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CHAPTER 1

Introduction

1.1. From lines and planes to the Zariski topology of P"

Geometry starts with the study of points and lines in the plane. The simplest
objects are the points in the plane (as Euclid says, they have no parts) and lines are
certain sets of points.

Descartes put coordinates on the plane, so now we usually think of the plane as
a 2-dimensional vector space R? and the lines as solution sets of linear equations. It
is a quite nontrivial theorem that this coordinatization is unique, up to affine linear
changes of the coordinates. To understand this statement, let us take a more general
point of view.

Let K be any field. Choosing K" as our set of points and solution sets of systems of
linear equations as our preferred subsets, we get what is called n-dimensional affine
geometry over K, though n-dimensional linear geometry over K might be a better
name. It is frequently denoted by A [ . Following Kepler (1571-1630) and Desargues
(1591-1661) we add points at infinity to get n-dimensional projective geometry over
K; the general case appears in the works of von Staudt [vS57], Fano [Fan92] and
Veblen [Veb06]. We denote it by Projy.

Thus the n-dimensional affine or projective geometries over a field K consist of

point sets

Points(A )
Points(Projy )

f(zy,...,2n) 2 K"g, or
f(zo:  2n) 2 (K™1infog)/K g, and

the linear subspaces as distinguished subsets of the point set.

By definition, the algebra of the field K determines the affine and the projective ge-
ometries. The Fundamental Theorem of Projective Geometry—which should be called
the Fundamental Theorem of Linear Geometry—says that, conversely, the geometry
of A  or of Proj determines the algebra of the field K.

The key ideas go back to Menelaus of Alexandria (c. 70-140 AD) and Giovanni
Ceva (1647-1734). The first complete proof is due to von Staudt [vS57] and general
forms are given by Whitehead [Whi06] and Veblen and Young [VYO08]. We state the 2
versions separately, although they are really the same.

Theorem 1.1.1 (Affine form). Let K, L be fieldsand n,m 2. Let
: Points(A ) S Points(A )

be a bijection that maps linear subspaces to linear subspaces. Then n = m and there is
a unique field isomorphism ¢ : K = L, vector (cy,...,cm) 2 L™ and matrix M 2 GLy, (L)
such that
(r1,...,2n) = (go(xl) +cp, ..., 0(xn) + cn) M.
5
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Theorem 1.1.2 (Projective form). Let K, L be fieldsand n,m 2. Let
: Points(Proji ) 9 Points(Proj")

be a bijection that maps linear subspaces to linear subspaces. Then n = m, and there
is a unique field isomorphism ¢ : K = L and matrix M 2 PGL+1(L) such that

(ro:  imn) = (80(96’0)5 :So(xn)) M.

Remark 1.1.3. The unique coordinatization in the real case now follows, since the
identity is the only automorphism of R. Note that, by contrast, the automorphism
group of C is huge, of cardinality 2/°I.

Remark 1.1.4. With some care, (1.1.1) and (1.1.2) also apply to non-commutative
fields, but from now on we consider only commutative fields.

The next natural geometry to consider is circle geometry, where we work with lines
and circles in the plane. It was discovered by Hipparchus of Nicaea (c. 190-120 BC)
that, using stereographic projection, it is better to view this as the geometry whose
points are given by the sphere

S% := f(x1, 12, 23) 2 R @ 2§ + 25 + 25 = 1g,

and whose subsets are the circles contained in S?. These are also the intersections of
S? with planes.

More generally, let K be any field of characteristic & 2. Let Sphi, denote spherical
geometry of dimension n over K. That is, its points are

— e i+l . 2 2 .2
Sk = Ff(zoir1:  iwn+1) 2 Projg -z +  +xhy = 250,

and its distinguished subsets are the intersections of Si; with linear subspaces. (These
are spheres if K is a subfield of R. However, if X' = C then the intersection with (z3 =

=xn, 1 =2n 2o =0)is a pair of lines, so the name ‘spherical’ may be misleading.)
The Fundamental Theorem of Spherical Geometry now says the following.
Theorem 1.1.5. Let K, L be fieldsand n,m 2. Let

: Points(Sphi ) S5 Points(Sph{")

be a bijection that maps linear intersections to linear intersections. Then n = m and
there is a unique field isomorphism ¢ : K = L and matrix M 2 POn.1.1(L) such that

(ro:  Tn+1) = (go(xo): :gp(xnﬂ)) M.

Here POn+1:1(L)  PGLp+2(L) is the projective othogonal group, that is, the sub-
group of those matrices that leave the quadric Si invariant.

Although this seems like a new result, it easily reduces to the linear geome-
try case as follows. Fix a point p 2 S. If K is a subfield of R then stereographic
projection shows that Si n fpg (with the spherical subsets containing p as our sub-
sets) is isomorphic to A . For arbitrary K, we get the same conclusion for S n
fall lines through p in Sgg.

The next natural topic could be conic geometry. Here we start with sets of points
Points(A %) or Points(Proji ), but we work with lines and conics as distinguished
subsets.

However, nothing new happens, since we can tell which curves are conics and
which are lines. Indeed, in conic geometry, C is a line if and only if C' \ C' consists of
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at most 2 points for every other curve ' (which is a conic or a line, not containing C).
Thus we recover affine geometry.

What if we fix a degree d and consider degree-d geometry in the plane? It has the
same point set as before, but we use all algebraic curves of degree d as distinguished
subsets. That is, solution sets of the form

f(z,y) : f(x,y) = 0g where deg f d (affine case), or
f(r:y:2) : F(x:y:z) = 0g where deg I d (projective case).

As before, it is not hard to show that if jKj d+ 1, then C is a line if and only if it
has at least d+ 1 points and C'\ C"® consists of at most d points for every other curve ("
(of degree d that does not contain C'). Thus we get the same fundamental theorems
as in the linear case.

While restricting to small values of d may be natural, it is very unlikely that spe-
cific large values of d are of much interest. So we should instead let d become infinite
and work with all algebraic plane curves. This is planar algebraic geometry. We focus
now on the projective case, see for some comments on the affine setting. As the
natural continuation of (1.1.1)—(1.1.5), the next question to consider is the following.

Question 1.1.6. Let K, L be fields and
: Points(Proji ) S5 Points(Proj; )

a bijection that maps algebraic curves to algebraic curves. Is there a field isomorphism
¢ K =L and a matrix M 2 PGL3(L) such that

(roiz1im2) = (80(550)3@(331)1@(952)) M?

In a surprising departure from the previous results, the answer is very field-
dependent. For illustration, let us see what happens with finite fields, R and C. For
finite fields the answer is negative for trivial reasons (though of course the cardinality
of Points(Proji ) determines K).

Proposition 1.1.7. Let K be a finite field. Then every subset of Points(Proj% ) is an
algebraic curve. Thus every bijection Points(Proji) S Points(Proji ) maps algebraic
curves to algebraic curves.

In the real case the answer is again negative, but this is more unexpected. We use
RP? to denote the real projective plane with its Euclidean topology.
Theorem 1.1.8. [KMO09] Every diffeomorphism : RP? $ RP? can be approximated
by diffeomorphisms : RP? $5 RP? that map algebraic curves to algebraic curves.

As an example, the simplest non-linear algebraic diffeomorphisms of RP? are given
by

x A x((c6 Dy?2?  A(Pa? + Ay? + 22)?),
Y a y (06 l)zzmz CZ(CZyZ + 0422 + 3:‘2)2 ,
z B oz((® 1)2Py? A(PP+ A+ y2)2>7

foranyc2 Rnf 1g.
For C, and more generally for algebraically closed fields of characteristic zero, we
have a positive answer; see (1.1.13) below for a more general statement.

Theorem 1.1.9. Let K, L be algebraically closed fields of characteristic 0, and
: Points(Proji ) S5 Points(Proj?)
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a bijection that maps algebraic curves to algebraic curves. Then there is a unique field
isomorphism ¢ : K = L and matrix M 2 PGL3(L) such that

(xoir1izo) = (90@0)190@1)190(952)) M.

It is not unexpected that there could be a difference between the real and complex
cases, since we can get only limited information about a real polynomial if we ignore
its complex roots. Thus we should not forget about the complex points when dealing
with a projective space over R.

Note that if i is a root of a real polynomial, then so is . In general, working with
real polynomials only, we can detect conjugate pairs of complex numbers, but not
individual complex numbers. In order to understand how this works for other fields,
we need to think about what the basic objects of algebraic geometry are.

The reworking of the foundations of algebraic geometry, started in the 1930es by
van der Waerden, Weil and Zariski, culminated in Grothendieck’s theory of schemes
around 1960. This turned ‘algebraic geometry’ into ‘algebraic geometry.” In these treat-
ments the primary object is not n-space C", but the polynomial ring C[xy, ..., zn].

Thus in contemporary algebraic geometry we think of C" as consisting of

(geometry) the set of points C" together with distinguished subsets given by
solution sets of systems of polynomial equations, and
(algebra) the ring of all polynomial maps C" ¥ C.
We usually say ‘closed sets’ instead of ‘distinguished subsets’ and call the geometric
object the Zariski topological space associated to C".

By Hilbert’s Nullstellensatz, the points of C" correspond to maximal ideals of
Clz1,...,zn]. Thus Clxy, ..., z,] uniquely determines the Zariski topological space. We
can thus think of as a converse to Hilbert’s Nullstellensatz: Does the Zariski
topology determine the ring of polynomial functions?

Rather sloppily, standard usage does not distinguish between C" as a point set,
vector space, Zariski topological space, variety or scheme. There is even more room
for confusion over fields that are not algebraically closed. For us these distinctions are
crucial, so let us fix our notation.

Definition 1.1.10 (Affine n-space in algebraic geometry). Let K be a field and K K
an algebraic closure. We denote the underlying Zariski topological space of affine n-
space by jAk]. It consists of the following.

(1) A point set, which can be given in 2 equivalent ways.
(a) (Geometric form) Points in K™ modulo conjugation. That is
JAR = F(ag, ..., m0) 2 K"g/(21. .., 20)  (0(x1),...,0(zn)),
where ¢ 2 Gal(K/K) is any automorphism of K that fixes K.
(b) (Algebraic form) The set of maximal ideals of K[x1, ..., zn].
(2) A topology whose closed sets are the solution sets of systems of equations
f(.f]_. .- 7‘Tn) 2 Kn : fl(xlw o 7xl’l) = = fl’(xlv' e 7xn) = 097

where f; 2 K[x1,...,zn] are polynomials.
Remark 1.1.11 (Non-closed points). The above is the traditional definition of A},

see [Sha74]. In the modern scheme-theoretic version, the points of A} correspond
to all prime ideals of K[zi,...,zn]. Thus our jA)]j is the set of closed points of the



1.2. ALGEBRAIC VARIETIES 9

scheme-theoretic Ay ; see (1.4.1) for details. For our current purposes, the distinction
is not important.

Definition 1.1.12 (Projective n-space in algebraic geometry). Let K be a field and
K K an algebraic closure. We denote the underlying Zariski topological space of
projective n-space by jPij. It consists of

(1) a point set
PRI = F(ao:  xn) 2 K" nf0gg/(zo:  xn)  (co(xo):  ico(xn)),
where ¢ 2 K and o 2 Gal(K/K), and
(2) a topology, whose closed sets are
f(zo:  xn) 2 K™Y Fy(xe: iwn) = = Fe(zo.  zn) =0g,
where Fj 2 K[xo,...,xn] are homogeneous polynomials.

One of our theorems is the following answer to the higher dimensional version of

(1.1.6). We prove it in (7.0.4).
Theorem 1.1.13. Let K, L be fields. Assume that char L =0 and fix n,m 2. Let

L jPRi B P
be a homemorphism (that is, a bijection that maps closed, algebraic subsets to closed,

algebraic subsets). Then n = m and there is a unique field isomorphism ¢: K = L, and
a unique matrix M 2 PGLp+1(L) such that

(zo:  xp) = (go(mo): :gp(xn)) M.

Clarification 1.1.14. We need to explain what ¢(zj) means if z; is not in K. Fix
algebraic closures K K and . L. Then ¢ extends (very non-uniquely) to a field
isomorphism ¢ : K = L. However, if (zo:  :zn) 2 jPKj then (o(z0):  p(zn)) 2 jPPj is
independent of the choice of © and of the particular representative of (zo:  :zp).

The book is devoted to extending this result from P" to other algebraic varieties.
We discuss these in the next Section.

Another far reaching generalization of (1.1.13) is given in [BT65]; we discuss some
relationship between the two in Section [9.2]

1.2. Algebraic varieties

In this section we recall the basic definitions and theorems, leading to the Main
Question (1.2.7).

It is quite interesting that the classical algebraic geometry literature—roughly
[Sha74] and before—never actually defines what an algebraic variety is. These defi-
nitions give a variety X as a subset of jP) j with no additional structure given. Since
the algebraic subvarieties of X were clearly understood, these definitions essentially
identify a variety X with the underlying topological space j.X].

The morphisms between varieties are then defined by hand. Thus one gets the cor-
rect definition of the category of algebraic varieties, but not of the individual varieties.

For now this traditional definition is the most natural for us, though soon we
switch to the scheme-theoretic version as in [Har77]]; see for further comments
and notation.
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We need to distinguish a variety X from its underlying set jXj, so we are extra
careful at the beginning.

Definition 1.2.1 (Algebraic sets, point-set version). Fix a field K. Closed subsets of
some jP} j are the projective algebraic sets. Thus these are of the form

jXj=Ff(xo: mn) 2jPRj: Fi(zo: zn)= = F(xo: zn)=0g,

where the Fj are homogeneous polynomials. We frequently write jXj = (Fy = =
F, = 0). The easiest to think of are hypersurfaces, these are given by 1 equation

jXeji=Ff(xo:  wn) 2jPRj: F(xe:  zn) =0g.

The proofs of our theorems admit only very minor simplifications for hypersurfaces,
so nothing is lost if the reader focuses on them.

A projective algebraic set j.X| is irreducible if it can not be written as a finite union
of projective algebraic sets in a nontrivial way. (That is, if jXj = [i2jXi] then jX] =
jXij for some i 2 I.) For example, a hypersurface jXgj is irreducible iff F' is a power of
an irreducible polynomial.

A quasi-projective algebraic set is the difference of two projective algebraic sets
JXj=jYjnjZj. jX]is called irreducible if jYj can be chosen irreducible.

Starting with jA%]j instead of jP)j, we get the notion of affine algebraic sets. It is
quite useful to think of a projective algebraic set jXj jPX] as covered by the affine
algebraic sets jUjj := jXjn (z; = 0).

Every quasi-projective algebraic set is a finite union of irreducible ones jXj =
[ijXij. Such irredundant decompositions are unique (up to ordering the j.X;j). These
jXij are the irreducible components of jX|j. For hypersurfaces, the irreducible decom-
position corresponds to writing F' = [[ Gi"* where the G; are irreducible.

Definition 1.2.2 (Dimension). A point has dimension 0 and an irreducible algebraic
set jX] has dimension d iff all closed, irreducible algebraic subsets jZ] ( jX]j have
dimension < d. It is a non-obvious claim that dimjPyj = n.

Definition 1.2.3 (Morphisms of algebraic sets, classical version). Fix a field KX and
let jXj jPk]jbe a quasi-projective algebraic set. A morphism of j X to jP[{j is given as

Do iwn) B (Fo(wo:  imn): i Fm(zol  izn))
where
(1) the F;j are homogeneous of the same degree (so (zo:  :xn) = (cxo:  :crn) have
the same images), and
(2) the F; have no common zero on X (since (0: :0) is not a point of jP)).

If the image of lands in a quasi-projective algebraic set jYj  jPY], then we say that
:jXj ¥ jYjis a morphism.
Two quasi-projective algebraic sets jXj jPEj and jYj  jPRj are isomorphic if
there are morphisms :jXj ¥ jYjand :jYj ¥ jXjsuch that and are
both identities.

Definition 1.2.4 (Algebraic varieties and sets). Let jXj be a quasi-projective algebraic
set over a field K. The set of all morphisms jXj ¥ jAkj form a K-algebra, denoted by
K[X] as in [Sha74]. These are the regular functions on X.
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If jYj jX]j then restriction gives a K-algebra homomorphism K[X] ¥ KI[Y].
Letting jYj run through all open algebraic subsets of j.Xj, we get the sheaf of regular
functions on j.X|j, usually denoted by Ox.

From the modern point of view, a quasi-projective algebraic set over K should be a
pair X = (ij, Ox), where jX] is a quasi-projective algebraic set as in and Oy
its sheaf of regular functions.

X = (jXj,O«) is called a variety over K or a K-variety if jXj is irreducible. The
field is frequently omitted if it is clear from the context. Current algebraic geometry
considers the pair X = (jXj, Ox) as the basic object.

Warning 1.2.5. All books we know follow this definition of a variety, but people fre-
quently use ‘variety’ to refer to a possibly reducible algebraic set, especially if all
irreducible components have the same dimension.

Remark 1.2.6 (The role of the field K). One needs to start with a field K in order
to define jAL], jPk]j and their closed algebraic subsets. If o : K ¥ L is a field isomor-
phism, then
(ro: xp) A (U(xo): :a(xn))
gives a homeomorphism jPkj  jPl'j. On the level of regular functions this is an even
more trivial operation: every K-algebra K[U] becomes an L-algebra. This suggests
that for us it would be more natural to view each K[X] simply as ring. (This is essen-
tially what scheme theory does.) Thus to any quasi-projective algebraic set X over K
we get a quasi-projective algebraic set X over L with the ‘same’ underlying topologi-
cal space and the ‘same’ ring of regular functions. To be very concrete, if
X=(F1= =F=0) where Fi=) ... a,(T?O ----- maZo® - ..z then

.....
.....

X =(F, = =F, =0) where F, =% ... 0(afhim, )75 ... 2.

So while ideally we should try to ignore the field as much as possible, one cannot talk
about projectivity without having a field in mind.

Now we can formulate the central problem of our work.

Main Question 1.2.7. Let K, L be fields and Xk, Y, quasi-projective algebraic sets
over K (resp. L). Let :jXkj ¥ jY_] be a homeomorphism.

Is the composite of a field isomorphism ¢ : K ¥ L and an algebraic isomorphism
of L-varieties X, ¥ Y ?

It turns out that in this generality the answer is negative. We start by listing the
various reasons why we need restrictions on the fields and on the algebraic sets.

Negative examples

Example 1.2.8 (Dimension 0). An irreducible 0-dimensional K-variety consists of a
single point. Thus its topology carries no information about the field K.

Example 1.2.9 (Dimension 1). The closed algebraic subsets of a 1-dimensional K-
variety C are exactly the finite subsets. Thus the only topological information is the
cardinality of jCj. It is easy to see that this cardinality is jKj if K is infinite and wq if
K is finite.
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Example 1.2.10 (Normalization). Let us start with an example. The morphism ¢ A
(t2,13) gives a homeomorphism between the varieties AL and (22 »?> =0) AL It
is however not an isomorphism since its inverse is (z,y) ® y/x, but y/x is not a
polynomial.

The notion of normalization was invented to eliminate such examples. It is prob-
ably best to think of normal varieties as those where Riemann’s extension theorem
applies. Thus a C-variety X is normal iff the following holds.

Let U X an open, algebraic subset and g : U ¥ C a regular function. Then ¢
extends to a regular function defined at x 2 X n U iff g is bounded in an open
neighborhood (in the Euclidean topology) of z.

To be precise, the most relevant algebraic geometry notion here is not normalization,
but seminormalization; see [Kol96, Sec.I.7.2] for its definition. We comment more
about it in (1.3.4).

Example 1.2.11 (Choosing the wrong field). Let X be the R-variety (y3,, + 1 = 0)
JAR™Yj. Despite appearances, the map : jA%j ¥ jXj given by

P
(r1,...,2n) B (z4,...,2n, 1)
is a homeomorphism. The explanation becomes clearer algebraically:

C[l‘l, cee 7xn] = R[yl7 cee 7yn+1]/(y3]+l + 1)

Thus they have the same ideals, no matter which field we work over.
The solution is that we should always choose the largest possible field. We discuss
this in (1.2.14).

Example 1.2.12 (Purely inseparable morphisms). Assume that char X' = p. Then the
Frobenius endomorphism
(vo:  wn) A (xf:  2P)

is a homeomorphism of jPij to iteslf, but it is not an isomorphism since FP)E is not a
polynomial. In a similar way, if L/K is a purely inseparable field extension then the
identity map gives a homeomorphism jP%j jP["j.

Thus in positive characteristic the best we can hope for is to get a positive answer
up to purely inseparable morphisms and field extensions.

Example 1.2.13 (Surfaces over finite fields). These unexpected examples are from
[WKS81]. Let p,q be prime numbers and X Fy,L  F; (possibly infinite) algebraic
extensions. Then jPZj and jP?j are homeomorphic.

More generally, many (though not all) algebraic surfaces over such fields are home-
omorphic to projective planes (see (9.3.1)).

Definition 1.2.14 (Geometric irreducibility). Let K be a field and X = (F; = =
F, = 0) Pk a projective, algebraic set. If L/K is a field extension then the same
equations define a projective, algebraic set

XL:(F]_: =Fr:0) Prll
We say that a property of X holds geometrically if the property holds for X, for every

algebraic extension L/K. In most cases it is enough to check what happens when
L = K, an algebraic closure of K.
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Consider, for example, a hypersurface X = (/' = 0). Then X is irreducible iff F is
a power of an irreducible polynomial; we may as well assume that F' is irreducible.

Then X is geometrically irreducible if X, is irreducible for every algebraic exten-
sion L/K. (The old literature, for example [Wei62], uses absolutely irreducible.) For
example, X = (¢> +y?> =0) P3 is irreducible but

XCI(:L’+p_1y=0)[(3: p_1y=0) P(Z:

is reducible.

If char K = 0 and F is irreducible over K, then F either stays irreducible over L or
it decomposes as the product of distinct factors. So X is geometrically irreducible iff
Fis irreducible over K.

However, if char K = p > 0, then it can happen that we get factors with multipilicty
p. For example, start with K = Fy(¢) and the irreducible polynomial F' = zP + tyP. Set
L = Fp(s) where sP = t. Over L we get that 2P + ty? = 2P + sPyP = (z + sy)P.

We say that X is geometrically integral iff F' is irreducible over K. (This is a rare
example where the algebraic terminology diverges from the geometric one.) For non-
hypersurfaces, see [Har77, II.Exrc.3.15].

1.3. Main results

Our ultimate aim is to show that (1.2.8)—(1.2.13) are exceptional instances, and
in other cases the topological space jX| determines X. The strongest result we have
is the following, which may be viewed as a direct extension of (1.1.13) to algebraic
varieties.

Theorem 1.3.1. Let K, L be fields of characteristic 0 and X, Y, normal, projective,
geometrically irreducible varieties over K (resp. L). Let :jXkj ¥ jY_jbe a homeomor-
phism. Assume that

(1) dimX 4, or

(2) dimX 3and K, L are finitely generated field extensions of Q, or

(3) dimX 2and K, L are uncountable.

Then is the composite of a field isomorphism ¢ : K ¥ L and an algebraic isomor-
phism of L-varieties X; ¥ Y.

What more can be true?

It is quite likely that is only the first positive result. Below we list natural
variants and generalizations. In all cases we try to state the strongest version that
is consistent with the known examples. We list them in what we expect to be an
increasing order of difficulty.

Speculation 1.3.2 (Dimension 2). Let K, L be fields of characteristic 0 and Xy, Y_
normal, proper, geometrically integral varieties of dimension 2 over K (resp. L). Let
1 JXk]j ¥ jY_j be a homeomorphism.

Then is the composite of a field isomorphism ¢ : K ¥ [ and an algebraic isomor-

phism of L-varieties X, ¥ Y.

Remark 1.3.3. In [KLOS20] (a preliminary version of this work which was mostly,
but not entirely, superseded by it), we used methods similar to (but simpler than)
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those we use here to prove the above statement when K and L are uncountable alge-
braically closed fields. The results we describe here use projectivity, but it seems more
likely than not that they can be extended to the proper case.

Speculation 1.3.4 (Reducible varieties). Let K, L be fields of characteristic 0 and
Xk, YL projective varieties over K (resp. L), all of whose irreducible components have
dimension 2.Let :jXkj ¥ jY_jbeahomeomorphism.

Then lifts uniquely to a homeomorphism of the normalizations :jXkj ¥ jY.].

Remark 1.3.5. Let X  PZ be the union of the 2-planes X; = (z; = z, = 0) and
X, = (23 = x4 = 0). They meet at the point (1:0:0:0:0). Choose : jXj ¥ jX] to
be the identity on X; and complex conjugation on X,. Then is not the composite
of a field isomorphism and an algebraic isomorphism. The 2 irreducible components
dictate different field isomorphisms. This is the reason of the formulation of (1.3.4). It
is, however, possible that such 0-dimensional intersections provide the only counter
examples for seminormal schemes.

Speculation 1.3.6 (Unequal characteristics). Let K be a field of characteristic 0, L a
field of characteristic > 0, and X, Yi normal, projective, geometrically integral vari-
eties of dimension 2 over K (resp. L). Then jXj and jY, j are not homeomorphic.

Remark 1.3.7. We prove in (8.7.13) that this holds if dim X 4.

Speculation 1.3.8 (Quasi-projective varieties). Let K, L be fields of characteristic O
and X, Y. normal, geometrically integral varieties of dimension 2 over K (resp. L).
Let :jXkj ¥ jY_jbeahomeomorphism.

Then is the composite of a field isomorphism ¢ : K ¥ [ and an algebraic isomor-
phism of L-varieties X, ¥ Y{.

Remark 1.3.9. Already the affine algebraic geometry version of Theorem|1.1.13|seems
much harder, even for n = 2.

The first thing we notice is that the ‘natural’ automorphism group is now infinite
dimensional. For any polynomial g(x) 2 K|[x],

(z,y) A (2,y+g(x))

is an automorphism of AZ that clearly maps algebraic curves to algebraic curves.
The study of such groups of automorphisms is a fascinating subject, with many open
problems, see [Kra96].

Our methods give some information about homeomorphisms of jA% j. For example,
homeomorphisms of jAZj map smooth rational curves to smooth rational curves.

A similar statement about jP2j is very strong, since in P? the only smooth rational
curves are lines and conics. However, jAZj has many smooth rational curves, for ex-
ample (y = f(z)) for any polynomial f(x), so we are still far from getting the desired
result.

The situation is quite different for general affine schemes, see (9.6.1).

Speculation 1.3.10 (Positive characteristic). Let K, L be fields of characteristic > 0
and X, Y. normal, projective, geometrically integral varieties of dimension 2 over
K (resp. L). Let :jXkj ¥ jY_] be a homeomorphism.

Assume that K, L are not algebraic over their prime field.
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Then is the composite of a field isomorphism ¢ : K™ ¥ [ins of their purely
inseparable closures, and a purely inseparable algebraic morphism of L™-varieties
X ins ¥ Yiins.

Lins L

Remark 1.3.11. As we noted in (1.2.13), there are many 2-dimensional counter ex-
amples if K, L are algebraic over their prime field. We did not suceed in making 3-
dimensional counter examples, and we are not sure what to expect.

1.4. Scheme-theoretic formulation

Much of modern algebraic geometry is written using the language of schemes; a
standard introduction is [Har77]. For the questions we are considering, the differ-
ences between the classical and the scheme theoretic do not matter, but it useful to
know how to switch between the 2 versions.

Definition 1.4.1 (Varieties as schemes). Let X = (jX], Ox) be a quasi-projective alge-
braic set with its sheaf of regular functions. The scheme X" = (jX"j, Oysn) associ-
ated to it is obtained as follows.

(1) The points of j.X*"j are the closed, irreducible subsets jZj jX]. Let us denote
the point corresponding to Z by 7z. It is customary to identify a point p 2 jXj
with 7,, and view jXj as a subset of jX*j. We refer to 7z as the generic point
of jZ].

(2) The closure of 7z is nz := fnw : jWj  jZjg. This defines a topology on the
points of j X°j. We denote this topological space by jX*®"j. The subspace topol-
ogy on jX|j agrees with the previous topology jXj, thus jX|j and jX*"j uniquely
determine each other.

(3) If jUs*"j  jX°Njis an open set then jUj := jU*"j\jX] jX]jis open and we set
Oxsen (U) = Ox(U). Again, the sheaves Oxsn and Ox uniquely determine each
other.

Scheme theory also studies much more general objects. The classical quasi-projective
sets over k correspond to reduced schemes that are quasi-projective over k.

Convention 1.4.2. Since (X, Ox) and (X, Oxsn) determine each other, they are rou-
tinely identifed in the algebraic geometry literature, and one simply writes X to de-
note a scheme.

We follow this practice and use X to denote a scheme. Thus it is a pair X =
(1Xj,0x) where jX]j is the underlying Zariski topological space and Ox its sheaf of
rings.

The scheme theoretic version of is the following. Its advantage is that the
fields do not play a role in its formulation, and so ‘geometric irreducibility’ is replaced
by the simpler ‘irreducibility’ assumption.

Theorem 1.4.3. Let X and Y be normal, projective, irreducible schemes over fields of
characteristic 0. Let :jX]j ¥ jYjbe a homeomorphism. Assume that

(1) dimX 4, or

(2) dim X 3 and the fields are finitely generated field extensions of Q, or

(3) dimX 2 and the fields are uncountable.

Then extends to an isomorphism 5" : X ¥ Y of schemes.
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1.5. Organization of the book

(1.3.1) is the culmination of several reconstruction results proved in [KLOS20,
Kol20]. Here in the introduction we highlight a few main results. The reader wanting
a more complete description of our results and outline of the text is advised to read
this introduction along with the individual chapter introductions.

Our approach in this book naturally breaks into two parts:

Reconstruction of X from jX|j together with the additional information of the
linear equivalence relation on divisors.
Reconstruction of linear equivalence from jXj.

We briefly describe each of these two parts.

Reconstruction of X from jXj and its divisorial structure

Recall that a (Weil) divisor on a variety is a Z-linear combination of irreducible
closed subsets of codimension 1. Since “irreducible closed subset of codimension 1" is
a purely topological notion (the codimension 1 irreducible closed subsets being the
maximal proper ones), the group of Weil divisors on X is determined by j.Xj. However,
the linear equivalence relation on the group of divisors depends, a priori, on more
than just j.X].

The divisorial structure of X is the topological space j.Xj together with the linear
equivalence relation on the group of Weil divisors of X. Our main reconstruction
result for varieties together with the divisorial structure is as follows.

Theorem 1.5.1. Let K, L be fields and let Xx,Y_ be normal, proper, geometrically
integral varieties over K (resp. L). Let :jXkj ¥ jY_j be a homeomorphism such that
for D,, D, effective divisorson X, (D) (Dy) ifand only if D;  D,. Assume that

(1) either K is infiniteand dimX 2,
(2) or K is afinite field of cardinality > 2 and dim X 3,
3) or K =F,,dimX 3, and X is Cohen-Macaulay.

Then is the composite of a field isomorphism » : K ¥ L and an algebraic isomor-
phism of L-varieties X, ¥ Y.

Reconstruction of divisorial structure from j.Xj

Quite surprisingly, over fields of characteristic 0 one can often recover the linear
equivalence relation on divisors from the topological space jXj. Our main result in
this regard is the following, which is a slightly simplified version of (8.9.13) below.
Theorem 1.5.2. Let k be a field of characteristic 0 and X/k a normal, projective, geo-
metrically irreducible k-variety. Assume that

(1) dimX 4, or
(2) dimX 3 and % is a finitely generated field extension of Q, or
(3) dimX 2and k is uncountable.

Then jXj determines linear equivalence of divisors.

Remark 1.5.3. Here is a very rough idea why small or very large fields help us.
Assume that f is a rational function on a variety X, and we know its zero set 7, :=
(f = 0) and its polar set 74 := (f = 1). Note that if " = ¢ f™ for some ¢ 2 £k and
m,n 2 N, then ¢ and f has the same zero and polar sets. If 7, and Z4 are irreducible,
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then the converse also holds. Thus we are in a better situation if there are many
rational functions with irreducible zero and polar sets.

Ifdim X 2 then Bertini’s theorem guarantees that almost every rational function
is such. If dim X = 1 and k is algebraically closed, there may not be any such functions.
However, if k is a finitely generated field extension of Q, then Hilbert’s irreducibility
theorem guarantees that there are many such functions.

We need to apply such considerations not to the original variety X, but in the
following setting:

C Xisacurve, Y X is an irreducible subvariety to which the above
considerations apply, and C'\ 'Y is a single point.

Except in rare instances, for instance when X = P", this can be arranged only if
dimX >1+dimY.

Such considerations lead to the notion of Bertini-Hilbert dimension of a field (which
is either 1 or 2; see (8.6.5)). Then the assumptions [(1.3.1(1)) and [(1.3.1(2))] can be
weakened to requiring that the dimension of X be greater than 1 + BH(k).

Finally, our real problem is when the zero and polar sets have ‘unexpected’ irre-
ducible components. In algebraic geometry it is usually easy to show that ‘unexpected’
things can happen in only countably many ways. So over uncountable fields, most
functions do not behave in ‘unexpected’ ways.

In combination with (1.5.1)), this yields (1.3.1).
Correspondingly, the book is broadly organized into two parts. In the first part,

consisting of Chapters [2] through [5, we prove by observing that the divisorial
structure lets us define linear systems of effective divisors, reconstructing the pro-
jective structure on linear systems using variants of the Fundamental Theorem of
Projective Geometry, and then reconstructing rings of functions using these linear
systems. In Chapters [7] and 8, we deduce from Theorem by first recon-
structing a weaker equivalence relation for divisors purely from the topology, then
using that to reconstruct various types of geometric data, and finally reconstructing
the usual linear equivalence relation for divisors. Beforehand, in Chapter [6, we give
a simpler argument following a similar strategy for varieties over an uncountable al-
gebraically closed field and also collect various results about pencils that are used in
that chapter and subsequent ones.

Chapter [9includes complements, counterexamples, and conjectures: a topological
Gabriel theorem, various types of schemes for which results of the type we describe
here fail, and several questions and conjectures about extensions of our results to
larger classes of schemes and positive characteristic.

Ancillary results are collected in appendices. These are mostly known but are in-
cluded as we found it hard to find references for the precise statements that we need.
The reader may wish to consult the appendices only as needed while reading the main
parts of the book.

The first appendix recalls the definitions and basic properties of locally finite,
Mordell-Weil, anti—Mordell-Weil and Hilbertian fields. This appendix is included at
the end of Chapter[7, where these notions are first used. The second appendix, which
appears at the end of Chapter [8, we introduce the notion of weakly Hilbertian fields,
(8.10.1). This notion is new and may be of independent interest.
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Chapter [10| contains various background material which is used in the book, but
follows more standard algebraic geometry terminology. In Sections (10.1| and [10.2| we
summarize properties of complete intersections and various Bertini-type theorems.
The theory of the Picard group, Picard variety, and Albanese variety is recalled in Sec-
tion [10.3 The literature is much less complete about the class group and its scheme
version, which does not even seem to have a name. Basic results on commutative
algebraic groups and the multiplicative group of Artin algebras are studied in Sec-

tion [10.4l

1.6. Remarks on existing literature

This work has its origins in trying to understand the derived category of coherent
sheaves on an algebraic variety and to what extent it determines the variety [LOZ21].
While this project took quite a different direction, and the work in this book is not
directly related to derived categories of coherent sheaves, this idea of categorical
invariants determining a variety nonetheless provided significant inspiration. The
most classical example of such categorical reconstruction results is the following the-
orem [[Gab62, Ros98].

Theorem 1.6.1 (Gabriel-Rosenberg). A quasi-separated scheme is determined by its
associated abelian category QCoh(X) of quasi-coherent sheaves.

Note that in the case when X is a finite type scheme over a field & the category of
quasi-coherent sheaves captures the information of the topological space jX]j. Indeed,
the subcategory of coherent sheaves Coh(X) can be identified with the finitely pre-
sented objects of QCoh(X), and the skyscraper sheaves of points can be identified in
Coh(X) as the objects F 2 Coh(X) having the property that any non-zero epimorphism
F ¥ F is anisomorphism. Thus from QCoh(X) we can recover the set of closed points
of X. Furtermore, for an object F 2 Coh(X) we can characterize its support among
the closed points as those points for which the associated skyscaper sheaf admits an
epimorphism from F. Using this we can therefore recover the Zariski topology on the
closed points, and therefore also the entire Zariski topological space jX]. The results
of this book imply that in many instances there is no loss of information in passing
from QCoh(X) to jX]j.

