follows
that the sequence
(6.13.1)

0 −−−→ mn /mn+1 ⊗ OX 0 −−−→ OX n −−−→ OX n−1 −−−→ 0

is exact, and hence by the local criterion for flatness the scheme X n is flat over Â/mn+1
.
Â
Moreover, the sequence (6.13.1) implies that Xn ⊗An An−1 = Xn−1 .

6.14. Choosing a compatible set of bases for the H 0 (Xn , LN
n ), we obtain a compatible family
r
of flat subschemes X n ⊂ PAn (for some r). By the Grothendieck existence theorem ([14],
III.5.1.4) this family is induced by a flat projective scheme X/Â. Note also that X is integral.
Indeed since X is proper over Â, the local ring of every point is a localization of the local
ring at a point in the closed fiber, and the integrality of X at points in the closed fiber can be
verified after passing to the formal completion X of X along mÂ . Now if g : X → X denotes
the map of formal schemes, obtained from the Xn then there is an inclusion OX ,→ g∗ OX ,
and hence it suffices to verify that X is integral. But for any point p ∈ X0 , there exists an
étale neighborhood U0 of p and an étale morphism
(6.14.1)

U0 −→ Spec(κ[x, y, z]/(xy or xyz))

inducing the log structure MX0 restricted to U0 . Since each Xn is log smooth over Spec(An ),
we can extend the map (6.14.1) to a compatible family of étale maps
Un −→ Spec(Ân [x, y, z]/(xy − t or xyz − t)),
and from this it follows that X is integral.
◦

◦

6.15. Next the issue of finding a proper algebraic space X/X inducing X n /X n is étale local
on X. To see this, suppose we can find an étale cover U → X and a proper morphism U → U
◦

◦

◦

inducing the family {Un := X n ×X U }. Then we claim that we can find X/X inducing X n .
Indeed note that for each point p̄ ∈ U 0 in the exceptional set and lifting p ∈ U0 of p̄ we
have κ(p̄) = κ(p) since κ is algebraically closed. Choose ∆ ⊂ X a closed subscheme whose
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◦

reduction ∆0 is set-theoretically equal to the exceptional set of X 0 /X 0 . Since U /X is étale
and κ(p) = κ(p̄) for each point in the exceptional set, we can lift ∆ to a closed subscheme
of U which we denote by the same symbol. Thus if U and X denote the formal completions
along ∆, we have an isomorphism U ' X. If U denotes the formal completion of U along
the inverse image of ∆, then U → U ' X is a formal modification in the sense of ([3], 1.7);
◦

hence by ([3], 3.2) there exists a unique proper morphism X → X inducing U/U and hence
◦

◦

also X n . Thus to construct the space X we may replace X by any étale neighborhood of the
exceptional locus.
Now choose an étale morphism U → X such that π0 : U0 → U 0 is relatively projective and
such that U = Spec(B) is affine. Denote by J0 a relatively ample line bundle on U0 . Let
B † = lim B/mnÂ B and let U → U := Spf(B † ) be the formal scheme obtained from the Un .
←−
Since U 0 is affine and the fibers of U0 → U 0 have dimension ≤ 1, the spectral sequence
E2p,q = H q (U 0 , Rp π0∗ OU0 ) =⇒ H p+q (U0 , OU0 )
shows that H 2 (U0 , OU0 ) = 0. As discussed in the proof of (6.8), the obstruction to lifting
J0 to the Un lies in H 2 (U0 , OU0 ), and hence there exists a formal line bundle Jb on U which
is relatively ample over U ([14], 4.7.1). It follows from the Grothendieck existence theorem
b /B † . The map U
b → Spec(B † ) is
([14], III.5.1.4) that U is induced by a proper scheme U
an isomorphism outside of some closed subscheme Γ ⊂ Spec(B † ) whose reduction is settheoretically contained in the exceptional locus. It follows that Γ is finite over Â and hence
is induced by an isomorphic closed subscheme (which we denote by the same letter) Γ ⊂
Spec(B).
b → Spec(B † ) is projective and U
b has no embedded components lying over Γ (this
Since U
b is the blow-up of some sheaf of ideals J ⊂ B † ([14],
can be checked after reduction), U
III.2.3.7). Set I = (ideal of Γ) ∩ mB ⊂ B.
Lemma 6.16. Let BI† denote the I-adic completion of B. Then the natural map BI† → B † is
an isomorphism.
Proof. Let K denote the ideal of Γ, and consider the exact sequences
0 −−−→ mn B/I n −−−→ B/I n −−−→ B/mn B −−−→ 0.
Since Â is noetherian and mn B/I n is a B/K n -module, mn B/I n is a finitely generated Âmodule, and hence ∩r mr (mn B/I n ) = 0. Thus limn mn B/I n = 0 and BI† → B † is injective.
←−
For the surjectivity, suppose {fn } is a compatible sequence of elements in B/mn , and for
each n choose a lifting gn ∈ B/I n of fn . For each r ≥ 0, the image of gn+r+1 − gn+r in
B/I n is contained in mr (mn B/I n ). Since mn B/I n is finitely generated over Â it is m-adically
complete, and so we can define elements
X
rn :=
Im(gn+r+1 − gn+r ) ∈ mn B/I n .
r≥0

Letting gn∗ := gn + rn we obtain a compatible family {gn∗ } inducing {fn }.
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e be the henselization of the pair (B, I) ([15], 0.1). Then by ([15], page 574) there
Let B
e inducing J. Let U
e be the blow-up of Je so that U
e ⊗e B ' U
b . We can
exists an ideal Je ⊂ B
B
e to some étale neighborhood of V (I) in Spec(B). Since the problem of finding
now descend U
◦
◦
◦
e yields such an X.
X → X inducing X n was shown to be étale local on X, U
◦

The space X is étale locally of the form
Â[x, y, z]/(xy − t or xyz − t).

(6.16.1)

◦

Indeed it was shown in (6.14) that for every point p ∈ X 0 , there is an isomorphism
bX,p ' Â[[x, y, z]]/(xy − t or xyz − t).
O
◦

That X is étale locally of the form (6.16.1) then follows from the Artin approximation theorem
◦

and the properness of X/Â ([4], 2.6).
◦

Now by the representability of the functor IVLS in (2.5), X has a unique structure of a
special log smooth algebraic space X over Spec(Â). By ([14], III.5.1.4) Ω2X/Â ' OX , and the
family {λn } defines a map λ : Spec(Â) → Pic which defines a primitive polarization of degree
2k at every point of Spec(A) by the following proposition:
◦

Proposition 6.17. Let X → S be a special log K3 surface, and let λ ∈ Pic(S). Then
the condition that λ defines a primitive polarization of degree 2k is represented by an open
◦

subscheme of S.
The proof is in several steps (6.18)–(6.21).
◦

Note first that by the argument used in (6.4), we may assume that S is noetherian. Fur◦

thermore, by base changing to the irreducible components of S with their reduced structure,
◦

◦

we reduce the proof of (6.17) to the case when S is integral. Let p ∈ S be a point for which
the restriction of λ to the fiber Xp is a polarization of degree 2k.
Lemma 6.18. In some étale neighborhood of p there exists a line bundle L representing λ
and an integer N such that the following hold:
◦

◦

(i) The natural map f ∗ f∗ LN → LN is surjective, where f : X → S denotes the structure
morphism and f∗ LN is locally free.
(ii) The non-trivial fibers of the induced map
◦

(6.18.1)

f¯ : X −→ Proj(Sym• (f∗ LN ))
◦

consists of curves on X, and the scheme theoretic image X is flat over S.
◦

bS,p ). Indeed
Proof. First note that it suffices to verify the lemma in the case when S = Spec(O
◦
bS,p ) satisfying (i) and (ii). Then by the
suppose we construct a line bundle Lb over X ×S Spec(O
Artin approximation theorem ([4], 2.2), we can after replacing S by an étale neighborhood
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◦

b Then the support of the cokernel of the natural
of p find a line bundle L on X inducing L.
∗
N
N
map f f∗ L → L is a closed subset of S, and since f is proper its image under f is a
closed subset of S which does not contain p. Thus after shrinking S we can assume that
f ∗ f∗ LN → LN is surjective. Moreover, the condition that f∗ LN is locally free is an open
condition on S, and by assumption f∗ LN is locally free in a neighborhood of p. Hence after
shrinking S some more condition (i) holds. Similarly, the condition that the fibers of the
resulting map (6.18.1) have dimension ≤ 1 is an open condition on X by the following (6.19),
◦

◦

as is the condition that X is flat over S ([14], IV.11.1.1). Thus since X/S is proper we can
◦

after shrinking S some more ensure that (ii) holds.
Sub-Lemma 6.19. Let f : X → Y be a proper morphism between schemes of finite presentation over a scheme S/Q, and let r be an integer. Then the set of points y ∈ Y for which
dim(Xy ) ≤ r is an open set.
Proof. Since X and Y are of finite presentation over S, one reduces by a standard limit
argument to the case when S, and hence also X and Y , are of finite type over Q. Moreover,
by base changing to the irreducible components of Y with their reduced structure we may
assume that Y is integral. Let {Xi } be the irreducible components of X with their reduced
structure. For each i, let Ui ⊂ Y be the set of points y for which dim(Xi,y ) ≤ r. Then the
set of points y ∈ Y for which dim(Xy ) ≤ r is equal to ∩Ui , and hence it suffices to show that
each of the Ui are open. Thus we may also assume that X is integral. Let E be the set of
points x ∈ X for which there exists an irreducible component Z of Xf (x) containing x such
that dim(Z) ≥ r + 1. By ([24], II.3.22 (d)), the set E is closed. Since f is proper, f (Z) ⊂ Y
is a closed set, and hence its complement is open.

◦

Thus suppose S = Spec(Â) is the spectrum of a complete noetherian local ring Â and that
n+1
p is the closed point. Denote by Xn the reduction of X modulo mÂ
. After replacing Â by
an étale cover, we can by the definition of a polarization find a line bundle L0 representing λ
over X0 such that (i) and (ii) hold for the morphism X0 → Spec(κ(p)). Moreover, by (6.12)
¯
we may assume that H 1 (X0 , LN
0 ) = 0 and f∗ OX0 = OX 0 , where X 0 denotes the image of X0 .
In this case, we can by (6.8) find a family {Ln } on Xn inducing {λn } such that (i) and (ii)
also hold for Xn . By the Grothendieck existence theorem ([14], III.5.1.4), the family {Ln }
is induced by a line bundle L on X which induces λ. Now by ([14], III.4.2), H 0 (X, LN ) =
∗
N
N
0
N
lim H 0 (Xn , LN
n ), and hence the module H (X, L ) is flat over Â, and the map f f∗ L → L
←−
is surjective at every point in the closed fiber of X. Since f is proper, it follows that (i) holds
n+1
over S. Similarly, the reduction of X modulo mÂ
is isomorphic to X n , and hence by (6.19)
n
and the fact that each Xn is flat over Â/mÂ condition (ii) also holds.

Continuing with the proof of (6.17), we may now assume that we have a line bundle L on
X representing λ such that (6.18 (i)) and (6.18 (ii)) hold. In this case, for each geometric
◦

point s̄ → S, the number λ2 is simply the degree in projective space of the fiber X s̄ divided
by N 2 . Hence by ([24], III.9.10), this number is constant in families. Thus the following
completes the proof of (6.17):
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◦

Lemma 6.20. The set of points s ∈ S for which λs̄ is primitive is an open and closed subset
◦

of S.
Proof. It suffices to prove the following two statements:
(6.20.1) The set of points where λ is not primitive is an open set.
(6.20.2) The set of points where λ is primitive is stable under generization.
◦

To see (6.20.1), suppose that for some point p ∈ S there exists an element λ0 in the
0
group Pic(Spec(κ(p))) such that rλ0 = λ in H 1 (Xp̄ , Mgp
Xp̄ ). We claim that λ can be lifted to
bS,p )). Since Pic is an algebraic space, it suffices to show that λ0 can be extended to
Pic(Spec(O
an object λ̂0 in lim Pic(Spec(OSn )), where OSn denotes the reduction of OS,p modulo mn+1
S,p , and
←−
0
0
for this it suffices to show that if λn−1 ∈ Pic(Spec(OSn−1 )) is a lifting of λ , then there exists
a lifting λ0n ∈ Pic(Spec(OSn )) of λ0n−1 . This follows from the discussion of the obstruction
theory (6.7) which shows that the obstruction to lifting λ0n−1 to Sn is a class
o0 ∈ H 2 (Xp , mS,p /mn+1
S,p ⊗ OXp ),
and that ro0 is the obstruction to lifting the reduction of λ modulo mnS,p . Since λ lifts and we
are in characteristic 0, it follows that o0 = 0.
bS,p )
Note also that by (6.8), we can assume that we have a line bundle Lb on X ×S Spec(O
0
inducing λ̂ . By the Artin approximation theorem ([4], 2.2), we can extend Lb to a line bundle
L in some étale neighborhood of p. Then λ and Lr define two maps S → Pic which induce
bS,p ) → Pic. Hence after replacing S by another étale neighborhood
the same map Spec(O
we find that λ and Lr define the same map to Pic, and hence the condition that λ is not
primitive is an open condition.
As for (6.20.2), it suffices to show that if Â is a complete local integral domain with a
log structure MÂ and (X, λ) is a special polarized K3 surface over (Spec(Â), MÂ ), then the
restriction λζ of λ to the generic fiber is primitive if the restriction λ0 of λ to the closed fiber
is primitive. After possibly replacing Â by an extension, we can assume that we have a chart
N → MÂ and that κ(p) is algebraically closed. Let s : κ[[t]] → Â be the map induced by the
chart. Consider the functor D on artinian local κ[[t]] algebras with residue field κ which to
any
sB : κ[[t]] −−−→ B −−−→ κ
associates the isomorphism classes of liftings of (X0 , λ0 ) to (Spec(B), MB ), where (X0 , λ0 )
denotes the reduction of (X, λ) and MB is the log structure induced by the map sB . It
follows from the discussion following (6.11) that D is pro-representable and formally smooth.
Hence D is pro-represented by an algebra of the form κ[[t]][[q1 , . . . , qh ]]. Moreover, as shown
b λ̂) over κ[[t]][[q1 , . . . , qh ]], and by the full
above there exists an effective universal object (X,
faithfulness already shown (note that the proof that (6.11.1) is fully faithful did not use
b λ̂) via the map
the primitivity of λ) the pair (X, λ) is obtained by base change from (X,
κ[[t]][[q1 , . . . , qh ]] → Â induced by the reductions of (X, λ). Thus it suffices to consider the
b λ̂). Now the condition that a polarization
case when Â = κ[[t]][[q1 , . . . , qh ]] and (X, λ) = (X,
on a smooth (in the usual sense) K3 surface is primitive is well known to be an open and
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closed condition. Hence it suffices to show that the restriction of λ to some smooth fiber is
primitive. Considering the map
κ[[t]][[q1 , . . . , qh ]] −→ κ[[t]], qi 7→ 0
we are thus reduced to the following sub-lemma.



Sub-Lemma 6.21. Let Mκ[[t]] be the log structure on Spec(κ[[t]]) induced by t, and let
X/(Spec(κ[[t]]), Mκ[[t]] ) be a special log K3 surface. Then the natural map
H 1 (X, Mgp
X ) −→ Pic(Xκ((t)) )
is bijective.
Proof. Since X is regular, Pic(Xκ((t)) ) is the quotient of Pic(X) by the subgroup generated
by divisors with support in the closed fiber of X. This is by (3.2) precisely H 1 (X, Mgp
X ). 
6.22. Local quasi-separation condition (B.12 (iii)).
Let A0 be as in (B.12 (iii)), and let (X, λ) be a polarized log K3 surface over Spec(A0 ).
Suppose given an automorphism σ of (X, λ) which induces the identity over a dense set of
points A0 → κ. Consider the open subspace U = X − Γ−1
σ (∆X0 ) ⊂ X0 , where Γσ denotes the
◦

graph of σ. Then since X is flat over Spec(A0 ) the image of U in Spec(A0 ) is an open set
whose complement contains a dense set of points. Hence U is the empty set which implies
◦

that σ induces the identity on the underlying space X. Thus σ is just an automorphism
of MX over MA0 . By (2.9), σ must equal the identity. This completes the proof of the
statement that M2k is an algebraic stack.
6.23. M2k admits an étale cover.
By ([32], 8.1), it suffices to show that the objects of M2k admit no infinitesimal automorphisms. Now suppose A → A0 is a surjective morphism with square-zero kernel and
(MA , X, λ) is an object of M2k over Spec(A). If σ is an automorphism of (MA , X, λ), then it
follows from (2.9) that the automorphism of the underlying space of X must be non-trivial.
Thus the claim follows from ([18], 3.5) which shows that the underlying space of a stable log
K3 surface admits no infinitesimal automorphism.
6.24. M2k is smooth and M2k − Msm
2k is a smooth divisor with normal crossings.
By ([39], 5.14), the open substack of Log classifying log structures M which étale locally
admit a chart N → M is isomorphic to [A1 /Gm ] which is smooth over Spec(Z). By (6.7),
M2k is smooth over [A1 /Gm ]Q , and hence is smooth over Q. Moreover, M2k − Msm
2k is equal to
the inverse image of the smooth divisor BGm ⊂ [A1 /Gm ] corresponding to the origin 0 ∈ A1 ,
and hence is a smooth divisor.
7. Log K3 surfaces with level structure
7.1. In this section it will be most useful to view M2k with its natural log structure MM2k
as a stack over the category F Log of fine log schemes over Q. As remarked in (6.3), the
stack (M2k , MM2k ) can be viewed as the stack which to any fine log scheme T associates the
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groupoid of pairs (X, λ), where f : X → T is a log K3 surface and λ is a primitive polarization
of degree 2k.
To any such (X, λ) and integer n, we obtain a sheaf R2 f∗ (Z/nZ) on the log étale site of
T (see ([37]) for the definition of the log étale site). This sheaf is locally constant and its
formation is compatible with arbitrary base change by ([36], 4.3) and ([37], 5.1). In particular,
the sheaf R2 f∗ (Z/nZ) is obtained by pullback from a universal sheaf Λlog
n on the log étale site
comes
with
additional
structure. Indeed it
(M2k , MM2k )log-et of (M2k , MM2k ). The sheaf Λlog
n
follows from ([36], 2.2) that the adjunction map
∗ log
Λlog
n −→ Rj∗ j Λn