Another variant direction one can consider is the problem of reconstructing the
function field, or equivalently the birational equivalence class, of a variety from other
data. This is a very natural problem to consider in the context of derived categories of
coherent sheaves (see for example [LO21, §4]. In particular, we mention the program
of Bogomolov and Tschinkel [BT11, BT13, BT12, BT09, BRT19]. While this work is
in the context of Grothendieck’s anabelian geometry, and the work here has a some-
what different emphasis, the ideas presented here are very much extensions of those
of the Bogomolov-Tschinkel program. The core idea in this work is to notice that if K
is the function field of a variety over a field k£ then K /k has the structure of a projec-
tive space (infinite dimensional) and a group, and this structure contains a significant
amount of information about K. In particular, the Bogomolov-Tschinkel program re-
lates this structure to Galois theory. The referenced articles contain many results in
this direction. Here we just mention one of them to give the flavor:
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Theorem 1.6.2 (Theorem 1 of [BT11]). Let K be a function field of transcendence
degree at least 2 over the algebraic closure k& of a finite field, and let ¢ be a prime
invertible in k. Let G¢ be the pro-/-completion of the absolute Galois group of K, and
let G be the quotient of G¢ by the second step of the descending central series, so we
have an extension

1 1[G, Gal/[Ge, [Ge, Gell ¥ G 1 G ! 1,

where G is the abelianization of G<. Then G, as a pro-/-group, determines the pair
(K, k).

Remark 1.6.3. Note that the group G% is closely related to X' via Kummer theory.
In fact, in loc. cit. the formulation is in terms of G} and certain subgroups, which can
be recovered from G.

The consideration of X' /k as above also naturally leads to studying reconstruc-
tion of functions fields from Milnor K-theory. This has been done by Bogomolov and
Tschinkel [BT09]] as well as Cadoret and Pirutka [CP18]. A fundamental result in
this direction is the following:

Theorem 1.6.4 (Theorem 4 of [BT09]). Let K be a function field of transcendence
degree 2 over an algebraically closed field k. Then (K, k) is determined by the first
and second Milnor K-groups of K.

More refined results, including results over non-closed fields are obtained in [CP18].
Instead of Milnor K-theory one might also naturally consider Galois cohomology. This
direction was pursued by Topaz in [Top17, Top16]

All of the results mentioned, as well as the work in this book, are focused on di-
mensions 2. In [BKT10] Bogomolov, Korotiaev, and Tschinkel formulated a conjec-
ture for curves over an algebraically closed field. Namely, if C' is a smooth projective
curve over an algebraically closed field £ then one can consider the data (J(k), P(k),i :
C(k) <@ P(k)), consisting of:

(i) The k-points J(k) of the Jacobian of C'— an abelian group.
(i) The set P(k) of isomorphism classes of degree 1 line bundles on C' — a set
with a simply transitive action of J(k).

(iii) The subset i : C(k) <¥ P(k) given by sending a point to the class of its associ-

ated line bundle.

The conjecture is that the data (J(k), P(k),: : C(k) <@ P(k)) determine (C, k). Using
deep results in model theory, Zilber addressed this conjecture in [Zil14]. Our own
lack of expertise in model theory has rendered us unable to understand the proof. It
would be very interesting to understand the situation for curves solely using algebraic
geometry.

Remark 1.6.5. As we explain in (4.3.2), the assumption that & is algebraically closed
is necessary. This is model-theoretically reasonable (in the sense that the model the-
ory of algebraically closed fields is far more tractable than that of other fields), but we
believe that an algebro-geometric proof of the curve case could also illuminate what
is truly required of the base field for this to be true.

Related to this is also the work of Borel and Tits [BT73] showing that in certain
cases homomorphisms between the k-points of algebraic groups are induced by homo-
morphisms of Lie groups (group schemes).
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Another direction that has been fruitfully studied concerns reconstruction results
for the étale topos. In particular, we note the work of Voevodsky, including the follow-
ing.

Theorem 1.6.6 (Corollary 3.1 of [Voe90]). Let K be a field finitely generated over
Q and let X and Y be normal finite type K-schemes. If there exists an equivalence
Xet 7 Yeq Of étale topoi over (Spec(K))e: then X and Y are isomorphic (as K-schemes).

In fact, Voevodsky proves stronger results concerning morphisms of schemes, and
not just isomorphisms, and also results in low dimensions; for example, in dimension
0 (giving back the Ikeda—Iwasawa—Neukirch—Pop—Uchida theorems [Pop94]) and di-
mension 1.

Related to Voevodsky’s work on the étale topos is the work of Barwick, Glasman,
and Haine on exodromy [BGH18|, which yields a reconstruction of the étale topos
from a category consisting of points together with étale specializations. This work
builds on work of Lurie [Lurl7, Appendix A].

1.7. Remarks on Terminology and Notation

At the end of the text we have included indices of terminology and notation. We
highlight here a few items of particular importance in the text.

Varieties and schemes

As mentioned in Section in the writing of this book a choice had to be made in
the basic language of algebraic geometry. Since we are primarily interested in quasi-
projective varieties over a field, we have chosen to mostly use the classical terminology
of varieties. Of course, the reader who wishes can make the translation to the lan-
guage of schemes. Specifically, we make the convention (which follows other standard
treatments such as [Stal5, Tag 020D]) that for a field K a variety over K, sometimes
called a K-variety, is an integral scheme X over K such that the structure morphism
f X ¥ Spec(K) is separated and of finite type. Occasionally, we will need to work
with possibly non-reduced or reducible schemes, such as when considering zero-loci of
hyperplane sections of a projective variety, in which case we use the scheme-theoretic
language.

The language of varieties, while perhaps making the material accessible to a wider
audience, has a drawback when considering morphisms. A morphism f : X ¥ Y of
K-varieties X and Y is a morphism of schemes over K. We will often have occasion to
consider morphisms between varieties defined over different fields. If X is a variety
over a field K and Y is a variety over a field L and ¢ : L ¥ K is an isomorphism of
fields, then a ¢-linear morphism of varieties o : X ¥ Y is a morphism of schemes
fitting into a commutative diagram

X— Iy

Spec(K) ——/Spec(L).

Equivalently, if Y =Y gpec) Spec(K) then a is a morphism of K-varieties X ¥ Y.
In a few places we will also need to consider morphisms f : X ¥ Y between the
underlying schemes, in which case we say that f is a morphism of schemes. That is, if
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X and Y are K-varieties then a morphism of varieties X ¥ Y is a K-linear morphism
of schemes whereas a morphism of schemes X ¥ Y is a morphism of schemes, without
reference to the ground field.

Projective spaces

Let & be a field and V' a finite dimensional k-vector space.

Following the convention established by Grothendieck, in algebraic geometry the
projective space associated to V'—denoted by P(V)—is a k-variety whose k-points cor-
respond to 1-dimensional quotients of V. It has a Zariski topology and a sheaf of
functions. We write simply P; to denote n-dimensional projective space as a variety
over k.

In classical projective geometry, the projective k-space associated to V' is usually
the set of 1-dimensional subspaces of V, together with its linear subspaces. We use
P (V) to denote the set of 1-dimensional subspaces of I/, together with its set of lines.
We call it discrete projective space over £ if we aim to emphasize the distinction. As
sets, P(VV-)(k) and P(V') are naturally in bijection.

It is unfortunate that the natural interpretations of projective space, as classify-
ing either quotients or subspaces, differ depending on the point of view. In algebraic
geometry the perspective of quotients is more natural, whereas in classical projective
geometry or other parts of geometry subspaces are preferable. We opt for the above
conventions, which reflects the natural perspective in different contexts, rather than
choosing a particular option which would make certain sections of the book notation-
ally difficult.

At first sight, going from P(V/-) to P(V) loses a lot of information. The structure
sheaf is gone and we keep only the lines from the large collection of subvarieties.
Nonetheless, says that we can recover P(V-) from P (V).

Linear systems

The literature is very inconsistent about linear systems, both conceptually and
notationally. Some of the differences are quite important for us, so we set down our
conventions.

Let X be a normal, geometrically integral variety over a field &, and let L. be a
rank 1, reflexive sheaf on X. Assume that X is proper, or at least H°(X, Ox) = k.

1.7.1 (Complete linear systems). The complete linear system associated to L is usually
denoted by jLj. However, in the literature this notation is used for 3—closely related
but different—objects. We distinguish between them as follows.

(i) jLj* is the k-variety Py (H°(X, L)-).

(i1) jLj is the set of k-points of jLj"?", viewed as a discrete projective k-space in
the sense of classical projective geometry. That is, jLj is a set together with
the additional data of the set of lines.

(iii) jLj*t is the set of k-points of jLj*", with no additional structure.

We can also define jLj*t as

(iii”) nonzero sections of L modulo & -scalars, or
(iii") the set of effective Weil divisors D on X such that L. = Ox (D).
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Note that (iii") is sometimes given as the definition, but in the literature this almost
always means (ii). That is, the discrete projective k-space structure is tacitly under-
stood.

There is usually very little danger of confusion if one considers (i) and (ii) the
‘same’ and authors usually switch between them without mention. We will follow
this practice and use jLj to denote either of these versions, unless the distinction is
important.

In many cases the context dictates which variant one means. For example, when
one says that the linear system defines a rational map X 99K jLj—, then jLj— must
denote the dual of jLj¥*, as a k-variety.

However, the main theme of our treatment is that if we are given the set jLj*! for
every L, then we can recover their projective k-space structures. So using a different
notation for the underlying set is very important for us.

If D is a Weil divisor, it is standard to write jDj for jOx (D)j; we also use jDj*t for
jOx (D)j*t. Unfortunately, the notation jDj is also used for incomplete linear systems;
we discuss this issue next.

1.7.2 (Linear systems). Incomplete linear systems are linear subspaces of complete
linear systems. Again the variants (i)—(iii)) are used usually interchangeably.
Here the classical notation is usually jDj, the reader is expected to figure out
whether this means the complete linear system or not. The book [Har77, Sec.I1.7]
uses d to denote not necessarily complete linear systems, but this is not in wide-
spread use, and not easily adaptable for linear systems like jAj or jBj.
We believe that the following conventions are used in most of the literature.

(1) jLj denotes the complete linear system for a rank 1, reflexive sheaf L.
(i1) Pencils, that is, linear systems of dimension 1, are not assumed complete.
(i11) If one gives first a divisor D, then after that jDj is supposed to be complete.
This applies especially to statements like “Let D be a ... divisor, then jmDj is
. form 17
(iv) If one starts with a linear system jDj (where D was not previously named), it
is allowed to be incomplete.

In questionable cases we will try to clarify whether we use complete or not necessarily
complete linear systems, but decades of bad habits are hard to break.

Warning 1.7.3. Let X be a proper, normal, irreducible variety over a field £ such
that K = HO(X,0«) & k. In this case the sheaf-theoretic and the divisor-theoretic
definitions of linear systems are in serious conflict.

For a line bundle L, the natural definition is

jLj == (H°(X,L)nfog)/k .

However, two sections determine the same divisor D if and only if they differ by mul-
tiplication by K . So the natural thing is to set

iDj = (H°(X, 0x(D)) n fog) /K .
Thus jDj & jOx(D)j. They are over different fields and in fact
dim jOx (D)j = deg(K/k) dimjDj.
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Our main results are about geometrically integral varieties, so we do not need to
worry about this discrepancy. However, we do restrict divisors to subvarieties that
need not be geometrically integral. Then we naturally end up in jDj not in jOx (D)j,
and care must be taken in regards to this distinction.
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CHAPTER 2

The fundamental theorem of projective geometry and variants

In this section, we prove two strengthenings of the classical Fundamental Theo-
rem of Projective Geometry, which states that linearity of a map of projective spaces
can be detected simply by the preservation of lines. Our strengthenings have to do
with assuming only that general lines (either a Zariski open set — over infinite base
fields — or a suitably high fraction of lines — over finite base fields) are known to be
mapped to lines. This arises in the following way in Chapter |3| If X is a projective
variety over a field £ and L is an ample invertible sheaf then we can characterize
certain lines in jLj purely from the topological space jXj. Namely, viewing jLj*' as
the set of effective divisors D in X whose associated line bundle is isomorphic to L
we define for a closed subset Z jXjthe set V(Z) jLj* to be the effective divisors
D which contain Z. This is a linear subspace, and Bertini’s theorems imply that this
construction defines many lines, but also naturally leads us to consider situations
where the dimension of V' (7) is larger than expected.

The main results of this chapter are (and its variant (2.2.1)) over infinite
fields, and over finite fields.

2.1. The fundamental theorem of definable projective geometry

Here we discuss a variant of the Fundamental Theorem of Projective Geometry
in which one only knows distinguished subsets of “definable” lines in the projective
structures and one still wishes to produce a semilinear isomorphism between the
underlying vector spaces that induces the isomorphism on a dense open subset. In
Section and Chapter 4| we explain how to use this theory to reconstruct varieties.

For P(V) the abstract projective space arising from a vector space V' as in !!, we
denote the set of lines in P(V) by Gr(1,P(V)). Both P(V) and Gr(1,P(V)) may be
endowed with Zariski topologies, in the classical sense of the Zariski topology on the
k-points of a variety.

Definition 2.1.1. A definable projective space is a triple (k, V, U) consisting of an infi-
nite field £, a k-vector space V, and a subset U  Gr(1, P(V)) which contains a dense
Zariski-open subset of the space Gr(1, P()) of lines in the projective space P(V'). The
dimension of (k,V,U) is defined to be

dim(k,V,U) :=dimyV 1.

In other words, a definable projective space is a projective space together with a
collection of lines that are declared “definable” subject to some conditions.

Definition 2.1.2. Let &k be a field and V' a k-vector space. The sweep of a subset
U  Gr(1,P(V))(k), denoted Sy(P(1)) is the set of p 2 P(V) that lie on some line
parametrized by U.

25
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2.1.3. Let (k,V,U) be a definable projective space. Then there exists a maximal subset
U U which is a Zariski open subset of Gr(1, P(V)). Furthermore, (k,V,U ) is again
a definable projective space. This is immediate from the definition.

Example 2.1.4. Fix a projective k-variety (X, Ox (1)) of dimension d at least 2. Given
a closed subset 7 X, we can associate the subspace V' (Z) jO(1)j of divisors that
contain Z. The lines of the form V(Z) give a subset of Gr(1,jO(1)j) (see Section [3.3).
These are the definable lines we will consider.

The main goal of this section is to prove the following result.

Theorem 2.1.5. Suppose (kq, V1,U;) and (k;, V3, U,) are finite-dimensional definable
projective spaces of dimension at least 2. Given an injection ¢ : P(V;) ¥ P(15) that
induces an inclusion A : U; ¥ U,, there is an isomorphism o : k; ¥ k, and a o-linear
injective map of vector spaces ¢ : V3 ¥ V; such that P(y) agrees with ¢ on a Zariski-
dense open subset of P(V;) containing the sweep of (k1, V1, U;).

Remark 2.1.6. In (2.1.5) we can without loss of generality assume that
Uz = Gr(1, P(V2))(k).

However, we prefer to formulate it as above to make it a statement about definable
projective spaces.

Remark 2.1.7. If either the dimensions of V; and V, are equal or we assume that
A(U;)  Gr(1,P(12)) is dense, then the map ¢ is an isomorphism. In the case when
the dimensions are equal this is immediate, and in the second case observe that if
Vi «: k2 ( V2 is a proper subspace then there exists a dense open subset W
Gr(1,P(13)) of lines which are not in the image of P(¢), contradicting our assumption
that P(¥)(U;) = A\(U;) is dense.

Remark 2.1.8. Observe that two lines in a projective space are coplanar if and only if
they intersect in a unique point. This enables us to describe the map P () as follows.
Let U" U, be any dense Zariski open subset of Gr(1,P(17)), and let P 2 P(V4) be
a point. Choose any line ¢ P(V}) corresponding to a point of U’ and not containing
P (this is possible since U’ is an open subset of Gr(1, P(11))), and let Q, R 2 ¢ be two
distinct points. Let Lp.q (resp. Lp.r) be the line through P and () (resp. P and R), and
choose points S 2 Lp.q fP,Q)gand 7' 2 Lp.r TP, Rg such that the line Ls.t through
S and T is also given by a point of U® (it is possible to choose such S and T since U’ is
an open set). The lines Ls.t and Lo.r = ¢ are then coplanar and therefore intersect in
a unique point E. It follows that p(Lst) and ¢(Lq.r), which are lines since Lst and
Lq.r are definable, are coplanar since they intersect in ¢(F). It follows that the lines
in P(V3) given by L-(q).~(ry and L-(s).-(r) are coplanar and consequently intersect in a
unique point, which is P(v).
This description will play an important role in Section below.

Proof of (2.1.5). This proof is very similar to the proof due to Emil Artin in the clas-
sical case, as described by Jacobson in [Jac85, Section 8.4].

We may without loss of generality assume that U; = U, .

Let us begin by showing the existence of the isomorphism of fields o : k&1 ¥ k,. The
construction will be in several steps.



2.1. THE FUNDAMENTAL THEOREM OF DEFINABLE PROJECTIVE GEOMETRY 27

First we set up some basic notation. Let V' be a vector space over a field k. For a
nonzero element v 2 V' let [v] 2 P(V') denote the point given by the line spanned by v.
For P 2 P(V) write ¢p  V for the line corresponding to P, and for two distinct points
P,Q 2 P(V) write Lp.g  P(V) for the projective line connecting P and Q). If P = [v]
and ) = [w] then Lp.g corresponds to the 2-dimensional subspace of I given by

Span(v, w) := fav + bwja, b 2 kg.

If L. P(V)isaline and P,Q, R 2 L are three pairwise distinct points then there
is a unique k-linear isomorphism L ¥ P(k) sending P to 0, Q to 1, and R to 1. For a
collection of data (L, TP, Q, Rg) we therefore have a canonical identification

QR ¥ [ fRg.
In the case when L = Ly, for two non-colinear vectors v,w 2 V' f0g we take P = [v],
Q@ = [v+ w], and R = [w]. Then the identification of k£ with . fRg is given by
a® v+ aw.

Suppose given (L, TP, (Q, Rg) as above, and fix a basis vector vp 2 /p. Then one
sees that there exists a unique basis vector vg 2 /g such that [vp + vg] = Q. This
observation enables us to relate the maps "R for different lines as follows.

Consider a second line L passing through P and equipped with two additional
points 5,79, and let a,b6 2 £ f0g be two scalars. We can then consider the two lines

Lrr, L rargay; rsrgy),
which will intersect in some point
ng = LT;R \ L P.Q.R(a); P.5.T(ph)-

The situation is summarized in the following picture, where to ease notation we write
simply a (resp. b) for €' 9R(a) (resp. 7S (b)):

K
rmHgl AE\R qT
HHI—F\
awHH)
A TTH
pA H
A
A
Figure 1

If we fix a basis element vp 2 /p we get by the above observation a basis vector vg
(resp. vR, vs, vr) for (g (resp. (g, ls, (1), which in turn gives an identification

VTEVT+VREIVE] - 1w Ltr TRg.
An elementary calculation then shows that
O = E[VT];[VT"'VR];[VR]( a/b).

In particular, if a = b then the point O is independent of the choice of a, and further-
more it follows from the construction that O is also independent of the choice of the
basis element vp.
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Consider now a definable projective space (k,V,U), and let L, P(V) be a defin-
able line with three points P,Q, R 2 L. Fix a 2 k so we have a point

T QR () 2 L.

Let Mp denote the variety classifying data (L, S, 7g), where L is a line through P
and S5, T is a set of two additional points on L such that P, S, and T are all distinct.
The variety Mp has the following description. The point P corresponds toaline/p  V
and the set of lines passing through P is given by P(V//p). If L ¥ P(V/{p) denotes
the universal line in P(V') passing through P then there is an open immersion

Mp L py=pL,

whence Mp is smooth, geometrically connected, and rational. Since £ is infinite it
follows that the k-points of Mp are dense.

Lemma 2.1.9. Fix a 2 k. There exist a nonempty open subset Up.,  Mp such that if
(L,TS,Tqg) is a line through P with two points corresponding to a point of Up., then the
lines

(2.1.9.1) LP,T, .[JT‘R7 L P,Q7R(a); P,S,T(a)
are all definable.

Proof. We may without loss of generality assume that U = U .
Let Qg 2 Mp denote the point corresponding to (Lo, fQ), Rg). The procedure of as-
signing one of the lines in (2.1.9.1) to a pointed line (L, S, 7g) is a map

q:Mp ¥ Gr(1,P(V)).

Note that the image of this map contains the point corresponding to the line Ly, and
therefore the inverse image ¢ '(U) is nonempty. Since Mp is integral it follows that
the intersection of the preimages of U under the three maps defined by (2.1.9.1) is
nonempty.

A variant of the above lemma is the following, which we will use below.

Lemma 2.1.10. With notation as in (2.1.9), let P, @ 2 P(V') be two points in the sweep
of U . Then there exists a definable line Lp through P and a definable line Ly through
@ such that Lp and Lq intersect in a point R.

Proof. Let Np Gr(1,P(V)) denote the set of lines through P, so Np * P(V/(p) for
the line /p  V corresponding to P. Let L. ¥ Ny denote the universal line through P,
and let s : Np ¥ L denote the tautological section. Then the natural map

L fs(Ne)g ¥ P(V) fPg

is an isomorphism, since any two distinct points lie on a unique line. The set of points
of P(V) fPg which can be connected to P by a line given by a point of U is under
this isomorphism identified with the preimage of U \ Np. In particular, this set is
nonempty and open. It follows that the set of points of P(1) (k) which can be connected
to both P and () by lines given by points of U is the intersection of two dense open
subsets, and therefore is nonempty.

With these preparations we can now proceed with the proof of (2.1.5). With the
notation of that theorem, let us first define the map o : k&; ¥ k,. Choose a definable
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line Ly, P(V1) together with three points P, Q, R 2 Lo such that p(Lg) P(1%) is also
a definable line. We then get a map

P,Q,R - (2@ 1
ki —— Lo TRY —— ¢p(Lo) Tp(R)g > ko,

which we temporarily denote by ¢ (-o:TP:QiR9),
Claim 2.1.11. The map o(-oTP:QR9) js independent of (Lo, P, Q, Rg).

Proof. Let (L}, fP" ", R'g) be a second definable line with three points. Given a 2 ki,
we will show that

O(Lo;fP;Q:Rg)(a) — O(L%;fPU;Q‘);ROg)(a).

From the definition, we see that this holds for « = 0 and a« = 1, so we assume that
a & 0 in what follows. First consider the case when P = P'. By we can find a
line L with two points S, 7g such that the lines are all definable, as well as
the lines obtained by replacing (Lo, fP, Q, Rg) with (L}, P, ", R'g)

The picture in Figure 1 is taken by ¢ to the corresponding picture in P(15). Looking
at the intersection point it follows that

U(Lo;fP;Q:Rg)(a) = U(L;fP;S;Tg)(a) = U(L%;fP;QO;Rog)(a)_

It follows, in particular, that the map o(-0i""i@R9) 5 independent of the points Q
and R. Since ¢(-0iTRQP9 i given by the formula

o (Lo TPiQ;RQ)

lko lky

where 1, denotes the involution of k; given by u A u 1 it follows that the map
o(LoifPiQRY) 5 independent of the triple TP, Q, Ry, so we get a well-defined map o'° :
ki ¥ k,. Now for a second definable line L} which has nonempty intersection with Ly
the intersection, the point P := Lo \ L} is on both lines so we can apply the preceding
discussion with the two lines Ly and L) and Q, R and Q°, R’ chosen arbitrarily to de-
duce the independence of the choice of (Lo, TP, ), Rg). Finally for an abitrary definable
line we can by find a chain (in fact of length 2) of definable lines which connect
the two, which concludes the proof..

Let us write the map of (2.1.11) as o : k; ¥ k».
Claim 2.1.12. The map ¢ is an isomorphism of fields.

Proof. First note that by construction the map ¢ sends 1 to 1 and is compatible with
the inversion map a @ « !. Indeed the statement that ¢(1) = 1 is immediate from the
construction and the compatibility with the inversion map can be seen as follows. Let
tij o kj ¥k (k= 1,2) denote the map a @ «a ! and let (L, fP,Q, Rg) be a definable
line with three marked points. Write L. (resp. (L) ) for L. TP, Rg (resp. ¢(L)

fo(P), p(R)g). Then by the independence of the choice of marked line in the definition
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of o, we have that the diagram

P,Q,R
kl > L
\ %
k1 ’

P(P),p(Q),p(R)

ko > (L)

\ W)W(P)

k2

commutes. The compatibility with the multiplicative structure again follows from con-
templating Figure 1, and the observation that by construction the map o takes 1 to 1.
Indeed given a,b 2 k; such that all the lines in Figure 1 are definable, we must have

(2.1.12.1) o( a/b)y= o(a)/o(b)

since this fraction is given by the point O. Since the condition of being definable is
open (by our initial reduction to U; = U, ), the fact that for any definable (L, P, Q), Rg)
the line through "' 9R(a) and ¢”*QR(b) is definable implies that the same is true after
deforming (L, fP,Q, Rg). Thus we get the formula for all @ and b. In partic-
ular, taking b = 1 we get that o( a) = o(a) for all a, and since o is compatible with
the inversion maps we get that

o(ab) = o(a)o(b)
forall a,b 2 k . Since 0 is also taken to 0 by o we in fact get this formula for all a,b 2 k.
For the verification of the compatibility with additive structure, consider a marked
line (L, TP, Q, Rg). Let S be a point not on the line and let 7" be a third point on Ls.g.
The lines Lp.t and Lq.s intersect in a point we call I/, and then the line Ly.r intersects
Lp.s in a point we call . This is summarized in the following picture, where we write
simply a (resp. b) for ©'FR(a) (resp. S TR(D)).

@ 6 -
@ b T t —
R~@9/ S
a @

V@t
w
@
@ @
@
Pt @
Figure 2

A straightforward calculation done by choosing a basis vg 2 /r then shows that
the point of intersection marked with the larger bullet is the point

eVViR (g +b).
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To prove that o is compatible with the additive structure it suffices to show the fol-
lowing lemma, which concludes the proof.

Lemma 2.1.13. For any a,b 2 k there exists a pointed line (L, fP, @, Rg) and points S
and T such that all the lines in Figure 2 are definable.

Proof. The collections of data
(2.1.13.1) (L, TP, Q, Rg,T5,T9)

defining a diagram as in Figure 2 are classified by an irreducible scheme A, each line
in the diagram gives a morphism

t: M ¥ Gr(l,P()).

It therefore suffices to show that for any particular choice of line in Figure 2, there
exists a choice of for which that line is definable. Indeed, then the set of
choices of data for which that line is definable is nonempty and open in M.
Since the M is irreducible the intersection of nonempty open sets is nonempty and we
conclude that there exists a point for which all the lines in Figure 2 are definable.

For the line through R, V, and W this follows from noting that the data of the
colinear points S and 7T is equivalent to the data of the points fI/,1/g. Indeed given
these two colinear points, the lines QV and P(Q are coplanar and therefore intersect
in a unique point, which defines S, and the intersection of SR and PV then defines
T'. Therefore the map ¢ is smooth and dominant in this case, so the preimage of U; is
nonempty.

For the other lines in Figure 2, note that we can extend the map ¢ to the bigger (but
still irreducible) scheme M classifying collections of data (L, fP,Q, Rg, S, Tg), where
as before L is a point, fP, ), Rg are three points on L, and fS,Tg are two additional
points which are colinear with R, but where we no longer insist that the line through
T and S is distinct from L, but only that the points fP, Q, R, S,T,a,bg are distinct.
Now it is clear that the preimage in M of U; is nonempty since we can take all the
points to lie on the same definable line L.

Now that we have constructed the isomorphism o, it remains to construct the map
RN T

First note that we can choose a basis e, . .. e, for V; with the property that the span
of ¢i and ¢; is a definable line for any i & j. Define €}, ..., ¢!, 2 V; as follows. For ¢} we
take any basis element in /- ;). Now for each ¢j, i 2, the line in P(}) associated to
the plane Span(ey, ¢j) is definable, and therefore the image under ¢ is a definable line
and contains the points ©([e1]), ©([ei]), and ¢([e1 +¢€i]). The choice of the representative
e} for ¢([e1]) defines a representative €! for o([e;]) such that ¢([e; + ei]) = €} + €.
Consider the map

YW1 BV,
defined by
v(azer +  +anen) ;= o(a)el +  + o(an)é,.
Claim 2.1.14. For general (ag, ..., an) We have

¢(larer +  +anen]) = [y(aer +  +anen)].
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Proof. By the construction of o, if foreach2 ¢ n the vectors
(2.1.14.1) are; + +aj 16i 1, ajej
span a definable line, then we get by induction on i that

o(lares +  +aie]) = [y(arer +  + aie)].

Now for each i the map sending a vector (ai,...,an) to the span of the elements

(2.1.14.1) defines a map
A 1 G(1,P(11))

whose image meets U;. Taking the common intersection of the preimages of U; under
these maps, we get a nonempty open subset A A of tuples (ay,...,an) 2 A(ky) for
which the vectors (2.1.14.1) span a definable line. As a consequence, the map ~

defined above is uniquely associated to o, up to scalar, and is thus independent of the
general choice of basis ey, ..., en.

To complete the proof of it suffices to show that P(~) agrees with ¢ on the
entire sweep of (k1, V1, U1). By the above remark, to show this for a particular point p,
it suffices to work with any general basis. To prove this we show that given a point
p 2 Su,(Pk, (V1)) there exists a basis ey, ..., e, for V) as above for which p lies in the
resulting subset A . Reviewing the above construction, one sees that it suffices to
show that we can find a basis ey, ..., e, for V; such that the following hold:

(i) p is the point corresponding to the line spanned by e;.
(ii) Any two elements e; and ej, with ¢ & j, span a definable line.
(iii) Forany 2 ¢ n the vectors

ex+ +ei 1, €

span a definable line.

For this start by choosing e; so that (i) holds. Since p lies in the sweep we can then
find e, such that e; and e, span a definable line. Now observe that given2 » nand
a basis ey, ..., ¢, satisfying (ii) and (iii) with i, ; r we can find e,+; such that (ii) and
(iii) hold with 7,5 r + 1. Indeed a general choice of vector in V; will do for .4, since
for given fixed vector vy lying in the sweep there is a nonempty Zariski open subset of
vectors w such that w and vg span a definable line.

This completes the proof of the Theorem.

2.2. A variant fundamental theorem

Suppose (k1, V1, U,) and (k;, V2, Us) are finite-dimensional definable projective spaces.
Write P = Py, (V3) for the associated projective space for i =1, 2.

In this section we prove the following result, weakening the assumptions of (2.1.5).
This is included primarily for technical reasons related to Section |3.3} a reader inter-
ested in working only over algebraically closed fields can ignore this section on a first
reading.

Theorem 2.2.1. Assume P, and P, have dimension at least 2. Suppose o : P, ¥ P, is
a bijection such that each line in U; is sent under ¢ to a linear subspace of P, and each
line in U, is sent under o ! to a linear subspace of P;. Then o sends elements of U to
lines and it agrees with a linear isomorphism P, ¥ P, on the sweep of Uj;.
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Without loss of generality, we assume that U; is the kj-points of an open subset of
the appropriate Grassmannian, and we make this assumption for the remainder of
the proof.

The proof of appears at the very end of this section, after several requisite
precursors about data (P, P, o) as in the theorem are developed (assuming U; and U,
are Zariski-open subsets).

Remark 2.2.2. Note that in the statement of (2.2.1), we only assume that lines are
sent to linear subspaces, not to lines. This comes up naturally when one seeks to
define lines in linear systems using incidence relations: given a subset Z of a variety
X, the members of a linear system that contain Z is a linear subspace. Detecting the
dimension of this linear subspace is quite subtle when the field of constants of X is
not algebraically closed. In particular, while it may be obvious that such a subset is
a line on one side of an isomorphism, it is not generally clear that it remains a line
on the other side. A trivial (and not particularly informative) example comes from the
existence of an abstract bijection between a line and a projective space of arbitrary
positive dimension. As we will see in the proof, one needs control over a large set of
lines to avoid this situation.

Definition 2.2.3. A pair (Do, D;) 2 P? is good if it lies in the inverse image of U
under the natural span map P2n ¥ Gr(1, ).

Definition 2.2.4. A collection of elements
D -: (D07,Ds)

of P, is admissible if for any two 0 i,j s the pair (Dj, D;) is good and if the D; span
a linear subspace of P; of dimension s.

We fix an admissible collection D in what follows.
Definition 2.2.5. A point () 2 P; is D-good if (D;, Q) is good for all i.

For a pair ¢, j let Eilj P be the line spanned by D; and D; and let Eizj P> denote
the line spanned by o(D;) and o(Dj). Note that since Eilj is definable, which implies

that o(¢};) is a linear subspace 7} P, containing o(D;) and o(D;), we have

J
TR

2.2.6. Fort sdefine W? P, inductively as follows. For t = 0 we define W§ := o(Dy).

Then inductively define W2 ; to be the linear span of W2 and o(/yt+1). When we want

to be unambiguous, we will write W?2(D) to denote the dependence upon D. Note that
it is a priori possible for D and D’ to have the same span in P, while W2(D) & W2(D").

Let Q 2 P, be a D-good point.
Theorem 2.2.7. If 0(Q) 2 W2(D) then Q is in the linear span of the D;.

2.2.8. We first identify mutations of D that leave invariant. In each of the
following two cases we have that if the assumptions hold for D then they hold after
replacing D by D’ and if the conclusions hold for D’ then they hold for D, and therefore
in the proof we may replace D by D'.
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I. Suppose D’is an admissible tuple gotten by replacing Ds by a point D! 2 /s 1.6
such that @ is D'-good and o(D?) lies in the linear span hiW2 ,(D), o(Q)i. Then
we have that ¢(Q) 2 W2(D") and Q is D"-good. Moreover, we have that hDi =
hD'i.

II. Suppose D’ is an admissible tuple gotten by replacing Ds 1 by a point D! | 2
(s 1.s such that @ is D'-good and o(Ds 1) 2 ho(Ds), o(Q)i.
These mutations will arise as follows: the set of choices DJ or D! ; will range through
a line contained in the definable subspace o(/s 1.s). Since the base field is infinite,
such a line is infinite, so its preimage in the line /5 ;. hits every open subset. This is
main way in which we use the fact that the definable subspaces ¢; .; are lines.

2.2.9. We assume that o(Q) 2 W2 and show that Q is in the linear span of the D;.

The basic idea is to work inductively by projection from Dy to the lower dimen-
sional subspace. To get things into appropriately general position, however, we will
do this along with modifying our original configuration (D, ..., Ds) so as to obtain a
contradiction.

First of all, by our assumptions the line ¢ through Q and Ds is definable, so o(¢)\W?2
is a linear subspace of positive dimension.

Furthermore, proceeding by induction we may assume that the theorem holds for
collections of elements (Do, ..., D) with ¢t < s. Note here that the statement for s =0
is trivial.

Lemma 2.2.10. The following hold.
(1) o(ls 1;5) \ Wsz 1 = Fo(Ds 1)g.
(2) The intersection of o(¢s 1.s) with the linear span of W2 | and ¢(Q) is a positive
dimensional linear subspace of o (/s 1.s).

Proof. Note that all but finitely many points U 2 /5 ;.5 the collection
(D07"'7DS 1,U)

is admissible, and U does not lie in the linear span of (Do, ..., Ds 1) (recall that U; is
assumed open). By the induction hypothesis it follows that the intersection

J(gs 1;s) \ W32 1

is finite. Since this is also a linear space it follows that it consists of exactly one point,
namely o(Ds 1). This proves (i).
For (ii), let 0 be the dimension of the linear space o(/s 1.s). Then using (i) we have

dim(W2 ) + 6 = dim(W?).
On the other hand, the dimension of the linear span of ¢(Q) and W? | is equal to
dim(W2 ) + 1.
Therefore the intersection in question in (ii) is given by intersection a §-dimensional
space with a dim(W2 ,) + 1-dimensional space inside a dim(W? ;) + 1-dimensional
space. From this (ii) follows.
2.2.11. For all but finitely many points D! 2 /s ;. the collection of elements
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is admissible and each of these elements is pairwise good with (). We can therefore
find D% 2 /s 1.5 such that D' is admissible, @ is D’-good, and o(D!) lies in the linear
span of W2 (D" and o(Q). Replacing D by such a D’ is an allowable mutation of type
I, as in (2.2.8).