is an isomorphism, where j : Msm
2k,et → (M2k , MM2k )log-et denotes the natural morphism of
log
∗ log
topoi. The fact that Λn ' j∗ j Λn implies that the sheaf
Isom(Λ ⊗ Z/nZ, Λlog
n )
of isomorphisms between Λlog
n and the constant sheaf Λ ⊗ Z/nZ is also locally constant and
isomorphic to
j∗ Isom(Λ ⊗ Z/nZ|Msm
, j ∗ Λlog
n ).
2k
Q
b ' Q0 Z` .
7.2. Let Af := 0` Q` be the ring of finite adeles, and let OAf ⊂ Af be the subring Z
`
For any smooth (in the usual sense) polarized K3 surface (X, λ) over an algebraically closed
field κ, we get an Af -module H 2 (X, Af ) by taking the restricted direct product over the l-adic
cohomology groups of X. H 2 (X, Af ) comes with the additional structure of an OAf -lattice
H 2 (X, OAf ) and an inner product (see for example the discussion in ([12], p. 18)).
Let Λ be the lattice with inner product defined in the introduction and let h ∈ Λ be a fixed
vector with h2 = 2k.
Definition 7.3. A full level-n-structure on (X, λ) is an isomorphism
η : Λ/nΛ ' H 2 (Xet , Z/nZ)
for which there exists a lifting η̃ : Λ ⊗ OAf ' H 2 (X, OAf ) of η which preserves inner products
and maps h to the class of λ. If T is a scheme and (f : X → T, λ) is a polarized K3 surface
over T , then a full level-n-structure on (X, λ) is an isomorphism ι between the constant sheaf
Λ/nΛ and the sheaf R2 f∗ (Z/nZ) which defines a full level-n-structure at each geometric point
of T .
Lemma 7.4. Let T be a Q-scheme and let (f : X → T, λ) be a polarized K3 surface over
T . For any isomorphism ι : Λ/nΛ → R2 f∗ (Z/nZ), the condition that ι defines a full level-nstructure is an open and closed condition on T .
Proof. The assertion is local on T so we may assume that T = Spec(R) for some ring R.
Write R = lim Ri as a filtering inductive limit of rings of finite type over Q, and note that
−→
since Msm
2k is limit preserving by (6.4), we can by ([7], IX.2.7.4) find an approximation for
the data (X, λ, ι) over some Ri . Thus we are reduced to the case when T is locally of finite
type over Q. By base changing to C we see that it suffices to consider the case when T is
a C-scheme of finite type, and in this case it suffices to show that the set of points where
ι defines a full level-n-structure is open and closed in the analytic topology. Now in this
case the assertion that ι defines a full level-n-structure at a point t ∈ T (C) amounts to the
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statement that there exists a lifting ι̃ : Λ ⊗ OAf → (R2 f∗an Z)t ⊗ OAf compatible with the
inner products and the polarizations. This is evidently an open and closed condition since
R2 f∗an Z is a locally constant sheaf.

7.5. Define
Isom∗ (Λ/nΛ|Msm
, j ∗ Λlog
, j ∗ Λlog
n ) ⊂ Isom(Λ/nΛ|Msm
n )
2k
2k
to be the subsheaf of isomorphisms ι which define full level-n-structures. It is a locally
constant sheaf by (7.4). Therefore, the sheaf
∗
log
Isom∗ (Λ/nΛ, Λlog
n ) := j∗ Isom (Λ/nΛ, Λn )

is a locally constant subsheaf of Isom(Λ/nΛ, Λlog
n ).
Denote by AutZ (Λ/nΛ) the group of automorphisms of Λ/nΛ which can be lifted to automorphisms Λ ' Λ preserving the lattices, h, and pairings, and let
H ⊂ AutZ (Λ/nΛ)
be a subgroup.
Definition 7.6. Let T be a log scheme and (f : X → T, λ) a polarized log K3 surface over
T . An H-level structure on (X, λ) is an element of
H 0 (Tlog-et , H\Isom∗Tlog-et (Λ/nΛ, R2 f∗ (Z/nZ))).
Remark 7.7. Here Isom∗Tlog-et (Λ/nΛ, R2 f∗ (Z/nZ)) denotes the sheaf Isom∗ (Λ/nΛ, Λlog
n ) pulled
back to the log étale site Tlog-et of T via the map T → (M2k , MM2k ) defined by (X, λ) (or
equivalent the sheaf of full level-n-structures on (X, λ)). H acts on this sheaf via its action
on Λ/nΛ.
Consider the fibered category F over F Log which to any T associates the groupoid of
triples (f : X → T, λ, ι), where (X, λ) is an object of (M2k , MM2k )(T ) and ι is an H-level
structure on (X, λ).
Theorem 7.8. The fibered category F is equivalent to that defined by a smooth DeligneMumford stack M2k,H with a fine log structure MM2k,H . Moreover the natural map
(M2k,H , MM2k,H ) −→ (M2k , MM2k )
is representable, finite, and log étale of Kummer type (see ([37], 2.1.2) for the definition of
Kummer type). If Msm
2k,H ⊂ M2k,H denotes the substack classifying triples (f : X → T, λ, ι)
◦

◦

◦

with f : X → T smooth, then M2k,H − Msm
2k,H is a smooth divisor.
Proof. The stack F “is” the sheaf H\Isom∗ (Λ/nΛ, Λlog
n ) on the big log étale site of (M2k , MM2k ).
This is a locally constant sheaf, and hence is representable by a relative log scheme, log étale
and of Kummer type over (M2k , MM2k ) by a result of I. Vidal ([45], I.1.2.3). This and the
following lemma proves the theorem.

Lemma 7.9. Let X be a log scheme smooth over (Spec(κ), Oκ∗ ) for some field κ. Assume that
MX étale locally admits a chart N → MX . Then for any Kummer-étale morphism Y → X
◦

the underlying scheme Y is smooth over κ, the locus of points y ∈ Y where MY,ȳ 6= 0 is a
smooth divisor, and MY admits étale locally a chart N → MY .
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Proof. By the same reasoning as in (6.24), it suffices to prove the last statement. For any
gp
geometric point ȳ → Y , the group MY,ȳ is by the definition of Kummer type isomorphic to
Z. Since MY,ȳ is saturated, it follows that MY,ȳ is isomorphic to N. Thus we can find a map
N → MY,ȳ such that the induced map N → MY,ȳ is an isomorphism. By ([28], 2.10) this
map extends to a chart in some étale neighborhood of ȳ.

7.10. Let Γ ⊂ Γ2k be the inverse image of H in Aut(Λ), and let M2k,H,C denote the base
sm
change to C of M2k,H . Consider the substack Msm
2k,Γ,C ⊂ M2k,H,C (notation explained below)
whose objects over some C-scheme T consists of triples (f : X → T, λ, ι) defining an object
of Msm
2k,H,C (T ) such that for each point t ∈ T (C) the element
ιt ∈ H\Isom∗ (Λ/nΛ, H 2 (Xt , Z/nZ))
can be lifted to an isomorphism Λ ' H 2 (Xtan , Z) compatible with the polarizations and
pairings. It is straightforward to verify that this is an open and closed condition so that
sm
Msm
2k,Γ,C is an open and closed substack of M2k,H,C .
sm
7.11. The justification for the notation Msm
2k,Γ,C is as follows. To define M2k,Γ,C it suffices to
restrict M2k,H,C to the category of smooth C-schemes, since the stack M2k,H,C is smooth. Now
if f : X → T is a smooth polarized K3 surface over a smooth scheme T , then to give X/T the
structure of an object of Msm
2k,Γ,C is equivalent to giving a Γ-equivalence class of isomorphisms
between the constant sheaf Λ and R2 f∗ (Z) compatible with the polarizations and cup-product
on the analytic space T an . It follows that there is a natural map of Deligne-Mumford stacks
(see the introduction for the definition of D2k )

(7.11.1)

Msm
2k,Γ,C −→ Γ\D2k

such that the diagram
(7.11.2)

Msm
2k,Γ,C −−−→ Γ\D2k




y
y
p

M2k,C −−−→ Γ2k \D2k
is cartesian. In particular, the map (7.11.1) is étale, surjective, and generically an isomorphism
since this is true of p.
7.12. Let Aut∗ (Λ/nΛ) denote the group of isomorphisms which can be lifted to isomorphisms
Λ ⊗ OAf ' Λ ⊗ OAf preserving the polarizations and pairings, and note that there is a natural
inclusion
AutZ (Λ/nΛ) ,→ Aut∗ (Λ/nΛ).
∗
The natural action of Aut∗ (Λ/nΛ) on Isom∗ (Λ/nΛ, j ∗ Λlog
n ) induces an action of Aut (Λ/nΛ)
∗
on M2k,H,C . For g ∈ Aut (Λ/nΛ), we will denote this action by (X, λ, ι) 7→ (X, λ, ιg ).
Then if g1 , . . . , gr ∈ Aut∗ (Λ/nΛ) denote left coset representatives for Aut∗ (Λ/nΛ) modulo
AutZ (Λ/nΛ), we get an isomorphism
a a
a
sm
g1
···
gr :
Msm
2k,Γ,C −→ M2k,H,C .
gi

This map extends in a natural way to an isomorphism
a a
a
g1
···
gr :
M2k,Γ,C −→ M2k,H,C ,
gi
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where M2k,Γ,C denotes the closure of Msm
2k,Γ,C in M2k,H,C .
7.13. This observation enables us to define a model M2k,Γ for M2k,Γ,C over a canonically
defined number field EΓ . To do so, let Q denote the algebraic closure of Q in C (so fix an
embedding Q ,→ C), and observe that the connected components of M2k,H,Q are in bijection
with the connected components of M2k,H,C , so at least we get a model
M2k,Γ,Q ,→ M2k,H,Q
for M2k,Γ,C . Let IΓ ⊂ Gal(Q/Q) be the subgroup of elements which map M2k,Γ,Q to itself
under the natural action of Gal(Q/Q). Then EΓ is the fixed field of IΓ and M2k,Γ is the stack
over EΓ obtained by descent. There is a natural closed and open immersion
M2k,Γ ,→ M2k,H,EΓ .
The connected components of M2k,Γ may still not be geometrically connected. For this
we introduce another field extension FΓ /EΓ . Let J ⊂ Gal(Q/EΓ ) be the subgroup of elements which preserve the decomposition of M2k,Γ,Q into connected components, and let FΓ
be the fixed field of J. Then the connected components of M2k,Γ,FΓ are all geometrically
connected. This also implies that the irreducible components of the boundary of M2k,Γ,FΓ are
geometrically irreducible (exercise left to the reader).
Note that by construction the fields EΓ and FΓ come with specified embeddings into C.
Also the degree [FΓ : EΓ ] is either 1 or 2. This follows from the fact that D2k has two
connected components ([16], 0.9), and hence Γ\D2k has 1 or 2 connected components. Since
sm
the natural map Msm
2k,Γ,C → Γ\D2k is generically an isomorphism it follows that M2k,Γ,C has
either 1 or 2 components.
7.14. Now suppose D ⊂ M2k,Γ,FΓ is a connected (and hence irreducible) component of the
boundary. We will associated to D a Γ-equivalence class of nilpotent endomorphisms N :
Λ → Λ. Since D remains connected and irreducible after base change via the map FΓ ,→ C,
it suffices to associate such data to the base change DC .
Suppose (X, λ, ι) is a collection of data corresponding to a point in DC (C). By (7.8), we
can find a log smooth deformation (X̃, λ̃, ι̃) of this data to a family over the disk ∆ with log
structure M∆ defined by the function x ∈ C{{x}}. Then for any point t ∈ ∆∗ := ∆ − {0} we
obtain an automorphism T of H 2 (X̃t , Z) by considering the path on ∆ “turning once around
0 counter-clockwise”. It is known that T is a unipotent endomorphism and that its logarithm
N is an integral matrix ([20], 0.5). Now we are given a specified class
et , Z)),
ηt ∈ Γ\Isom(Λ, H 2 (X
et , Z) we obtain a nilpotent
and if we choose a representative isomorphism η̃t : Λ ' H 2 (X
endomorphism of Λ. If [N ] denotes class of this endomorphism in the set of Γ-equivalence
classes of endomorphisms of Λ, then [N ] is independent of the choice of η̃t .
Lemma 7.15. The class [N ] is an invariant of the divisor DC .
Proof. To prove this we may work locally in the analytic topology on M2k,Γ,C . Now locally this
space is isomorphic to ∆r × ∆, where r is some integer, and DC is the divisor ∆r × {0}. Let
M∆r ×∆ be the log structure defined by the divisor DC . If g : (∆, M∆ ) → (∆r × ∆, M∆r ×∆ )
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is any strict map and t ∈ ∆∗ is a point, then the strictness implies that the induced map on
fundamental groups
π1 (∆∗ , t) −→ π1 (∆r × ∆∗ , g(t))
is an isomorphism. Hence for any local system V on ∆r × ∆∗ , the automorphism of Vg(t)
obtained from the composite
g∗

Z ' π1 (∆∗ , t) −−−→ π1 (∆r × ∆∗ , g(t)) −−−→ Aut(Vg(t) )
is independent of the choice of g. From this the lemma follows.



Definition 7.16. Let Σ = {[N1 ], . . . , [Nr ]} be a set of Γ-equivalence classes of endomorphisms
of Λ. Define M2k,Γ,Σ ⊂ M2k,Γ,FΓ to be the open substack consisting of Msm
2k,Γ,FΓ together with
the components D of the boundary whose associated Γ-equivalence class of endomorphisms
of Λ lies in Σ.
8. Minimal and Toroidal compactifications
Throughout this section we will work with a fixed neat arithmetic subgroup Γ of Γ2k , and
leave it for the reader to make the necessary modifications in the case when Γ is not neat.
8.1. We begin with a discussion of the minimal compactification (sometimes also referred to
the Satake or Baily-Borel compactification) of Γ\D2k ([9]). On the analytic space D2k , we
have the universal filtration on Λ ⊗ OD2k which in our situation is just a line ` ⊂ Λ ⊗C OD2k ,
and the action of Γ on D2k extends (tautologically) to an action on these bundles. We denote
by ω the bundle on Γ\D2k descended from `. By ([9], 10.14), ω is an algebraic bundle. Define
a graded algebra A by
A := ⊕l≥0 H 0 (Γ\D2k , ω ⊗l ),
(here we mean algebraic sections, but in fact one can also work analytically by Koecher’s
principle ([9], 10.14)).
Theorem 8.2 ([9], 10.11). The C-algebra A is finitely generated, and (Γ\D2k )∗ := Proj(A) is
a projective variety. Moreover, there is a natural inclusion (Γ\D2k ) ,→ (Γ\D2k )∗ identifying
Γ\D2k with a dense open sub-scheme.
Now let
π : Msm
2k,Γ,C −→ Γ\D2k
denote the period map (7.11.2), and notice that
π ∗ ω ' R0 f∗ Ω2X sm /Msm
,
2k,Γ,C
where X sm denotes the universal polarized K3 surface.
Proposition 8.3. For all l ≥ 0, the map
∗ ⊗l
H 0 (Γ\D2k , ω ⊗l ) −→ H 0 (Msm
2k,Γ,C , π ω )

is an isomorphism.
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Proof. The map is injective since π is generically an isomorphism. Thus we have to show that
it is surjective.
∗ ⊗l
Suppose we are given a global section η ∈ Γ(Msm
2k,Γ,C , π ω ). We can think of η as a
rule which to any K3 surface f : X → T over some scheme T associates a global section
ηX ∈ Γ(T, (f∗ Ω2X/T )⊗l ) such that the association X 7→ ηX is functorial. By this we mean
that if f 0 : X 0 → T is a second polarized K3 surface with level structure, then for any
isomorphism σ : X → X 0 compatible with the polarizations and level structure, σ ∗ (ηX 0 ) =
ηX ∈ Γ(T, (f∗ Ω2X/T )⊗l ). On the other hand, to give an element in H 0 (Γ\D2k , ω ⊗l ) is by the
Torelli theorem and the modular interpretation given in Γ\D2k equivalent to giving for each
such K3 surface f : X → T a global section of (f∗ Ω2X/T )⊗l which is not only compatible with
isomorphisms of K3 surfaces but also with any isomorphism of the associated variations of
Hodge structure. More precisely, if f 0 : X 0 → T is a second polarized K3 surface as above,
and
σ : (R2 f∗ Z, f∗ Ω2X/T , λX , ιX ) → (R2 f∗0 Z, f∗0 Ω2X 0 /T , λX 0 , ιX 0 )
is an isomorphism of variations of Hodge structure compatible with all the additional struc∗ ⊗l
ture, then σ(ηX ) = ηX 0 . Now to verify that any η ∈ H 0 (Msm
2k,Γ,C , π ω ) has this stronger
property, we may assume that X → T and X 0 → T are suitably versal families. In this case
the result is clear, because we know that there exists a dense open set U ⊂ T over which σ is
induced by an actual isomorphism of polarized K3 surfaces with additional structure, by the
Torelli theorem ([16], 1.2).


If f : X → M2k,Γ,C denotes the universal log K3 surface with polarization, and if Ω1X /M2k,Γ,C
denotes the sheaf of log differential forms on X /M2k,Γ,C , then we obtain the following:
Corollary 8.4. The natural map
∗ ⊗l
H 0 (M2k,Γ,C , (f∗ Ω2X /M2k,Γ,C )⊗l ) −→ H 0 (Msm
2k,Γ,C , π ω )

is an isomorphism, and for l sufficiently big (f∗ Ω2X /M2k,Γ,C )⊗l is generated by global sections.
Proof. Since M2k,Γ,C is smooth and Msm
2k,Γ,C is a dense open subset of M2k,Γ,C , the map is
injective. Thus it suffices to show that every section of π ∗ ω ⊗l has at most logarithmic poles
along the boundary. This assertion is local on M2k,Γ,C , and we may even work locally in the
analytic topology. Thus it suffices to consider the situation arising from a family over ∆r × ∆
whose restriction to ∆r × ∆∗ is smooth. We may also assume that the map ∆r × ∆∗ → Γ\D2k
is a local isomorphism. In this case it follows from ([8], p. 279) that the period map can be
extended to a map from ∆r × ∆ to one of Mumfords toroidal compactifications. This implies
that the map is surjective, for it is known that any section of H 0 (Γ\D2k , ω ⊗l ) extends to a
section over any of the toroidal compactifications by ([9], 10.14) and ([8], p. 254).
The same argument yields the second assertion. For it follows from the construction of the
minimal compactification that for some integer l the sheaf ω ⊗l extends to all of (Γ\D2k )∗ and
is generated by global sections. Since all the toroidal compactifications map to the minimal
compactification the above argument yields the result.

Corollary 8.5. The period map Msm
2k,Γ,C → Γ\D2k extends naturally to a map
π : M2k,Γ,C −→ (Γ\D2k )∗ .
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8.6. Next we turn our attention to the toroidal compactifications of Mumford et. al. ([8]).
Recall that a toroidal compactification of Γ\D2k depends on the choice of a so-called “Γadmissible collection of fans” ∆ = (∆F ); one for each “rational boundary component” ([8],
III.3.5). Each ∆F is a fan in a certain unipotent subgroup U F of the group of automorphisms
of Λ ⊗ R compatible with the inner product and the polarization, and the fans satisfy certain
compatibilities. Here U F is given the structure of a vector space by identifying U F with its
Lie algebra using the logarithm map. For any one-dimensional cone σ in some ∆F we obtain
a cone in U F which we always assume to be integral. That is, viewing U F as a subspace of
End(ΛR ), we assume that σ ∩ End(Λ) is non-zero and generated by a single element Nσ . Thus
to any ∆ we associate a set of Γ-equivalence class of endomorphisms of Λ. We denote this
collection by Σ(∆), or just Σ if no confusion is likely to arise.
We will always in this paper assume that ∆ is “smooth” so that the associated toroidal
compactification (Γ\D2k ) is a smooth algebraic space with boundary a divisor with normal
crossings ([8], p. 293). The divisors of the boundary are in natural bijection with the Γequivalence classes of one-dimensional cones σ in the ∆F .
Let us fix a Γ-admissible collection of fans ∆ and let (Γ\D2k ) denote the associated toroidal
compactification. There is a natural map
(8.6.1)