2.2.12. Consider the projection
gs  ho(Ds), W2 1i 99K W2

from the linear span of o(Ds) and W2 | sending an element R to the intersection of
the line through o(Ds) and R with W2 . This is defined in a neighborhood of the line
through o(Ds ;) and ¢(Q). In particular, it is defined at ¢(Q).

Let Qs 1 2 W2 | denote o 1(gs(c(Q)))). (We will write Qs 1(D) when we want to
remember the dependence on D.)

2.2.13. If 6(Qs 1) 2 W2 , then we are done by applying our induction hypothesis to
(Do, ..., Ds 2,Ds)

and Q.
So assume 0(Qs 1) is not in W2 ,.

2.2.14. The space W2 | is the linear span of W2, and o(/s 15 2). Since the space

spanned by W2 , and o(Qs 1) is assumed strictly bigger than W2 ,, this space meets
alineT o(ls 15 »). For all but finitely many elements D! , 2 /s 1 » the collection

D" :=(Dy,...,Ds 2, DL |, Ds)

is again admissible. Replacing Ds ; by a suitable element of 0 (7°) we may therefore

further assume that the line through o(Ds 1) and 0(Qs 1) meets W2 ,. Call this point

Ro 2 W2 ,. (We will write Ro(D) when we want to remember the dependence on D.)
Note that the construction ensures that

0(Qs 1(D)) =ho(Ds 1), Ro(D)i \ho(Ds), o(Q)i
for any D satisfying the assumptions.

2.2.15. We claim that for a suitably chosen element D! , 2 /s 1.c we can arrange that
Qs 1 is D"-good.

The linear span of (/s 1.s) and Ry contains the line connecting o(Ds) and o(Qs 1).
It follows that the plane spanned by Rq, 0(Q), and c(Qs 1) meets c(/s 1:s) in a line M.

Observe that Ry does not lie in M. To see this note that if that was the case
then Ry 2 0(/s 1.s) which would imply 0(Qs 1) 2 0(¢s 1), which would imply ¢(Q) 2
0(ls 1:5) 80 Q is in /5 1.5, which we are assuming is not the case.

We then have an infinitude of elements D) ; 2 o (M) such that the collection

D" := (Dy,...,D. |, Ds)

is admissible.
Keeping R, fixed, we see that the set of points of the form

o 1 (ha(DL 1), Roi \ho(Ds), o(Q)i)

is an infinite subset of the definable line hDs, Qi. Since DY is admissible, any such
infinite subset contains infinitely many points that are D"-good, as desired.

Replacing D with D" is an allowable mutation of type II as in (2.2.8). Therefore for
suitable chosen D! ;, 2 ¢ (M) we get that Qs ; is D"-good.
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2.2.16. Applying our induction hypothesis we conclude that )5 ; is in the linear
span of Dy, ..., Ds 1. Since o(Q) lies in the line ho(Ds), 0(Qs 1)i, we have that o(Q) 2
o(hDs, Qs 11), and thus Q@ lies in the definable line hDs, Qs 1i.

This completes the proof of (2.2.7).

Corollary 2.2.17. Let (D,, ..., Ds) be an admissible collection of elements of P;. Then
we have

S
s dimWZ=> "dimo(l 1),
i=1

with equality if and only each space o(¢; 1.i) is a line.

Proof. This follows immediately from (2.2.10)(i). Note that this lemma uses the in-
duction hypothesis of the proof of (2.2.7), but with the proof of that theorem complete
we can apply the lemma unconditionally.

Corollary 2.2.18. The dimensions of P, and P, are equal and for a good pair of points
(E, F) in P; the line through E and F'is sent under ¢ to a line in P;.

Proof. By the preceding corollary we see that the dimension of P, is at least that of
the dimension of P;, and by consideration of & ! we see that they must be equal.

With the equality of dimensions established, note that if (E, F) is a good pair that
spans a line ¢ such that the dimension of ¢(¢) is > 1, then we can extend (&, F') to an
admissible collection

D = (Do, ..., Ddime.))
with
(Do, D1) = (E, F)
and gives
dim Wime,y > dim(Py)
contradicting the equality of dimensions.
Proof of (2.2.1). This follows from (2.2.18) and (2.1.5).

2.3. The probabilistic fundamental theorem of projective geometry

In this section, we prove that knowing most lines also determines linearity of a
map of finite projective spaces.

To state the main result consider the following functions of four variables (whose
origin will be explained in the proof):
(2.3.0.1)
_ 3¢ DGQR(g 1NN 1D+G)+G(@ 1) +P@+ D@ 1)°G?
A(Q? N? G? 6) ':

(¢ 1)2%G?

(¢ DeG(GE 1)
(¢ DG 1) A(@gN,G,¢) q(g+1)

The main result of this section is the following:

(2.3.0.2) B(q,N,G,¢):=2(q 1)

+ A(q,G, N, €)
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Theorem 2.3.1. Let F be a finite field with ¢ elements, and let P, and P, be projective
spaces over F of dimension n > 3. Let fl;jgiog be a transverse collection of proper linear
subspaces of P;. Let N be the number of points in P, and let G be the number of points
in Pyn Uigg Vil

Let f: P, ¥ P, be an injection of sets. Assume given ¢ > 0 such that the number of
linesL P,L6 (J,gViforwhich f(L) P isnotalineisatmosteG(G 1)/q(q+1),
and assume that

2A(¢, N,G.e) +qg+1) < (¢ 1)(G 1)
and
9B(q,G, N, ¢) N gt
qn+1 HiZB(l 2q codimvi) q2n+2 HiZB(l 2q codimvi)z

Then there is an injection f° : P, ¥ P, that takes lines to lines, and such that the
proportion of elements of P, on which f and f? agree is at least

(¢ DeG(GE 1)
N((¢@ (G 1) A(g,N,G,e) q(g+1))

Remark 2.3.2. Theorem (2.3.1) is similar in spirit to the Blum-Luby-Rubinfeld lin-
earity test [BLR93, Lemmas 9-12], part of the theory of property testing in computer
science. The arguments of that paper show that given a function f : G ¥ G for groups
G, G, if the proportion of =, y 2 G such that f(z)f(y) = f(zy) is close enough to 1, then
there exists a group homomorphism f': G ¥ G’ such that f(z) = f(«) for a propor-
tion of  close to 1. Their methods are computational and give an approach to find f°.
(2.3.1) solves the analogous problem where, instead of a group of homomorphism, we
have an injective map of projective spaces of large enough dimension. The strategy
of [BLR93] relies on choosing f%(z) so that f'(z) = f(xy !)f(y) for a proportion of
y close to 1, and our strategy uses a similar, but more complex, formula adapted to
the case of projective spaces. Further adjustments must be made to handle the bad
set B of linear subspaces, which might contain a high proportion of all points and
lines, where nothing is assumed - essentially, we must keep track of the condition
that certain points do not lie in any of these subspaces.

Before proving (2.3.1), we prove the following lemma, which guarantees that the
assumptions hold aslongasn ¥ 1 and ¢ ¥ 0 with ¢, #B fixed.

Lemma 2.3.3. Fix ¢ a prime power, #B a natural number, and 6 > 0. Assume that
either ¢ > 2 or #B = 0.
Then there exists a natural number ng and ¢, > 0 such that, for any projective space
P, of dimension n over F, and set B of proper linear subspaces of P, with cardinality
#B,aslongasn ngande ¢ we have
2A(q,N.G,e) +q(g+1) < (¢ I)N(G 1),
9B(g, G, N, e) N g
qn+1 HiZB(l 26] codimvi) q2n+2 HiZB(l 26] codimvi)z

(¢ DeGG 1) 21
N DG 1) A(g,N,Ge) q(g+1))

1B stands for the bad set and G stands for the number of good points.

< 1.

<1,

and
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Proof. We have
1 .
G = n+1 1 codimV;
1 H( q )
i2B
if B is nonempty and
1

G=—=@¢"" 1
qg 1

if N is empty. In either case qg is bounded by a constant depending only on ¢, #B. The
same is true for the ratios qﬁn, %, qﬁ - in fact, in these cases we can take the constant
to be 2.

Thus in the expression
3(¢ DGR(g DNV D+G)+G(@ D)+ P+ 1)°G?

(¢ 1)*G?
the denominator is at least a nonzero constant times ¢°" and the numerator is at most
a constant times e¢®" + ¢*" so A(q, N, G, €) is at most a constant times e¢" + 1. Thus
2A(g, N, Ge) + q(¢ + 1)
(¢ DG 1)

is at most a constant times ¢ + ¢ ", thus at most a constant times ¢, + ¢ ™, so by
choosing ¢y sufficiently small and nq sufficiently large we can ensure it is at most 1,
verifying the first inequality.

In fact, we choose ¢; and ng slightly larger, to ensure

2A(q, N,G,e) +2q(q+1) < (¢ (G 1)

A(q7 N7 G? 6) =

and so
(¢ 1DeG(G 1)
(¢ DG 1) A N,G,e) qlg+1)

20 1) (¢ DeG(G 1)
(@ G 1))/2
so the denominator in the fraction is at least a positive constant times ¢" and thus the
fraction is at most a constant times ¢¢" and hence B(q, G, N, ¢) is at most a constant
times eq" + 1.

Now because either ¢ > 2 or B is empty, we can lower bound [[,,g(1 2¢ <dmVi)
by the positive constant (1 2/¢)*®, and so

B(q,N,G,e)=2(q 1) + A(q,G, N, ¢€)

+ A(q7 G7 N? E)

9B(q, G, N, €)
qn+1 HiZB(l 2(] codimvi)
is at most a constant times ¢ + ¢ " while the second term

n+4
q2n+2 HiZB(l 2q codim V;
most a constant times ¢ ", thus choosing ng sufficiently large and ¢, sufficiently small,
we can guarantee the second inequality.
For the third inequality, we have already forced

(¢ (G 1) A(g,N,G,e) qg+1) (¢ G 1)/2
so the denominator

N((¢ DG 1) A@g,N.Ge q(g+1) N DG 1)/2

B is at
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is at least a positive constant times ¢°" and thus the ratio
(¢ DeG(GE 1)
N((¢ DG 1) Alg:N.G,e) q(g+1))

is at most a constant times ¢, so choosing ¢y sufficiently small, we can ensure it is at
most J.

After building up suitable technical material (including the definition of the map
), we will record the proof of (2.3.1)) in (2.3.13) below.

2.3.4. Let k be a finite field with ¢ elements. Let P, and P, be projective spaces over k
of dimension n > 3 and let

f . Pl 1 Pz

be a injection of sets. Let Ly, be the set of lines in F;. Let Lp,.5 be the set of lines
in P, which are not contained in  J,g Vi. As in the statement of (2.3.1), let G be the
cardinality of P, n(J;,5 Vi and and let N be the cardinality of P. Since each point in
PinlJ;5g Viis contained in (N 1)/q lines, the cardinality of Lp, g is at most G(N  1)/q
and at least G(N  1)/(¢* + ¢).

Let L;l;B L, .5 be the subset of lines .. P, for which f(L) is a line in P,. We
make the following assumption.

Assumption 2.3.5. For a given ¢ > 0, we have
N(N 1)
€E—F————.
q(q +1)

is that it is the total number of lines, not

f
#Lpl;B #LPl;B

N(N 1)

The relevance of the quantity a(@+1D)

necessarily in Lp, 5.
Under the conditions of (2.3.5), we will explain how to construct a new map
fliP P

that agrees with f on a large proportion of points. This construction will yield a linear
map agreeing with f at most points by applying the usual fundamental theorem of
projective geometry to f', giving us the desired approximate linearization.

2.3.6. The construction of f? follows the recipe described in (2.1.8): Starting with x 2
Py choose two points y;, y3 in Py n|J;,g Vi, not equal to z, at random. Let L; be the line
through = and y; and let L, be the line thorugh = and y3. Let 1, be a random point on
L other than = and y; and let y4 be a random point on L, that than = and y3. Let M,
(resp. M>) be the line in P, through f(y1) and f(y») (resp. f(y3) and f(y4)). Then we
will argue that, with high probability, //; and M, intersect in a unique point z, and
define f'(z) ;== .

To make this precise, let us begin with some calculations. For two points y;, 1y, 2 P;
we can consider the linear span Sp(y1,y2)  Pi, which is either a line (if the points

are distinct) or a point. Let 7" (P.nJi,g Vi) P be the subset of pairs of distinct
points y1, 3> for which Sp(y1,y2) 2 L,Il;B.
Lemma 2.3.7. We have
#(Pn| V) P) #PED NN 1)+G
i2B
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Proof. We have a map
(Pn{JV) POn ¥ Leis, (y1,52) B Sp(ys, ),

i2B
which has fibers of cardinality at most ¢(¢+1). Here (PinU;og Vi) P denotes the

diagonal P n|J;,g Vi. Therefore the number of pairs (y1,v2) 2 (PinU;,g Vi) )N
for which f(Sp(y1,v2)) is not a line is at most

eN(N 1)
q(q + 1)—q(q 1)

Furthermore the cardinality of the diagonal is at most G.

=eN(N 1)

Fix a point z 2 P, and let Ly denote the set of lines through x. For

(4,7) 21(1,3),(1,4),(3,2),9
let
mi (LR L (P V) P
i2B
be the map given by

((L17 Y1, yZ)’ (L27 Y3, y4)) a (yiv yj)
Let

(L)EZ))Z;(i;j) good (L)EZ))Z
denote the subset of data ((L1,y1,y2), (L2, ys,vs)) for which y; and y; are distinct and
span a line in L;l.
Lemma 2.3.8. For (i,7) 2 (1, 4), (3, 2)g,
L) HLDPWD ) (g DNV D) +6)
Proof. Indeed this follows from (2.3.7) and the observation that the map ; has fibers
of cardinality at most (¢ 1)

Let S (L>$2))2 denote the subset of data ((L1, y1,42), (L2, y3, ¥4)) such that
Sp(y1, y3), Sp(y2, ya) 2 LI

and Sp(f(y1), f(y2)) and Sp(f(y3), f(y4)) have a unique intersection point.
Lemma 2.3.9.

#(LP)? #S 2(¢ D3NN 1D+G)+G(q 13

Proof. Two lines in P, are coplanar if and only if they intersect in exactly one point.
From this it follows that for data

(2391) ((L17 Y1, 3/2)7 (L27 Y3, 3/4)) 2 (L§2))2;(1;4) goed \ (L>22))2;(3;2) good

the points (f(y1), f(v2). f(y3), f(ya)) are coplanar. Indeed because the points (y1, 2, y3, ya)
are coplanar, the lines Sp(y1, y3) and Sp(y., y4) intersect in a unique point from which

it follows that the lines
Sp(f(y1), f(W3)) = f(Sp(y1,¥3)), Sp(f(y2), f(ya)) = f(Sp(y2,ya))
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are coplanar (since they intersect in a unique point).
Let S  (L®)2@3) good \ (| 2)2@24 good he the subset of the collections of data
for which
Sp(f (), f(y2)) = Sp(f (ys), f(ya))-

From this discussion we then have

#(LP)2 #S 2(¢ DNV 1) +G)+#S.
It therefore suffices to show that
(2.3.9.2) S G 1

The set S° is contained in the set of collections of data (2.3.9.1) for which f(y3) and
f(ys) are each points of the line Sp(f(y1), f(y2)). Since f is a injection the cardinality
of this set is less than or equal to

#LD) (¢ 12
and #L5  G(¢ 1) so we obtain the inequality (2.3.9.2).

2.3.10. We now introduce a third line, and we are interested in the probability that it
contains z.
For z 2 P, let

s LY
be the subset of (L, y1,12) 2 L2 such that z 2 Sp(f(y1), f(v2).

Lemma 2.3.11. There exists z 2 P, such that
#(LP)Y #S  A(q,N,Ge).

Proof. Let T be the collection of triples ((L1,y1.v2), (L2, ys, ya), (L3, ys,ys)) 2 (L32)3
such that either ((L, y1, v2), (L, y3,y4)) 2 Sor the unique intersection point z of Sp(f (1), f(y2))

and Sp(f(y3), f(ya)) does not lie in Sp(f(ys), f(ys)
We will show

#T 3(@ DGR D*eN(N D)+ +Gq 1DH+F@@+D(g 112G

To do this, note that by Lemma and the fact that #L5?  G(q 1), the number
of triples such that ((L, 1, v2), (L, y3,y4)) 2 Sis at most
(¢ DGR DNV 1D+G)+Gg 1)°).
By symmetry, the same holds for every other pair of two of the three lines

(L1, y1,92), (L2, y3,ya), (L3, Ys, Ys)-

So the number of triples such that at least one of these three pairs fails to be in Sis
at most
3(¢ DGR D*(eNWN 1D+E).
Thus, it suffices to show that the number of triples with all three pairs in Sbut where
z 2 Sp(f(ys), f(ye) is at most
g+ G2

So it suffices to show that for each of the (¢ 1)?G? choices of lines ((L, y1, 1), (L, y3, y4)),
there are at most ¢>(q + 1) choices of (L3, ys, ys) such that Sp(f(ys), f(ys)) has a unique
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intersection with Sp(f(v1), f(y2)) and a unique intersection with Sp(f(vy3), f(v4)) but
does not contain their intersection point z.

For each a; 2 Sp(f(y1), f(y2)) and a; 2 Sp(f(y3), f(ys)) there exists a unique line
La.a, P through a; and a,, and there are (¢ + 1)q pairs of ordered points (ws, we)
on this line. Now if (L3, ys,ys) 2 L® is such that the intersections Sp(f(ys), f(ys)) \
Sp((f(y1), f(y2)) and Sp(f(ys). f(ve))\Sp((f(y3). f(v4)) consist of single points not equal
to z, then we must have (ys,y5) = (f *(ws), f (ws)) for some such pair (ws, ws) on the
line Lj, .o, where a; and a, are the two respective intersections. Since L is determined
by (ys, y6) this shows that the number of such triples (Ls, ys, ys) is bounded by ¢(q¢ + 1)
for a given (a1, ay). Since there are ¢ points a; in Sp(f(y1), f(y2)) other than z, and ¢
points a, in Sp(f(y3), f(ys)) other than z, the total number of possibilities is (¢ + 1)¢3,
as desired.

Now T maps to (|_)$2))2 by projecting onto the first two factors. Since the image
has size at least (¢ 1)?(G 1), the fiber over some point (L1, y1,y2), (L2, y3, ¥4)) must
contain at most

3¢ DGQR(g DNV D+G)+G(g 1))+ @@+ (g 1)°G?
(¢ 1)°G?
elements. Let z be the unique intersection point of Sp(f(y1), f(v2)) and Sp(f(y3), f(ya))
if ((L1,y1,v2), (L2,y3,y4)) 2 Sand an arbitrary point otherwise. In either case, if

z 2 Sp(f(ys), f(ys))

= A(q,G,N,¢)

then

((L1,y1,92), (L2,y3,9a), (L3, ys5,6)) 2 T
so there are at most A(q, G, N, ¢) lines with that property.

Corollary 2.3.12. If
(2.3.12.1) 2A(q, N,Ge) + q(¢ +1) < (¢ 1)(G 1)
then there exists a unique point z 2 P, such that
#LD  #S  A(g, N, G,e)
and for every 2’ & z we have
St Ag, N,G,e) +q(g+1)

Proof. That there exists z with #L. #S,  A(q, N, Ge) follows from (2.3.11). Take
such a z. We will show the bound on 2’ & z and use it to deduce uniqueness.
To show that

St Ag, N,G,e) +q(g+1)
it suffices to show that
NS qg+1)
since we have
S A(g,N,G,e).
To do this, note that z 2 Sp(f(v1), f(y2)) and 2* 2 Sp(f(v1), f(y2)) together with

2 & ¥ implies that f(y1), f(12) 2 Sp(z, %), since Sp(z1, z,) is the unique line between =
and 2’. Thus there are at most ¢(g + 1) possibilities for f(y1), f(y2) and hence at most
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q(q+1) possibilities for y;, ¥, since f is injective. Since L = Sp(y1, y2), there are at most
q(q + 1) possibilities for (L, y1,v,), as desired.
For uniqueness, if 2’ & z also satisfied

#LP  #S,  A(q, N, Ge)
then we would have
(¢ DG 1) #LO =@#HLP #S)+#S A, N,G,e)+ A(q,N,G,e) + q(g + 1),
contradicting our assumption (2.3.12.1).

Assumption 2.3.0.1. Assume for the rest of the discussion that the inequality (2.3.12.1)
holds.

2.3.1. We define a map
PP
by sending = 2 P; to the point z 2 P, given by (2.3.12).

Let Pf = P\ be the set of points z for which f(z) = f(z).
Lemma 2.3.2.
(¢ DeG(GE 1)
(¢ NG 1) Alg,N.G,e) qlg+1)

Proof. If f(z) & f'(z) then by (2.3.12), the number of (L, y1,y2) 2 L%,y such that f(z) 2
Sp(f(y1), f(y2)) is at most A(q, N,G.¢) q(¢ + 1) and thus the number with f(x) 2

Sp((f (v1), f(y2) is at least
(¢ DG 1) Alg,N.G,e) q(g+1).
So there are at least
#P AP DG 1) AW N.G o) glg+1))

triples (L, z, y1, y2), with z, y1, y, three distinct points on L, and y; 2 |J;og Vi, such that
f does not take L to a line.
On the other hand, there are at most Z(fl);) lines which contain a point 2 | J;,g Vi

and which f does not take to a line, and each such line contains at most (¢ +1)q(¢ 1)
triples of points, so we obtain

#P #PIN(@ DG D) A@GN,G e q@+1) (¢ DGGE 1)
and thus

#P #(P")

(¢ DGE 1)

F=F0
#P #(P))) (¢ DG 1) A(g,N,G,e) qlg+ 1).

2.3.3. Fix a point x 2 P;. Let us calculate a lower bound for the number of elements
(L, y1,v2) 2 L for which the following conditions hold:

() f(1) = f'(y1) and f(y2) = f'(y2)-
(i) (L, y1,12) 2 Srogy-
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By we have f(y) & f'(y) for most
(¢ DeG(GE 1)
(¢ DG 1) AlgN,Ge) qlg+1)

values of ;. Because we have y; = y for at most ¢ 1 elements of L&z), and y, = y for
at most ¢ 1 elements of L? the number of elements of L? at which condition (1)

fails is
(¢ DeGGE 1)
2(¢ 1 .
(¢ DG 1) A(gN,G,¢) qlg+1)
By (2.3.12) the number of elements for which condition (ii) fails is at most A(q, G, NV, €)
and thus the number of elements at which conditions (i) or (ii) fail is at least

2 1 (¢ DG 1)
(¢ DG 1) AlgN.G.e) qg+1)
Lemma 2.3.4. We have
#LQ  #{(L,y1,12) 2 L j (f'(®), (), f'(y2)) are collinear}  B(q, N, G, ).

Proof. This follows from the preceding discussion.

2.3.5. We will use to show that f? takes lines to lines and that /' is injective.
For this we will use Desargues’s theorem, which is a consequence of Pappus’s axiom,
and the notion of Desargues configurations.

Recall that a Desargues configuration is a collection of 10 points and 10 lines such
that any line contains exactly three of the points and exactly three lines pass through
each point.

Desargues theorem can be stated as follows. Consider two collections of three
points fA, B,Cg and D, F, Fg, usually thought of as the vertices of two triangles,
and consider the 9 lines

fAB, AC, BC,DE, DF, EF, AD, BE,CFy.

Theorem 2.3.6 (Desargues). If the three lines AD, BE, and C'F' meet in a common
point G then the three intersection points

H:=AB\DE, [ .= AC\DF, J:= BC\EF,
are collinear, and conversely if these three points are collinear then the lines AD, BE,
and C'F meet at a common point.

In other words, the ten points and ten lines obtained in this way form a Desargues
configuration.

A(Q? G7 N? 6) = B(q7 G? N7 E)'

2.3.7. To show that f’ takes lines to lines, it therefore suffices to show that for any
three collinear points (¢4, t5, t3) there exists a Desargues configuration as above with
(H,1,J) = (t1, s, t3) such that f? takes all the lines other than Sp(t,t,) to lines in P,.
For then, by Desargues’s theorem, it follows that (f°(t1), f'(2), f’(¢t3)) are collinear. We
will produce such a Desargues configuration using basic linear algebra. We fix the
collinear points fz,y, tg in what follows.

Notation 2.3.8. Let V; be an F-vector space with PV, = P, and choose vectors a,b 2 1}
such that (¢1, ¢, t3) is given by the three elements (a,b,a b) 2 V.
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Construction 2.3.9. For ¢, d 2 Vi, consider the ordered set of five elements f0, a, b, ¢, dg.
Let P(c, d) denote the set of points of P, given by the differences of two elements

P(c,d) .= fla], [0],[c], [d],[b a].[c alld allc 0LId b]c dlg,

and let M(c,d) denote the set of lines obtained by taking for each subset of three
elements ' 10, a,b, c,dg the linear span Lt of differences of elements of 7.

Lemma 2.3.10. As long as the set of four elements fa, b, ¢, dg are linearly independent
the ten points and ten lines (P(c, d), M(c, d)) form a Desargues configuration.

Proof. The proof is routine linear algebra. Fig. (2.3.0.1) shows a typical

FIGURE 2.3.0.1. (2.3.9)

configuration generated by (on a true set of randomly generated data). The bold
line shows the collinear points ¢1,t,, and t3, together with the auxiliary points given by
the choices of ¢ and d. Some of the lines naturally come in pairs, corresponding to the
construction of the map f? in (2.3.1). (For example, the dotted line connecting ¢; to d
and d a and the dotted line connecting = to cand ¢ a serve to define f'(z), under the
assumption that those two lines are mapped to lines under f.) The remaining solid
lines complete the Desargues configuration. The two perspective triangles are shaded
in gray. The center of perspectivity lies at ¢ d, and the axis of perspectivity is the
line spanned by t1, t,, and 5.

Notation 2.3.11. Let W V; 2 be the subset of pairs (¢, d) such that the following
conditions hold:

(D [ [e alld[d b]2 Uizg Vi
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(2) The set of ten lines and ten points (P(c, d), M(c, d)) of (2.3.9) is a Desargues
configuration.
(3) The map f* takes every line in M(c, d) n fSp(z, y)g to a line in P,.
We can show I is nonempty as follows. Recall the function B from (2.3.0.2).
Proposition 2.3.12. If
9B(g, G, N, e) gt

n+1H (1 2 codimV-) + 2n+2H (1 2 codimV-)Z <1l
q i2B q ’ q i2B q ’

then W & ;.

Proof. Let N; be the number of elements ¢ 2 V such that [c],[c ] 2 ;o5 Vi- Then
Ne  ¢"ig(@@ 2g ©°9mVi) since we must avoid the two conditions ¢ = 0 mod V;
or ¢ = a mod Vj and these conditions are independent for different : since the V; are
transverse. The same logic holds for d, and so the number of pairs ¢, d satisfying (i) is
at least . iy
NNy q n+ (1 2(] codim L) )

Let F be the set of pairs ¢,d with «a,b, ¢, d linearly independent, and [c],[c a] 2
Uiog Vi, 1.e. satisfying conditions (i) and (ii).

The number of pairs for which a, b, c, d are linearly dependent is at most ¢"**. So

#FE NNy "

Now let F%¢ be the set of ([c],[d]) 2 F such that f'([a]), f'([c]), and f'([c a]) are
not collinear. Similarly let F?°® be the set of ([c],[d]) 2 F such that f'([c «a]), f'([d
), f'([d a]) are not collinear, and similarly for all nine sets of three symbols from
f0, a, b, ¢, dg other than Oab.

Let us show

#F%  NyB(q, N,G,e€).
To do this, note that F projects to L[za] by sending ([c], [d]) to (Sp([a], [c]), [c],[c a]). The
key fact here is that [c] 2 |J;,g Vi by the definition of F.

If (c,d) 2 F*, then the image of (c, d) under this projection fails the condition of
(2.3.4). So the image of F** under this projection has cardinality at most B(q, N, G, ¢).
From the three points [a],[c],[c a] and the vector a we can reconstruct ¢, so the fiber
of each point under this projection is the number of possible choices for d, which is V.
So indeed

#F?  NyB(q, N, G,e).
Similarly we can show
#F2 N B(q, N, G,e)
using the projection (¢,d) A (Sp([a],[d]),[d],[d «]) that sends Fto L®. The key point
is again that [d] 2 | J;,g Vi and thus we can always take y; = d.
The projections

T = [b]7 YY1 — [C]7y2 = [C b]a L= Sp([b]7 [C])

=100,y =[d,y2=1[d b], L= Sp([t]. [d])
T = [b (Z], y Y1 = [d b]ayZ = [d a]aL = Sp([b (Z], [d b])

r = [b CL], y Y1 — [C CL], yZ[C b]a L= Sp([b CL], [C Cl])
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give
#FObC NdB(Qa N7G7 6)7#F0bd NCB(qv N7G7€)a#|:abd NCB(qv N,G,E), Fabc NdB(Qa N,G,E).

To bound #F°, #F #F 4 we need a slightly different argument. Let us con-
sider F° first. There are N, possible values of c. For each value of ¢, every value

of d with (c,d) 2 F defines a triple (Sp([c]. [d]).[d].[d c]) 2 L3, and if (c,d) 2 F*

then (Sp([c], [d]),[d],[d ¢]) fails the conditions of (2.3.4). Hence for each vector c, the
number of d with (c,d) 2 F°® is at most B(¢, G, N, €) and so

#F  N.B(q,G, N,e).
By the same argument, the projections
T = [d CL], L= Sp([C a]7 [d a])7 yl[c a]vyZ = [d C]
v=[c b,L=25p(c 0l[d b]),ya=1[d 0bl,yld
give
#F NyB(q.G, N, ), #F  NcB(q,G, N, e)

respectively.
Thus

#PC[PYIP[PYIPLPYLPYLPY [P (BN, +4Ng)B(q, G, N, e).
This union is the total number of triples that satisfy (i) and (ii) but fail (iii). So the
total number of triples satisfying (i),(i1),(iii) is at least
NeNg ™™ (BN: + 4Nq)B(q, G, N, €).
To show this is nonzero, it suffices to show that

n+4

q 5 4
1 —+ — | B N
NCNd (Nd NC) (q7 G? 76) > 0

which by our lower bound on N, N4 follows from our assumption

9B(q, G, N, ¢€) gt

" las@ 2q V) @2 [[o (L 2 odmviy? <t
1 1

2.3.13. We are now ready to give the proof of (2.3.1).
Proof of (2.3.1). We let f' be the map defined in (2.3.1). We refer in this proof to the
diagram in Fig. (2.3.0.).

Assuming the inequality of (2.3.12), we can choose (¢,d) 2 W, and let (P, M) =
(P(c, d), M(c, d)) be the resulting Desargues configuration. We have that all the lines
in M, except possibly for (¢1,t,, t3), are taken to lines in P, under f’. Thus, in Fig. (2.3.0.1),
the dotted, dashed, dot-dashed, and non-bold solid lines are all taken to lines under
f%. On the other hand, the images of the dotted lines intersect at f’(¢1), the images of
the dashed lines intersect at f'(¢,), and the images of the dot-dashed lines intersect at
fU(t3). By Desargues theorem, f'(t1), f'(t,), and f'(¢,) are collinear and distinct, lying
on the axis of perspectivity for the image Desargues configuration. Note that this also
implies that f°is injective.






CHAPTER 3

Divisorial structures and definable linear systems

This chapter is devoted to studying the basic theory of the divisorial structure
associated to an algebraic variety X. This structure consists of the Zariski topological
space jX|j and the equivalence relation on the divisors given by linear equivalence.
In following chapters we will use the theory of this chapter to reconstruct certain
varieties from their divisorial structures.

Summary 3.0.1. Let us summarize the main consequences of the results in this sec-
tion. Starting with a projective, normal, geometrically integral variety X over a field
k we can consider the associated divisorial structure 7(X) = (jXj, x). From the divi-
sorial structure we can extract several key pieces of information.

(1) The basepoint-free and ample effective divisors and their linear systems are
determined by 7(X). This is discussed in (3.2.8).

(2) If kx is algebraically closed field, then for an ample basepoint-free linear sys-
tem P the set of definable lines in P is by characterized as those de-
finable subsets with more than one element that are minimal with respect to
inclusion. This set depends only on the divisorial structure.

(3) If kx is an arbitrary infinite field and X has dimension at least 2, then there is
an open set of definable lines in any very ample linear system jOx (1)j, and the
bijections jOx (1)j*** ¥ jOy (1)j** resulting from an isomorphism of divisorial
structures send each of these lines to lines (by (2.2.1)).

(4) If kx is an arbitrary infinite field and dim(X) 2 then for a very ample linear
system P there is a Zariski open subset of the space of definable lines whose
points correspond to lines which are taken to lines by any isomorphism of
divisorial structures; see (3.3.13).

3.1. Divisorial structures

In this section we introduce the key structure that will ultimately be the subject
of our main reconstruction theorem.

Notation 3.1.1. For a Zariski topological space Z we write Div(Z7) for the set of divi-
sors on Z. This is the free abelian group on the set of codimension 1 points of Z. When
X is a variety, we will write Div(X) for Div(j Xj).

Definition 3.1.2. Let K be a field. A normal, geometrically integral K-variety X is
divisorially proper over K if H°(X,Ox) = K and for any reflexive sheaf L of rank 1 we
have that (X, L) is finite-dimensional over K.

Remark 3.1.3. One could more generally define the notion of divisorially proper for
a normal K-variety, but for our main results we will always need the additional as-
sumptions on X so we find the above definition more convenient.

49
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Lemma 3.1.4. If a normal K-variety X is divisorially proper over K and U X is
an open subvariety such that codim(X nU  X) 2 at every point, then U is also
divisorially proper over K.

Proof. The variety U is also geometrically integral, being schematically dense in X.
Furthermore, the restriction map K = H°(X,0x) ¥ H°(U,Q)) is an isomorphism
since codim(X nU X) 2 and X is normal. Finally, any reflexive sheaf L of rank 1
on U is the restriction of a reflexive sheaf L' of rank 1 on X, and Krull’s theorem tells
us that the restriction map

X, ®» (U,L)

is an isomorphism of K -vector spaces.

3.1.5. We define a category DP, which we will refer to as the category of divisorially
proper varieties, as follows.

The objects of DP consist of pairs (K, X), where K is a field and X/K is a diviso-
rially proper K-variety. We usually write simply X, instead of (K, X), since the field
K can be recovered as (X, Ox).

A morphism

(K, X) ¥ (L,Y)

in DP is a pair (¢, j), where ¢ : L ¥ K is an isomorphism of fieldsand j: X ¥ Yisa
p-linear open immersion of varieties such that Y'nj(X) has codimension at least 2 in
Y.

Remark 3.1.6. This definition can be simplified using the language of schemes. In
this language an object of DP is a scheme X such that the following hold:

(i) X is normal and xkx ;= (X, Ox) is a field.
(i1) The natural map f : X ¥ Spec(kx) is separated, of finite type, and has geo-
metrically integral fibers.
(iii) For every reflexive sheaf L of rank 1 the xx-vector space (X, L) is finite-
dimensional.

Morphisms in DP are open immersions j : X ¥ Y such that Y'nj(X) has codimension
at least 2.

Definition 3.1.7. A divisorial structure is a pair (7, ) with Z a Zariski topological
space and Div(Z) is a subgroup.

Remark 3.1.8. Any divisor D  Div(Z) can be written as a difference D = D™ D
of effective divisors D*,D 2 Div*'(Z). It follows that can also be specified by an
equivalence relation on the monoid Div* (Z), and conversely any equivalence relation
on Div*(Z) compatible with the monoid structure (a so-called congruence relation)
defines a subgroup of Div(2).

Definition 3.1.9 (Restriction of a divisorial structure). Suppose ¢t := (7, ) is a diviso-
rial structure. Given an open subset U 7, the restriction of ¢ to U, denoted tjy, is the
divisorial structure (U, ), where y Div(U) is the image of under the restriction
map Div(Z) ¥ Div(U).
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In other words, if we let Div(X) ¥ (@ denote the quotient by , we define by
forming the pushout

Div(X) —— @
Div(U) —— Qu
in the category of abelian groups, and | is the kernel of Div(U) ¥ Q.