pr : (Γ\D2k ) −→ (Γ\D2k )∗

to the minimal compactification ([8], p. 254). We will assume that ∆ is a so-called “smooth
projective” collection of fans ([8], p. 310). In this case, (Γ\D2k ) is a smooth algebraic variety,
and the map (8.6.1) can be constructed as follows ([8], chapter IV). This construction depends
on the choice of a so-called polarizing function which determines an invertible sheaf of ideals
I on (Γ\D2k ) ([8], p. 312). This ideal I has support on the boundary of (Γ\D2k ), and is
determined by its order of vanishing l[σ] on each divisor on the boundary corresponding to
a Γ-equivalence class [σ] of one-dimensional cones in ∆. Let J = pr∗ I. Then (Γ\D2k ) is
obtained from (Γ\D2k )∗ by blowing up the ideal J and normalizing. The main point of this
section is that the ideal J may be constructed using the stack M2k,Γ,Σ instead of (Γ\D2k ),
and that J will be defined over the field FΓ .
P
In fact, define IM to be the sheaf of ideals on M2k,Γ,Σ associated to the divisor σ l[σ] D[σ] ,
where D[σ] denotes the divisor on the boundary of M2k,Γ,Σ corresponding to the class [σ].
Proposition 8.7. Over C, J ' π∗ IM , and π ∗ π∗ IM = IM .
Proof. By ([20], 6.2) and ([16], 3.8) there exists locally in the analytic topology a factorization
of the map M2k,Γ,Σ ⊗ C → (Γ\D2k )∗ through an étale map to (Γ\D2k ). From this it follows
that there exists a morphism in the analytic category M2k,Γ,Σ ⊗ C → (Γ\D2k ) (which we
will see below is in fact algebraic) covering the maps to (Γ\D2k )∗ . By ([44], theorem 2)
the image of this map meets every irreducible component of the boundary. Thus a function
f ∈ O(Γ\D2k )∗ vanishes with the correct multiplicity along each component of the boundary
if and only if f is in pr∗ I = J. From this it follows that π∗ IM = J. The same argument
combined with the fact that pr∗ pr∗ I = I ([8], IV proposition 5) implies that π ∗ π∗ IM = IM . 
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By the universal property of blowing up and normalization we obtain a map
π̃ : M2k,Γ,Σ ⊗ C −→ (Γ\D2k ).
This map is étale, for this can be verified locally in the analytic topology in which case the
result follows from ([16], 4.2.4) and ([20], 3.8 and 6.2).
Proposition 8.8. (i) M2k,Γ,Σ ⊗ C is an algebraic space with separated diagonal, and π̃ is
quasi-finite.
(ii) If V ⊂ (Γ\D2k ) denotes the image of π̃, then (Γ\D2k ) − V has codimension ≥ 2, and the
map M2k,Γ,Σ ⊗ C → V induced by π̃ is quasi-finite and universal for maps from M2k,Γ,Σ, ⊗ C
to separated algebraic spaces.
Proof. Statement (i) follows from the following three lemmas.
Lemma 8.9. The diagonal ∆ : M2k → M2k × M2k satisfies the valuative criterion for separatedness.
Proof. This is equivalent to saying that if A is an integral domain with a log structure MA and
(X, MX )/(A, MA ) is a special log K3 surface, then any automorphism σ of the corresponding
A-valued point of M2k which is generically the identity is in fact equal to the identity. This
is an étale local issue on Spec(A) so we may assume we have a chart N → A, 1 7→ t, for MA .
The automorphism σ induces an automorphism of MA which is the same as giving a unit
u ∈ A∗ such that ut = t. Since A is an integral domain, u = 1. The lemma now follows from
the argument given in (6.22).

Lemma 8.10. Let X be a Deligne-Mumford stack which admits an étale morphism f : X → Y
to an algebraic space Y . Then the automorphism space Aut(x) of any object x ∈ X is smooth.
In particular, if f is generically an isomorphism and if the diagonal of X satisfies the valuative
criterion for separatedness, then X is an algebraic space.
bX,x be the comProof. Let κ be an algebraically closed field, x ∈ X(κ) an object, and let O
bX,x ) denotes the tautological object, then we
pletion of the local ring of X at x. If x̂ ∈ X(O
show that every automorphism of x can be lifted to an automorphism of x̂.
bX,x can also be viewed as the ring pro-representing the functor of deformations
The ring O
of x. Let σ0 : x̂|κ ' x denote the specified isomorphism. If α is an automorphism of x,
b together with the
then we obtain a formal deformation x̂0 by considering the object x̂ over O
isomorphism α ◦ σ0 : x̂|κ ' x. By the universal property there exists a unique isomorphism
b→O
b and an isomorphism α̂ : ι∗ x̂ ' x̂ inducing α. On the other hand, since the map
ι:O
b is isomorphic to O
bY,f (x) . The above construction of the action
f : X → Y is étale, the ring O
b is functorial and so the induced action on O
bY,f (x) is just the action of
of Aut(x)(κ) on O
b is trivial, and the automorphism α
Aut(f (x))(κ) = {id}. Thus the action of Aut(x)(κ) on O
can be lifted to an automorphism of x̂. This implies that Aut(x) is smooth.
Now suppose the diagonal of X satisfies the valuative criterion for separatedness and that
f is generically an isomorphism. Since the Aut-spaces are smooth, to verify that they are
all trivial we may base change to Yred and hence can assume that X and Y are reduced.
Moreover, it suffices to show that any automorphism σ of an object x ∈ X over a separably
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closed field κ is trivial. Since κ is separably closed, there exists an étale morphism u : U → X
and a lifting x̃ : Spec(κ) → U of x. Since Aut(u) is smooth, we can after replacing U by an
étale neighborhood of x̃ lift the automorphism σ to an automorphism σ̃ of u. We claim that
σ̃ is trivial. To verify this we may base change to the irreducible components of U and hence
may assume that U is integral. Since σ̃ is generically trivial by assumption it follows from
the fact that Aut(u) satisfies the valuative criterion for separatedness that σ̃ is trivial.

Lemma 8.11. The map π̃ is quasi-finite.
Proof. It suffices to consider the fibers of π̃ over points P = Spec(C) → (Γ\D2k ) on the
boundary. Suppose (Xi , λi , ιi ) (i = 1, 2) are two points of M2k,Γ,Σ in the fiber over P .
Choose a representative line bundle L1 of λ1 such LN
1 is generated by global sections and
◦

defines a map X 1 → X ⊂ Pr contracting finitely many curves to points.
Choose a map Spec(C[[t]]) → (Γ\D2k ) mapping the closed point to P and the generic point
to a point of Γ\D2k in the open set over which π̃ is an isomorphism. Since π̃ is étale, we
can lift this map to two maps ρi : Spec(C[[t]]) → M2k,Γ,Σ ⊗ C corresponding to deformations
(X̃i , λ̃i , ι̃i ) ∈ M2k,Γ,Σ ⊗ C of (Xi , λi , ιi ) which are generically isomorphic. Moreover, by (6.8),
we can find a representative Le1 of λ̃1 lifting L1 such that LeN
1 is generated by global sections
r
and defines a birational map X̃1 → Y ⊂ PSpec(C[[t]]) which in each fiber contracts only finitely
many curves. Let g : X̃1 99K X̃2 by the birational map obtained from the fact that the
the two points ρi (C((t))) are equal. By the proof of ([44], 3.1), the map g is a composite
of elementary modifications ([19], 12–14) along curves in the closed fiber contracted by LN
1 .
Moreover, by (6.21) the polarization λ2 is that induced by the strict transform of λ1 , and
ι2 is the level structure induced by ι1 since they agree on the generic fiber. Now since LN
1
contracts only finitely many curves forming configurations as in (5.16), the set of possible
birational modifications of X1 which one can make using these curves is a finite set.

To see (ii), consider the closed subspace
M2k,Γ,Σ ⊗ C ×V M2k,Γ,Σ ⊗ C ⊂ M2k,Γ,Σ ⊗ C × M2k,Γ,Σ ⊗ C.
It is the étale equivalence relation on M2k,Γ,Σ ⊗C which defines V . On the other hand, the fact
that π̃ is generically an isomorphism implies that M2k,Γ,Σ ⊗ C ×V M2k,Γ,Σ ⊗ C is equal to the
closure ∆ of the diagonal ∆ of M2k,Γ,Σ ⊗ C. Now if M2k,Γ,Σ ⊗ C → T is any map to a separated
algebraic space, the inverse image of the diagonal ∆T of T in M2k,Γ,Σ ⊗ C × M2k,Γ,Σ ⊗ C is
closed, and hence the map
M2k,Γ,Σ ⊗ C ×V M2k,Γ,Σ ⊗ C −→ T × T
factors through ∆T . From this it follows that M2k,Γ,Σ ⊗ C → T factors through V .



Since IM is defined over FΓ , the ideal J is also defined over FΓ and we obtain the following:
Corollary 8.12. Define (Γ\D2k )FΓ to be the normalization of the blow-up of J := π∗ IM
on (Γ\D2k )∗ (over FΓ ). Then all the assertions of (8.8) are valid over FΓ when we replace
(Γ\D2k ) by (Γ\D2k )FΓ and M2k,Γ,Σ ⊗ C by M2k,Γ,Σ in the statements.
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8.13. Finally we remark that the various naturally occuring sheaves on M2k,Γ,Σ descend to
(Γ\D2k )FΓ . More precisely, let f : X → M2k,Γ,Σ be the universal log K3 surface. Denote by
(R2 f∗ Ω·X /M2k,Γ,Σ , ∇) the relative logarithmic de Rham-cohomology of X , and let F • be the
Hodge filtration on R2 f∗ Ω·X /M2k,Γ,Σ .
Proposition 8.14. The triple (R2 f∗ Ω·X /M2k,Γ,Σ , ∇, F • ) is obtained by pullback from a unique
triple (H, ∇, F • ) over (Γ\D2k )FΓ .
Proof. Let us first consider the situation over C. On Γ\D2k we have a tautological module
with integrable connection (H, ∇). (H, ∇) has unipotent monodromy along the divisor at
infinity since this can be verified on M2k,Γ,Σ . Thus there is a unique extension of (H, ∇) to a
module with logarithmic connection on (Γ\D2k ) (the canonical extension in the sense of ([11],
p. 92)). By the uniqueness of the extension this pair (H, ∇) bulls back to (R2 f∗ Ω·X/M2k,Γ,Σ , ∇)
on M2k,Γ,Σ ⊗ C. The canonical global section η ∈ H over Γ\D2k extends to a global section
over (Γ\D2k ) since this can be verified on an étale cover of an open set U ⊂ (Γ\D2k ) whose
complement has codimension ≥ 2 (in our case M2k,Γ,Σ ⊗ C). By the same reasoning, the
cup-product pairing on H over Γ\D2k can be extended to a pairing on H over all of (Γ\D2k ).
Now once we have the cup-product pairing on H, to give the Hodge filtration on H it suffices
to give the line F 2 since F 1 is the dual of F 2 . Since we have such a universal line over the
minimal compactification we obtain an invertible sheaf over (Γ\D2k ). To extend the inclusion
F 2 ,→ H over Γ\D2k to all of (Γ\D2k ) it again is enough to work in an étale neighborhood of
a subset whose complement has codimension ≥ 2. Thus we also obtain the Hodge filtration
F • on H. This completes the proof over C.
Lemma 8.15. Let E be a locally free sheaf on (Γ\D2k ). Then the natural map E → π̃∗ π̃ ∗ E is
an isomorphism.
Proof. Since π̃ is generically an isomorphism the map is injective. To see that it is surjective,
it suffices to show that if U → (Γ\D2k ) is étale, and if UM := U ×(Γ\D2k ) M2k,Γ,Σ ⊗ C, then any
section of E over UM maps to the same section of E over UM ×U UM via the two projections.
For since the image of UM → U has complement of codimension ≥ 2, any section of E over
UM with descent datum relative to UM → U will descend to a section over U . Thus the result
follows from the fact that over some dense open subset of UM , the two maps UM ×U UM ⇒ UM
are the same and open immersions (since UM → U is generically an isomorphism).

The lemma enables to construct (H, ∇, F • ) over FΓ . Indeed the lemma implies that the
sheaves π̃∗ R2 f∗ Ω·X /M2k,Γ,Σ and π̃∗ F i on (Γ\D2k )FΓ induce the sheaf H with its Hodge filtration over C. Thus by descent theory these sheaves are locally free. Moreover, since
π̃∗ π̃ ∗ Ω1(Γ\D ) ' Ω1(Γ\D ) , and π̃ ∗ Ω1(Γ\D ) = Ω1M2k,Γ,Σ , we see that the Gauss-Manin con2k FΓ

2k FΓ

2k FΓ

nection induces a connection on π̃∗ R2 f∗ Ω·X /M2k,Γ,Σ . Thus we define (H, ∇, F • ) simply to be
the pushforward via π̃ of the triple (R2 f∗ Ω·X /M2k,Γ,Σ , ∇, F • ).
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Appendix A. A relative version of M. Artin’s method
A.1. In this section we prove a version of Artin’s theorem ([2], theorem 5.3) with an algebraic
stack as a base. Our motivation for this is the following. In our study of degenerate K3
surfaces, we have considered a stack F whose objects over a scheme T are triples (MT , X, λ),
where MT is a log structure on T , X/(T, MT ) is a log K3 surface, and λ is a polarization
(see section 5 for definitions). We would like to conclude that F is algebraic. Since the
deformation theory of log algebraic spaces is well-understood and the notion of polarization
depends on the log structure, it is most natural to view this situation via the functor
F −→ Log,

(MT , X, λ) 7→ MT .

Thus we are naturally led to look for a version of Artin’s theorem with an algebraic stack as
a base.
Let S be a scheme of finite type over an excellent Dedekind ring, and let S → S be an
algebraic stack locally of finite type.
Definition A.2. An S-stack is a stack F over the category of S-schemes with the étale
topology together with a morphism of stacks m : F → S (we often write simply F instead
of (F, m)). A morphism of S-stacks F1 → F2 is a morphism of stacks φ : F1 → F2 together
with an isomorphism of functors ψ : m2 ◦ φ ' m1 . An S-stack (F, m) is algebraic if F is an
algebraic stack. Viewing schemes as stacks we get notions of S-schemes and morphisms of
S-schemes.
A.3. Fix an S-stack (F, m). If X is an S-scheme define a groupoid FX as follows. The objects
of FX are morphisms of S-stacks X → F. If (f, f b ) and (f 0 , f 0b ) are two objects of FX , then
a morphism
(f 0 , f 0b ) −→ (f, f b )
in FX is an isomorphism of functors α : f 0 → f such that the two isomorphisms
f 0b , f b ◦ α : m ◦ f 0 −→ x
are equal, where x : X → S denotes the structure morphism. Since F is a fibered category,
FX is a groupoid. If (φ, ψ) : X 0 → X is a morphism of S-schemes, then there is a natural
pullback functor
(φ, ψ)∗ : FX −→ FX 0 ,
which sends a pair (f, f b ) to (φ∗ (f ), ψ ◦ φ∗ (f b )). In this way F defines a fibered category over
the category of S-schemes.
If a ∈ FX 0 we denote by Fa,X the category whose objects are pairs (a0 , α) where a0 ∈ FX and
α : (φ, ψ)∗ a0 ' a is an isomorphism in FX 0 . Morphisms in Fa,X are defined to be morphisms
in FX which are compatible with the morphisms to a. We denote by F a,X the isomorphism
classes of objects in Fa,X .
A.4. The category of S-schemes has an étale topology. Covering families {Ui → U } are
collections of morphisms of S-schemes Ui → U such that the underlying family of morphisms
of schemes {Ui → U } is an étale cover of U . The condition that F is a stack with respect to
the étale topology on S-schemes is equivalent to the statement that the corresponding fibered
category over the category of S-schemes is a stack with respect to this topology (details left
to reader).

52

MARTIN C. OLSSON

A.5. By a S-ring A we mean a ring A together with a structure of a S-scheme on Spec(A).
We usually denote S-rings by script letters (e.g. A), and their underlying rings by the
corresponding roman letter (e.g. A). It follows from the fact that S is locally of finite type
over S that the stack F is limit preserving (in the sense of ([2], p. 167) if and only if for all
filtering inductive limits of S-rings {Ai } the natural functor
lim FAi −→ Flim Ai
−→
−
→
is an equivalence of categories.
Definition A.6. An S-deformation situation is a diagram in the category of S-rings
B


y
A0 −−−→ A −−−→ A0
such that
(i) A0 is reduced.
(ii) A0 → A and A → A0 are surjections with nilpotent kernel.
(iii) The composite B → A0 is surjective.
(iv) The kernel I = Ker(A0 → A) is an A0 -module of finite type.
A.7. For any map of rings ρ : R → A, let Sa,R denote the groupoid of pairs (aR , α), where
aR ∈ SR and α : ρ∗ (aR ) ' a is an isomorphism in SA . Since S is an algebraic stack, for any
deformation situation as in ([2], 2.2) and a ∈ SA the functor
Sa,A0 ×A B → Sa,A0 × Sa,B
is an equivalence of categories ([2], converse of 5.3 on p. 182). It follows that for any Sdeformation situation as above, the product A0 ×A B exists in the category of S-rings.
The following conditions (S1S ) and (S2S ) will be referred to as Schlessinger’s conditions.
Condition (S1S ). Given an S-deformation situation as in (A.6) and a ∈ FA , the natural
functor
Fa,A0 ×A B −→ Fa,A0 × Fa,B
is an equivalence of categories.
A.8. If A is an S-ring, and if I is an A0 -module of finite type, let A[I] be the ring whose
underlying group is A ⊕ I and whose multiplication law is given by
(a, i) · (a0 , i0 ) := (aa0 , ai0 + a0 i).
There is a natural retraction
Spec(A[I]) −→ Spec(A), A −→ A[I], a 7−→ (a, 0)
which gives A[I] the structure of an S-ring which we denote by A[I]. It follows from the
definition of A[I] that
A[I] ×A A[I] ' A[I ⊕ I],
and so just as in the case when S is a scheme ([43], 2.10), A[I] has the structure of an
A0 -module object in the category of S-rings. It follows from this that if (S1S ) holds, then
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given a0 ∈ FA0 the isomorphism classes of objects in Fa0 ,A0 [I] has a natural structure of an
A0 -module. We denote this module by TF/S,a0 (I). Similarly, if Auta0 (A0 [I]) denotes the set
of automorphisms of a0 |A0 [I] which induce the identity on a0 then Auta0 (A0 [I]) also has a
natural structure of an A0 -module.
Condition (S2S ). The A0 -modules TF/S,a0 (I) and Auta0 (A0 [I]) are of finite type.
Remark A.9. Applying the above discussion to F → S one obtains conditions (S1S ) and
(S2S ). These conditions are denoted (S10 ) and (S2) in ([2], 2.3 and 2.5), and we follow the
notation of (loc. cit.) in this situation. If (S10 ) holds, then we obtain modules
(A.9.1)