Definition 3.1.10 (Morphisms of divisorial structures). A morphism of divisorial
structures

Z )v (2, "

is an open immersion of topological spaces f : Z ¥ Z' such that
Div(f) : Div(Z) ¥ Div(2)

is a bijection and

Div(f)( )= "
Notation 3.1.11. We will write T for the category of divisorial structures.
Definition 3.1.12. The divisorial structure of an integral scheme X is the pair

T(X) = (X}, x),
where j.X|j is the underlying Zariski topological space of X and
x  Div(X)

is the subgroup of divisors rationally equivalent to 0.

Remark 3.1.13. The divisorial structure of an integral scheme X can be obtained
from the data of the triple

(Xj,CI(X),c: XD 1 CI(X)),

where X@ is the set of codimension 1 points of X. Indeed by the universal property
of a free group on a set, giving the map c is equivalent to giving a map of groups

Div(X) ¥ CI(X),

and the kernel of this map is x. Conversely, from x we obtain the class group as
the quotient Div(X)/ x, and the map c is induced by the natural map X® ¥ Div(X).

Formation of the divisorial structure defines a functor
(3.1.13.1) DP ' T

One of the main results of this monograph is the following:

Theorem 3.1.14. The functor 7 is fully faithful when restricted to the subcategory of
DP of divisorially proper varieties of dimension 2.

The proof of (3.1.14) will be given in Chapter |4] after some preliminary founda-
tional work.
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Remark 3.1.15. Note that if (K, X) is a divisorially proper variety and U X is
an open subset such that X U has codimension 2 in X, then (K,U) is also a
divisorially proper variety. In particular, if (K, X) and (L,Y’) are divisorially proper
varieties and
fiXi Y]

is a morphism of divisorial structures, then setting Y' equal to the open subscheme of
Y given by the open subset f(jXj) jYjwe get a divisorially proper variety (L, Y") and
an isomorphism of divisorial structures jXj * jYj. From this it follows that in order
to prove (3.1.14) it suffices to show the following: If (K, X) and (L,Y") are divisorially
proper varieties then any isomorphism of divisorial structures

T(K,X) ” 7(L,Y)

is induced by a unique isomorphism (X, X) * (L,Y) in DP. This is, in fact, the state-
ment we show in Chapter

3.2. Remarks on divisors

In this section we gather a few facts about divisors on normal varieties. Our main
purpose is to demonstrate that some basic features of such varieties — such as the
maximal factorial open subscheme — can be characterized purely in terms of the divi-
sorial structure.

Fix a field k. For a normal k-variety X let

¢ : Div(X) ¥ CI(X)

denote the quotient map to the class group. Given a divisor D on X, upon identifying
jDj with the subset of effective divisors on X that are linearly equivalent to D, we
have a set-theoretic equality

iDj = q *(a(D)) \ Div*(X).

In particular, the linear system is defined as a set by the divisorial structure.

There is a reflexive sheaf of rank 1 canonically associated to D that we will write
O(D). Members of jDj are in bijection with sections O ¥ O(D) in the usual way. Recall
that D is Cartier if and only if O(D) is an invertible sheaf on X.

Lemma 3.2.1. Let U X be an open subscheme. Then the commutative diagram

Div(X) —/CI(X)

Div(U) —ICI(U)

is a pushout diagram in the category of abelian groups.

Proof. This follows from the observation the map on the kernels of the horizontal
arrows is surjective.

Corollary 3.2.2. If X is an integral scheme and U X is an open subscheme then
the divisorial structure 7(U) is canonically isomorphic to the restriction 7(X)jy (see

(3.1.9)).
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Proof. By (3.2.1), we see that the induced relation on 7(X)jy is precisely the relation
for 7(U), giving the desired result.

Definition 3.2.3. Given a variety X, there is a largest open subset that is factorial.
We refer to this open subset as the maximal factorial open subset.

Remark 3.2.4. The existence of the maximal factorial open subset follows from the
basic observation that if U,V X are factorial open subsets then U [ V is also facto-
rial. Note, however, that we are not asserting that the set of points 2 X for which
the local ring Ox. is factorial is equal to this open set. In some cases it is known that
the set of such points is open, and hence equal to the maximal factorial open subset,
but in general it is a subtle question (see [BGS11] for more discussion).

Proposition 3.2.5. Let X be a normal variety and let D X be a divisor.

(1) IfjDj is basepoint-free then D is Cartier.
(2) If D is ample then D is Q-Cartier.

Proof. Since X is quasi-compact, if D is ample we know that jnDj is basepoint-free
for some n. Thus it suffices to prove the first statement. Given a point z 2 X, choose
E 2 jDj such that » & E. This gives some section s : O ¥ O(D). Restricting to the
local ring R = Ox.x, we see that sx : R ¥ O(D)x is an isomorphism in codimension 1
(for otherwise F would be supported at x). Since O(D) is reflexive, it follows that sy is
an isomorphism, whence O(D) is invertible in a neighborhood of x. Since this holds at
any z 2 X, we conclude that O(D) is invertible, as desired.

Corollary 3.2.6. A normal variety X is factorial if and only if it is covered by open
subschemes U X with the property that every divisor class on U is basepoint-free.

Proof. If X is factorial, then any affine open covering has the desired property, since
the linear system of any Cartier divisor on an affine scheme is basepoint-free. On the
other hand, if X admits such a covering, then we know that every divisor class on X
is locally Cartier, whence it is Cartier.

Proposition 3.2.7. If X is a normal k-variety then we can characterize the maximal
factorial open subset of X as the union of all open subsets U X such that every
divisor class on U is basepoint-free.

Proof. This is an immediate consequence of (3.2.6).

The preceding discussion implies that various properties of a variety X and its
divisors can be read off from the divisorial structure. We summarize this in the fol-
lowing.

Proposition 3.2.8. Let X be a normal variety and let
(X) = (X}, x)
be the associated divisorial structure. Then
(1) the property that D 2 Div(X) has basepoint-free linear system jDj depends
only on 7(X);
(2) the property that X is factorial depends only on 7(X);

(3) the maximal factorial open subset of X depends only on 7(X);
(4) the condition that a divisor D is ample depends only on 7(X).
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Proof. Let

q : Div(X) T CI(X)
denote the quotient map defined by x, so that for D 2 Div(X) we have jDj =
q Y(q(D))\Div*(X). The condition that jDj is base point free is the statement that for
every r 2 jX] there exists F 2 jDj such that x 2 E. Evidently this depends only on
7(X), proving (1).

Likewise the condition that a divisor D is ample is the statement that the open
sets defined by elements of jnDj for n 0 give a base for the topology on j.Xj. Again
this clearly only depends on 7(X), proving (4).

Statement (2) follows from and (3.2.1), which implies that the divisorial
structure 7(U) for an open subset U X is determined by jUj jXjand 7(X).

Finally (3) follows from (3.2.7).

3.2.9. The proofs of our main results will ultimately rely on reducing to the projective
case. For the remainder of this section, we record some results about polarizations
that we will need later.

Lemma 3.2.10. Suppose given two divisorially proper varieties X, Y 2 DP and an
isomorphism ¢ : 7(X) ¥ 7(Y) of the associated divisorial structures. If X is polarizable
and factorial then so is Y and the isomorphism

Div(X) ¥ Div(Y)
given by ¢ preserves the classes of ample, basepoint-free, effective divisors.

Proof. Since X is factorial all divisors are Cartier divisors. By (3.2.8), Y is also fac-
torial and polarizable, and the submonoids of ample base point free divisors are pre-
served.

Definition 3.2.11. Suppose X 2 DP is a divisorially proper variety. An open sub-
scheme U X will be called essential if codim(X nU X) 2, U is factorial, and U is
polarizable.

Note that if U X is essential, then the natural restriction map Div(X) ¥ Div(U)
is an isomorphism.
Lemma 3.2.12. If X is a normal k-variety then there is an open subvariety U X
such that codim(X nU X) 2and U is quasi-projective. In particular, any X 2 DP
contains an essential open subset U X.

Proof. By Chow’s lemma, there is a proper birational morphism 7 : X ¥ X with )z
quasi-projective. Since X is normal, 7 is an isomorphism in codimension 1. Thus, X
and X have a common open subset U whose complement in X has codimension at
least 2, and which is quasi-projective. Passing to the maximal factorial open subset
yields the second statement.

Lemma 3.2.13. Suppose X,Y 2 DP are divisorially proper varieties and ¢ : 7(X) 1
7(Y) is an isomorphism of divisorial structures. If U X is an essential open subset
then ¢(U) Y is an essential open subset and there is an induced isomorphism 7(U) ¥

T(p(U)).
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Proof. First note that since ¢ induces a homeomorphism jXj ¥ jYj, we have that
codim(XnY X)) =codim(Yne(U) Y).In particular, if U is divisorially proper then
so is p(U) by (3.1.4). By (3.1.9), we have isomorphisms

(X)ju ¥ 7(U)

and

T(V)i-w) ¥ 7(p(0)).
On the other hand, ¢ induces an isomorphism 7(X)jy ¥ 7(Y)j-w). The result thus
follows from (3.2.10).

3.3. Definable subspaces in linear systems

Fix a divisorially proper variety X 2 DP with infinite constant field. Let P := jDj
be the linear system associated to an effective divisor D.

Definition 3.3.1. A subspace VP is definable if there is a subset 7 X such that
V=V(Z)=fE2PjZ Eq.

Remark 3.3.2. If 7 X isasubsetand Z' X is the closure of Z then V(2) = V(2.
When considering definable subspaces it therefore suffices to consider subspaces de-
fined by closed subsets.

Remark 3.3.3. Note that V' (7) is the projective space associated to the kernel of the
restriction map

H(X,0¢(D)) ¥ H®(Zrea, Ox(D)jz,.y)
where we write Z,.,q X for the reduced subscheme associated to the subspace Z
JXj.
3.3.4. When rational points are dense. Let xx denote the constant field of X. As

we now explain, when the kx-points in X are Zariski dense, the structure of definable
subspaces is significantly simpler than in the general case.

Lemma 3.3.5. Assume that the xx-points are dense in X, and let V = V(%) be a non-
empty definable subset of a linear system P on X. Then there is an ascending chain of
closed subsets
Z =7 C C Zq

such that the induced chain

V(Z)=V(Z)) D V(Z)
is a full flag of linear subspaces ending in a point.
Proof. By induction, it suffices to produce 7, ) 7Z; = Z such that V(Z;) ( V(Z;) has

codimension 1.
For this note that if © 2 X is a kx-point then either

V(Z [ fzg) =V (2)
or V(Z [ fzg) has codimension 1 in V (Z) since x is kx-rational. Furthermore, equality

happens if and only if x 2 E for all £ 2 V(7). It therefore suffices to observe that there
exists a point x 2 X (kx) which does not lie in every element of V(7). This follows from
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fixing £ 2 V(Z), noting that F is a proper closed subset, and applyingour assumption
that the rkx-points are Zariski dense.

Corollary 3.3.6. The dimension of P is equal to one more than the length of a maxi-
mal chain of definable subsets.

Proof. Take 7 = ; in (3.3.5).

Corollary 3.3.7. Assume that the xx-points are dense in X. Given a basepoint-free
linear system P on X, the definable lines in P are precisely those definable subsets
with more than one element that are minimal with respect to inclusions of definable
subsets.

Proof. By (3.3.5), any definable set of higher dimension contains a definable line.

Example 3.3.8. The conclusions of (3.3.5) and (3.3.7) are false without the assump-
tion that the xx-points are dense. For example, let X  P% be the conic given by

V(X2 +Y?+ 2% Pg,
so we have an isomorphism ¢ : P, > X g C. If L is an ample invertible sheaf on X
theno L¢g ~ Oy, (2r2) for n > 0. From this we see that each closed point x 2 X imposes
a codimension 2 condition on jLj, and since this projective space has dimension di-

mension 2n we conclude that there are no definable lines in any ample linear system
on X.

3.3.9. Arbitrary infinite constant fields. Detecting lines is more subtle over ar-
bitrary fields. This is closely related to the counterexamples to (3.1.14) for curves
discussed in Section[4.3]

Lemma 3.3.10. Let L be a line bundle on X with associated linear system P(V),
where V := H9(X,L). Let¢ P(V) be a line corresponding to a two-dimensional sub-
space I’ V.LetZ'" X be the maximal reduced closed subscheme of the intersection
of the zero-loci of elements of 7. Then ¢ is definable if and only if the dimension of the
kernel

K :=ker(H°(X,L) ¥ H°(Z', Ljy))
is equal to 2.

Proof. First suppose ¢ is definable, so we can write ¢/ = V(Z) for some closed subset
Z  jX], which we view as a subscheme with the reduced structure. Then by definition
¢ is the projective subspace of PV associated to the kernel of the map

H(X,L) ¥ H°(Z Ljz),
which must therefore equal 7. In particular, we have Z Z°, which implies that
T K=ker(H°(X,L) ¥ H°(Z' Ljn)) ker(H°(X,L) ¥ H°Z Ljz)=T.

It follows that K =T, and, in particular, K has dimension 2.
Conversely, if K has dimension 2 then we have T'= K and ¢ = V(2°).

Lemma 3.3.11. If Y is a projective variety over a field K and D Y is a Cartier
divisor such that H°(Y,0,) ¥ HO(D, Qp) is surjective (for example, if D is geometrically
connected and geometrically reduced), then H(Y, 0, ( D)) ¥ HY(Y,Oy) is injective.
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Proof. This follows from taking cohomology of the short exact sequence

0YO(D)YO ¥ 1O

Lemma 3.3.12. Let Y be an integral, projective variety over a field K and let L. be an
ample invertible sheaf with sections s;,s, 2 (Y, L). Let D; be the zero locus of sj, and
assume that D; \ D, is geometrically reduced and of codimension 2. Then

(1) D, and D, are generically reduced.
(2) If Y is geometrically integral and for : = 1,2 the intersection D; \ Ynorm Of D;
with the normal locus of Y is schematically dense in Dj, then

dimx H°(Y, L( (D1 \ D,)) =2,

where L( (D1 \ D;)) denotes the tensor product of L. with the ideal sheaf of
D1\ D,.

Proof. For (1) we show that D; is generically reduced (the result for D, follows by
symmetry). Since D; \ D; is reduced and of codimesion 2, D; \ D, has a dense open
subset that is regular. In a neighborhood of such a point x 2 D; \ D, the divisor D,
is regular [Stal5, Tag OONUI], and therefore every irreducible component of D; which
meets the regular locus of D; \ D, is generically reduced. To complete the proof of
(1) it suffices to note that every irreducible component of D; meets the regular locus
of D; \ D,, since the non-regular locus of D; \ D, has codimension 3 in Y and
therefore codimension 2 in each irreducible component of D;. Since D, meets every
irreducible component of D;, since L is ample, this proves (1).

To prove (2) note that since Y, orm is S> the divisors D; \ Yyorm and D, \ Yjorm are
S1, and by (1) they are also Ry and therefore D; \ Yyorm and D, \ Y, orm are reduced
[Stal5, Tag 0344]. By our assumption that D; \ Y,orm is schematically dense in D; it
follows that D; and D, are reduced. In fact, we claim that D; and D, are geometrically
reduced. We give the proof for D;. Since D; is reduced, for any dense open subset
j Uy <@ D; the map

O, 170y
is injective. The formation of this map commutes with passing to a finite extension of
k, and therefore the same holds after making a finite extension of k. Combining this
with (1) we get that D, is geometrically reduced, and the divisor D, is also geometri-
cally connected since L is ample and Y is geometrically integral. To get statement (2)
from this, note that since D; and D, are reduced we have an exact sequence

0 1 (51;52)/0Y Oy (ML( (Dl \ DZ)) 4/0’

from which we get (2) by taking cohomology and applying (3.3.11).

Proposition 3.3.13. Let Ox(1) be a very ample invertible sheaf on X with associated

linear system P = jOx(1)j. Let j : X <X X be the compatification of X provided by

the given projective imbedding. Let Ox(1) be the line bundle on X obtained from the
embedding so jOx (1)j = jOx(1)].

(1) Let V. Gr(1, P)(k) be the subset of lines ¢ spanned by elements D and E

on X for which D is geometrically reduced, E is geometrically integral, the
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intersection B := E\ D X is geometrically reduced and does not contain
any components of D or £, and the inclusions

D\X<® D FE\XX<TFE B\X<B

are all schematically dense. Then V' is a dense Zariski open subset of Gr(1, P)
and every element of V is definable.

(2) If D 2 jOg(1)j = P is a geometrically reduced divisor in X for which D\X D
is dense, then D lies in the sweep of the maximal Zariski open subset of the
definable locus in Gr(1, P).

Proof. Let D and F be as in (1). Since B\ X B is schematically dense, we have by
(3.3.2)
V(B\ X) =V(B).

By (3.3.10) it therefore suffices to show that V/(B) P is a line. For this we apply
th Y =X, L = 0g(1), D1 = E, and D, = D. Note that D, \ D, = B
is geometrically reduced by assumption. Furthermore, since X is normal, being a
divisorially proper variety, and X\D <! D and EF\X <¥ E are schematically dense the
conditions in are satisfied and we conclude that V' (B) is a line. Finally note
that the conditions on D and F are open conditions. Therefore to prove (1) it suffices
to show that V' is nonempty, which follows from Bertini’s theorem [FOV99, 3.4.10 and
3.4.14].

In fact, given geometrically reduced D with D\ X D dense, the set of £ such
that (D, F) satisfy the conditions in (1) is open and nonempty by [FOV99, 3.4.14].
From this statement (2) also follows.

Corollary 3.3.14. Let 0 : 7(X) ¥ 7(Y) be an isomorphism of divisorial structures
such that there are very ample invertible sheaves Ox (1) and Oy (1) with ¢ inducing a
bijection

s 1J0x(1)j ¥ jOr (D
The map s satisfies the hypotheses of (2.2.1)).
Proof. Indeed, the locus of lines described in [(3.3.13 (1)), suffices. Note that we know

that the linear systems have dimension at least 2 because X and Y have dimension
at least 2 and the linear systems are very ample.

Example 3.3.15. In general the set of definable lines in Gr(1, P) is not open. An
explicit example is the following.

Consider three k-points A, B,C 2 P2, say A =[0:0:1], B =1[0:1:0], and
C=[1:0:0]. Foraline L P passing through A set

Ty := fF 2 HO(P, O (2))jV (F) passes through A, B, C and is tangent to L at Ag.
Concretely if X, Y, and Z are the coordinates on PZ and L is given by
aX +p8Y =0,

then 7} is given by
T. = faXY +b(aX + Y )Zja,b 2 jg.

In particular, 7} gives a line /_ in P2.
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If o and § are nonzero then L does not pass through B and C' and the set-theoretic
base locus of 7} is equal to A, B, C'g and the space of degree two polynomials passing
through these three points has dimension 3. Therefore for such L the line /, is not
definable.

However, for L the lines X =0 or Y = 0 the line /|, is definable. Indeed in this case
the set-theoretic base locus of /_ is given by the union of the line L together with a
third point not on the line, from which one sees that 7} is definable.

Letting o and /3 vary we obtain a 1-parameter family of lines P? ~ Gr(1,jGe2(2)))
whose general member is not definable but with two points giving definable lines. It
follows that the definable locus is not open in this case.






CHAPTER 4

Reconstruction from divisorial structures: infinite fields

In this chapter we prove in the case when the constant fields are infinite.
Suppose X and Y are divisorially proper varieties of dimension at least 2 with infinite
constant fields. We need to show that given an isomorphism ¢ : 7(X) ¥ 7(Y) of
divisorial structures, there is a unique isomorphism of schemes f : X ¥ Y such that
7(f) = . Fixing an ample invertible sheaf Lx on X, we get by applying © an invertible
sheaf Ly on Y, which is ample by (3.2.8). The map ¢ induces bijections

jl_xnjset ] JLY njset
for all n, and our challenge is to show that these are algebraic maps that can be lifted
to isomorphisms between the homogeneous coordinate rings of X and Y. This will be
achieved by showing that these bijections preserve definable lines, which span dense

open subsets in the relevant spaces of lines, and applying the fundamental theorem
of definable projective geometry, (2.1.5).

4.1. Reduction to the quasi-projective case

Lemma 4.1.1. If X is a variety over a field K then for any point z 2 X we have that
frg =) Fyg,
the intersection taken over all points y 2 X of codimension at most 1 such that = 2 fyg.

Proof. It suffices to show that, for all = 2 X with 2 2 fzg, there exists a codimension
1 point y 2 X such that = 2 fyg but 2 2 fyg. Since X is a variety, in particular a
separated scheme, the condition that »z 2 fzg is equivalent to the condition that Ox.,
is not contained in Ox.x. We can therefore find f 2 x(X) in the function field of X such
that f has a pole at = but is regular at 2. The divisor of poles of f then contains = but
not z.

Lemma 4.1.2. Suppose f,g:jX] ¥ jYjare homeomorphisms of the underlying spaces
of two varieties. Given an open subset U  jXj containing all points of codimension 1,
if flju =gju then f =g.

Proof. By (4.1.1), we can characterize any point z 2 X as the unique generic point of
an irreducible intersection of closures of codimension 1 points. But f and g estab-
lish the same bijection on the sets of points of codimension 1, and, since they are
homeomorphisms, therefore the same bijections on the closures of those points. The
result follows.

Lemma 4.1.3. Suppose X and Y are normal varieties, U X and V' Y are dense
open subvarieties with complements of codimension at least 2. Suppose f : jX] ¥ jY]

61
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is a homeomorphism of Zariski topological spaces such that f(U) = V and fjy is the
underlying map of an isomorphism fy : U ¥ V of schemes. Then fy extends to a unique
isomorphism of schemes f: X ¥ Y whose underlying morphism of topological spaces
is f.
Proof. Let us first show that fu extends to a morphism of schemes f X DY If
Wi, W, X are two ) open subsets and fw Wi ¥ Y (1 =1,2) are morphisms of schemes
such that fW and fU agree on W; \ U, then since Y is separated the morphlsms le
and sz agree on W; \ W,. To extend fU it therefore suffices to show that fU extends
locally on X. In particular, by covering X by open subsets of the form f 1(Spec(A))
for affines Spec(A) Y, we are reduced to proving the existence of an extension in
the case when Y = Spec(A) is affine. In this case, to give a morphism of schemes
X ¥ Spec A, it suffices to give a morphism of rings A1 (X,0). By Krull’s theorem,

(U,0x) = (X,0x). Thus, the morphism fU X ¥ SpecA extends uniquely to a
morphism f X ¥ Spec A, and we get the desu"ed extension f

Applying the same argument to the inverse of f, and using that X is separated, we

see that in fact f is an isomorphism. In particular, its underlying map of topological
spaces is a homeomorphism and agrees with f on jUj. We conclude by that
ifi=r
4.1.4. From this we get that in order to prove it suffices to prove it assuming
that X is quasi-projective. Indeed by (3.2.13), there are essential open subsets U X
and V Y such that V = ¢(U) and 7 induces an isomorphism 7(U) ¥ 7(V). If
we know the result in the quasi-projective case then the homeomorphism jUj ¥ jVj

induced by ¢ extends to an algebraic isomorphism fy : U ¥ V such that 7(f) = ¢ju.
By (4.1.3), f extends uniquely to an isomorphism of schemes f : X ¥ Y such that

m(f) =

4.2. The quasi-projective case

4.2.1. For remainder of the proof we assume furthermore that X is quasi-projective,
and that the ground field % is infinite. Let Ox (1) denote a very ample invertible sheaf
on X and form 1let

H0x(D)j ™ ¥ jOx(m)
denote the addition map on divisors. So a point of jOx(1)j ™ is given by a collection of
divisors D = (D1,...,Dy) and (D) corresponds to the divisor D; +  + Dp,.

Lemma 4.2.2. For a general point D of jOx(1)] ™ the point (D) 2 jOx(m)j lies in the
sweep of the maximal Zariski open subset of the set of definable lines in Gr(1, jOx (1)j).

Proof. Let X be the projective closure of X in the embedding given by Ox(1). Note
that X is also geometrically integral. Indeed if j : X <@ X is the inclusion then the
map O ¥ j O« is injective, and remains injective after base field extension. Since X

is geometrically integral it follows that X is as well.
By Bertini’s theorem [FOV99, 3.4.14], for a general choice of D 2 jOc(1)] ™ =
JOx(1)j ™ the point (D) 2 jOg(m)j satisfies the conditions on D in|(3.3.13 (2)) and the

result follows.
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Corollary 4.2.3. Let X be a k-variety and Ox (1) a very ample invertible sheaf on X.
Given a regular closed point z 2 X, we have that

(4.2.3.1) fzg=(iDi jXj,
the intersection taken over all irreducible divisors D in jOx(m)j for all m.

Proof. This follows from Bertini’s theorem. Precisely, by [Stal5, Tag OFD5] there ex-
ists an integer m > 0 such that if

Vin 1= Ker(H°(X, Ox(m)) ¥ Ox(m)(2))
then the map
X Tzg ¥ P(Vy)
is an immersion. We then get the result by cutting with hyperplanes.

Corollary 4.2.4. (1) With notation and assumptions as in (4.2.3), let = 2 X be a
regular closed pointand let UV}, be an open dense subset of the space V;,, of
divisors in jOx(m)j passing through z. Then there exists an integer » > 0 and
irreducible divisors Dy,..., D, 2 U  jOx(m)j such that

fZg - Dl\ \Dr

(2) If X isadivisorially proper variety of dimension at least 2 with constant field k&
and very ample invertible sheaf O« (1), then for any regular closed point z 2 X
there exists an integer m > 0 and divisors Dy, ..., D, 2 jOx(m)j in the sweep of
the maximal open subset of the definable lines in jOx (m)j such that

f:g=D:\  \D,.

Proof. (1) By there exists an integer r and irreducible divisors Dj,..., Dy 2
jOx (m)j such that

fzg=D:\  \D,.
Now observe that the locus of tuples (D, ..., D,) form a Zariski open subset of jOx (m)j"
and therefore has nonempty intersection with U".

To prove (2), it suffices by (1) and Item to show that for m sufficiently
large there is a dense open subset U  V;, of geometrically reduced and irreducible
divisors. For this let X be the closure of X in the projective embedding provided by
Ox (1), and let Oy (1) be the canonical extension of Ox(1) to X. Since a divisorially
proper variety is geometrically reduced (see ) and X ¥ X is schematically
dense, the projective variety X is geometrically reduced. Now apply (10.1.16) to X,
with Z; = X (with a single index i) and W = fzq.

Proposition 4.2.5. Suppose X and Y are divisorially proper varieties of dimension
at least 2 with infinite constant fields, and assume that X is polarizable. Given an
isomorphism ¢ : 7(X) ¥ 7(Y), the associated homeomorphism jXj ¥ jYjextends to an
isomorphism X ¥ Y in DP.

Proof. Let D be an ample basepoint-free divisor with Ox (D) = Ox(1) and let O, (1)
denote Oy (¢(D)). After possibly taking a power of our choice of polarization, we may
assume that O« (1) and Oy (1) are very ample. Note that we are not asserting that we
can detect very ampleness from 7(X) and 7(Y"), just that we know that such a multiple
must exist, so we are free to choose one.
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By for each m > 0, the sets of definable lines in the Grassmannians of
jOx (m)j and jOy (m)j contain dense Zariski open sets, and thus by (2.1.5), there is an
isomorphism o, : kx ¥ ky and a op-linear isomorphism v, : jOx(m)j ¥ jO, (m)j that
agrees with ¢ on a dense Zariski open subset U  jOx (m)j.

Consider the diagram of addition maps

IO (m)j ——— jOy (m)]
IOc()) ™ —— jOr (1)) ™.
Since a general sum of divisors in O(1) lies in the sweep of the maximal open subset
of the definable points by (4.2.2), we see that the associated diagram of sets
jOx (m)j —— jOy (m)j
(4.2.5.1) XT YT
iox@)j ™ —— jor@)j ™
commutes.

Lemma 4.2.6. The two isomorphisms of fields 01,0 : kx ¥ ky are equal.

Remark 4.2.7. The basic reason why this is non-trivial is that the map does not
preserve the linear structure.

Proof. Let U; jOx(1)j (resp. Uy jOx(m)j) be the sweep of the maximal open subset
in the set of definable lines in jOx(1)j (resp. jOx(m)j). Then U; ™ jOx(D)j ™ is a
nonempty Zariski open subset, and therefore
Vi=( x) "Un)\NUL™ jo@) ™
is a Zariski open subset of jOx(1)] ™. We can therefore find points
P7Q7R7P27"‘7Pm 2]0}((1)]

such that the three points of jOx(1)] ™ given by

(P7P27"'7Pm)7 (Q7P27"'7Pm)7 (R7P27"'7Pm)

liein V and P, @, R 2 jOx(1)j are collinear. Since v; and 7, agree with the maps defined
by ¢ on U; and Uy, it follows that we have

(’Vm X)(PaPZa"'7Pm):( Y Wlm)(Pv-PZv"me) (CallthlspOIDtﬁZJOY(m)J)

(’Ym X)(Q7P27"'>Pm) = ( Y T m)(Q7P27"'7Pm) (call thlS pOIHtQZJQ(m)J)v
(”Vm X)(R7 P27"'7Pm) = ( Y 71 m)(R7 PZJ"'7Pm) (Call thlS pOIHtEZJOY (m)J)7

Let L jOy (m)j be the line through P and Q, and let L  jOx(1)j be the line through
P and (). Then
x(L  fPg fPmg)

is the line in jOx (m)j through the two points
X(PaPZa"'vpm)a X(QaPZa"'vpm)'



4.2. THE QUASI-PROJECTIVE CASE 65

Since v, takes lines to lines it follows that

(x  x)(L fPg fPng) = L.

Similarly since v; takes lines to lines and agrees on U; with the map defined by ¢, we
find that _
(v n™EL fPRg fPmg) = L.

Since ym x and y ;™ agree on a dense open subset of L, viewed as imbedded in
JjOx (1)j ™ via the identification
L>L TPy fPng

we conclude that the two compositions
- 1
kx —L jOx(D)j ™ AL 4/’1Y

and
Kkx —IL o ™ Ygllz ;lliv

agree on all but finitely many elements of xx, where o : kx > L (resp. f . ky > L)
is the isomorphism obtained as in the proof of using the three points P, @, R
(resp. P, Q, R). Now the first of these maps is the map o, and the second is o;. We
conclude that o,(a) = on(a) for all but finitely many elements a 2 xx, which implies
that o1 = omn.

In the rest of the proof we write o : kx ¥ ky for the isomorphism o, = o1.
Next observe that the diagram of schemes

JOx (m)j*a" ————— jOy (m)j*™
(4.2.7.1) XT YT
(Ox(1)je) ™ SN GOr (jary ™

underlying commutes, since the two morphisms obtained by going around
the different directions of the diagram are semi-linear with respect to the same field
isomorphism and agree on a dense set of points.

Consider the embeddings

vx X <X jOx(1)j-
and
vy 1Y <0 Oy (D)j-
and let X (resp. Y) be the scheme-theoretic closure of vx(X) (resp. vy ((Y)). Let Sx
(resp. Sy) be the symmetric algebra on (X, Ox(1)) (resp. (Y, 0 (1))) so X (resp. Y)is
given by a graded ideal Iy  Sx (resp. Iy  Sy).
Choosing a lift

N (XK 0@) T (Y0 (D)

yields an induced o-linear isomorphism of graded rings
AN Sk ISy
that is uniquely defined up to scalars. We claim that \(Iy) = Iy
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For this, consider the diagram

(X, Ox(m)) ———— (Y, 0y (m))

ox | | Jor

S = (X,0(@) " —— & (1) "=57

I I

(X, (1) " ———— (V,0,@Q) ™

arising as follows. The vertical arrows are the natural multiplication maps, and the
induced linear maps from the universal property of . The arrow 7, is a lift of .
By the commutativity of diagram (4.2.7.1), we see that this diagram commutes (up to
suitably scaling 7,), which implies that ), (Is.m) = Iy, as desired.
In summary, we have shown that if
Ax mo (X,0x(m)) (resp. Ay m o (¥,0r(m)))

denotes the subring generated by (X, Ox(1)) (resp. (Y, 0Oy (1))), then we have an iso-
morphism of graded rings
such that the isomorphism induced by 7 in degree m

i0x(m)j ¥ jOr(m)j

fits into a commutative diagram
JOx(m)j —jOr(m)j

jOx (m)j —jOy (m)j],
where the vertical maps are the restriction maps.
In other words, if we let
f: X1y
be the isomorphism given by ~, then the diagram

X" .y

| |

Proj(As) —— Proj(Ay)

l l

IO (D)j= —— [0y (1)j~

commutes. The commutativity of the top square in this diagram implies thatif D X
is an effective divisor in jOg(m)j then the image of the divisor f(D) Y in jOy (m)j
(i.e., the restriction f(D)jy) is the divisor vy (D). In particular, if D is in the sweep
of the maximal open subset of the definable lines with generic point 75 2 X then

f(p) = ¢(p)-
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By we conclude that f acts the same as ¢ on every regular closed point of X.
Since jX] is a Zariski topological space, it follows that ¢ and f have the same action
on jX&j, the regular locus of X. This implies that there are open subschemes U X
and VY such that

(1) codim(U® X) 2,

(2) codim(V® YY) 2,

(3) f induces an isomorphism fjy : U ¥ V, and

(4) fju induces ©jy on topological spaces.
By (4.1.3), it follows that ¢ is algebraizable to a unique isomorphism f : X ¥ Y,
showing that 7 is fully faithful.

This completes the proof of (3.1.14) in the case of infinite constant fields.

4.3. Counterexamples in dimension 1

In this section we provide counterexamples to (3.1.14) for schemes of dimension
1 over arbitrary fields. This shows that the assumption of algebraically closed base
fields in [Z1114] is necessary and not simply an artifact of the proof.

4.3.1. Let K be a field and let C'/K be a smooth, projective, geometrically connected
curve over K with Pic(C) ” Z (note that in this case there is a unique such isomor-
phism sending an ample class to a positive integer). In this case the data of rational
equivalence on divisors is captured by the function

d : fclosed points of Cg ¥ N

sending a closed point ¢ 2 C' to the class of the corresponding divisor.
Given a second such pair (K?, C") with associated function

d’ : fclosed points of C'g ¥ N

we find that the corresponding divisorial structures 7(C) and 7(C") are isomorphic if
and only if for all n 2 N the sets

fc 2 Cjd(c) = ng, T 2 Cjd () = ng

have the same cardinality. This gives rise to non-isomorphic fields and curves with
isomorphic divisorial structures. Specifically, the following gives examples of non-
isomorphic curves for any two different genera with isomorphic divisorial structures:

Proposition 4.3.2. Fix an infinite field K. For an integer ¢ > 1 let Cy; ¥ Spec K, be
the generic curve of genus ¢ (so that Ky is the function field of M, — the moduli stack
over K classifying genus g curves). Then
(1) Pic(Cy) = Z [Kc,].
(2) If dis the associated function then for all » > 0 the cardinality of fc 2 Cyjd(c) =
ng is equal to the cardinality of K.

Proof. Statement (1) is the Franchetta Conjecture (e.g., [Sch03, Theorem 5.1]). For
(2), consider for each n the linear system jnKc_ j. By Riemann—Roch, this has projec-
tive dimension (2n 1)g 2n for n > 1 and dimension ¢ 1 for n = 1. For each pair of
positive integers a and b, the natural map

jaKc,j jbKc,j ¥ jla+b)Kc,j
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has proper closed image (by a simple dimension count). We conclude that for each
a 2 N, there is a Zariski open U,  jaKc,j whose points correspond precisely to Sy(a).
This shows that S;(a) has the same cardinality as K, which is also the cardinality of
K since Ky is a finitely generated field extension of K.

A similar counterexample exists for curves of genus 1 over finite fields.

Proposition 4.3.3. Fix a finite field F,. Let £; and E; be two elliptic curves over F,
such that there is a group isomorphism E;(Fq) = E»(Fg). Then there is an isomorphism
between the divisorial structures 7(F;) = 7(E>).

It is easy to find examples of two non-isomorphic elliptic curves over the same fi-
nite field with isomorphic groups of rational points. For example, by the Hasse bound,
the number of possible isomorphism classes of groups of rational points of elliptic
curves over Fy is less than the number of possible j invariants for large g.

Proof. We can extend any isomorphism E;(Fy;) ¥ E,(F;) to an isomorphism of their
Picard groups f : CI(F;) ¥ CI(F;) preserving the degree. To do this, we can send a
fixed degree 1 divisor on E; to any fixed degree 1 divisor on E,. Fix such an f.

There is a norm map Ei(Fy.) ¥ Ei(F,) that sends z to x + Frob,(z) + Frobg (n)+ +
Froby }(x). This map is a group homomorphism, and it is surjective: Indeed, it is a
nonconstant morphism of elliptic curves, thus surjective on geometric points, and for
y 2 Ei(F,), we have Froby(y) v =0, soz 2 E(F,) with norm y satisfies Frob;‘(x) x=0
and thus x 2 E;j(Fy»). In particular, the number of elements of E;(F,») with any given
norm is %.

Let us now calculate, for D 2 CI(E;), the number of closed points in E; with class
D. Let n be the degree of d. If n 0, then there are no such closed points. Forn 1, for
any k dividing n, every closed point = 2 E; of degree n/k gives an orbit of n/k points in
Ei(F¢n), which has norm D n[0] if D is k times the class of x. Every point of E(Fg-)
arises from exactly one closed point this way. Thus, we have the inclusion-exclusion

#E| (Fqn/rn)

S 1 :
#fxr 2 jEijj[z] = Dg = - E M(m)#fDU 2 CI(Ey) j mD' = Dg HE(F))
INq

mjn

Because F; and E, have the same number of points and lie over the same finite
field, they have the same L-function, and thus #F;(Fy) = #E,(F) for all n.

It follows that, for each D in CI(E;), the number of closed points in F; with class
D is equal to the number of closed points in F, with class f(D), because the group
isomorphism f guarantees that the number of D' satisfying mD" = D is equal to the
number of D’ satisfying mD" = f(D).

Thus, we can choose for each D a bijection between the closed points of F; with
class D and the closed points of £, with class f(D). Combining all these bijections, we
get a bijection between the closed points of £; and E5 such that the induced diagram

Div(Ey) — CI(E)

| |

Div(E,) — CI(E)
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commutes. Sending the generic point of the F; to the generic point of F,, we obtain an
isomorphism on topological spaces which respects the divisorial structure, as desired.






CHAPTER 5

Reconstruction from divisorial structures: finite fields

The main result of this chapter is the following, which implies the parts of (1.5.1)
concerned with finite fields.

Theorem 5.0.1. Let X and Y be connected, divisorially proper varieties over finite
fields of dimension 3. Assume that X is either Cohen-Macauley or defined over a
finite field of cardinality > 2. Any isomorphism ¢ : 7(X) ¥ 7(Y) of divisorial structures
is induced by a unique isomorphism of schemes X ¥ Y.

The proof follows a similar strategy to the case over infinite fields: the isomorphism
¢ induces a bijection of sets between the projectivizations of the graded pieces of
the homogeneous coordinate rings of the varieties (with respect to suitable ample
line bundles). The challenge is then to show that these bijections are suitably linear
and can be lifted to an isomorphism of graded rings. The key technical ingredients
are the Bertini-Poonen theorem, generalized to complete intersections in [BK12] and
reviewed in Section [5.1/below, and the probabilistic fundamental theorem of projective
geometry, (2.3.1)).

5.1. The Bertini-Poonen theorem

In fact, we will not need the main results of [Poo04, BK12], but only a certain key
lemma. Poonen’s argument, and its variant due to Bucur and Kedlaya, proceeds by
treating points of small, medium, and large degrees separately. For our purposes, we
will need only their results about points of large degree. We introduce some notation
so that this result can be stated.

The large degree estimate

Let F be a finite field with ¢ elements and let » and n be positive integers. Let
X/F be a smooth, quasi-projective variety over F of dimension m  r (slightly more
generally we could consider here a quasi-projective F-scheme of equidimension m )
equipped with an embedding

X <1 p"
defining an invertible sheaf Ox (1) on X.

Let S denote the polynomial ring in n + 1 variables over F and let Sy S denote

the degree d elements in this ring, so we have a ring homomorphism

ST (X, 0(D)
restricting to a map
Sa T (X, 0x(d))

of vector spaces.
Fix functions
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for i = 2,...,r such that there exists an integer w > 0 for which

d gi(d) wd
for all d 2 N and all i. For notational reasons it will be convenient to also write
g1 - N I N for the identity function.

5.1.1. Let Sdenote the product [];_, S and let S denote the subset
Sa Sg() Sg.@) S

For a section f 2 Sqlet Hx.f X be the closed subscheme defined by the image of
fin (X.0x(d), and for f = (fr..... fr) 2 Sy let

.
(5.1.1.1) Xt =) Hxs,
i=1
For an integer d let Wy S denote the subset of vectors f such that the intersec-
tion X¢ is smooth of dimension m r at all closed points P of degree > d/(m + 1) in

this intersection, and define
HWy

#HS
Lemma 5.1.2. There exists a constant C', depending on n, r, m, w, and the degree of
X P", such that

eqg =1

eq Cqu minfd:(m+1);d=pg’

In particular,
lim eq = 0.
dra

Proof. This is [BK12, 2.7].
We recall some additional useful notation from [Poo04], which we will use in stat-
ing consequences of (5.1.2).

Notation 5.1.3. For a subset P Swrite

L #S\P)
WP =i "
and #(S\ P)
a(P) =i —_—
A(P) |(rjn!sijp HS
Variants

5.1.4. As in Section let F be a finite field and let X  P" be a quasi-projective
variety of dimension m > r.

Let Hy & be the subset of elements (fi,..., fr) such that for every subset R
fl,...,rg the scheme-theoretic intersection

Xp =) Xy,
i2R
is generically smooth of dimension m #R. Let H Sdenote the union of the Hj.

Theorem 5.1.5. We have
p(H) = 1.
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Proof. For a given R, let Hrq & be the subset of those vectors for which the inter-
section XR is generically smooth of dimension m #R, and let Hr denote the union

of the Hgr.g. Then
#Hy ( #HR'd)
1 1 — .
LN Sl (R

It therefore suffices to show that u(Hr) = 1. Furthermore, this case reduces immedi-
ately to the case when R = f1, ..., rg, which we assume henceforth.

Let X P" be the closure of X with the reduced structure, and fix a finite strati-
fication X = fYigi», with each Y; a smooth locally closed subvariety of X, and one of
the strata Y; equal to the smooth locus of X. If we further arrange that each Yir Yj
has the expected dimension then it follows that the inclusion

XR\XO < XR

is dense.
For an integer s let E@d S denote the subset of those vectors (fi,..., fy) for
which the intersections Xjf is smooth of the expected dimension at all points P of

degree s. Let Eés) denote the intersection of the E@d
Observe that since we assumed that » < m, the closed points of degree s are
dense in any irreducible component of Xo¢. In particular, we have Ec(,s) Hy. Let E®

denote the union of the £”. Taking s = b_4- + 1c have
E\((f)d = Wy,.d,
where Wy, .4 is defined as in (5.1.1) applied to Y;.
By this and (5.1.2) we have that
n .

lim
dy

#S
We conclude that ©
lim 754" _ 1,
dvl #
and it follows that
u(Hgr) =1,

as desired.

5.2. Preparatory lemmas

We continue with the setup of Section 5.1

Lemma 5.2.1. Let k be a field, let D/k be a geometrically irreducible, proper k-variety,
and let D D be a dense open subvariety with D geometrically reduced and codim(D
D,D) 2.Then H°(D,Op) = k.

Proof. We may without loss of generality assume that Dis reduced, and furthermore,
by replacing D by its normalization, that D is normal. Since D is geometrically re-
duced and irreducible it follows that H°(D, O5) = H°(D, Op) = k.
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Lemma 5.2.2. Let X be a divisorially proper variety over a perfect field &, and let
Ox (1) be a very ample invertible sheaf with associated linear system P. Let
jiX 01X
be the compactification of X provided by the given projective embedding, so X is
schematically dense in X. Fix a finite stratification fYjgi; of X with each Y; smooth,
equidimensional, and Y; <X X locally closed. Let
F,G 2 H(X,0x(1)) = H(X, O (1))
be two linearly independent sections. Let D (resp. Dg) be the zero locus in X of F (resp.
G) and set Dg := De \ X (resp. Dg := Dg \ X), and assume they satisfy the following:
(1) De is geometrically irreducible.
(2) The intersection De \Yj has dimension dim(Y;) 1 for all 4, and the intersection
De \ Dg \'Y; has dimension dim(Y;) 2 for all : (here we make the convention
that the empty variety has dimension 1aswell as 2).
(3) De and the intersection De \ D¢ are generically smooth.
(4) X is geometrically Sz at every point of Dg.

Then F and G span a definable line.

Proof. Assumption (2) implies that D= Dg is dense. Furthermore, D¢ is S, because

it is a hypersurface in an S; variety, and because it is generically smooth is Ry, hence it

is reduced. Both S, and Ry hold geometrically, so it is geometrically reduced. Similarly,

De \ Dg is geometrically Ry and S; and thus geometrically reduced, and De \ Dg

Dg \ Dg is dense. We need to show that the kernel of the restriction map
HO(X,0x(1)) ¥ H°(Dg \ Dg, Op,np (1))

is the span of I" and G. -
To this end, let W denote (Dg \ Dg) n (D \ Dg). By assumption (2), W has codi-

mension at least 2 in Dg, and we have a closed immersion
De \ Dg <Y ﬁp nw.

From this we therefore get an exact sequence

0——H(Deyea N W, 05, )~ H(Drrea n W, O5,..a(1)) — H°(Dg \ Dg, Op,\p,, (1))

F,red

From the commutative diagram

HO(X, Og (1)) —— HO(X, O (1))

HO(EF;red n W’ oﬁF,rean (1)) 4/HO(DF y QDF (1))
we see that the kernel of the map

H°(X,0¢(1)) ¥ H°(Deyrea n W, Qs ow (1))

is 1-dimensional generated by F'. From this and the argument used in (3.3.12) we
see that to prove the proposition it suffices to show that the dimension of H°(Dgreq

W,0s,,.,) 1s 1. This follows from (5.2.1).
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Lemma 5.2.3. Let X/k be a quasi-projective, divisorially proper variety of dimension
at least 3, and let Ox (1) be a very ample line bundle on X. Let B be the set of points of
X which are not S3. Foreach i 2 B, let Vi, PHO9(X, Og(n)) be the set of hypersurfaces
containing i. Let X <X P be the embedding into projective space provided by Ox (1) and
let X P be the closure of X, with the reduced subscheme structure. Let H, be the set
of lines in PH(X, Og(n)) and let H*"B  H, be the subset of lines which are either
definable as lines in PH(X, Ox(n)) or contained in |J;,g Vi:n. Then

H def;By —
Tim oy (H™) = 1.

Proof. Fix a finite stratification fY;gi», of X into locally closed smooth subvarieties.
Let P, denote the set of pairs of linearly independent elements

f17f2 2 (77 O)?(TL)),
and let P. P, denote the subset of pairs (f1, f2) for which the associated divisors
Da,a, := V(ayf1 + azf2) \ X have the following properties:
(1) Day;a, is geometrically irreducible for all (as : az) 2 P*(k);
(2) The double intersection D1 \ D, \'Y; and the Dy, 4,, for all (a; : ap) 2 PX(k),
have the expected dimension; -
(3) The double intersection D1\ D, \ X and the D,,.a, \ X, for all (a1 : ay) 2 P*(k),
are generically smooth.
There is a map
Sp:P, ¥ H,
sending a pair (f1, f2) to the line spanned by f1 and f,. By (5.2.2) the image of P! is
contained in H*"B. Indeed, if the line spanned by f; and f, is contained in | J; V; then
we are done, and otherwise some a; f; + bf, does not intersect the non-5; locus B. We

apply (5.2.2) to Das, +br, and to any other divisor in the pencil.
Therefore we have

MPn(Pa) Ill—h(H?ef;B),
and it suffices to show that
: 0\ —
lim pp, (Pr) = 1.
This follows from (5.1.5) and [CP16, Theorem 1.1]. (Note that, if the condition that
a divisor is geometrically irreducible and generically smooth has density 1, then the

condition that ¢ + 1 divisors are geometrically irreducible and generically smooth has
density 1).

5.2.4. For integers ny,n, withny n,  2n; consider the subset
T11;n2 Snl Snz Sn1+n2

whose elements are triples (f1, f>, f3) for which either the elements f; f, and f; span a
definable line in P (X, Ox(ny + ny)) or f3 vanishes at a point of B.

Lemma 5.2.5. For any functiong: N ¥ Nsuchthatn g¢(n) 2n for all n, we have

#T.
lim o) =1
nT1 #(Sn  Sgmy  Sntgn))
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Proof. Fix a stratification fY;gio; of X into smooth subvarieties.

By (5.2.2) the set Tng(n) contains the set Ti, ) of triples ( fl_, f2.f3) 2 Sn Sy
Sn+g(ny satisfying the condition that the zero locus of each f; in X is irreducible, for all
R f1,2,3g the intersection XR is generically smooth, the intersections Xg \ Y; have

the expected dimension for all i, and the zero locus of f; does not intersect the non-S;
points of X. The result then follows from (5.1.5) and [CP16, Theorem 1.1].

5.3. Proof of (5.0.1)

By the same argument as in (4.1.4), which did not require any assumption on the
ground field, it suffices to prove (5.0.1) in the case when X and Y are quasi-projective.

5.3.1. Fix € > 0. In the course of the proof we will make various assumptions on ¢ being
sufficiently small. As there are only finitely many steps, this is a harmless practice.

Fix an ample invertible sheaf Ox (1) on X represented by an effective divisor D.
By the property of being ample depends only on the divisorial structure, and
therefore ¢(D) defines an ample invertible sheaf on Y, which we denote by Oy (1).
After replacing Ox (1) by Ox(n) for sufficiently large n we may assume that Ox (1) and
Oy (1) are very ample.

Note that, because X and Y are normal, they are S,, and so their loci of non-
Ss points consist of only finitely many points (see (8.3.3)). Hence, for n sufficiently
large, a positive proportion of hypersurfaces of degree n do not intersect the non-S;
points. Thus, by choosing n sufficiently large we may assume by that there exist
definable lines in P( (X, 0x(1))) and P( (Y, Oy (1))). Since the number of elements in
a definable line is ¢ + 1, we see that the finite fields kx and xy are isomorphic to the
same finite field F, and in particular have the same number of elements which we
will denote by g.

5.3.2. Let X jOx(1)j- (resp. Y jOy (1)j- be the scheme-theoretic closure of X (resp.
Y). Define graded rings

A= no (X,0¢(), Ay = n o (V,0r(n)),
Ax = no (X,0«(n)), Ay := n o (Y,0/(n)),
so Ay Ax and Ay Ay. For m > 0 and any of these graded rings A write A(m) for
the subring A(m) A given by
A(m) == | oA™.

Write jASj  jnDj for P( (X,0x(n))) P( (X,0x(n))), and similarly for JAZ). By
, for n sufficiently large the proportion of lines in the linear system jA%j that
are both not definable and not contained in (J;,5 Vi is at most ¢. By (2.3.3) we may
choosing ¢ sufficiently small, and thereafter n sufficiently large so that (2.3.1) applies
to the map

JAZd ¥ P( (X, 0x(n))) ¥ P( (Y,0r (n))).
The assumption that ¢ > 2 or B is empty is satisfied because, in the case ¢ = 2, we
assume that X is Cohen-Macauley, therefore Sy for any k, so in particular B is empty.
We therefore find an integer ng such that for each n  ng we get an isomorphism of
fields

on:kx Y Ky
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and a op-linear map

i Ag T (Y,0r(n))
such that the induced morphism of projective spaces

fa i P( (X, 0x(n)) ¥ P( (Y,0(n)))
agrees with the map
fn 11AST 1Oy ()]

defined by ¢ on a proportion of points
(56.3.2.1) 1 4,

where 0 > 0 is any constant that we choose.

5.3.3. Next we prove that the f! are close to multiplicative.
Claim 5.3.4. We may take ng sufficiently large such that, for any n; no and for
ny = nq OFr np = nq + 1 we have
flp’ll (Sl)fl?]z (82) = fE]1+n2 (8182)
for a proportion 1 39 of pairs
(s1,82) 2 AR AZ.

Proof. Suppose
ff]l (Sl)fl(’)lg (82) & fl(’)]1+n2 (8182)'
Then either fn, (s1) & f3, (s1), fna(52) & f3,(s2), or
Son(51) frp (52) & f,1n, (5152).
The first two occur with probability at most ¢, so it suffices to prove the third occurs
with probability at most §. If
fnl (Sl)fnz (52) & f311+n2 (5152)7
then by (2.3.12) the number of pairs sz, s4 with s1s;, s3, 54 colinear, s3 2 |J;,g Vi, and
f(s182), f(s3), f(s4) colinear is at most
A(Q7 Nn1+n27 Gn1+n27 6) + Q(q + 1)
If s1s, and s3 span a definable line then all ¢ 1 choices of s4 satisfy this condition, so
the number of s3 with s3 2 J,,g Vi and Sp(s1s2, s3) definable is
A(Qa an+n2, Gl’l1+l’12a 6) + Q(q + 1)
q 1 '

Thus for each s1, s, satisfying this last condition, the number of s3 with s3 2 J;,g Vi
and Sp(s1s2, s3) not definable is at most

A(Q7 Nn1+n27 Gn1+n27 6) + Q(q + 1)
g 1 '
Taking ny, n, sufficiently large and ¢ sufficiently small, thisis  ¢Np,+n, Where cis

some nonzero constant, for instance % [[;,5(1 ¢*°') taking degi to be the degree of
the closed point i or 1 if i is not a closed point.

Gn1+n2 1
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On the other hand, by (5.2.5), the number of triples s 1, s;,s3 with s3 2 [, Vi
and Sp(si, sz, s3) not definable is at most cd Nn, Nn, Nn,+n, for n; sufficiently large and
ny = ny or ny + 1. So the number of pairs s;, s, with

fnl (sl)fnz (52) & f£11+n2 (5152)

is at most 6 N, Ny, and so the proportion of such pairs is at most J, as desired.

5.3.5. Next we show that the 7, are close to multiplicative.

Claim 5.3.6. For ng sufficiently large as in (5.3.4), for any n; and n, = ny or n, = ng+1,
there exists a constant cp,.n, such that

(5.3.6.1) Y1 (1), (52) = Cnyiny Yng+n, (5152)
for all pairs (s1, s2).

Proof. Let W, denote A, viewed as a vector space over the prime field F,. We then
have two bilinear forms

bx,by :Wn,  Wn, T (Y, 0 (n1 +n2))
given by
bx (317 52) = ’ynl(sl)fynz(SZ)a bY (Sla 32) = 7n1+n2(3152)'
These forms have the property that they agree up to a scalar for a proportion of 1 3¢
of pairs (s1, s5).
Given sy, let Ys, be the set of s, such that bx(sy, s2) is a scalar multiple of by (s1, s2).
Let p(s1) = #Ys, /#W,,. It follows from the above remarks that we have

P—- P—-
#Htsijp(s1) 1 30g 30 30 #Wnay.

Thus, for a proportion of 1 p@ of eleme 5 51 the two forms by (s1, s2) and by (s1, s2)
agree up to a scalar for a propoﬂ@n of 1 30 of elements s,.
Fix s; for which p(s;) 1 30. Each of the maps

bx(s1, ),bv(s1, ):Wn, ¥ (Y, 0 (n1+n2))
are injective, which implies that
rank(bx (s1, ) aby(s1, )) +rank(bx(si, ) by (s, ) dim(Whn,)
for any distinct elements «, o!. It follows that there is at most one « & 0 for which the

rank of bx(s;, ) «aby(sy, ) isless than or equal to dim(17,,)/2.
Suppose that in fact we have

rank(bx (s, ) aby(s1, )) dim(Wy,)/2

for all a. Then the proportion of s, for which bx (s1, ;) is a scalar multiple of by (s1, s2)

1s at most
g 1

IiMWny)=2"

and we obtain the inequality
qg 1 P—

IMWa)=2 1 30.
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For n chosen sufficiently large relative to ¢ this is a contradiction. We conclude that
there exists exactly one scalar ag such that

rank(bx(sl, ) aoby (82, )) < dlm(an)/Z

Now in this case we find that the proportion of s, for which bx (s, s») is a scalar mul-
tiple of by (s1, s2) is at most

¢ 29 1
qdim(W ny)=2 pro ’

where 7 is the rank of bx(s1, ) «aoby (s1, ). For € suitably small we see that this
implies that in fact ro = 0 and bx (s1, $2) = agby (s1, s2) for all s,.

Note that this argument is symmetric in s; and s,. That is, for a fixed g5 subject to
the condition that bx (sy, s,) is a scalar multiple of by (s1, s,) is at least 1 35 we find
that there exists a constant S such that

bx (s1,52) = Bby (51, 52)

for all s;. From this it follows that in fact the constant «ag in the previous paragraph is
independent of the choice of s;. Furthermore, using the bilinearity we find that there
exists a constant cp,.n, such that

bx (51, 52) = Cnyin,by (51, 52)
for all pairs (s1, s»). In other words, we have the equality (5.3.6.1)

Claim 5.3.7. For n; sufficiently large as in (5.3.4), for every n  ng and integer m 1
there exists a constant ¢, such that for all sections

S1,...,5m 2 As
we have
Ynm (51 Sm) = cmYn(s1) Yn(5m)-

Proof. This we show by induction, the case m = 1 being vacuous. For the inductive
step write m = a + b for positive integers a and b with a« = b = m/2 if m is even, and
a=(m 1)/2and b= (m+1)/2if m is odd. Then by the above discussion there exists
a constant ¢, such that

a b
Yam(S1  5m) = Capna (H 5i> Yon (H 3a+j> .
i=1 j=1

By our inductive hypothesis this equals
Ca;hCaChIn (31) n (Sm),

so we can take ¢y, = capcacy.

5.3.8. In particular, after possibly choosing ng even bigger so that Ax(no) is generated
by A%’ we get an injective ring homomorphism

Pino - Asc(no) ¥ Ay (no)

given in degree mmng by Ymn,/cm-
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5.3.9. The map px.,, defines a rational map
AY - - JX.

Let Y Y be the maximal open subset over which ) is defined and the map px.,,
induces an isomorphism A Og(no) ~ Oy (ng). We claim that the two maps of topological
spaces

(5.3.9.1) Ny LY jon X

agree, where we write ¢ ! also for the composition

i —iXj—jX]j

To prove this it suffices to show that these two maps agree on all closed points.
Suppose to the contrary that we have a closed point y 2 Y such that \(y) & ¢ 1(y).
Consider the subset

T Ag’m
of sections g 2 (X, Og(ngm)) whose zero locus contains both A(y) and ¢ 1(y). Now
any section g whose zero locus contains A(y) and for which f,,m(9) = ff,om(g) lies in T,
by definition of A and f,. It follows that
H1m 1
H A%’m qdeaC )

(5.3.9.2)

On the other hand, for m sufficiently big we have

#Tm 1
(5393) #A%)m - qdeg( y)+deg(” 1(y)) "’

Now observe that if we replace our choice of ng by a multiple, the open subset Y Y
and )\ remain the same, but we can decrease the size of ¢ by making such a choice
of ng. Since the right side of is larger than the right side of for e
sufficiently small this gives a contradiction. We conclude that the two maps
agree.

Lemma 5.3.10. Let k£ be a field, let S be a normal, quasi-projective k-variety, and let
T/k be a proper k-variety. Let f : jSj ¥ jTj be a continuous map of topological spaces
which is a homeomorphism onto an open subset of j7j. Assume that there exists a dense
opensubset U S andamorphism of schemes f, : U ¥ T whose underlying morphism
of topological spaces jfuj : jU] ¥ jTj agrees with the restriction of f. Then there exists
a unique morphism of schemes f: S ¥ T whose underlying morphism of topological
spaces is f and which restricts to f; on U.

Proof. Since S is normal and 7" is proper there exists an open subset S S containing
U and with complement of codimension 2 such that f extends to a morphism of
schemes

fS:S T

We claim that fs induces fjjs j on underlying topological spaces.
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If s 2 S is a closed point, then by Bertini’s theorem (or in the finite field case
Poonen-Bertini) there exist effective irreducible divisors Dq,..., D, S ,with Di\U
nonempty for all 7, such that

fsg=D:\ \D,.

Since f is a homeomorphism onto an open subset of 7" we can further arrange that
fi()9=rfO)\  \f(Dr),
where f(D;) is the closure of f(D;) in jT). Since

Js (s)  f(DD)N\N N\ Jf(Dr).
We conclude that fs (s) = f(s). This shows that fs agrees with f on all closed points
and therefore also on all points.

We are therefore reduced to the case when the complement of U in Y has codi-
mension 2. In this case, the morphism fj; extends toamap f:Y ¥ T by the same
argument as in the proof of (4.1.3), and repeating the previous argument we see that
J induces f on topological spaces.

5.3.11. By (5.3.10) we therefore get a morphism of schemes
u:Y & X
whose underlying morphism of topological spaces is ¢ 1.
For n sufficiently big, the line bundle O, (n) can be represented by an effective
divisor D Y all of whose irreducible components occur with multiplicity one and

have nonempty intersection with Y . The divisor (D) then represents the line bundle
Ox(n), and we have a nonzero map

uOx( n)=uOx( ¢ (D)) ¥ O( D)=0/( n).

Since ¢ induces an isomorphism on class groups we conclude that this map is an
isomorphism, so u extends to a map of polarized schemes

u:(Y,0/(n)) ¥ (X,0x(n)),
for all n sufficiently big.

Since the cardinalities of the linear systems (X,0Ox(n)) and (Y,Oy (n)) are the
same for all n, we conclude that u induces an isomorphism of graded rings

Ax(n) ¥ Ay (n)

for all n sufficiently big. This implies that « is an open immersion. Indeed if X (resp.
Y) is the closure of X (resp. Y) in the projective imbedding defined by (X, Ox(n))
(resp. (Y,0Oy(n))) then we see that u induces an isomorphism between the homoge-
neous coordinate rings of X and Y, and therefore u is an open immersion inducing an

isomorphism of topological spaces, whence an isomorphism.
This completes the proof of (5.0.1).






CHAPTER 6

Topological geometry

In this chapter we prove the main reconstruction results over uncountable fields
of characteristic 0. There are two reasons to single out this case. The results we have
are stronger—we can prove that the theorems hold in the minimal possible dimension,
namely 2—and the proofs are technically simpler.

Also, this chapter serves as a model for the later reconstruction results. Many of
its ideas and results resurface in technically more complicated forms.

The main result of this chapter is the following.

Theorem 6.0.1. Let X be a normal, projective variety of dimension at least 2 over
an uncountable field % of characteristic 0. Then linear equivalence of divisors is deter-
mined by jXj.

Note that £ is uncountable if and only if jXj has uncountably many points, so this
is a topological assumption.

Applying (3.1.14) yields the following.

Corollary 6.0.2. Let X be a normal, projective variety of dimension at least 2 over
an uncountable field of characteristic 0. Then the scheme structure of X is uniquely
determined by its underlying Zariski topological space jX].

The main technical tool for this is a study of pencils of divisors. Pencils are alge-
braic notions, so we start by writing down topological properties of pencils, leading
to the notion of topological pencils in (6.3.I). A key question is to understand which
topological pencils come from actual pencils (in which case we say that the topological
pencil is algebraic). This is studied in Section [6.3, The main result is the algebraicity
criterion (6.3.4), which will be used again in Chapter |7/l An immediate consequence
is that, over uncountable fields, every topological pencil is algebraic, see (6.3.5). This
is the only place where uncountability is used, and the reason why this case is much
easier.

Another notion that is important in algebraic geometry is the degree of a subvari-
ety (with respect to an ample divisor). In Section we prove that having a degree
function is equivalent to knowing which topological pencils are algebraic. One direc-
tion, which works over any field, follows from (6.3.4). Constructing a degree function
using algebraic pencils is harder, and works only in characteristic 0, see (6.4.11).

Then in Section we prove that if X is a normal, projective, geometrically irre-
ducible variety of dimension 2 over an infinite field and deg,;, a degree function on
divisors, then jXj and deg,, determine linear equivalence, see (6.5.8). This leads to the
proof of (6.0.1) in (6.5.10).

The method of Section [6.5| also relies heavily on pencils. Specifically, the main
problem is to decide which members of a topological pencil are members of the corre-
sponding algebraic pencil, which we call true members.

83
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Instead of a complete solution, we only deal with ‘well behaved’ linear systems. We
find sufficient conditions for

(1) linearity of a pencil (in (6.5.4)),
(2) membership in a pencil (in (6.5.5)) and
(3) linear equivalence of reduced divisors (in (6.5.7)).

Then, in (6.5.8), we see that linear equivalences between reduced divisors generate
the full linear equivalence relation.

6.1. Pencils

We collect various results from the classical theory of pencils. Most of these are (or
have been) well known, but precise references are hard to find. For our purposes the
most important is (6.1.17). We start with some general remarks on Chow varieties.

6.1.1 (Chow variety of divisors). Let ¢ : X ¥ S be a projective morphism of pure
relative dimension n with a relatively ample divisor H. Assume for simplicity that the
fibers are geometrically normal. The Chow variety of divisors parametrizing relative
divisors of H-degree d is an S-scheme Chow}(X/S) with a universal family

Univi(X/S) <@ X Chowj(X/5S)
(6.1.1.1) u#
Chowj(X/S)

It has the following properties (see [Kol96, Theorem 3.21]):

(1) Chow}j(X/S) is seminormal and projective over S.

(2) uis projective, of pure relative dimension n 1, and its fibers have 7 H-degree
d.

(3) Assume that we have a diagram " Dt ¥ X T where T is a seminormal
scheme, Dt ¥ T is projective, of pure relative dimension n 1, and all fibers
have ¢ H-degree d. Then there is a unique commutative diagram

Dr ¥ Univi(X/S)
# #u
T Chowj(X/S).

The Chow variety of divisors is then Chow'(X/S) := qq Chow}(X/S). It has countably
many connected components, all which are projective over S.

Assume now that X/ is only assumed proper. It is almost certain that Chow!(X/S)
exists as an algebraic space and satisfies the properties (1)-(3). However, this is not
treated in the literature. The following results allow us to go around this problem. We
start with a variant of [FKL16, 3.3].

Lemma 6.1.2. Let g : Y ¥ X be a proper, birational morphism of normal varieties
and D a divisor on Y. Let TE; : ¢ 2 Ig be the g-exceptional divisors. Then there is a
divisor £ = ) ejEj such that for every m 0 and every g-numerically trivial Cartier
divisor T the following hold.

(1) g O (m(D + E) +T) is reflexive.
(2) g O/ (m(D +E)+T+ EiCiEi) =g O (m(D + F) + T) for every ¢ 0.
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Proof. We may assume that X is affine. Let L be a reflexive sheaf on Y. Then g L
is reflexive if and only if depth, g LL 2 for every point z 2 X of codimension 2.
The latter holds iff every section of L over Y n g !(z) extends to a section of L. In
particular, depth, ¢ L. 2 except possibly at the generic points of the g(£;). We also
see that (1) and (2) are equivalent.

By localization and induction we may assume that the claim holds outside a single
point z 2 X. We can then move the exceptional divisors not contained in g (z) to D
and work with the divisorial irreducible components fE; : j 2 Jg of g '(z). We may
also assume that ¢ is projective with a very ample divisor H. Let now S Y be a
normal surface obtained by intersecting dimY 2 general members of jHj. We may
also assume that the Fj := Ejjs are irreducble. On a normal surface the intersection
numbers of proper curves are well defined and the intersection matrix of the Fj is
negative definite by the Hodge index theorem. Thus there is a linear combination
> ajFj such that ) ajFj + Djs is numerically trivial on every Fj.

We claim that £ := ) pajqEj, where pajq denotes the round-up of «; has the re-
quired property. That is, a rational section o of Oy (m(D + F) + T) can not have poles
only along > Ej. The restriction of such a ¢ to S would give a rational section of
Os (m(Djs + Ejs) + Tjs) with poles only along > Fj.

Note that ojs would be a section of sheaf of the form Os(}_ ¢jFj + T") where ¢; 0
and 7" = m(3_ aj F; + Djs) + Tjs is numerically trivial on every Fj. Choose the ¢j the
smallest possible. Using the Hodge index theorem again, we get that there is a jo such
that (Fj, > ¢jFj) < 0. Thus every section of Os(}_ ¢j Fj +T") vanishes along Fj,. (This is
clear if Os (> ¢j Fj +T") is invertible, a simple computation shows that the singularities
work in our favor.) That is, ojs is a section of Os(>"¢jFj  Fj, + T7), contradiction our
choice of the ¢;.

Corollary 6.1.3. Let X be a proper, geometrically normal variety over a field k£ and D
a Weil divisoron X. Let g : Y ¥ X be a proper, birational morphism. Assume that Y
is projective and Y ¥ Alb(Y) = Alb(X) is a morphism. Fix an ample divisor H on Y.
Then there is a d(D) > 0 such that deg,, g D" d(D) for every effective divisor D’ on
X that is algebraically equivalent to D.

Proof. As explained in [Ful98al, Example 10.3.4], ¢ D' is algebraically equivalent to
some g 1D + > m;FE; where E; are the g-exceptional divisors. Thus g D' is linearly
equivalent to some g D + T + > m;E; where T is numerically trivial. By the
m; are bounded from above, independent of D°.

Combining (6.1.3) with|(6.1.1(2))|we get the following.

Corollary 6.1.4. Let X be a proper, geometrically normal variety over a field k£ and D
a Weil divisor on X. Then all divisors algebraically equivalent to D are parametrized
by a k-scheme of finite type.

Example 6.1.5. Hironaka’s example in [Har77, B.3.4.1] is a smooth, proper 3-fold
over C, containing a curve C such that all curves algebraically equivalent to C' are not
parametrized by a C-scheme of finite type.

Its exceptional divisor is a proper non-normal surface E. The curve C' is a divisor
on it and all divisors algebraically equivalent to it are again not parametrized by a
C-scheme of finite type.

Also, E' contains a nonzero, effective divisor that is algebraically equivalent to 0.
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Applying (6.1.3) to D, 2D, ... gives the following.

Corollary 6.1.6. On a proper, geometrically normal variety X an effective divisor is
algebraically equivalent to 0 if and only if it is the 0 divisor.

Next we recall the definitions and basic facts about pencils in modern language;
see [Zar41] for a classical exposition.

Definition 6.1.7 (Pencils). Let X be an integral k-variety.

(1) A pencil of divisors, or just a pencil, on X is a nonconstant, rational map
7 : X 99K C to an integral, nonsingular and projective curve C. If we we
to emphasize the distinction with the notion of t-pencil, introduced in
below, we sometimes refer to a pencil of divisors as an algebraic pencil.

(2) The indeterminacy locus B X of a pencil 7 is called the base locus of the
pencil.

(3) For a closed point ¢ 2 C, the closure of 7 1(c¢) X is called a fiber of the pencil.
We frequently denote it by D.. The fibers over k-points are the members of the
pencil. The fibers of a pencil are Cartier divisors on X n B.

(4) A pencil is called linear if C' = Pg, rational if C is a smooth, geometrically
rational curve and irrational if the geometric genus ¢(C) is greater than 0.
(Over imperfect fields there are pencils that are neither rational nor irra-
tional. They will not come up for us.)

(5) Fix an algebraic closure & <¥ k and let 7 be a pencil. If X is geometrically
integral, then 7, : X, 99K C\ is also a pencil, its members are the geometric
members of 7. In traditional terminology

iDjaig := D¢ : ¢ 2 C(k)g

is an (algebraic) pencil of divisors parametrized by the curve C. We use jDjaq
to emphasize that C can be a non-rational curve.
(6) If a pencil 7 factors as X 99K C? 99K C' where deg(C'/C) > 1, then 7’ : X 99K C"
is another pencil. We say that 7 is composite with 7'. In this case each fiber of
7 is a union of certain fibers of 7’.
If no such (! exists then 7 is called non-composite. Every pencil is compos-
ite with a unique non-composite pencil.

Remark 6.1.8. Let 7 : X 99K C be a pencil over a field £.

(1) If k is perfect, then we can describe the members as follows. Let ¢ 2 C| be a
geometric point lying over ¢ 2 C. As o runs through Gal(k/k), D.:= [ D, is a
finite union, giving a divisor defined over k.

(2) If k = k then the notions member, fiber, geometric member coincide. The dis-
tinction between these 3 notions is not systematic in the literature. Thus the
phrase ‘let jD j be a pencil’ may mean that D runs through all members,
fibers, or geometric members of a pencil. We keep the very convenient pencil
notation jDj, but specify whether we work with members, fibers, or geometric
members.

(3) If C = P! and D, D, are distinct members of a pencil 7, then the pencil can
be identified with the linear system jD1, D,j.
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(4) (Warning) The definition of linear system frequently allows fixed components;
those without fixed components are called mobile. In this terminology, our
pencils are the mobile pencils.