TF/S,a0 (I) and Auta0 (A0 [I])

which are denoted Da0 (I) and Auta0 (A0 + I) in (loc. cit., 2.4 and 5.3). In the rest of the
paper, we use the notation (A.9.1) for these modules.
We will also need a generalization of the notion of an obstruction theory ([2], 2.6):
Definition A.10. An obstruction theory for F/S consists of the following data:
(i) For every morphism of S-rings A → A0 as in (A.6) and a ∈ FA , a functor
Oa : (A0 -modules of finite type) −→ (A0 -modules of finite type).
(ii) For every diagram A0 → A → A0 as in (A.6), an element oa (A0 ) ∈ Oa (I) which is zero if
and only if there exists a lifting of a to A0 .
This data is required to be functorial and linear in A0 and I.
A.11. We will consider the following additional conditions on the modules TF/S,a0 , Oa (I), and
Auta0 (A0 [I]):
(i) Compatibility with étale localization: With notation as above, if A → B is an étale morphism of S-rings (i.e. A → B is étale), then for any a ∈ FA with image b ∈ FB
TF/S,b0 (I ⊗ B0 ) ' TF/S,a0 (I) ⊗ B0 ,
Autb0 (B0 [I ⊗ B0 ]) ' Auta0 (A0 [I]) ⊗ B0 ,
and
Ob (I ⊗ B0 ) ' Oa (I) ⊗ B0 ,
where B0 (resp. b0 ) denotes B ⊗A A0 (resp. the pullback of b to B0 ).
(ii) Effectivity of formal objects: If m ⊂ A0 is a maximal ideal and Â the completion of A0
along m, then
TF/S,a0 (I) ⊗ Â ' lim TF/S,a0 (I/mn I),
←−
Auta0 (A0 [I]) ⊗ Â ' lim Auta0 (A0 [I/mn I]),
←−
and
Oa0 (I) ⊗ Â ,→ lim Oa0 (I/mn I).
←−
(iii) Constructibility: There exists an open dense set of points p in Spec(A0 ) with κ(p) of
finite type over S such that
TF/S,a0 (I) ⊗ κ(p) ' TF/S,a0 (I ⊗ κ(p)),
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Auta0 (A0 [I]) ⊗ κ(p) ' Auta0 (A0 [I ⊗ κ(p)]),
and
Oa (I) ⊗ κ(p) ⊂ Oa (I ⊗ κ(p)).
Theorem A.12. Let m : F → S be a limit preserving S-stack (A.5), and suppose an obstruction theory O is given. Then F is an algebraic stack if the following conditions hold:
(i) The conditions (S1S ), (S2S ), and the conditions on TF/S,a0 (I) and Auta0 (A0 [I]) in (A.11)
hold.
(ii) If Â is a complete local S-ring with residue field of finite type over S, then the natural
functor
FÂ −→ lim FÂ/mn
←−
is faithful and has dense image.
(iii) The obstruction theory O satisfies the conditions in (A.11). In addition, for every reduced
noetherian ring A0 , a0 ∈ FA0 and I an A0 -module of finite type, the map
Sm(a0 ),A0 [I] −→ Oa0 (I)
which sends a lifting b of m(a0 ) to A0 [I] to the obstruction
oa0 ((A0 [I], b)) ∈ Oa0 (I)
is an A0 -module homomorphism. Here (A0 [I], b) denotes the S-ring induced by b which comes
with a natural morphism of S-rings
(A0 [I], b) −→ A0
where A0 denotes the S-ring obtained from A0 via m(a0 ). The A0 -module structure on
Sm(a0 ),A0 [I] is that described in (A.8).
(iv) If A0 is of finite type over S, a0 ∈ FA0 an object, and φ an automorphism of a0 which
induces the identity in Fκ (κ viewed as a S-ring) for a dense set of points A0 → κ with κ of
finite type over S, then φ is the identity over some dense open subset of Spec(A0 ).
Proof. We show that F is relatively representable by verifying the conditions of the following:
Proposition A.13. A limit preserving stack F/S is relatively representable if the following
conditions hold:
(i) Schlessinger’s conditions (S10 ) and (S2) hold, and in addition the modules Auta0 (A0 [I])
are A0 -modules of finite type.
(ii) If Â is a complete local ring with residue field of finite type over S, then the natural
functor
(A.13.1)

F (Â) −→ lim F (Â/mn )
←−

is faithful. In addition, given two objects x, y ∈ F (Â) and a compatible family of isomorphisms
ξn : xn → yn between the reductions modulo mn , there exists for every n an isomorphism
ξ : x → y inducing ξn .
(iii) The modules TF/S,a0 (I) and Auta0 (A0 [I]) satisfy the conditions for D in ([2], 4.1).
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(iv) If a0 ∈ F (A0 ) is an element over a ring of finite type over S, and if φ is an automorphism
of a0 which induces the identity in F (κ) for a dense set of points A0 → κ, then φ is the identity
over some dense open subset of Spec(A0 ).
Proof. This follows from ([2], 5.3) applied to the Isom-functors.



A.14 (Verification of (S10 )). Given a deformation situation as in ([2], 2.2) and a ∈ FA , we
have to show that the natural functor
Fa,A0 ×A B −→ Fa,A0 × Fa,B

(A.14.1)
is an equivalence of categories.

To see that (A.14.1) is essentially surjective, suppose given a0 ∈ Fa,A0 and b ∈ Fa,B . The
map
m ◦ a : Spec(A) −→ S
gives A the structure of an S-ring A, and similarly a0 and b define S-rings A0 and B. Moreover,
the isomorphisms a0 |A ' a and b|A ' a define morphisms of S-rings
A0 −→ A, B −→ A,
and hence we have a S-deformation situation as in (A.6) and an object in Fa,A0 × Fa,B . By
(S1S ), there exists an object in Fa,A0 ×A B inducing this object, and hence (A.14.1) is essentially
surjective.
For the full faithfulness, suppose a1 , a2 ∈ Fa,A0 ×A B . Given an isomorphism (f 0 , fB ) in
Fa,A0 × Fa,B , we get an isomorphism (m(f 0 ), m(fB )) in Sm(a),A0 × Sm(a),B , and hence by (S10 )
for S an isomorphism f : m(a1 ) ' m(a2 ) in Sa,A0 ×A B . The element a1 gives in the same
manner as in the preceding paragraph A0 , A, and B the structure of S-rings A0 , A, and B and
the morphism f allows us to view a2 as an object in Fa,A0 ×A B and the morphism (f 0 , fB ) as a
morphism in Fa,A0 × Fa,B . From (S1S ) it therefore follows that (A.14.1) is full. Similarly, given
two isomorphisms f1 , f2 : a1 ⇒ a2 in Fa,A0 ×A B which define the same morphism in Fa,A0 ×Fa,B ,
we must by (S10 ) for S have m(f1 ) = m(f2 ). Therefore we can view f1 and f2 as morphisms
in Fa,A0 ×A B , where we give A0 , A, and B the structure of S-rings via a1 . Therefore, (S1S ) also
implies that (A.14.1) is faithful. This proves that (S10 ) holds.
A.15 (Verification of (S2), finiteness of Auta0 (I), and (A.13 (iii))). Let A0 be a reduced
noetherian S-ring, and let a0 ∈ FA0 . The composite m ◦ a0 gives A0 the structure of a S-ring
which we denote by A0 . We claim that there is a natural 8-term exact sequence of A0 -modules
0

(a)

Auta0 (A0 [I])

-





Autm(a0 ) (A0 [I])






(A.15.1)
(c)

(b)

Auta0 (A0 [I])

-











9


TF/S,a0 (I)

(d)

-

TF/S,a0 (I)

(e)

-

Sm(a0 ),A0 [I]

(f )

- O (I),
a0

where Autm(a0 ) (A0 [I]) is the module of infinitesimal automorphisms of m(a0 ) ∈ S. The maps
(a), (b), (d), and (f ) are the maps induced by functoriality. The map (c) is defined as
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follows. Let h : Spec(A0 [I]) → S, f : Spec(A0 [I]) → F , η : h ' m ◦ f be the data defining
the element over A0 [I] defined by a0 . The map sends an automorphism φ : h → h to the
element in TF/S,A0 [I] defined by the maps h and f together with the isomorphism η ◦ φ. It
follows from unwinding the construction of the module structures that this in fact is an A0 module homomorphism. The map (f ) is described in (A.12 (iii)). The exactness of (A.15.1)
is tautological.
Since all the modules in (A.15.1) except Auta0 (A0 [I]) and TF/S,a0 (I) are known to be of
finite type, it follows that (S2) holds and that Auta0 (A0 [I]) is of finite type. Moreover,
combining a diagram chase with the fact that the additional conditions ([2], 4.1) hold for
Autm(a0 ) (A0 [I]) and Sm(a0 ) (A0 [I]) ([2], converse to 5.3 on p. 182), one sees that (A.13 (iii))
holds.
A.16 (Verification of (A.13 (ii))). The faithfulness of (A.13.1) can be shown as follows. If
a1 , a2 ∈ FÂ and f1 , f2 : a1 ⇒ a2 are morphisms which define the same morphism in lim FÂ/mn ,
←−
then m(f1 ) and m(f2 ) must be equal since (A.13 (ii)) holds for S by ([2], converse to 5.3 on
p. 182). View Â as an S-ring via m(f1 ). Then f1 and f2 are morphisms in FÂ which induce
the same map in lim FÂ/mn and hence must be equal by (A.12 (ii)).
←−
Next suppose a1 , a2 ∈ FÂ and that a compatible family of of isomorphisms ξn : a1,n ' a2,n
are given. Since S is an algebraic stack, m(a1 ) ×S m(a2 ) is representable by an algebraic
space, and hence there exists a unique isomorphism m(ξ) : m(a1 ) ' m(a2 ) in SÂ inducing
the isomorphisms m(ξn ). It follows that we can view a1 and a2 as objects in FÂ , where Â
is the S-ring obtained via m(a1 ). Then by (A.12 (ii)), there exists for all n an isomorphism
ξ : a1 ' a2 inducing ξn .
A.17 (Verification of (A.13 (iv))). If A0 is reduced and of finite type over S, a0 ∈ FA0 , φ an
automorphism of a0 which induces the identity for a dense set of points, then there exists a
dense open set of A0 such that m(φ) is the identity automorphism of m(a0 ) over this open
set by ([2], converse to 5.3). Replacing A0 by the ring of a basic open set inside this open
set, we can assume that m(φ) is the identity map. Thus viewing A0 as an S-ring via m(a0 )
we are reduced to (A.12 (iv)). This completes the proof that F is relatively representable.
A.18. To prove that F admits a smooth cover, it suffices to show that for any smooth cover
b : S 0 → S the stack F 0 := F ×S S 0 is algebraic. For if T → F 0 is a smooth surjective cover,
then for any 1-morphism X → F from an algebraic space all the arrows in
T ×F 0 (F 0 ×F X) −→ F 0 ×F X ' S 0 ×S X −→ X
are smooth surjective morphisms of algebraic spaces. Hence T 0 also gives a smooth surjective
cover of F .
If s : Spec(A) → S 0 is a morphism, then giving an object in FA0 is equivalent to giving a
pair (f, h), where f : Spec(A) → F is a 1-morphism and h : s∗ (b) ' m(f ) is an isomorphism
in S. A morphism (f 0 , h0 ) → (f, h) in FA0 is the same as a morphism η : f 0 → f in FA such
that m(η) ◦ h0 = h. In other words, if we view A as a S-ring A via the map b, the category
FA0 is naturally equivalent to the category FA .
This implies that all the hypothesis of ([2], theorem 5.3) hold, except possibly for the
existence of an obstruction theory. To construct an obstruction theory O0 for F 0 proceed as
follows. An infinitesimal extension A → A0 over S 0 can be viewed via b as an infinitesimal
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extension of S-rings A → A0 . Moreover, an element a ∈ FA0 defines in a natural way an
element in FA which we also denote by a. Define the functor Oa0 to be the functor Oa of
(A.10) corresponding to this data. Given a deformation situation A0 → A → A0 over S 0 ,
we can view it as a S-deformation situation, and hence get an element oa (I) ∈ Oa0 (I). It is
immediate that (Oa0 , oa ) satisfies the axioms of an obstruction theory ([2], 2.6) and ([2], 4.1).
This proves that F 0 is an algebraic stack, and hence F is also algebraic.