Definition 6.1.9 (Linear and numerical similarity). Let X be a normal variety. Two
divisors D;, D, are called linearly similar if there are nonzero integers mj, m, such
that miD;  my,D,. We denote it by D; s D,.

This notion will play a central role starting Section but it also gives a conve-
nient way to talk about pencils, since all fibers of a rational pencil are linearly similar
to each other. We say that 2 pencils jD,j, jD,j are linearly similar if every fiber of jD,]j
is linearly similar to fiber of jD,j. We denote this by jD.j s jD,j. If A is a divisor, we
define jD;j s A analogously.

The numerical versions of these notions are the following. First, two real valued
functions fi, f, are called similar if f; = c¢f, for some positive constant ¢ 2 R.

Let X be a proper variety. Two Q-Cartier divisors D;, D, are called numerically
similar—denoted by D; ¢ D,—if the functions C' @ (D; () are similar (as functions
from the set of all curves on X to R). We use the same terminology for pencils of
Q-Cartier divisors.

The basic characterization of non-composite pencils is due to Bertini, but it may
have been first fully proved in [vdW37].

Theorem 6.1.10. Let X be an integral variety over a perfect field k and 7 : X 99K C' a
pencil. The following are equivalent.

(1) Almost all fibers of 7 are irreducible and reduced.

(2) Almost all geometric fibers of = are irreducible and reduced.

(3) 7 is not composite with any other pencil.

(4) k(C) is algebraically closed in k(X).

(5) k(C) is algebraically closed in £(X) and £(X) is a separable extension of k&(C).

Proof. The claims all follow from Stein factorization, except for 2 issues.

To see that (4) ) (5), assume to the contrary that £(X)/k(C) is not separable. Then,
by MacLane’s Separating transcendence basis theorem (see [We162, p.18], [Lan02,
Sec.VIIL.4] or [Eis95, p.558]), k(X) «c) k(C)**® is nonreduced. If k is perfect and
dim C = 1 then deg [k(C)* : k(C)] = p, thus k(X) «c) k(C)*™ has degree p over k(X).
So, if it is nonreduced, then

red (k‘(X) k(C) ]{?(C)lzp) = k‘(X)

Thus k(C)*P  k(X), contradicting (4).

Next (5) implies that the generic fiber is irreducible and generically reduced, but
we claim that it is reduced. Assume first that X n B is S, and let D be a fiber. Since
Dn B is a Cartier divisor, it is 51, hence reduced if and only if it is generically reduced.
Taking its closure does not add any embedded points. In general X n B is S, but then
it is S, except at finitely many points by (8.3.3). Thus the previous argument shows
that all but finitely many fibers are irreducible and reduced.

Lemma 6.1.11. Let X be a normal, proper variety and = : X 99K C' a pencil with base
locus B. Then B is also the intersection of any two fibers of 7.
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Proof. To see this let X  C be the closure of the graph of = with projection
p: ¥ X.If ris not a morphism at 2 X then p (x) is positive dimensional, hence
dominates C. Thus z is contained in every fiber of .

The next classical claims help us recognize rational and linear pencils.

Lemma 6.1.12 (Rationality test). Let X be a normal, projective variety over a perfect
field k. Let 7 : X 99K C be a pencil with parameter curve C'. If 7 has a smooth basepoint
then r is rational.

Proof. Let p: ¥ X be asin (6.1.11). By a lemma of Abhyankar, if x is smooth then
p () is rationally connected over k(z), see for example [Kol96, VI.1.9]. Thus C is a
geometrically rational curve.

Lemma 6.1.13 (Linearity test I). Let X be a normal, projective variety over a perfect
field k. Let 7 : X 99K C be a rational pencil with base locus B and parameter curve C.
Then C = P! in any of the following cases

(1) X has a smooth k-point.

(2) There is a geometrically irreducible subvariety W 6 B that is contained in a
fiber of 7.

(3) There is a fiber D, of = that is smooth at some point of B.

Proof. If X has a smooth k-point then so does C' by Nishimura’s lemma, and then
C = P (See [KSCO04, p.183] for a very simple proof of Nishimura’s lemma.)

For (2), note that 7(W n B) C is geometrically irreducible, hence a k-point.

For (3), assume that a fiber D. is smooth at + 2 B. As we noted in (6.1.7), D,
becomes the union of deg(k(c)/k) geometric fibers over k, and they all contain B. If D,
is smooth at x then k(c) = k.

Proposition 6.1.14. A proper variety has only countably many irrational pencils.

Proof. We may as well assume that the base field is perfect and the variety is normal.

First proof. Let 7 : X 99K C be an irrational pencil. It gives X 99K C' ¥ Jac(C). By
the universal property of the Albanese variety (10.3.9), we can factor it as X 99K
Alb(X) Jac(C). Thus irrational pencils are in one-to-one correspondence with
Abelian quotients Alb(X) B such that the composite X 99K Alb(X) B has
a 1-dimensional image. Now note that an Abelian variety has only countably many
Abelian quotients: Because every quotient map factors into an isogeny and one with
connected fibers, and there are countably many isogenies from a given abelian vari-
ety, it suffices to check there are countably many quotients by connected subvarieties.
Each quotient by a connected subvariety admits an ample line bundle, and the pull-
back of this ample line bundle determines the quotient as the Proj of its section ring,
so because there are countably many line bundles, there are countably many quo-
tients.

Second proof. First assume that X is smooth and projective. Then irrational pen-
cils are basepoint-free by (6.1.13), hence by each irrational pencil corresponds
to a 1-dimensional connected component of the Chow variety of divisors on X by
(6.1.16). The Chow variety has countably many irreducible components by

Now suppose X is an arbitrary proper variety over k. Let X ¥ X be a dominant
morphism. We see that the set of pencils on X injects into the set of pencils on X’
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(since the set of subfields of k(X) injects into the set of subfields of k(X)). Choosing
X" to be a resolution or an alteration of X, reduces the result to the smooth projective
case.

The following lemmas help us recognize fibers of a pencil.

Lemma 6.1.15. Let X be a normal, proper, irreducible variety over a perfect field k
and 7 : X ¥ (C abasepoint-free pencil. Let Ey, ..., E, be irreducible divisors contained
in fibers such that their union does not contain the support of any fiber. Let E, be an
irreducible fiber. Then >~1_ m;E; is algebraically equivalent to 0 if and only if it is
identically 0.

Proof. Using [Ful98a, Example 10.3.4], we may assume that X is projective. Taking
general hypersurface sections reduces us to the case when X is a surface, which we
may even assume nonsingular.

It is now enough to show that the intersection matrix (£; Ej) for1 4,5 r
is negative definite. This can be done one fiber at a time. After reindexing, we may
assume that £ + + F, is a maximal connected component of F; + + E,. Then
Ei, ,Ep are contained in a fiber F' and there is an irreducible curve £  F that is
different from the Fj but is not disjoint from them. Then (FF FE ) E; 0 for every:
and (FF FE) Ej<Oforsomel j m.Byalemma on quadratic forms, this implies
that (£ Ej)for1l 4,5 m is negative definite; see [Kol13, 10.3.4].

Lemma 6.1.16. Let X be a normal, proper, irreducible variety over a perfect field &
and jDj a basepoint-free pencil. Let A X be a connected, effective divisor such that
A §]jDj. Then A is a (rational) multiple of a fiber of 7.

Proof. Let D 2 jDj be an irreducible fiber. Since Ajp s Djp = 0, we see that A is
disjoint from D by (6.1.6), hence A is contained in some fiber Dy of jDj. There is a
largest ¢ 2 Q such that Dy, cA is effective. We are done if Dy ¢A = 0. Otherwise the
support of Dy cA is a proper subset of Dy and it is numerically equivalent to a fiber.

This is impossible by (6.1.15).

The next result will allow us to reconstruct pencils from topological data.

Proposition 6.1.17. Let X be a proper, geometrically normal, irreducible variety over
a field k, £D; : i 2 Ig an infinite set of irreducible Weil divisors and B ( X a closed
subset. Assume that

(1) the D; are algebraically equivalent to each other,
(2) Di\D; Bforeveryi& j;21I,and
(3) D;6 Bforeveryi?2I.

Then there is a unique non-composite pencil of divisors = : X 99K C such that all the
Dj; are

(4) fibers of 7 if k is perfect, and
(5) reductions of fibers of = in general.

Proof. By (6.1.4), there is scheme of finite type parametrizing all effective divisors
algebraically equivalent to the D;. Denote it by Chow?.

Thus the closure of the infinite set of points f[D;] : i 2 Ig  Chow3 contains a
positive dimensional irreducible component Z. Set J :=fi 2 [ : [D;] 2 Zqg.
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There is a universal family v : U ¥ Z with canonical map y : U ¥ X. For a divisor
D with [D] 2 Z write DY U for the fiber of u over [D] 2 Z. Note that y : D" ¥ Dis an
isomorphism for general [D] 2 Z, but D" can have some embedded points in general.

The image x(U) contains a countable set of distinct divisors fD; : ¢ 2 Jg, hence
is dominant. We claim that y is generically purely inseparable.

Let X X be a dense, nonsingular, open set such that y is flat over X° and let
U U be its preimage.

Let x 2 Di \ X be a closed point for some i 2 .J. We claim that

Supp(x 1(x)) =z"2 D;.

To see this note that any other point would lie on another fiber D". Since D is irre-
ducible but not equal to Dj, the intersection D; \ D has codimension 2 in X.
Thus x }(D;i\ X ) U is a Cartier divisor that intersects D" \ U properly, so u :
x Y(Dj) ¥ Z is dominant. Thus there is a dense, open Z  Z contained in u(x (Dj)).
Set J :=fj:[Dj] 2 Z gnfig. Then

Lizo D' \x '(Di) isdensein y ‘(D).
Taking its image by y we get that
L[i2o Dj\D; isdensein D;.

This is impossible since, by assumption, this set is contained in D; \ B.

Thus y !(z) is single point for a dense set of points z 2 X, hence Y is generically
purely inseparable. In particular, dimU = dim X and so dim Z = 1. After composing
with a power if the Frobenius, v x ! gives a pencil 7z : X 99K Z such that the
fD; : i 2 Jg are fibers of 7, at least set theoretically. Taking Stein factorization gives
a non-composite pencil 7 : X 99K C.

If ¥ X is any irreducible divisor that is not contained in a fiber of =, then
mje : £ 99K C' is dominant, hence [j2; Dj \ E is dense in E. Applying this to D; for
i 2 InJ shows that every D; is contained in a fiber of the pencil 7. Since there are only
finitely many reducible fibers, at least one of the D; is a fiber. Then all the D; are fibers
because they are algebraically equivalent to a fiber, so if they were a proper subset of
a fiber, their complement would be numerically trivial, contradicting (6.1.15).

Finally note that all but finitely many fibers are irreducible and reduced if & is
perfect. In general, all but finitely many fibers are irreducible.

The following result is proved in [BPS16], sharpening earlier versions of [Tot00,
Per06].

Theorem 6.1.18. Let X be a normal, projective, irreducible k-variety and fD; : i 2 Ig
pairwise disjoint divisors. Then

(1) either jIj p9(X,) 1,

(2) or all the D; are contained in members of a basepoint-free pencil.

Proof. Let D! be a geometric irreducible component of D;. We apply [BPS16] to the D!.
Thus we get that either (1) holds or the D! are contained in members of a basepoint-
free pencil jM| defined over k.

By , there can be at most p(X,) 2 of the D! that are components of
reducible members of jMj. Thus either (1) holds, or there is a divisor, say D!, that is
an irreducible member of jAj. Any divisor disjoint from an irreducible member of jMj
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is contained in a finite union of members of jA/j. Thus all the other D; are contained
in finite unions of members of jMj. So jM]j is defined over £k if k is perfect, and jgM]j is
defined over k for some power ¢ of the characteristic in general.

6.2. Fibers of finite morphisms

Let 7 : X ¥ Y be a quasi-finite, dominant morphism of k-varieties. For any closed
point y 2 Y, the fiber X, is a finite k(y)-scheme. We will need to understand which
finite k(y)-schemes occur. The extreme cases are especially important for us. These
are

Xy is reduced and irreducible.
Xy is a disjoint union of copies of k(y).

The first condition is the topic of Hilbert’s irreducibility theorem and its generaliza-
tions. We consider such questions in (7.5.7) and the discussion immediately after-
wards. We focus on the second case here.

Note that such questions can be viewed as attempted generalizations of Cheb-
otarev’s density theorem which describes the density of primes with given splitting
behavior in an extension of number fields. Density does not seem to make sense in
general, but the first result, proved in [Poo01] shows that there are infinitely many
completely split points in any separable field extension.

Proposition 6.2.1. Let C be a geometrically reduced k-curve and 7 : C ¥ P! a quasi-
finite, separable morphism. Then there are infinitely many separable points p; 2 P!
such that = *(p;) is a reduced, disjoint union of copies of p; for every ;.

Proof. Let C; be the irreducible components of C. Let D be the normalization of P! in
a Galois closure of a composite of the k(Cj)/k(P). If p; works for ¢ : D ¥ P! and r is
étale over p;j then pj works for C' ¥ P

If k is infinite, then a general pencil of very ample divisors gives a separable mor-
phism p: D ¥ P! := P! such that

(6.2.1.1) (p,0):D ¥ D" pt Pt

is birational onto its image. (We use the notation P! to distinguish the two factors.)
Let S D be the union of the preimage of Sing I’, the ramification locus of ¢ and the
ramification locus of p.

Pick any ¢ 2 P*(k) n p(S). Let pp 2 p (c) be any closed point, pl, its image in D"
and p := o(pp) 2 P. Then

k(po) = kp) = k() « k() = k(p).
Since D /P! is Galois, the same holds for all points in o (p).

If k& is finite, choose ¢ = p" such that D decomposes into m irreducible components
that are geometrically irreducible. Then D has about mq points in F,. All these map to
Fy points in P*. We show that for most of them, their imﬁge is not defined over a proper
subfield of F,. All proper subfields of F; have at most ™ g elements and the number of
maximal ones equals the number of prime divisors of r, so there are at most log,  of
them. Thus at most log, » ' ¢ points of P*(F;) are in a smaller subfield and these have
at most degw log,r ' g preimages in D. So for ¢ 1, almost all F; points of D map
to points of P* whose residue field is F.
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The following versions of (6.2.1) are also useful.
Claim 6.2.2. Let X,Y be geometrically reduced k-schemes and = : X ¥ Y a quasi-
finite, separable morphism. Then there is a Zariski dense set of closed, separable points
pj 2 Y such that = (p;) is a reduced, disjoint union of copies of p;.

Proof. We can replace Y by a general curve B Y. The curve case is reduced to (6.2.1)
by composing with a quasi-finite, separable morphism B ¥ P!,

Claim 6.2.3. Let X,Y be geometrically reduced k-schemes and = : X ¥ Y a quasi-
finite, separable morphism. Then there are infinitely many irreducible divisors D;

Y such that 7 (D) is a reduced union of divisors D}, such that each D} ¥ Dj is
birational.

Proof. Asin (6.2.1) and in (6.2.2), we may assume that Y = P" and X ¥ P" is Galois.
If k& is infinite, the proof works as in (6.2.1)), but we replace (6.2.1.1) by

(p,o): X 1 X" pt pn

We can also reduce (6.2.3)) to (6.2.2) by choosing a coordinate projection p : P" 99K P" 1
and working with the generic fibers of Y 99K P" ! and X 99K P" 1,

The first application is a topological formula for the degree of a morphism.

Lemma 6.2.4. Let g : Y ¥ X be a generically finite and separable morphism of k-
varieties of pure dimension d. Assume that X is normal. Then

deg g = maxf#jg *(2)j: z 2 X, #jg *(2)j < 1g.

Proof. We may assume that g is quasi-finite. Then 2 @ dimy) O, 1(x) is lower semi-
continuous and equal to the degree on a dense open set X  X. We may also assume
that ¢ is étale over X .

Note that #jg *(z)]  dimgw Oy 1 and equality holds if and only if g (z) is a
union of copies of fzg. The existence of such points is guaranteed by (6.2.2).

As a special case, we get a simple topological formula computing the intersection
number of a curve with a pencil of divisors.

Notation 6.2.5. Let X be a normal, proper variety over a field % of characteristic 0, j Dj
an algebraic pencil of Q-Cartier divisors with parameter curve C. Let fD, : ¢ 2 C(k)g
be its geometric members. For any 1-cycle Z X, the intersection number (Z D.) is
independent of c. We denote it by (Z jDj).

Corollary 6.2.6. Let X be a normal, proper variety over a field & of characteristic 0,
jDj an algebraic, Q-Cartier pencil with parameter curve C. Let A X be an irreducible
curve disjoint from BsjDj. Then

(A jDj) = maxf#jA\ D¢j : c is a closed point of Cg.
Remark 6.2.7. If char k = p > 0 then we get the formula
(A jDj) = p™ maxf#jA\ D;j : cis a closed point of Cg,

where m is the degree of inseparability of A ¥ C. In our applications the latter is an
unknown (and in fact unknowable) number.
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This gives us a topological way to compute the prime-to-p part of intersection num-
bers between curves and algebraic pencils. This does carry a lot of information, but it
is much harder to exploit.

Another application is the following, whose proof was suggested by M. Larsen.

Lemma 6.2.8. Let & be a field that is not locally finite and 7" a nontrivial algebraic
torus over k. Then rankq T'(k) = 1.

Proof. The torus 7T is defined over a finitely generated subfield, so we may as well
assume that k is either a number field or the field of functions of a geometrically
integral curve C over a subfield ky k. Over a dense, open, regular subset U C we
have a torus 7y ¥ U.

Assume to the contrary that ¢q,...,ts 2 T'(k) generate a maximal rank subgroup.
We can view the t; as rational sections of 7, ¥ U. After further shrinking U we may
assume that they are all regular sections. If t 2 T'(k) then " 2 htq, ..., tsi for some
n > 0. Thus ¢ is a rational section that is also finite over U, hence a regular section.
Thus every rational section of 7y ¥ U is regular.

Next we show that this is not the case. The torus 7 is isomorphic to G, over k*P,
hence there is a finite, separable field extension K/k such that Tx = Gf,. (Such a K
is called a splitting fieldof 7".) After further shrinking U we may assume that we have
a finite morphism 7 : V' ¥ U such that 7, =V  G,,. Let now p 2 U be a point with
preimages ps,...,pr 2 V such that k(p;) = k(p) for every i and 7 is étale over p. In the
geometric cases this is possible by (6.2.2), while for number fields this follows from
the Chebotarev density theorem.

Then T\, has a rational section sy that has a pole along p; but regular at p,, ..., p,.
Then normyk=x(sy) is a rational section of 7, with a pole at p, a contradiction.

The following more precise version was communicated to us by B. Poonen; we do
not use it.

Theorem 6.2.9. Let k& be an infinite, finitely generated field and 7" a nontrivial alge-
braic torus over k. Then T'(k) = A Z*'° , where A is a finite abelian group and Z' is
a free abelian group.

6.3. Topological pencils

Given a pencil 7 : X 99K C' with base locus B, we get a map of topological spaces
jmj 1 JX'nBj ¥ jCj. Since jC] is discrete, all information is contained in the collection of
the fibers of jrj. Its abstract properties define topological pencils. The main question
is then to understand which topological pencils come from algebraic pencils.

Definition 6.3.1 (Topological pencil). Let X be an irreducible, normal k-variety. A
t-pencil is a collection of effective, reduced divisors fD : A 2 g such that

(1) Every closed point of X is contained in some D .

(2) Almost all of the D are irreducible.

(3) There is a closed subset B X of codimension 2 such that
(@ D \D Bforall\&p2 ,and
(b) D \D = B for almost all A & ;1 2

(4) Each D n B is connected.
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Here ‘almost all’ means that there is a cofinite subset ' such that the claims
hold for all A\, x 2 °. B is called the base locus. We call a t-pencil ample if almost all
members are ample Q-Cartier divisors.

If dim X = 1 then there is a unique t-pencil, its members are the closed points of
X. Thus the notion is interesting only for dim X 2.

The main examples are the following.

Example 6.3.2. Let X be a normal, irreducible k-variety and jDj an algebraic pencil
given by 7 : X 99K C' with parameter curve C and base locus B.

Given a closed point ¢ 2 C, let fD;j : j =1..., 7.9 be the closures of the connected
components of red D; n B. The set of all D forms a t-pencil with base locus B. We
denote it by jDj' and write its members as fD : A\ 2 g. These are the algebraic
t-pencils.

If jDj is composite with jDY, then jDjt = jD'jt.

Note that jDjt is ample if and only if the fibers of jDj are ample Q-Cartier divisors.

While this makes sense over any field, we can use t-pencils effectively only if the
divisors D are also geometrically reduced. Thus & should be perfect. As in (6.1.7), we
can then describe the members as follows.

Let ¢ 2 Cy be a geometric point lying over ¢ 2 C' and D a connected component of
red Dcn B. As o runs through Gal(k/k), D¢ := [ D,; is a finite union, giving a divisor
defined over k. Note also that for 01,0, 2 Gal(k/k), the divisors D} and D} are either
identical or their intersection is contained in B. This shows the following.

Claim 6.3.2.1. A member of jDjt is either contained in a member of jDj, or every irre-
ducible component of it is geometrically reducible.

Proposition 6.3.3 (Algebraicity criterion I). Let X be a normal, irreducible k-variety
and fD : X\ 2 g a t-pencil. Assume that there is an algebraic pencil jAj given by
7w X 99K C such that infinitely many fibers of = are members of fD : A 2 g¢. Then
fD A2 g=jAjt.

Proof. We claim that every D is contained in a fiber of 7, the rest is then clear.
Let fA; = D , :i 2 Ig be the fibers of 7 that are members of fD : A2 g.Ifa given
D 1is not contained in a fiber of 7, then 7 : D n B ¥ (C'is dominant. Thus [[Ai \ D is
dense in D . But
[iAi\D :[IDZ\D Ba
which is a contradiction.

Proposition 6.3.4 (Algebraicity criterion IT). Let X be a geometrically normal, proper,
irreducible variety over an infinite field. A t-pencil fD : A 2 gis algebraic if and only
if there is an infinite subset suchthe fD : A2 g are algebraically (or numer-
ically) equivalent to each other.

Proof. Let p : X 99K C be an algebraic pencil. Let 7 : ¢ ¥ P! be a nonconstant
morphism of degree d. For every p 2 P}(k) the fiber 7 1(p) is a union of closed points of
degrees d.Thusthereisad’ dsuch that C has infinitely many closed points ¢; 2 C
of degree d'. The corresponding fibers are algebraically equivalent to each other.
Conversely, assume that the fD : A\ 2 ¢ are algebraically equivalent to each
other. By there is an algebraic pencil jAj given by 7 : X 99K C such that
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infinitely many of the fibers of 7 are members of fD : A2 ¢g.ThusfD : A2 g=jAjt
by (6.3.3)

The correspondence between t-pencils and algebraic pencils works best over un-
countable fields.

Corollary 6.3.5. Let X be a geometrically normal, proper variety over an uncountable
field k. Then every t-pencil on X is algebraic.

Proof. Let fD : A 2 g be a t-pencil with base locus B. Pick any D ,, a point = 2
D ,n B and an irreducible curve = 2 C that is not contained in D ,. Then C is not
contained in any other D , so the C'\ D are all finite. They cover all closed points of
C, thus j jis uncountable.

By (6.1.4), the Chow variety of divisors has only countably many irreducible com-
ponents. Thus one of them contains uncountably many of the D . So fD : A2 gis

algebraic by (6.3.4).

As the following example shows, over a countable field t-pencils need not come
from algebraic pencils (this more or less must be the case by (9.3.1)).

Example 6.3.6 (t-pencils over countable fields). Let X be a normal, projective variety
of dimension 2 over an infinite field X" and L a very ample line bundle on X.
Pick any s; 2 H°(X,L™) and s, 2 H°(X, L™). Assume that we already have s; 2
HO(X,L™) fori=1,...,r such that Supp(si = sj = 0) is independent of 1 i <j 7.
Set M = Hi mi,

Sra1 = ( is:\/l:mi> <Zisi MZmi) and Tr+1 == [[;si.

and choose sr+1 = Sr+1+g Tr+q for a general g 2 H(X, L™) where n, = M(r 1) >, mi.
Then (sr+1 = 0) is irreducible and Supp(si = sj = 0) isindependentof 1 i< j r+1.

If K is countable then we can order the points of X as x1,z,,... and we can choose
the s; such that Hir:1 si vanishes on zy,...,z, for every r. Then the resulting D; :=
(si = 0) is a t-pencil that does not correspond to any algebraic pencil.

6.4. Degree functions and algebraic pencils

Definition 6.4.1 (Degree function). Let X be an irreducible, normal, proper variety.
A degree function on d cycles is real valued function that is

(1) linear, namely deg(Z, + Z5) = deg(Z,) + deg(~Z,), and
(2) respects algebraic equivalence, namely deg(Z) = 0 if Z is algebraically equiv-
alent to 0.

The main example is of course the following. Let A be a Q-Cartier divisor on X. Then
dega(2) := (Z AY) is a degree function.

The most important cases are when A is ample. With this in mind, a degree func-
tion deg is called ample if it is

(3) positive, that is deg(Z) > 0 if Z is effective, nonzero, and
(4) bounded, that is, there is an an ample divisor H such that deg(Z) degy (%)
for every effective cycle Z.
A key step of our proofs is to construct deg,, out of topological data. However, we
are able to get only ¢ deg,, for some completely unknown positive constant ¢ 2 Q.
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For arbitrary algebraic pencils, we turn (6.2.5) and (6.2.6) into a definition.

Definition 6.4.2. Let X be a normal, projective variety over a field % of characteristic
0, jDj an algebraic pencil with corresponding topological pencil jDjt. Let C X be a
curve disjoint from BsjDjt. Set

dipj(C) = maxf#jC\ D j: D 2jDj'g.

We can use this to decide when two algebraic, Q-Cartier pencils are numerically
similar, after recalling some of the basic results of [Kle66] in slightly modified forms.

6.4.3 (Intersecting curves and divisors). Let X be a normal, projective variety.

Two 1-cycles C1, C; are numerically equivalent if (C; D) = (C, D) for every Cartier
divisor D. Let H be an ample divisor. Then mH + D is ample for m land D =
(mH + D) mH. Thus

Claim 6.4.3.1. Let Cy,C, be 1-cycles. Then C;  Cy ifandonly if (Cy H) = (C, H) for
every ample Cartier divisor H.

Two Q-Cartier divisors D;, D, are numerically equivalent if (C' D,) = (C' D) for
every curve C'  X.
Claim 6.4.3.2. Let D be a Q-Cartier divisor and H an ample divisor. Then D is nu-
merically trivial if and only if (H" * D)= (H" 2 D?) =0, where n =dim X.

Sketch of proof. We need to show that (C D) = 0 for every curve C  X. Now C is
contained in an H-complete intersection surface S. After normalizing we are reduced
to the n = 2 case, which is the Hodge index theorem.

Claim 6.4.3.3. Let D;, D, be Q-Cartier divisors. Then D; D, ifand only if (C D,) =
(C' D,) for every irreducible, ample-sci curve C.

Sketch of proof. Set D = D; D,. We can unify the conditions
(Hl’l 1 D):(Hn 2 DZ):O
as
(H" 2 (mH+D) D)=0 forall m 1.

Since mH + D is ample for m 1, we can think of H" 2 (mH + D) as an ample-sci
curve. It is actually enough to work with self-intersections of the form (mH + D)" !
since

H"? D2((H' D" *":i=0,....n 1)y=(mH+D)"*:m 1).

Note finally that ample-sci curves can be moved away from any codimension 2
subset, hence we get the following variant.
Claim 6.4.3.4. Let D be a Q-Cartier divisoron X and B X a subset of codimension
2. Then D 0Oifandonlyif (C D) =0 for every proper curve C' X n B.

As an immediate consequence of Claim [6.4.3.4] we get the following.
Corollary 6.4.4. Let X be a normal, projective variety over a field &k of characteristic O.
Let jD'j and jD?j be Q-Cartier, algebraic pencils. Then jD'j s jD? ifand only if dips;
dipzj, as functions on the set of proper curves contained in X n (BsjD?j [ BsjD?j).
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This is a good topological description of numerical similarity, but the Q-Cartier
condition is not topological. The following definitions aim to fix this.

Definition 6.4.5. Let X be a normal variety and fZ; X :¢ 2 Ig irreducible, closed
subvarieties. We say that a t-pencil jDj* = fD : X 2 g is in general position for
fZ; : i 2 Ig if the following hold.

(1) None of the Z; is contained in a member of jDjt.
(2) Zi \ BsjDj' has codimension 2 in Z; for every .

We also say that these Z; are in general position for jDj'.

Definition 6.4.6. Let X be a normal, projective variety over a field % of characteristic
0. A set fjD'j : i 2 Ig of algebraic pencils is called compatible if dip,; dip,j (on the set
of curves where both are defined) for every i,j 2 I.

The set fjD'j : i 2 Ig is called complete if for every finite set of closed subvarieties
Z; X thereis ani 2 I such that jD'j is in general position for all the Z;.

The set fjD'j : i 2 Igis called ample if for every pair of closed points p, ¢ 2 X, there
is a jD'j such that p 2 BsjD'j but ¢ 2 BsjD'j.

Example 6.4.7. Let H be an ample divisor on X. The set of all Q-Cartier pencils of
divisors linearly similar to H is ample, complete and compatible.

An important observation is that the converse also holds.

Proposition 6.4.8. Let X be a normal, projective variety over a field & of characteristic
0 and fjD'j : i 2 Ig a complete and compatible set of pencils. Then there is a Cartier
divisor H such that deg,, djp;; foreveryi:2 1.

If fiD'j : 4 2 Ig is ample then H is ample.

Proof. Let fZ; X :j 2 Jg be the closures of the non-Cartier centers as in (10.3.19).
Let I I be the subset indexing those pencils that are in general position for
fZ; X :j 2 Jg. Then fjD'j : i 2 I'g is still complete and compatible. These jD']
are Q-Cartier and numerically similar by (6.4.4). Thus there is a Cartier divisor H
whose degree function matches all their degree functions, and then by the definition
of compatibility, matches the degree functions of D' for all ; 2 I.

If fiD'j : i 2 Ig is ample, we check the Nakai-Moishezon criterion. Let Z X be
an irreducible subvariety. Pick closed points p,q 2 Z. By assumption there is a jD'j
such that p 2 BsjD'j but ¢ 2 BsjD'j. Let D! be a general fiber. Then D! ¢ H and
(Z\ D!) ( Z is nonempty. By induction we get that (Z HY™Z) > 0.

So far we have constructed a degree function on curves. Now we extend it to all
algebraic cycles.

Definition 6.4.9. Let Sbe aset and g: S ¥ R a function. The generic minimum of ¢,
denoted by genmin(g) 2 R [ flg, is the supremum of ¢ 2 R such that fs : g(s) < cg is
finite.

Lemma 6.4.10. Let X be a normal, projective variety over a field & of characteristic O
and Z X an irreducible subvariety of dimensionr 2. Let jDj be an ample, algebraic
pencil given by 7 : X 99K C. Assume that jDj is in general position for Z. Let d 2 N be
the smallest such that C' has infinitely many points of degree d. Then

d (Z jDj"y =genmin{((Z\ D) jDj" ):x2 }.
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Proof. With finitely many exceptions, Z \ D is reduced and
(Zz D D" Y)=((Z\D) jDj" 1.

We can summarize these results as follows.

Theorem 6.4.11. Let X be a normal, projective variety of dimension 2 over a field
k of characteristic 0. Let P := fjD'j : i 2 Ig be an ample, complete, compatible set of
algebraic pencils. Then P determines a similarity class of degree functions degp on all
algebraic r-cycles on X for every1 r dim X. Furthermore, degp < deg,, for some
ample divisor H.

Proof. First, (6.4.8) defines degp on curves. Next assume that we already extended
degp to cycles of dimension r 1. _
Fix now an r-dimensional, irreducible cycle Z,. Pick fD' : A 2 g in general posi-
tion for Zy. If Z is in general position for jD'jt then, by (6.4.10),
genmin{degp(Z\H ): X2 } _(Z H")
genmin{ degp(Z\H ): A2 } (Zo H")

Thus the formula

genmin{ degp(Z\ H ): A2 }

genmin{ degp(Zo\ H ): A2 }

defines a degree function similar to deg,, on those 7-cycles that are in general position
for jD'j. It is normalized by the condition degp(Zy) = 1.

For any Z we can choose jD'j in general position for Z and Z;, so the definition
works for any Z.

degp(Z7) =

Remark 6.4.12. To be precise, we proved that if Z;, 7, are nonzero, effective r-cycles
then

degp(Z) _ (% H')

degp(Z2) (Z2 HY)
This implies that degp = ¢, degy where the constant depends on the dimension. There
does not seem to be any way of assigning a specific value to the constants c,.

6.5. Degree functions and linear equivalence

Definition 6.5.1. Let X be a normal variety, jDj an algebraic, non-composite pencil
given by 7 : X 99K C and jDj' = fD : X\ 2 g the corresponding t-pencil.

We say that D is a true member of jDjt if there is a ¢ 2 C(k) such that D is
generically reduced and D = red D,.

If j Dj is a non-composite, linear pencil with parameter curve C = P!, then D, is a
true member of jDjt for all but finitely many ¢ 2 P*(k), but in general there may not
be any true members.

Assume that X is projective and let deg be an ample degree function on divisors.
We say that D is a generically minimal member of jDjt if

degD =genminfdegD : A2 g.
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The corresponding index set is denoted by 9™" . (This notion a priori depends on
deg, but this will not be important for us.)

If jDj is non-composite and linear, then a true member is also generically minimal.
Understanding the converse will be a key question for us.

The following example shows that a linear pencil can have generically minimal
members that are not true members.

Example 6.5.2. Start with the pencil on P? given in affine coordinates as
’(u2 + 0% + w) (v + w), (u¥ + v + o) (u? + v)|

Its general member is a quartic with a node at the origin, but it has two members
that split into conics.

Next make a change of variables u = x +iy,v = = iy. The resulting pencil jDj
is still defined over Q but now it has a conjugate pair of reducible members. Thus we
obtain that

(+iy)+ (@ )+ (@ iy)(@+iy)+@ )+ @+iy) =
Qz?+ 2y +x  ay)(22% + 2y + x +iy) =
(222 + 23> + )+ y? and

(@ )+ @+iy)(@+iy)+ @ iy)=
2?2 P +ar+i(y 2xy)) (Iz Y2+ +i(y ny)) =
(@ yP+a)y+(y  2zy)?

both give degree 4 false members of jDjt.

Lemma 6.5.3. Let X be a normal, projective variety over a perfect field £ and deg an
ample degree function on divisors. Let jDj be a rational, algebraic pencil with param-
eter curve C' and corresponding topological pencil jDj* =fD : X2 g. Then there is a
cofinite subset gmin sych that the fD : A 2 g are linearly equivalent to each
other.

Proof. If jDj is linear, then we can take  correspond to irreducible members of jDj.
Otherwise we can take  correspond to irreducible members of jDj after a quadratic
extension of k.

Lemma 6.5.4 (Sub-membership test). Let X be a normal, projective variety over a
perfect field £ and deg an ample degree function on divisors. Let jDj be a non-composite,
algebraic pencil with parameter curve C' and corresponding topological pencil jDjt.
Assume that some D 2 jDjt' is generically smooth along a geometrically irreducible
subvariety W D . Then

(1) D iscontained in a member of jDj.
(2) C has k-point.
(3) If jDj is rational then it is linear.

Proof. As we noted in (6.3.2), a member D of jDj* is either contained in a member
of jDj, or every irreducible component of it is geometrically reducible. In the latter
case if a geometric irreducible component of D contains IV then so do its conjugates,
hence D is singular along W. The rest follow from (6.1.13).
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Lemma 6.5.5 (True membership test). Let X be a normal, projective variety over a
perfect field £ and deg an ample degree function on divisors. Let jDj* =fD : A2 ¢gbe
a non-composite, rational, algebraic t-pencil.

Assume that D is a generically minimal member that is generically smooth along
a geometrically irreducible subvariety W D . Then jDjt is linear and D is a true
member.

Proof. By (6.5.4), jDj is linear and there is a ¢ 2 C(k) such that D D.. Since jDj is
linear, all but finitely many of its members are generically minimal. If D D then
deg, D deg, D, = deg, jDj and equality holds if and only if D = D, that is, if and
only if D is a true member of jDjt.

Lemma 6.5.6. Let X be a normal variety and A;, A, reduced divisors without common
irreducible components. Let jDjt be a t-pencil in general position for the irreducible
components of A; + A,. Then there is a cofinite subset MeM such that, for every
M & )\, 2 |, the subsets

(6.5.6.1) (ALD )n((A LD )N LD )

are connected.

Proof. Let A' A; be an irreducible component. All the A"\ D are distinct divisors,
and only finitely many of them have an irreducible component that is contained in
A; \ A,. For all the others, A°\ D contains an irreducible divisor A’ A that is not
contained in 4, or in any D for ;. & A. This A’ connects A’ to D | inside (6.5.6.1). We
can apply this to each irreducible component of the A;.

Thus, with finitely many exceptions, D is irreducible and each irreducible compo-

nent of A; is connected to it inside (6.5.6.1). Thus (6.5.6.1) is connected.

Theorem 6.5.7. Let X be a normal, projective, geometrically irreducible variety of
dimension 2 over an infinite, perfect field. Assume that we have an ample degree
function deg on divisors. Let A;, A, be reduced divisors without common irreducible
components. Then A;, A, are linearly equivalent if and only if there is a closed subset
W X of codimension 2 such that the following holds:

Let jDj* = fD : )\ 2 g be any algebraic t-pencil in general position for the ir-
reducible components of A; + A, and such that BsjDjt 6 W. Then there is a cofinite
subset amin sych that, for every \; & X\, 2 , the divisors A; + D , and A, + D ,
are generically minimal members of an algebraic t-pencil jGj' (which depends on the
Ai, D ).

Proof. Assume that A; A, and choose W  Sing X. Then jDj' has a smooth base
point, hance it is rational by (6.1.13). Then, by we can choose  such that the
corresponding members are linearly equivalent. Thus D, D , and then A; + D |
Ay + D . Thus they span an linear t-pencil jGjt. By A1+ D [ and A, + D , are
generically minimal members of jGjt.

Conversely, we may choose jDj' such that it is linear, ample, has a smooth base
point, and all but finitely many of its generically minimal members are geometrically
irreducible. Since

BsjDj'*=D ,\ D, BsjGj".
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we see that jGj' also has a smooth base point, hence it is rational by (6.1.13). Next note
that A;j+ D . is generically smooth along the geometrically irreducible subvariety D _,

hence jGj' is linear by (6.5.4), the A; [ D , are members by (6.5.6) and true members

by (6.5.5).
Thus Ay +D, A,+ D ,,andalso 4; A,.

Corollary 6.5.8. Let X be a normal, projective, geometrically irreducible variety of
dimension 2 over an infinite, perfect field and deg an ample degree function on
divisors. Then jXj and deg determine linear equivalence.

Proof. By (6.5.7), jX] and deg determine linear equivalence of reduced divisors. By
(6.5.9) this gives linear equivalence for all diviusors.

Lemma 6.5.9. Let X be a proper, normal variety over an infinite field. Let 7(X)
WDiv(X) denote the subgroup generated by all A; A, such that A; A, and the 4;
are reduced. Then 7'(X) is the subgroup of all divisors linearly equivalent to O.

Proof. Let 7 : X" ¥ X be a proper, birational morphism such that X' is projective.
Let H® be an ample divisor on X' and set H = 7 (H"). In general H is not ample, but
if A is an divisor on X then jA + mH] gives a birational map and BsjA + mH]j has
codimension 2form 1.

Suppose given an effective divisor > ;_, aiA; on X. For large enough m and a gen-
eral member H,, 2 jmH]j, there is an integral divisor Ay that is distinct from Ay, ..., A,
and such that A; + H,, A2 T(X). Thus

Hm+Yitiaidi (Ao+ (e DAL+ > Laidi) 2 T(X).
By induction on )’ aj, we see that for all sufficiently large m, for any d > >  a; and

general members Hr(ﬁ), c « ), there is an integral divisor A4 such that

Y+ + HD +Y a4 Ax 2 T(X).
Given two linearly equivalent effective divisors A = Y7L, aid; and B = 11, b; B;,

choose d > maxf)_ ai, Y bjg. By the above argument, we get A5 and B, as above. We
can thus arrange that A;, B3 27T(X),hence A B 2 T(X) as claimed.

6.5.10 (Proof of (6.0.1)). Since k is uncountable, every t-pencil on X is algebraic by
6.3.5). Thus we know which t-pencils are algebraic. Then X has a degree function by

6.4.11), and we conclude by (6.5.8).







CHAPTER 7

The set-theoretic complete intersection property (scip)

Let X be a normal, projective variety over some field K and C' X an irreducible
curve. In Sections and [7.2| we study which finite subsets of C' are obtained as the
intersection of C' with a divisor, a condition that depends only on the topology of the
pair jC]  jX].

Somewhat surprisingly, at the most basic level the answer is governed by the base
field K. More precisely, it is determined by the qualitative behavior of the groups of
K-points of Abelian varieties over K. There are three classes of fields K for which the
“size” of A(K) is about the same for every Abelian variety over K.

Finite fields: For these A(K) is finite. More generally, if K is locally finite then
A(K) is a torsion group.

Number fields: For these A(K) is finitely generated by the Mordell-Weil theo-
rem. More generally, the same holds for fields that are finitely generated over
a prime field [LN59].

Geometric fields: For these A(K) has infinite rank. This holds for example if
K is algebraically closed, except for F,. These are called anti—Mordell-Weil
fields [TL19]; see for the main examples.

Roughly speaking, our results show how to read off closely related properties of K’
from the topology of jXj in the first two cases and to recognize rational curves on X
in the third case.

The conclusions are most complete for locally finite fields.

Theorem 7.0.1. Let X be an irreducible, quasi-projective variety of dimension 2
over a perfect field K. The following are equivalent.

(1) For every irreducible curve C X and every finite, closed subset P  C, there
isadivisor D X such that C'\ D = P (as sets).

(2) K is locally finite.

(3) A(K) is a torsion group for every commutative algebraic group A over K.

We have a more complicated characterization of the Mordell-Weil case.

Theorem 7.0.2. Let X be an irreducible, quasi-projective variety of dimension 2
over a field K. The following are equivalent.

(1) For every irreducible curve C' X there is a finite, closed subset C such
that for every finite, closed subset P C, there is a divisor D X such that
P CN\D P[ (assets).

(2) A(K) has finite Q-rank for every Abelian variety A over K.

In the geometric cases our considerations yield a Zariski-topological characteriza-
tion of rational curves. The complete statement in (7.2.7) needs several definitions, so
here we state it somewhat informally.

103
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Proposition 7.0.3. Let X be an irreducible, quasi-projective variety of dimension n

2 over an anti-Mordell-Weil field and ¢ X an irreducible, geometrically reduced
curve. One can decide using only the topology of the pair jCj  jXjwhether C'is rational
or not.

The last result is especially useful if X contains many rational curves, for example
for X = P". However, in Sections we get better results by observing that, from
the topological point of view,

(hyperplane) [ (line) P"

is a very unusual configuration. This leads to the following simpler special case of
(1.3.1):

Theorem 7.0.4. Let L be a field of characteristic 0 and K an arbitrary field. Let Y| be
a normal, projective, geometrically irreducible variety of dimension n 2 over L such
that jY, j is homeomorphic to jPgkj. Then K = L and Y, = P}.

7.1. Set-theoretic complete intersection property

Definition 7.1.1. Let X be a variety and Z X a closed, irreducible subset. We say
that Z has the set-theoretic complete intersection property—or that 7 is scip—if the
following holds.

(1) Let Dz  Z be a closed subset of pure codimension 1. Then there is an effec-
tive divisor Dx X such that Supp(Dx \ Z2) = D5.

In some cases only ‘nice’ subvarieties D; 7 are set-theoretic complete intersections.
It is usually hard to formulate this in general, but the next variant allows us to ignore
finitely many ‘bad’ points of Z.
We say that 7 is generically scip if there is a finite (not necessarily closed) subset
z  Z such that the following holds.

(2) Let D  Z be a closed subset of pure codimension 1 that is disjoint from .
Then, for every finite (not necessarily closed) subset x X n Dz, there is an
effective divisor Dx X that is disjoint from x and such that Supp(Dx \
Z ) = Dz.

As a simple example, the quadric cone Q  P*is not scip (over C) but it is generically
scip with 7 = fvertexg and x arbitrary.

The introduction of > means that we do not have to worry about some very sin-
gular points on Z. This is especially clear on curves, where we may assume that
contains all singular points. The introduction of x makes finding Dx harder. How-
ever, if X is normal and x contains all non-Cartier centers of X (10.3.19), then Dx
is a Cartier divisor. Thus we can usually work with the Picard group of X (for which
there are solid references), rather than the class group (for which modern references
seem to be lacking). We will mostly work with generically scip, but the following is an
open question.

Question 7.1.2. Does scip imply generically scip?

It is clear that these notions depend only on the topological pair jZ] jX].
At the beginning we study the case when 7 is an irreducible curve, but later we
need to understand many cases when 7 is reducible, and not even pure dimensional.
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We check in (7.1.11) that being generically scip is invariant under purely insepa-
rable morphisms and purely inseparable base field extensions. Thus, in order to save

considerable trouble with non-reduced group schemes, we usually work over perfect
base fields.

Lemma 7.1.3. Let X be a normal, quasi-projective variety over a perfect field £ and
C X an integral, generically scip curve. Then

coker[Pic(X) ¥ Pic(C)] is a torsion group.

If X is in addition factorial, then the same conclusion holds under the assumption
that C X is integral and scip.

Proof. We may assume that > SingC and ;[ x contains all non-Cartier centers
of X (10.3.19). Let p 2 C'n 7 be a point. By assumption there is an effective, Cartier
divisor D, such that Supp(D, \ C) = fpg. We do not know the intersection multiplicity
at p, so we can only say that Ox(Dp)jc = Oc(m[p]) for some m > 0. (Here we use that p
is a regular point.) That is, Oc(p) is torsion in coker [Pic(X) ¥ Pic(C)]. Since the Oc(p)
generate Pic(C), we are done.

For the case that X is factorial and C is scip, because X is factorial all Weil divisors
are Cartier, and we can apply the same argument to any p 2 C' n Sing C.

The rest of Sections|[7.1]and [7.2]is essentially devoted to trying the understand the
converse of (7.1.3). Let us see first that the direct converse does not hold.

Example 7.1.4. Let C P2 be a smooth cubic over a number field. By the Mordell-
Weil theorem Pic(C) is finitely generated. Choose points fp; 2 C : i 2 Ig such that
Oc (1) and the Oc(p;) form a basis of Pic(C) Q.

Let X be obtained by blowing up the points p; 2 C P2. Let F; X be the
exceptional curves and let C'x X denote the birational transform of C. Note that
Pic(X) is spanned by the Ej and the pull-back of Os2(1). Thus Pic(X) ¥ Pic(Cx) is an
injection with torsion cokernel.

Claim 7.1.5. Cx X is not generically scip.

Proof. Choose n; > 0 and let p 2 Cx be a closed point such that [p] > ni[pi]. Assume
that fpg = Supp(Cx \ D) for some effective divisor D  X. Then

Ox(D)icy = Ccy (mlp]) = Ocy (Yomnilpil)
for some m > 0. Since Pic(X) ¥ Pic(Cx) is an injection, this implies that D
> mn;i[Ei]. But then D = > mn;[Ej] and so Cx \ D = fp; : i 2 Ig.

The following is a partial converse of (7.1.3).

Lemma 7.1.6. Let X be a projective variety over a field £k and ¢ X a reduced,
irreducible curve. Assume that

coker[Pic (X) ¥ Pic (C)] is a torsion group.
Then C'is scip and generically scip.

Proof. Let L be an ample line bundle such that H*(X,L™ T Ic) = 0 for every
m 1 and every T" 2 Pic (X), where Ic  Ox denotes the ideal sheaf of C. Then
HO(X, L™ T) ¥ HYC,L™ Tijc) is surjective for every m 1. Set d = deg. L. For
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a point p 2 C' let P be a Cartier divisor on C' whose support is p and set » = deg P.
(We can take P = p if p is a regular point.) Then LE( dP) 2 Pic (C), thus there is an
m land T 2 Pic (X) such that

LY mdP) =T ‘jc.
This gives a section sc 2 H°(C,L™ Tjc) whose divisor is mdP. It lifts to a section
s 2 HY(X,L™ T)and D := Z(s) works, verifying that C is scip.
To verify that C' is generically scip, we must choose a section nonvanishing on a
finite set x. We may assume that x consists of closed points, choose m large enough

that we can lift a section of L™ T from C' [ x to X, and extend sc to a section on
C [ x nonvanishing on x, and then lift to X, to achieve this.

The next example shows that C' can be scip even if Coker[Pic (X) ¥ Pic (C)} is
non-torsion.

Example 7.1.7. Again let C  P? be a smooth cubic over a number field. Choose a
finite subset L; 2 Pic (C), closed under inverse, that generates a full rank subgroup.

Choosing general sections in each L; }(3), their zero sets P, C are irreducible and
distinct. Let S; ¥ P? denote the blow-up of P, and C; S the birational transform of
C'. Then Os,(Cj) is a nef line bundle on S; and Os,(Ch)jc, = Li.

Finally consider the diagonal embedding C'  [[;Ci [[; Si =@ X. We claim that
C X is scip.

The key point is that fT'jc : T" 2 Pic(X), T is nef and deg Tjc = 0g contains a full
rank subgroup of Pic (C). By Fujita’s vanishing theorem [Laz04, 1.4.35], there is an
ample line bundle L such that H1(X,L™ T 1Ic) =0 for every m 1 and every nef
T. The rest of the argument in the proof of works.

7.1.8 (Cokernel of Pic(X) ¥ Pic(Y)). (See for definitions and notation involv-
ing the Picard group.)

If X is a proper variety then Pic(X) is an extension of NS(X) by Pic (X). While
NS(X) is always a finitely generated abelian group, Pic (X) can be trivial or very
large, depending on the ground field and X. However, Pic (X) is an algebraic group
and Pic (X)(k)/Pic (X) is torsion. Thus, if p : ¥ ¥ X is a morphism, we aim to
understand p : Pic(X) ¥ Pic(Y), in terms of
(7.1.8.1) p Pic (X) ¥ Pic (Y) and p :NS(X) ¥ NS(Y).

We have better theoretical control of these maps since the first is a map of Abelian
varieties and the second a map of finitely generated abelian groups.

Proposition 7.1.9. Letp:Y ¥ X be a morphism of proper k-varieties. Then
rankq coker[Pic(X) ¥ Pic(Y)] rankgcoker[Pic (X) ¥ Pic (Y)](k) rankqNS(X)
Proof. Because 0 ¥ Pic (X) ¥ Pic(X) ¥ NS(X) ¥ 0 is exact, and the same exact
sequence exists for Y, by the snake lemma there is an exact sequence
ker[NS(X) ¥ NS(Y)] ¥ coker[Pic (X) ¥ Pic (Y)] ¥ coker[Pic(X) ¥ Pic(Y)]

S0
rankq coker [Pic(X) ¥ Pic(Y)]

rankq coker[Pic (X) ¥ Pic (Y))] rankqker[NS(X) ¥ NS(Y)].
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and the result follows on noting that
rankq ker[NS(X) ¥ NS(Y)] rankq NS(X)

and
rankq coker [Pic (X) ¥ Pic (V)] = rankq coker[Pic (X) ¥ Pic (Y)](k)

since the maps Pic (Z) Q ¥ Pic (Z)(k) Q are isomorphisms for proper k-varieties
and A A A(k) Q isan exact functor of commutative group varieties (10.4.5).

The first application is a characterization of locally finite fields.

Theorem 7.1.10. Let X be an irreducible, quasi-projective variety of dimension 2
over a perfect field k. The following are equivalent.

(1) kis locally finite.
(2) Every irreducible curve C' X is scip.
(3) Every irreducible curve C' X is generically scip.

Proof. Assume first that k is locally finite and let X X be a compactification. Let
C X be an irreducible curve with closure C. If k is locally finite then Pic (C)(k) is
torsion by [(10.4.2 (1)), hence C is scip and generically scip by (7.1.6), and sois ¢ X.
It remains to prove that (2) ) (1) and (3) ) (1). We handle the case of (3) first.

Note that if (3) holds for X then it holds for every open subset of it, we may thus
assume that X is normal (or even smooth). Let X X be a normal compactification.

If k is not locally finite thenlet C X be an irreducible curve with a single node
that is in X. Note that Pic (X) is an Abelian variety and Pic (C) contains a
k-torus (10.4.3). Thus coker[Pic (X) ¥ Pic (C)] contains a k-torus, hence its Q-rank
is infinite (10.4.2). Thus rankg coker [Pic(X) ¥ Pic(C)] = 1 by and so C is not
generically scip by (7.1.3).

If CnX consist of m4 points, then the kernel of the restriction map Pic(C) ¥ Pic(C)
has rank  m, thus we still have rankg coker [Pic(X) ¥ Pic(C)] = 1, hence C is not
generically scip by (7.1.3).

To handle (2), we again may pass to an open subset, and so we may assume that
X is smooth, hence factorial. This allows us to apply to deduce that C is not
scip.

We will use this in below to strengthen the results of [WK81].

Lemma 7.1.11. Let p : X° ¥ X be a morphism between normal, projective varieties.
Let C* X" be an irreducible curve. Set C' := p(C") and assume that k(C%)/k(C) is
purely inseparable.

Then C generically scip ) C? generically scip.

Proof. Let x X be a finite subset that contains all non-Cartier centers and such
that C'np Y( x) ¥ Cn x is a bijection.

Pick any ¢ 2 C'np 1( x) and set ¢ = p(¢"). There is a divisor D(q) such that
C\ D(q) = fqg. Then D(q) is Cartier, hence its pull-back gives a divisor D(¢") such
that C°\ D(¢") = f¢g.
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7.2. Mordell-Weil fields

The Mordell-Weil theorem says that if A is an Abelian variety over a number field
k then A(k) is a finitely generated group. Our results are not sensitive to torsion in
A(k), this is why we need the concept of Q—Mordell-Weil fields where rankqg A(k) is
always finite; see (7.5.3).

Q—-Mordell-Weil fields have a nice characterization involving complete intersec-
tions on curves.

Definition 7.2.1. Let X be a variety and C X a curve.

(1) C is scip with defect C' if, for every closed, finite subset P (|, there is an
effective divisor D = D(C,P) X suchthat P Supp(D\C) PL
(2) C is scip with finite defect if it is scip with defect for some finite subset
C

It is clear that these depend only on the topological pair jCj jX].

Note that being scip with finite defect is invariant under birational maps that are
isomorphisms at the generic point of C', we just need to add to  all the indeterminacy
points that lie on C.

Let X, Y be irreducible varieties and 7 : Y ¥ X a dominant, finite morphism. Let
Cx X be a curve with reduced preimage Cy Y. If Cy is scip with finite defect v
then Cx is scip with finite defect x :=7( v).

Thus most questions about these notions can be reduced to normal, projective
varieties.

Lemma 7.2.2. Let X be a normal, projective variety over a perfect field k and C X
an irreducible curve with normalization 7 : C ¥ C. Then C is scip with finite defect if
and only if

(7.2.2.1) rankq coker[Pic (X) ¥ Jac(C)](k) < 1.
Proof. Note first that the difference between
rankq coker[Pic (X) ¥ Jac(C)|(k) and
rankq coker |Pic(X) ¥ Pic(C)]
is at most rankq NS(X).

Assume that C is scip with finite defect. By there is a finite set x X
such that C'n x is smooth and every Weil divisor on X not containing x is Cartier
along O'n x. Let the defect set be Cn xand  Cits preimage. Let Pic(C)
be the subgroup generated by allg2 .

Pick any closed point p 2 C'n x. By assumption we have an effective Cartier
divisor D such that p 2 Supp(D, \ C) fpg [ . This shows that, for some m > 0,

m[p] 2 { ,Im[Pic(X) ¥ Pic(C)]).
Since these f[p] : p 2 C'n g generate Pic(C), we get that
rankq coker[Pic(X) ¥ Pic(C)] rankq

Conversely, assume that [7.2.2.1] holds. Using embedded resolution of curves, we
may assume that C' is smooth, so C' = C. Then there is a finite subset fF;j : i 2 Ig
Jac(C), closed under inverses, that generates coker [Pic (X) ¥ Jac(C)] modulo torsion.
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Fix a point pp 2 C'n and an ample line bundle L on X such that deg. L = cdeg po
for some ¢ > 0 and L, restricted to ¢, has a section with zero set D containing py. Set
do = degpo and choose r; such that ri[pg] + Fj (i, where the G; are effective and
disjoint from .

Now pick any p 2 C'n x and set d = degp. Then

L( c[po] + dlpo] ~ dolp])jc 2 Jac(C).

So, by assumption, there are nonnegative m; and 7" 2 Pic (X) such that

L( cpol +dpo]l dolpl)ic o Oc(>ymiFi) T 1.

Sete:=d c¢+r) mi. We can rewrite this as

(L DMic o Qc(dolp] elpo] + >;miGi).

So, for sufficiently divisible natural numbers r > 0,
(L' TNjc = Oc(rdolpl relpol + rd_;miGi).

If e 0, then for large enough r, the constant 1 section on the right side lifts to a
section of L' T".Ife > 0, then

(LFO*® TNje = O (rdo[p] + re(D [po]) + 3 imuGh).

As before, for large enough r, the constant 1 section of the right side lifts to a section of
L'+ 7T Combining the two cases, C is scip with defect = Supp(po+D+>_G5).

Lemma 7.2.3 (Curves with large Jacobians). Let X be a geometrically normal, pro-
jective variety of dimension 2 and A an Abelian variety over k. Then there is an
irreducible, projective curve C  X™ such that there is a Q-injection (that is, with
finite kernel)

A <1 4 coker[Pic (X) ¥ Jac(C)].

Proof. Let C A- X be a curve that is a general, irreducible, complete intersection
of ample divisors; we use [Poo08] in case k is finite. Let C' X be the image of the
second coordinate projection 7 : C' ¥ C. Then C X" and C is the normalization of
C.(Infact, C = CifdimX 3 and k is infinite.) By the natural map

A Pic (X) =Pic (4-) Pic (X) ¥ Jac(O)

is Q-injective, hence we have a Q-injection A <¥ o coker [Pic (X) ¥ Jac(C)].

Theorem 7.2.4. Let X be an irreducible, quasi-projective variety of dimension 2
over a field k. The following are equivalent.

(1) & is Q—-Mordell-Weil.

(2) Every irreducible curve C' X is scip with finite defect.

Proof. By we may assume that k is perfect. As we observed in (7.2.1)), it is
enough to prove (1) ) (2) for normal, projective varieties. If k& is Q—Mordell-Weil then
(2) holds for these by (7.2.2).

Conversely, if every irreducible curve C' X is scip with finite defect then the
same holds for the smooth locus X™ X.Let X" X" be a normal compactification.
If ' X" has nonempty intersection with X" then (" is also scip with finite defect.
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Now let A be an Abelian variety over k. By (7.2.3) there is an irreducible, projective
curve C' X"and a Q-injection

A <1 coker [Pic (X°) ¥ Jac(C)].

By (7.2.2) coker [Pic (X') ¥ Jac(C")] (k) has finite Q-rank, and so does A(k). Thus k is
Q—-Mordell-Weil.

By (7.2.2), being scip with finite defect depends on the interaction of Pic (X) and
Jac(C'). The following definition is designed to get rid of the influence of Pic (X).

Definition 7.2.5. Let X be a variety, C X an irreducible curve. We say that C is
absolutely scip with finite defect if the following holds.

(1) Let C" & C be any irreducible curve. Then there are finite subsets C and
C\ (" " (" such that for every finite subset P  C there is an effective
divisor D X suchthat P Supp(D\(C[C") PL [ "

Note that P is a subset of C only. This has the following effect.
Let ° Jac(C') be the subgroup generated by the preimages of °. Let % Pic(X)
be the preimage of under Pic(X) ¥ Jac(@o). Then the class of D has to bein %.
If C" is general ample curve then the kernel of Pic(X) ¥ Jac(@o) is torsion, thus
% is a finitely generated group.
Now when we run the proof of for C X, instead of the whole Pic(X), we
have only % to choose D from. The condition (7.2.2.1) now becomes

rankg coker[ % ¥ Pic(C)] < 1.

Since % a finitely generated, this holds if and only if rankq Pic(C) < 1, and we get
the following.

Proposition 7.2.6. Let X be a normal, projective variety of dimension 2 over a
perfect field k and ¢ X an irreducible curve. Then C' is absolutely scip with finite
defect if and only if Pic(C') has finite Q-rank.

This is especially useful over fields where the opposite of the Mordell-Weil theorem
happens, these are the anti-Mordell-Weil fields (7.5.5). For varieties over such fields
we can recognize rational curves using only their set-theoretic intersection properties.

Putting together (7.2.6) with gives the topological characterization of ratio-
nal curves.

Corollary 7.2.7. Let k be a perfect, anti-Mordell-Weil field, X an irreducible, quasi-
projective k-variety of dimension 2 and C X an irreducible curve. Then C is
absolutely scip with finite defect if and only if every irreducible component of Cy is
rational.

7.3. Reducible scip subsets

Definition 7.3.1. Let X be a variety and Z X a closed subset. We say that 7 is scip
if the following holds.
(1) Let D Z be a closed subset of pure codimension 1 that has nonempty

intersection with every irreducible component of Z. Then there is an effective
divisor Dx X such that Supp(Dx \ 2) = D;.
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We say that Z is generically scip if the following holds.

(2) There is a (not necessarily closed) finite subset Z such that, if D> in
(1) is disjoint from 2, then, for every (not necessarily closed) finite subset
x X nDz,wecanfind Dx X asin (1) that is also disjoint from x.

It is clear that these depend only on the topological pair jZj  jXj. Also, if
holds for some 7 then it also holds for every larger Y z. We usually just take
the union = ;[ x large enough.

If 7 is scip (resp. generically scip) then any union of its irreducible components is
also scip (resp. generically scip).

Example 7.3.2. In P" with coordinates xg,...,zn, set Ly = (x1 = = z; = 0) and
Ly = (zjs1 = =z, = 0). We claim that L; [ L, is generically scip. First we discuss
the case x empty. Given divisors Dz,  L; not containing L; \ L, = (1:0:  :0), they
can be given as zero sets of polynomials

Dzl = Z(gl(x07xi+l7~-;$n)) and DZZ = Z(gz(l’o,l’l,...,l'i)).
We may assume that ¢i(1,0,...,0) = 1. Then
Dy = Z(gfeg % 4 ggeggl xgeggl deg 92)

satisfies SUpp(Dx \ (Ll [ Lg)) = Dzl [ DZZ'

We can modify this construction to allow for nonempty sets x. We may assume
that x consists of closed points by choosing a specialization of each point of x.Then
we can choose g1, > so that deg ¢, deg g, is high enough that H(Os~(deg g; deg g»)
I, [ « 1s zero. Hence every section of O(deg ¢g; deg g;) on Ly [ L, [ x extends to a
section of O(deg ¢; deg g,) on P". Then we choose a section that agrees with ¢i*9% +
gaeaer ;0e001de002 5y 1) I, and does not vanish at any point of .

We prove a partial converse in (7.3.6).

Next we prove a general result about reducible scip subschemes.

Notation 7.3.3. For a k-scheme Y we use k[Y] := H°(Y, Oy) to denote the ring of reg-
ular functions. If Y is normal and proper then k[Y] = k and only if Y is geometrically
integral.
If Y is reduced then k£(Y) denotes the ring of rational functions. Y is irreducible
if and only if £(Y) is a field. If Y; are the irreducible components of Y then k(Y) =
ik(Y3).

Proposition 7.3.4. Let X be a normal, projective k-variety such that p(X) = 1. Let
Y, W X be reduced, irreducible subvarieties such that Y \ W is O-dimensional. As-
sume that % is not locally finite. Then Y [ W is generically scip if and only if the
following hold.

(1) Y and W are generically scip,

(2) Y \ W is irreducible,

(3) either k[red(Y \ W)]/k[W] or k[red(Y \ W)]/k[Y] is purely inseparable, and

(4) if chark =0 then Y \ W is reduced.

Proof. Assume first that Y [V is generically scip. Choose any that contains (Y [I1)
(8.3.2) and the non-Cartier centers of X (10.3.19). Let L be an ample line bundle on X
such that H°(X,L) ¥ H°(Y\W, Ly\w) is surjective. Choose sections sy, sw 2 H°(X, L)
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that are nowhere zero on . Write Z(svjv) = > ;aiAi and Z(swjw) = >_; bj Bj. By
assumption, for every ¢, j there is a divisor D;j; X such that Djjjzpw = cijAi + dij Bj
for some ¢;j, dij > 0. The Djj are Cartier since they are disjoint from

For each j a suitable positive linear combination of the Dj; gives a divisor D; such
that Djjy is a multiple of Z(syjy) and Djjw is a multiple of B;. Then we can take a
suitable positive linear combination D of the D; such that Djy is a multiple of Z(sy jz)
and Djy is a multiple of W (swjw).

Since p(X) = 1, after passing to a suitable power we may assume that

(7.3.4.1) D =Z(s) forsome s2 H°(X,L™ and m >0.
As we check in (8.3.4) below, this implies that

siy =uysyjy forsome wuy 2 k[Y] and

(7.3.4.2) SjW = UWS\TVJW for some uw 2 k[W] )

and hence
(7343) (SY /Sw)mjy\w - quy\W Uyljy\w 2 |m[k’[W] kZ[Y] 1 k[Y\W] }

At the beginning we can choose sy /sy to be an arbitrary element of k[Y \ W] , hence
we conclude that

(7.3.4.4) KIY \W] /k[W]  k[Y] is a torsion group.

Now shows that either k[red(Y \ W)]/k[W] or k[red(Y \ W)]/k[Y] is purely in-
separable, proving (3). Since Y, W are irreducible, k[Y] and k[I1/] are finite field exten-
sions of k. Thus k[red(Y \1W)] is a finite field extension of &, hence Y\ is irreducible.
Finally (4) follows from (10.4.9).

Conversely, assume that (1)—(4) hold. Let Ay and By be effective divisors on Y and
W that are disjoint from , obtained as restrictions of Cartier divisors from X. Since
p(X) = 1, there is a power L™ and sections oy 2 H°(Y,L™jy) and ow 2 H°(W, L™jw)
defining Ay and By .

Suitable powers of oY and o\y can be glued to a section of oy pw 2 H°(Y [W, L™}y rw)
if and only if

(7.3.4.5) oyow 2 k[Y \W] /k[W]  k[Y] is torsion.

This is guaranteed by (3) and (4) using (10.4.17).

Once Ay [ Bw is defined as the zero set of a section oy pw, we can lift (a possibly
higher power of) it to a section ox 2 H°(X,LN) that is nonvanishing on x, and
Dy = Supp Z(ox) shows that Y [ W is generically scip.

Corollary 7.3.5. Let X be a smooth, projective k-variety such that p(X) = 1 and
chark = 0. Let C X be a geometrically connected curve and D X a divisor. If
C [ D is generically scip then (C D) = 1.

The following strong converse to (7.3.2) also illustrates the big difference between
fields of characteristic 0, fields of positive characteristic and subfields of F,.
Corollary 7.3.6. Let k£ be a field, D P} an irreducible divisor and C 6 D an irre-
ducible, ample-sci (10.2.1) curve. Then C [ D is scip (resp. generically scip) if and only
if one of the following holds.

(1) chark =0, C'isaline and D is a hyperplane.
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(2) chark > 0, Supp(C \ D) is a single k™-point and C, D are both scip (resp.
generically scip).
(3) k is locally finite and D is scip (resp. generically scip).

Proof. Assume first that char k = 0. By (C D)=1,s0degC =1anddegD = 1.
If char k > 0 but k is not locally finite, then Supp(C \ D) is a single k™-point by (7.3.4).
If C' [ D is scip (resp. generically scip) then C and D are both scip (resp. generically
scip). This shows that the conditions of (2) are necessary. Their sufficiency also follows
from (7.3.4).

Note that if C' is smooth and rational, then it is scip. If n 4 and D is smooth then
it is scip. Let D P" be a smooth hypersurface and n 3. Ifdeg D n then there are
lots of smooth rational curves that meet D in 1 point only. If deg D  n + 2 then there
should be few such curves, but there are examples of arbitrary large degree.

Looking at the above proofs shows that there should be even fewer generically
scip reducible subsets if p(X) > 1, but for now we have the following slightly weaker
result.

Proposition 7.3.7. Let X be a normal, projective k-variety where & is not locally finite.
Let Y)W X be reduced, irreducible subvarieties such that Y \ W is O-dimensional.
Assume that Y [ W is generically scip (7.3.1). Then

(1) Y\ W isirreducible,
(2) either Efred(Y \ W)]/k[W] or k[red(Y \ W)]/k[Y] is purely inseparable, and
(3) if char k = 0 then

p(X) 1
deg[k : Q]

Proof. Choose to contain (Y [ W) and the non-Cartier centers of X (10.3.19).
As in (10.3.6), let WDiv(X, ) denote the group of Weil divisors whose support is
disjoint from . These are all Cartier by our choice of . We get restriction maps
ry : WDiv(X, ) ¥ WDiv(Y, ) and rw : WDiv(X, ) ¥ WDiv(lW, ). These descend
to maps of the Picard groups 7y : Pic(X) ¥ Pic(Y) and 7w : Pic(X) ¥ Pic(WW),
which do not depend on . Set Ky (X) := ker7y, Kw(X) = kerrw and Kyw(X) =
Ky (X) \ Kw (X).

As in (10.3.6), the kernels of 7y and 7 define closed subgroups Ky (X)  Pic(X)
and Ky (X) Pic(X). Their intersection is denoted by Ky w (X).

Let B be a divisor in WDiv(X, ) whose class[B]liesin Ky (X). Then Bjy = Z(sy),
where sy is unique up to £[Y] , and Bjw = Z(sw), where sy is unique up to k[W] ;
here we use that (Y [ W) and (8.3.1). Restricting both to Y \ W we get

sy Jyaw Swle\W 2 kY \W] /(k[W] k[Y] )7

dim ker[k[Y \ W] ¥ k[red(Y \ W)]]

which defines a homomorphism
Kyw(X) ¥ K[Y\W] /(K[W] kY] ).
As in (10.4.6), we get a homomorphism of algebraic groups
hw  Kyw(X) 1 (RINGm)/(RY Gm Ry Gm).
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Note that Kyw (X, )\ Pic (X) is an Abelian variety (10.3.9.7), hence a positive di-
mensional subgroup of it has no morphisms to a linear algebraic group. Set

NSy w (X) = KYW(X)/(KYW(X) \ Pic (X)(k»-
Thus dyw factors through
NSyw(X) ¥ (R{M Gm)/(RY Gm Ry Gm).
Let vw(X) denote its image.

By the above, yw(X) is the image of a subgroup of ker[NS(X) ¥ NS(Y)] (modulo
torsion) and the restriction map NS(X) ¥ NS(Y) has rank at least 1. All we need from
this is that

rankQ YW(X) p(X) 1.
Now we start to follow the proof of (7.3.4). The departure from it happens at

(7.3.4]5), where now o is not a section of L™, but of some L™(B) for some B 2 Ky w (X).
Thus we conclude that

(7371) (S/t)mjy\w = ijy\w UYljy\W Y 2 |m[]€[W] /{Z[Y] 1 k[Y\W] },

for some v 2 yw(X). We can arrange s/t to be an arbitrary element of k[Y \ W] ,
hence we conclude that

(7.3.7.2) Y \NW1 JEIW]  k[Y] vyw(X) is a torsion group.

Now we use (10.4.11) to get that Y \ I is irreducible and (10.4.9) implies (2).
Finally we get that

ranko ker [K[Y \ W] ¥ kfred(Y \W)]] rankg yw(X) p(X) 1.

Thus (3) follows from [(10.4.2 (3))
In characteristic 0 we can reformulate the bound of (7.3.7 (3)) as follows.