Remark A.19. From the proof it follows that it suffices to construct local obstruction theories Oa in the sense of ([2], 4.9) translated into the language of S-schemes.
Appendix B. Restatement using log geometry
In this section we restate (A.12) in the case when S = LogS , thereby obtaining a more
usable form of (A.12) for the application to log geometry. Throughout this section we work
◦

over a fixed fine log scheme S whose underlying scheme S is of finite type over an excellent
Dedekind ring.
◦

◦

Definition B.1. A log stack over S is a pair F = (F , MF ), where F is a stack over the
◦

◦

category of S-schemes and MF : F → LogS is a morphism of stacks.
◦

Remark B.2. In the case when F is an algebraic stack, it follows from ([39], 5.8) that giving
◦

the morphism MF is equivalent to giving a fine log structure M on F in the sense of (loc.
◦

cit., 5.1) together with a morphism of log algebraic stacks (F , M) → S.
◦

B.3. If F is a log stack and t : T → F is a 1-morphism with T a scheme, then MF ◦ t : T →
LogS induces a log structure denoted t∗ MF on T together with a morphism of log schemes
(T, t∗ MF ) → S.
If f : X → S is a log scheme over S, then we define a morphism X → F to be a pair (x, xb ),
◦

◦

where x : X → F is a 1-morphism and xb : x∗ MF → MX is a morphism of log structures on
◦

X such that the resulting morphism of log schemes
◦

X −→ (X, x∗ MF )
is a morphism over S. If (xi , xbi ) (i = 1, 2) are two morphisms X → F , then a morphism
◦

(x1 , xb1 ) → (x2 , xb2 ) is an isomorphism  : x1 → x2 in F

◦

X

such that the resulting diagram

xb

1
x∗1 MF −−−
→ MX




ιy
yid

x

2
x∗2 MF −−−
→ MX
commutes, where ι denotes the isomorphism induced by . We denote by FX the groupoid of
maps (x, xb ) : X → F for which the map xb : x∗ MF → F is an isomorphism.
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Notational Remark B.4. One has to be careful in distinguishing between FX and the
groupoid of all morphisms X → F (not necessarily strict). We suggest the notation F (X)
for the latter category since this is the fiber over X of the fibered category over the category
of log schemes defined by F . The notation FX for the groupoid of strict morphisms X → F
comes from the fact that FX is isomorphic to the fiber product of
◦

F

M
y F
◦

M

X −−−X→ Log.
B.5. Define the category of noetherian log rings C as follows. C op is the subcategory of LogS
of log schemes whose underlying schemes are isomorphic to the spectra of noetherian rings
and whose morphisms are strict morphisms of log schemes. We denote the objects of C by
caligraphic letters and the underlying rings by unadorned letters (i.e. an object A ∈ C has
underlying scheme Spec(A)). If A ∈ C, and if I is an A-module of finite type, then we denote
by A[I] the object of C with underlying ring A[I] and log structure obtained from A by
pullback via the retraction A → A[I]. There is a canonical morphism A[I] → A in C. By
construction there is a contravariant functor
Spec : C −→ (category of fine log schemes over S).
Definition B.6. A logarithmic deformation situation is a diagram in C
B


y
A0 −−−→ A −−−→ A0
such that the underlying maps of rings satisfy (A.6 (i))–(A.6 (iv)).
Remark B.7. As discussed in (A.7), for any logarithmic deformation situation as above the
product A0 ×A B exists in C.
Rewriting condition (S1S ) in the case when S = LogS we obtain:
Condition (S1log ) For every logarithmic deformation situation and a ∈ FA , the canonical
functor
Fa,A0 ×A B → Fa,A0 × Fa,B
is an equivalence of categories.
B.8. Suppose a logarithmic deformation situation is given, together with an object a ∈ FA .
If the condition (S1log ) holds, then for any A0 -module of finite type I, the set TF/S,a0 (I) :=
F a0 ,A0 [I] has a natural A0 -module structure (A.8). Similarly, if Auta0 (A0 [I]) denotes the set
of automorphisms of a0 in FA0 [I] which induce the identity over A0 , then Auta0 (A0 [I]) has a
natural A0 -module structure.
Example B.9. In the case when F is a fine log scheme, then ([28], 3.9) shows that there is
a natural isomorphism
TF/S,a0 (I) ' HomA0 (a∗0 Ω1F/S , I),
where Ω1F/S denotes the sheaf of logarithmic differentials.
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Condition (S2log ) The modules TF/S,a0 (I) and Auta0 (A0 [I]) are A0 -modules of finite type.
Definition B.10. An obstruction theory for F/S consists of data as follows:
(i) For every morphism A → A0 as in (B.6) and a ∈ FA a functor
Oa : (A0 -modules of finite type) −→ (A0 -modules of finite type).
(ii) For each diagram A0 → A → A0 as in (B.6), an element oa (A0 ) ∈ Oa (I) which is zero if
and only if F a,A0 is not empty.
The data {Oa , oa (I)} is required to be functorial and linear in I.
Let A → A0 be a morphism in C such that Ker(A → A0 ) is nilpotent and A0 is reduced.
Suppose A0 → A is a surjection with kernel an A0 -module of finite type I and that a ∈ FA .
Then for each lifting of MA to A0 , we get a diagram as in (B.6), and hence via oa an element
of Oa (I). In other words, oa defines a set map
(liftings of MA to A0 ) −→ Oa (I).
Since LogS is algebraic, if we take A0 = A[I], then the set of isomorphism classes of liftings of
MA has a natural module structure. If we denote this module by TLogS ,A (I) then the above
defines a map
ρI : TLogS ,A (I) −→ Oa (I).
We make the following addition requirement of the obstruction theory:
(iii) ρI is an A0 -module homomorphism.
◦

B.11. Let a ∈ FA be an object with A of finite type over S, and let the subscript A0 , B0 , etc.
denote the objects obtained by tensor product with Ared .
(i) Compatibility with strict étale localization: If φ : A → B is a morphism in C whose
underlying morphism of rings is étale, and if b ∈ FB is the image of a ∈ FA , then
TF/S,b0 (I) ' TF/S,a0 (I) ⊗ B0 ,
Autb0 (B0 [I ⊗ B0 ]) ' Auta0 (A0 [I]) ⊗ B0 ,
and
Ob (I ⊗ B0 ) ' Oa (I) ⊗ B0 .
(ii) Effectivity of formal objects: If m ⊂ A0 is a maximal ideal and Â the completion of A0
along m, then
TF/S,a0 (I) ⊗ Â ' lim TF/S,a0 (I/mn I),
←−
Auta0 (A0 [I]) ⊗ Â ' lim Auta0 (A0 [I/mn I]),
←−
and
Oa0 (I) ⊗ Â ,→ lim Oa0 (I/mn I).
←−
(iii) Contructibility: There exists an open dense set of points of finite type p in Spec(A0 ) such
that
TF/S,a0 (I) ⊗ κ(p) ' TF/S,a0 (I ⊗ κ(p)),
Auta0 (A0 [I]) ⊗ κ(p) ' Auta0 (A0 [I ⊗ κ(p)]),
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and
Oa (I) ⊗ κ(p) ⊂ Oa (I ⊗ κ(p)).
Rewriting (A.12), we obtain the following:
◦

Theorem B.12. Let F/S be a log stack with F limit preserving. Suppose that an obstruction
◦

theory O for F as in (B.10) is given which satisfies the conditions in (B.11). Then F is an
algebraic stack if the following conditions hold:
(i) The conditions (S1log ), and (S2log ) hold, and the associated modules satisfy the conditions
of (B.11).
(ii) For every log ring Â such that Â is complete and local with residue field of finite type over
◦

S, the natural functor
FÂ −→ lim FÂ/mn
←−
is faithful and has dense image.
◦

(iii) Suppose given a reduced object A0 of C of finite type over S, an object a0 ∈ FA0 , and an
automorphism φ of a0 . If φ induces the identity in Fκ (κ viewed as a log ring with the log
◦

structure induced by MA0 ) for a dense set of points A0 → κ with κ of finite type over S, then
φ is the identity over some dense open subset of Spec(A0 ).
Remark B.13. As in (A.19) it suffices to construct local obstruction theories Oa . For
example, one can always assume that a chart is given for the log structure on A0 , and the
obstruction theory may depend on a choice of chart.
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