Corollary 7.3.8. Let X be a normal, projective variety over a field k& of characteristic
0.Let Z,WW X be reduced, irreducible subvarieties such that Z\ W is O-dimensional.
Assume that Z [ W is generically scip (7.3.1). Then Z \ W is irreducible and
. . . . p(X) 1
dimg kK[Z\ W] maxfdimy k[ Z], dimy £[W]g —deg[kz ok

Example 7.3.9. Combining the ideas of with we get a method to rec-
ognize k-points. The assumptions are restrictive, but this gives the first indication
that one can get detailed scheme-theoretic information from the topology. However,
scip and generically scip turn out to be too restrictive in general; searching for a more
flexible variant lead to the notion of linkage in Section [8.7

Claim 7.3.10. Let X be a smooth, projective k-variety of dimension 7 such that
p(X) = 1. Then p 2 X is a k-point if and only if there are 3-dimensional, set-theoretic
complete intersections Z, W X such that

(1) Supp(Z \ W) = fpg and

(2) Z [ W is generically scip.

Proof. Assume that p 2 X is a k-point and let Z, /W X be 3-dimensional, smooth,
complete intersections such that Z \ W = fpg as schemes. Lefschetz theorem tells us
that if D,  Z is any divisor then (some multiple of) it is a complete intersection.
Arguing as in (7.3.2) we see that Z [ 1V is generically scip.
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Conversely, k[Z] = k[W] = k since Z,W are set-theoretic complete intersections

(10.2.2/1), thus (7.3.4) says that p 2 X (k).
Note that the bound dim X 7 can be improved to dim X 5 if the Noether-
Lefschetz theorem applies over k; see (9.7.6) for such cases.

7.4. Projective spaces

We study the scip property for the union of a curve and of a divisor. As we observed
in Section this happens very rarely, and it leads to the following stronger version

of (7.0.4)
Theorem 7.4.1. Let L be a field of characteristic 0 and K an arbitrary field. Let Y,
be a normal, projective, geometrically irreducible L-variety of dimension n 2 and
1JPKJ  JYL) @a homeomorphism. Then

(1) Yo =PT,

(2) K =L, and

(3) is the composite of a field isomorphism ¢ : K = L and of an automorphism

of Pi.

We will not build on (7.4.1) in later sections — instead, the proof serves as a first
example of the kind of arguments we will make afterwards. Thus, the proof of (7.4.1)
uses a result from Sections Section [8.5| without circularity.

We start with an easy to prove but interesting special case of (7.4.1).

7.4.2 (Proof of when Y| = P]"). Let H P}, be a hyperplane and ¢ P} a line
not contained in H. Then ¢ [ H is scip by hence sois (/) [ (H) P}
So (H) P} is a hyperplane by By taking intersections, we see that
gives an isomorphism of the projective geometries AP" and LP". By the Veblen-Young
theorem [VYO08] this is induced by a field isomorphism ¢ : K = L.

Composing with the natural isomorphism induced by ¢ !, we get a homeomor-
phism : jPgj ¥ jPKj that is the identity on K-points. It remains to show that it is
the identity on all points. Let C P} be a K-rational curve. It has infinitely many K-
points and these are fixed by . Thus C'\ (C) is infinite, hence C = (C). However,
we do not yet know that |jc is the identity.

Let p 2 Pt be a closed point. Assume that there are K-rational curves C Pk
such that fpg =\C . Then f (p)g=\ (C ) =\C = fpg, as needed.

It remains to construct such curves C' . For this we can work in an affine chart
p 2 Ay P with coordinates z;. Note that K(p)/K is a finite, separable extension,
hence can be generated by a single element 2, 2 K(p). We can thus write zi(p) = hi(zp)
for some h; 2 K[t].

Let ¢(t) 2 K[t] be the minimal polynomial of z,; we can then identify z, with a root
of gin K.

Fori2 fl, ... ,ngand a 2 K let Cj.; be the image of

Tia i W (ha(t), ha(t), . .., hn(t)) + ag(t)e;,

where ¢; is the ith standard basis vector.
The Cj.4 are K-rational curves, hence stabilized by

Claim 7.4.3. \i;aCi;a = fpg.
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Proof. First, the 7.5 all map z, 2 AL(K) to p, 50 p 2 \;.aCi.a. To see the converse, assume
that p & ¢ 2 \j.4Cj.a. After permuting the coordinates we may assume that p, & ¢,. If
¢ = m,a(2) then hn(2') = ¢n. The equation n( ) = g, has finitely many solutions 2} and
they are all different from z,. Then, for all but finitely many a 2 K, hy(2}) + ag(2}) & g;
for every i. Thus ¢ 8 C1.,.

In positive characteristic the above proof and (7.3.4) give the following.
Claim 7.4.4. Let K, L be perfect fields that are not locally finite, » 2 and : jPg]j
jPl'j @ homeomorphism. Then induces a bijection of sets P"(K) $ P"(L) (but we do
not know that the linear structure is preserved).

Proof. Let H P} be a hyperplane and ¢/ P} a line not contained in H. Then ¢ [ H
is scip by hence sois () [ (H) P!.So (H\¢) = (H)\ (¢)isan
L'™s-point by ((7.3.6 (2))). Since L is perfect, L'™ = L. Thus every K-point is sent to an
L-point. Applying the same argument to !, we see that every L-point is sent to a
K-point, and so is a bijection.

The following lemma, which essentially says that pencils determine higher dimen-
sional linear systems, is longer to state than to prove.

Lemma 7.4.5. Let Y be a normal, projective variety over a field L. Let K be an infinite
field and ey, ..., e, 2 KP" independent points. Assume that we have a map

: KP" ¥ (effective Weil divisors on Y)

with the following property.
(1) For r = 1,...,n there are Zariski open subsets ; & U, ; heg,...,er 11 Such
that, for every p 2 U, i, the divisors T (q) : ¢ 2 hp,ec1g are L-members of a

linear pencilon Y.

Then there is a Zariski open subset W KP" such that the divisors
f (@:q2Wyg
are L-members of a linear system of dimension nonY.

7.4.6 (Proof of in general). First note that K is not locally finite by (7.1.10).
For any H 2 jHj**, its image (H)is ample by (8.5.15). Thus (H) is geometrically
connected, and so are the -images of the lines since they are set-theoretic complete
intersections of divisors () (10.2.3).
Set Z := 1(Sing(YL)) and pick any K-point 2o 2 Z. Let ¢ be a line through z, and
H a plane through z but not containing ¢. Then ¢ [ H is scip, hence sois (/) [ (H).
Since (/) and (H) are both geometrically connected, shows that yg =

(7o) is an L-point and (7.3.8) gives that

(7.4.6.1) dim L[ ()\ (H)] 1+ p(Y) 1

deg[L : Q]
Since yo is a smooth point of Y, ( () (H)) =dim_ L[ ({)\ (H)].Sothe (H)have
bounded intersection number with a curve that is an intersection of ample divisors,
hence they form a bounded family.

Let jDj jHj be a pencil of hyperplanes whose base locus contains xg, and jDjt =
fD : X2 g the corresponding t-pencil (6.3.1). Thus f (D ): A 2 gis a t-pencil on
Y.
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There are infinitely many hyperplanes among the fD g and, as we noted, their
-images form a bounded family of divisors. Thus f (D ): A2 gis algebraic (6.3.4).
Since yo is a smooth L-point, ¥ (D ) : A 2 g is linear (6.5.4) and the images of the
K-hyperplanes are true members (6.5.5). Thus, by e f (H): H 2 jHjY
span an n-dimensional linear system jHj', which is basepoint-free since already the
f (H) : H 2 jHj**'g have no point in common. So jHj" gives a morphism g : Y ¥ P},
Since any hyperplane H has nonempty intersection with every curve, the same holds
for (H),sog:Y ¥ P!is finite and jH]j' is ample.
We can also obtain yp as (Hi1) \ \ (Hp), or as a fiberof g : Y ¥ P]'. Since
char L = 0, general fibers of g are reduced. Thus ¢ : Y P} is finite and of degree 1,
hence an isomorphism. The rest now follows from (7.4.2).
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7.5. Appendix: Special Fields

We discuss various classes of fields that were used earlier.

Proposition 7.5.1 (Locally finite fields). For a field & the following conditions are
equivalent.

(1) Every finitely generated subfield of & is finite.

(2) k is an algebraic extension of a finite field.

(3) k is isomorphic to a subfield of F,, for some p > 0.

(4) A(k) is a torsion group for every Abelian variety A over k.

(5) There is a C > 0 such that rankg A(k) C for every Abelian variety A over k.

Proof. The only non-obvious claims are (4) and (5). If k£ is not locally finite then it
contains either Q or Fy(¢). In both cases, there is an Abelian variety A over k with
arbitrarily large rankq A(k). For example, if F is an elliptic curve of rank 1 then E™
has rank m.

Definition 7.5.2. If one of the equivalent conditions in hold then we say that &
is locally finite]

Definition 7.5.3 (Q—Mordell-Weil fields). A field k& is Mordell-Weil (resp. Q—Mordell-
Weil) if for every Abelian variety A over k, the group of its k-points A(k) is finitely
generated (resp. has finite Q-rank).

Remark 7.5.4. (1) By [LNS59], every finitely generated field is Mordell-Weil.

(2) Welil restriction (cf. [BLR90, Sec.7.6]) shows that these properties are invari-
ant under finite field extensions. Since every Abelian variety is a quotient of
a Jacobian, it is equivalent to ask that Jac(C') have these properties for every
smooth projective curve C over k (10.4.5).

(3) It is nor clear how much the class of Q—Mordell-Weil fields differs from the
class of Mordell-Weil fields. If chark = p > 0 and a 2 A(k*P) then o 2 A(k).
Thus k is Q—Mordell-Weil iff its inseparable closure k™ is Q—Mordell-Weil.

Note also that F,, is Q-Mordell-Weil but not Mordell-Weil.
(4) By [Fal94] if k is Q—Mordell-Weil and char k£ = 0, then every curve of genus
2 has only finitely many k-points.

Definition 7.5.5 (Anti—-Mordell-Weil fields). Following [IL19] a field % is called anti-
Mordell-Weil if

(1) the Q-rank of A(k) is infinite for every positive dimensional abelian variety.

Remark 7.5.6. (i) In particular, an anti—Morell-Weil field & is not locally finite. If the
latter holds then the Q-rank of T'(k) is infinite for every k-torus 7°((10.4.2(4)), hence
(7.5.5 (1)) can be restated as:

(2) The Q-rank of A(k) is infinite for every positive dimensional semi-abelian
variety A.
(i1) If chark = 0, then £ is not a finite extension of Q by the Mordell-Weil theo-
rem, hence the Q-rank of U(k) is infinite for every unipotent group ((10.4.2(3)). Thus
(7.5.5(1))and [(7.5.6 (2)) are further equivalent to:

IThe terminology is not standard in English; it is an analog of the notion of locally finite group.
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(3) The Q-rank of A(k) is infinite for every positive dimensional commutative
algebraic group A.

(iii) Warning. Note that if chark = p > 0 then U(k) is p-power torsion for every
unipotent group; this creates a crucial difference between 0 and positive characteris-
tics for us.

(iv) Examples of anti—Mordell-Weil fields are the following.

(4) algebraically closed fields, save for F),

(5) R and all real closed fields,

(6) Qp, more generally quotient fields of Henselian, local domains,

(7) large fields [Kob06, FP10, FP19] that are not locally finite, where a field &
is large (also called ample, fertile or anti-mordell) if C'(k) is either empty or
infinite for every smooth curve C.

The last case implies the earlier ones.

Definition 7.5.7 (Hilbertian fields). A field £ is Hilbertian if for every irreducible
polynomial f(x,y) 2 k[z,y] such that 0f/0y & 0, there are infinitely many ¢ 2 &
such that f(x,c) 2 k[z] is irreducible. (We follow [FJO08, Chap.12] with adding the
separability condition.)

Equivalently, for every smooth, irreducible curve C' and every basepoint-free linear
system jMj that defines a separable map C' ¥ P, there are infinitely many irreducible
members M, 2 jM]. This also implies that, for every irreducible variety X over k, and
every mobile linear system jA/j that defines a separable map X ¥ PN, there is a dense
set JMj(k) such that M 2 jMj is irreducible for A\ 2

Remark 7.5.8. Hilbert proved that number fields are Hilbertian. More generally,
every finitely generated, infinite field is Hilbertian. A finite, separable extension of a
Hilbertian field is Hilbertian, and so is any purely inseparable extension. See [Lan62),
Chap.VIII] or [FJO08, Chaps.12-13] for these and many other facts.

Theorem 7.5.9. Let k& be a Q—Mordell-Weil field of characteristic 0. Then & is Hilber-
tian, hence BH(k) = 1.

Proof. The hardest part is a theorem of [Fal94] which implies that a smooth, pro-
jective curve of genus 2 has only finitely many k-points. The rest follows from

(7.5.10).

Theorem 7.5.10. Let £ be an infinite field. Assume that every irreducible curve of
geometric genus 2 has only finitely many k-points. Then £ is Hilbertian.

Proof. Let C be an irreducible, projective curve and = : C ¥ P! a finite, separable
morphism of degree d 2. Pick p 2 P}(k). If = (p) is reducible, then one of its irre-
ducible components has degree d/2. Let 77 : C(® ¥ P! denote the r-fold symmetric
fiber product of 7 : C ¥ P! with itself, that is, the quotient of the r-fold fiber prod-
uct C p pt C' by the symmetric group S, permuting the factors. Then the set of
reducible k-fibers equals

RedFib(r) := [ 4o ®(CO®))  PHR).
Let B C® be an irreducible component. Taking its preimage in C' p1 C and

projecting to the first component gives a subvariety C' C whose degree over P! is
r deg(B/P!). Since C" = C, we see that deg(B/P) 2.
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Thus the complement of RedFib(7) is infinite by (7.5.11).

Proposition 7.5.11. Let k£ be an infinite field such that every irreducible curve of
geometric genus 2 has only finitely many k-points. Let fC; : ¢ 2 Ig be finitely many
irreducible, projective curves and =; : C; ¥ P! finite, separable morphisms of degree
di 2. Then

(7.5.11.1) P*(k) n Lizi mi (Ci(k))
Is infinite.
Proof. We may discard any curve Cj that has only finitely many k-points. We may thus
assume that the C; are geometrically integral. By (7.5.14) there are automorphisms
oj of P! such that the branch loci of o; 7 : C; ¥ P! are all disjoint. For j = 1,2,3 and
il,iz,i3 2 I let
Tiviiziis * Cinigiis ¥ P
denote the triple fiber product of the o m;, : Cj, ¥ Pl. We see in (7.5.13) that each

Ci,:iris 18 a geometrically integral curve of geometric genus 2. It has thus finitely
many k-points. Therefore

(7.5.11.2) Liviiniis2t Tigizsia (Ciyizia (5))

is a finite subset of P!(k). Its complement is the union of the three translates of
(7.5.11.1).

The claims about the curves Cj,.i,.i, are geometric, hence we can check them over
k. We start with double fiber products.

Lemma 7.5.12. Let Cy,C, be irreducible, smooth, projective curves over k£ and 7 :
C; ¥ P! finite, separable morphisms of degree d; 2 whose branch loci are disjoint.
Then C7; p2 C5 is irreducible, smooth and

g(C1 pr Cz) =drgo+dagr +(di 1)(dz 1).

Proof. Over any point p 2 P!, one of the 7; is étale, hence the fiber product is smooth.
C1 mC, COp (,isthe pull-back of the diagonal of P P!, It is thus ample, hence
connected and so irreducible. Hurwitz’s formula now gives the genus.

We see that g(Cl p1 Cz) 2, unless g1 = ¢g» = 0 and d; = d, = 2. Taking triple
products gives the following.

Corollary 7.5.13. Let Cy,C», C3 be irreducible, smooth, projective curves over k and
mi - C; ¥ P! finite, separable morphisms of degree d; 2 whose branch loci are pairwise
disjoint. Then C; p1 C5 p1 Csis irreducible, smooth and of genus 2.

7.5.14 (Cosets covering a group). Let G be a group, Hy, ..., H, (left or right) cosets of
subgroups such that G = [ H;. [Neu54] proves that then the index of one of the H;j in
Gis n.

Next let G be a group acting on a set S and 51,5, S finite subsets. Then fg 2
G :g(S1)\ S; & ;gis aunion of jS;j ]55j cosets of point stabilizers. If G acts without
finite orbits, then these stabilizers have infinite index. Thus we conclude that there
isa g 2 G such that ¢(S;) \ S, = ;.
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In our proofs the Hilbertian condition is mostly used through the following conse-
quence.

Lemma 7.5.15. Let C be an irreducible, geometrically reduced, projective curve over
a Hilbertian field k. Let C' be a finite subset and Z  C a finite subscheme. Let L
be a line bundle on C' such thatdeg .  deg Z +degwc + 3. Then every sy 2 H°(Z, Ljz)
can be lifted to s¢c 2 H°(C, L) such that (sc = 0) is irreducible, reduced and disjoint
from

Proof. The condition sjz = ¢ sz for some ¢ 2 k determines a linear subsystem
JL,szj JLj. The degree condition guarantees that it is basepoint-free and separable.
Hence it has infinitely many irreducible members. Almost all of them are disjoint
from

It turns out that versions of (7.5.15) hold for some non-Hilbertian fields and in our
proofs a weakening of it is sufficient. We discuss this in Section |8.10






CHAPTER 8
Linkage

In light of (3.1.14), the problem of reconstructing a variety from its topological
space is at its core equivalent to the problem of reconstructing linear equivalence on
divisors. The basic technical tool we use for understanding linear equivalence is the
notion of linkage.

This chapter and the next are devoted to deducing from (L1.5.I). In other
words, we must show that the homeomorphism automatically preserves linear
equivalence of divisors, which we denote by

As an intermediate step, in (8.1.1) we introduce a variant, called linear similarity
of ample divisors and denoted by .

We first show, under mild assumptions on the dimension, that every homeomor-
phism preserves ¢, and then show that every homeomorphism preserving s, also
preserves linear equivalence.

8.1. Linear similarity and linear equivalence

Definition 8.1.1 (Linear similarity of ample divisors). Let X be a normal variety and
PDiv(X) the set of prime divisors on X. We define a relation on PDiv(X) PDiv(X) by
declaring that D; ¢, D, iff

(1) D1, D, are Q-Cartier, ample and

(2) miD;  myD, for some nonzero integers mq, my.
Note that if rankg CI(X) 1then D; s D, for any two ample, prime divisors on X.
In these cases the relation ¢, carries no extra information.

If X is a proper k-variety (or, more generally, if H°(X,0Ox) = k), then m1D;  m,D>

implies that m, m, have the same sign. We choose my, m, > 0.

The first step of the proof finds ..
Proposition 8.1.2. Let X be a normal, projective variety of dimension 3 over a field
k. Assume that k£ is not locally finite. Then jX|j determines .

The proof is actually a quite short argument in Section which is surprising
since and g seem very closely related at first sight. We show how to recognize

(1) irreducible, ample Q-Cartier divisors (8.5.15)),

(2) linear similarity of irreducible, ample Q-Cartier divisors (8.5.17), and

(3) irreducible Q-Cartier divisors (8.5.18).

Once we know jXjand s, then we also know

Theorem 8.1.3. Let X be a normal, projective, geometrically irreducible variety over
a field k of characteristic 0. Assume that

(1) eitherdim X 4,

(2) ordimX 3 and k is a finitely generated field extension of Q.

123
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Then jXjand ¢, together determine . (See (8.9.13) for a more general version.)
The proof is longer; we recognize the following objects/properties step by step.

(1) k-points (8.7.8).
(2) Isomorphism of residue fields of closed points (8.7.10).
(3) Isomorphism of reduced, 0-dimensional subvarieties (8.7.11).
(4) Transversality of 0-dimensional intersections of subvarieties (8.8.5).
(5) Two irreducible curves having the same degree (8.9.5).
(6) Two irreducible divisors having the same degree (8.9.6).
(7) numerical equivalence of ample divisors (8.9.10).
We can now use to recognize algebraic pencils of divisors. Using (6.4.11), we

can construct an ample degree function on divisors, which by (6.5.8) determines linear
equivalence.

The proof of (1.3.1) is then completed by (1.5.1).

The main technical tool for all this is the study of linkage of divisors.

8.2. Basic notions

8.2.1 (Linkage of divisors). Let X be a normal, projective, irreducible k-variety and
L an ample line bundle on X. Let 7Z;, 7, X be closed, irreducible subvarieties such
that dim(Z; \ Z,) = 0. We consider the following

8.2.1.1 (Linkage problem). We say that s; 2 H°(X, L™) with zero sets H; := (si =
0) are L-linked on Z; [ Z, if there is an s 2 H°(X, L") with zero set H := (s = 0) such
that

Supp(H1 \ Z1) [ Supp(H2\ Z2) = Supp((Z1 [ Z2) \ H).

Note that if the Picard number of X is 1, then this is clearly a question involving only
the underlying topology jXj. In fact, by (8.1.2), this is almost always a question about
1X].

8.2.1.2 (Sufficient condition). If si*jz,\z, = ¢ s52jz,\z, for some nonzero c 2 k and
r1,72 2 N, then the H; := (sj = 0) are L-linked on 7; [ Z>.

Next note that sijz,\z, can be an arbitrary element of H°(Z;\ 7>, Ljz,\z,) = H°(Z1\
Z>,0z,\z,) for L sufficiently ample. Thus we obtain the following.

8.2.1.3 (Identification of points). If the sufficient condition (8.2.1.2) is necessary
and any two H;, H, are L-linked, then H°(Z; \ Z5,0z,\z,) = k. That is, Z; \ Z, is a
reduced k-point of X.

This gives us a topological way to identify k-points and also check whether an
intersection is transverse or not.

8.2.1.4 (When is condition (8.2.1]2) necessary?). We know that Supp(sijz, = 0) =
Supp(sjz, = 0). Thus if

(1) the Z; are geometrically normal and irreducible, and
(2) the Supp(sijz, = 0) are irreducible, then

(8.2.1.4.1) sz, = ci $"jz,
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for some nonzero ¢; 2 £ and mj,n; 2 N. Thus we conclude that there is a constant
¢ 2 k such that

(8.2.1.4.2) ST 2jzinz, = ¢ 552 ™M jzNz,
as needed.

It remains to deal with the conditions [(8.2.1.4 (1)) and [(8.2.1.4 (2)). It turns out
that normality can be avoided, this is worked out in Section |8.3| Instead of geometric
irreducibility, the key condition is geometric connectedness, which is guaranteed if the
Z; are set-theoretic complete intersections of ample divisors. Thus the troublesome

condition is (8.2.114.b).

8.2.1.5 (Irreducibility of H\ 7). Let Z X be an irreducible subvariety and H X
a general ample divisor. When is H \ Z irreducible?

Bertini’s theorem says that this holds if dimZ 2. Since we also need dim(Z; \
Z3) = 0, we must have dim X 4. For the best results we also need Z; \ 7, to be a
single point, which usually can be arranged only if dim X 5. This is the case when
the methods work best.

There are two ways to lower the dimension. First, it turns out that we get almost
everything if one of the Z; has dimension 2, the other can be a curve. Thus we get
all results if dimX 4, as in[(1.3.1 (D))

If & is finitely generated over Q, then a theorem of Hilbert guarantees that 4 \ Z
is irreducible for most ample divisors H even if dimZ = 1. This property defines
Hilbertian fields (7.5.7), and, for such fields, we can work with varieties of dimension

3; leading to

In order to give unified treatments, we introduce the Bertini-Hilbert dimension of

fields in (8.6.5).

8.3. Preparations: Sections and their zero sets

In this section we discuss foundational results about sections and their zero sets
that are needed in our study of linkage.

8.3.1. Let £ be a field and let X be a normal, geometrically integral, proper k-variety.
For a line bundle L on X and sections s1,s, 2 H°(X, L) with corresponding divisors
Z(si) i =1,2) we have Z(s1) = Z(s) if and only if s; = s, ¢ for some ¢ 2 £ . We would
like to relax the normality assumption on X as much as possible while retaining the
conclusion of this statement.

Let Y be a reduced noetherian scheme, L a line bundle on Y and s 2 H°(Y,L) a
section that does not vanish at any generic point of Y. It has scheme-theoretic zeros
Z(s) and divisor-theoretic zeros; the latter is the Weil divisor ) length, ,(L/sOy)[n],
where the summation is over all codimension 1 points of Y. The scheme-theoretic
zeros determine the divisor-theoretic zeros, but the converse does not always hold.

We consider two genericity conditions.

(8.3.111) Every generic point of Supp(Z(s)) is a regular codimension 1 point of Y.
(8.3.112) Y is S, along Supp(Z(s)).
Since Y is reduced and s does not vanish at any generic point of Y the scheme
Z(s) is a Cartier divisor over a dense open subset of Y, and if (8.3.1,1) holds then over
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a dense open of Y the associated Weil divisor is Cartier and agrees with the Cartier
divisor given by the restriction of Z(s).

If (8.3.112) holds and s does not vanish at any generic point of Y, then the zero
set Z(s) has no embedded points. Indeed these assumptions imply that the map s :
O/ T L is injective which together with [Stal5, Tag 031Q] yields that Z(s) is S
and therefore has no embedded points [Stal5, Tag 031Q]. It follows that in this case
the scheme Z(s) is determined by the associated Weil divisor. In this case we do not
distinguish between the two divisors, refer to it simply as the zero set, and denote bit
by Z(s).

Notation 8.3.2. For a reduced, noetherian scheme Y, let (Y) Y denote the set of
points y 2 Y such that Oy, is either of dimension 0, or of dimension 1 but not regular,
or not S,.

Lemma 8.3.3. Let Y be a reduced, noetherian, excellent scheme. Then

(1) (Y)isfinite, and
(2) asection s of a line bundle L. on Y satisfies conditions (8.3.1/1) and (8.3.1]2) if
and only if Z(s) is disjoint from (Y).

Proof. The ring Oy,, has dimension 0 if and only if y is a generic point. Since Y is
excellent, its regular locus Y™ Y is open and dense. The points such that Oy, is of
dimension 1 but not regular are among the generic points of Y n Y9,

All the points of Y™ are S,. To prove the finiteness on non-S, points in Y n Y9,
we may assume that Y is affine. Let g be a global section of O, that vanishes along
Y n Y'™ but does not vanish at any generic point of Y. The non-S, points in Y n Y9
are the non-S; points of the subscheme (¢ = 0), that is, its associated points. Since Y
is noetherian, all 3 of these give finitely many points in (Y).

Statement (2) is immediate from the definition of (Y") and the above discussion.

Lemma 8.3.4. Let Y be a reduced, noetherian scheme, L. a line bundle on Y and
s1,50 2 HO(Y, L) sections that do not vanish at any point of (V). Then Z(s1) = Z(s»)
if and only if s; = s, « for some uniquely determined v 2 H°(Y,Oy) .

Proof. We may assume that Y is affine given by a ring A and that L is trivial. We
then view s; and s, as elements of A.

Let 5, 2 A/(s1) denote the image of s,. The assumption Z(s;) = Z(s;) implies that
S, vanishes at all generic points of Spec(A4/(s1)). Since A/(s1) is S1, it has no embedded
points, thus s, 2 (s;)  A. Similarly s; 2 (s2), and therefore (s;) = (s,) (equality of
ideals). The lemma follows.

Example 8.3.5. Let Y P} be the union of fzjz; = x, = 0g and of fzjzz = 2, = 0g.
Note that [1:0:0:0:0] is a non-S, point and H°(Y,0;) = k. Consider s(a,c) = az; +
crs 2 H°(Y, 0y (1)), and observe that its divisor Z(s(a, c)) is independent of a,c 2 k .
However, s(a,c) = s(a’, &) u for some H°(Y,0,) ifand onlyifa/c=d'/c.

Notation 8.3.6. Let Y be a reduced scheme, B ( Y a closed subset and L a line
bundle on Y. For m > 0 set

(8.3.6.1) By, L,m) :=fs 2 H°(Y,L™) : Supp(Z(s)) = Bg,
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(8.3.6.2) B(y,L,m) :=fs 2 H°(Y, L") : Supp(Z(s)) By,

(8.3.6.3) B(Y,L) :=gm B(Y,L™) and B(Y,L) :=gm B(Y,L,m).

These are all unions of k[Y] -orbits (7.3.3). Note that B(Y,L,m) is a set (it is not
closed under additionin (Y,L))and B(Y,L)and B(Y, L) are monoids.
In view of (8.5.1) and (8.5.17), B(Y, L), is a very natural object to consider.

Lemma 8.3.7. Let Y be a reduced, projective scheme over a field, B Y a closed
subset that is disjoint from (YY), and L a line bundle on Y.

(1) If B is irreducible then B(Y, L, m) consists of at most one k[Y] -orbit.
(2)  B(Y,L,m)/k[Y] is finite.
(3) B(Y,L)/k[Y] isasubmonoid of a finitely generated free monoid.

Proof. The first claim follows from . Indeed, if B(Y, L,m) is nonempty then B
is the support of an effective Weil divisor and since B is irreducible it follows that B is
the closure of a codimension 1 pointn 2 Y. If 51,5, 2 B(Y, L, m) are two sections then
the associated Weil divisors are equal to ni[] for positive integers n; (i = 1,2). The two
integers n; and n, must be equal. Indeed, if not we obtain that a positive multiple of
[1] is trivial, which is impossible since Y is a reduced projective scheme over a field. It
follows that Z(s;) = Z(s2)

To see the other two statements, let B; B be the irreducible, divisorial compo-
nents. Taking the length along each B; defines a map of monoids

(v, TN,
which by induces an inclusion
(Y, L)/K[Y] iN

proving (iii). If s 2 B(Y, L, m) and Z(s) = Y_, m; Bi then, computing the degrees (with
respect to some ample divisor) gives that ) . mjdeg B;i = deg L, hence m;  deg L for
every ¢ and (ii) follows.

8.3.8. Next we look at the evaluation of a section of a line bundle L at a point or at
a 0-dimensional subscheme V. The twist is that we can not distinguish 2 sections if
their zero sets have the same support, and we also can not distinguish various powers
of L from each other. Thus for us the outcome of evaluation is not a single element of
H°(V, Ljy), but a submonoid of ,H°(V, L™jy). Our aim is then to understand when
this submonoid is small. As a further twist, we need to study this question not on the
original scheme X, but on many of its subschemes W  X.

Notation 8.3.9. Let X be a normal, projective, irreducible k-scheme, L a line bundle
and D an effective divisor on X. Let W X be a closed, integral subscheme and
V' Wn D a0-dimensional subscheme. Set

RY (D, L,m) = Im[ WN°(W, Ljw,m) ¥ H°(V,L"jy)] and

I?V\N(‘D7 I—) = Om ORVW(D7 I—7m)
Note that RY (D, L) is a monoid that is closed under multiplication by k[W] =
H°(W,0y) and,if D\ (W) = ;, then RY (D, L)/k[W] is a submonoid of a finitely
generated free monoid by |(8.3.7 (3
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The following elementary observations turn out to be crucial.

Proposition 8.3.10. Using the notation and assumptions of (8.3.9), assume also that
D = Z(s) for some s 2 H°(X, L"), D\ W is irreducible and disjoint from (/). Then
(1) RY(D, L) = hs, k[W] i%%, the saturation in R (D, L) of the submonoid gen-
erated by s and k[W] .
(2) If K[W] = k then the saturation of Ry (D, L) in [],, ,H°(V,L™Mjy) depends
onlyon D, L and V (but not on ).

Proof. The first assertion follows from [(8.3.7 (1)), Indeed, sjy is the unique section of
L"jw (up to k[WW] ) that defines Supp(D \ W). Therefore

(8.3.10.1) RY (D, L,rm) = s"jw kW] jv =s"jy kW] jv.

For other values, RY (D, L, m") is either empty or consists of a single k[J/'] -orbit.
For the second statement note that if k[I/'] = k then k[W] =k and the k -action
on H°(V, L™}y ) is independent of V.

Remark 8.3.11. Even if we fix the isomorphism type of k[I1/], in general the image of
the restriction map o : k[W] ¥ k[V] depends on WW. This is the main reason why we
prefer to work with geometrically connected V.

We also get uniqueness if k[WW]/k is Galois and V is irreducible, or if k[W] = k[Vied]
and it is separable over k, but neither of these conditions is easy to guarantee.

8.4. Néron’s theorem and consequences

Definition 8.4.1. Let X be an irreducible variety. Following [Ser89], a subset T’
X (k) is called thin if there is a generically finite morphism = : Y ¥ X such that
T w(Y(k)) and there is no rational section o : X 99K Y.

Remark 8.4.2. This notion is most interesting for finitely generated, infinite fields.
For such fields, Al(k) A!(k) is not thin; this is essentially due to Hilbert.

Example 8.4.3. A rather typical example to keep in mind is the following. The map
Al ¥ Al given by x 1 2?2 shows that the set of all squares is a thin subset of AX(k).

We also need a version of this for arbitrary fields K:

Definition 8.4.4. A subset T’ X (K) is field-locally thin if for every finitely generated
subfield £ K, the intersection 7"\ X (k) is thin.

Theorem 8.4.5. Let k be a finitely generated, infinite field. Let U P be an open
subset and 7 : TV ¥ U a smooth, projective morphism of relative dimension 1. Then
there is a dense set N(7V)  U(k), such that the restriction map

Pic(T") ¥ Pic(7,) is injective for all u 2 N(TY).
Moreover, N(TV) contains the complement of a thin set.
Proof. This is [Nér52b), Thm.6].

Remark 8.4.6. A stronger version is proved in [Sil83, Thm.C], though it applies only
to number fields and finite extensions of Fy(t).
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Corollary 8.4.7. Let K be afield that is not locally finite. Let S be a normal, projective
surface over K and jCj = fC, : v 2 Pg a linear pencil of curves with finitely many
basepoints fp,, ..., p-g. Assume that a general C, is smooth and S is smooth along it.
Let fB; : j 2 Jg be the irreducible components of the reducible members of jCj, plus one
of the irreducible members. Let m;; be the intersection multiplicity of B; with a general
Cy at p;; this is independent of w.

Then there is a dense set N(S,jCj)  PY(K) such that, for v 2 N(S,jCj), all the
Q-linear relations among

Pic(Cy)
Im[CI(S) ¥ Pic(Cy)]

are generated by » ".mij[pi(u)] =0 for all j 2 J.
Moreover, N(S, jC]) contains the complement of a field-locally thin set.

[pa(w)]; ..., [pr(w)] 2

Proof. Note that the point p; is contained in every Cy; the notation [pj(u)] indicates
that we take its class in Pic(Cy), which depends on w.
The restriction of B;j to Cy is > ;mij[pi(vw)], so we do need to have the equations
> imij[pi(u)] = 0. The interesting part is to show that there are no other relations.
Let T be the normalization of the closure of the graph of jCj : S 99K P!. The pro-
jection m; : T ¥ S is birational, with exceptional curves E; T sitting over p;. Let
Bl T denote the birational transform of B;j. Note that

BJT WlBj ZimijEi.

The second projection m : 7" ¥ P! is generically smooth and the irreducible compo-
nents of its reducible fibers are exactly the BjT.

Let U P! be the largest open set over which 7, is smooth. By restriction we get
TY ¥ U. The Picard group of TV is then

Pic(TV) = CI(T)/hB] : j 2 Ji.

Choose now a finitely generated subfield ¥ K such that S, jCj, the p; and the B; are
defined over k.
Note that CI(7k) = m, CI(Sk) + >_;[£i], and killing 7, CI(Sk) gives an isomorphism

CI(T)/m, CI(SK) = hE; 14 2 Ti /h> " imij[pi] © j 2 Jii.
Thus all the linear relations among [E1], ..., [E] 2 CI(TY)/m, CI(Sk) are generated by
Zimij [E.] = 0 for all j 2 J.

We now apply (8.4.5) to get N(7}Y)  P(k) such that, for u 2 N(7), all the linear
relations among

[p1(w)], - -, [pr ()] 2 Pic(Cu)/ IM[CI(Sk) ¥ Pic(Cu)]

are generated by > imij[pi(v)] =0for all j 2 J.

This is not exactly what we want since ClI(Sk) may be much bigger than CI(Sy).
However, by (10.4.5)), if some Ly is in Im[CI(Sk) ¥ Pic(Cy)], then L is in Im[CI(Sk) ¥
Pic(C,)] for some r > 0. (With a little more work one can prove the Corollary for
Z-linear relations, but this is not important for us.)
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8.5. Linear similarity

Definition 8.5.1. Let X be a normal, integral, separated scheme. Following (8.1.7),
two Weil Z-divisors D1, D, are linearly similar, denoted D;  D,, if there are nonzero
integers my, m, such that myD;  m,D,.

The set of all effective divisors linearly similar to a fixed divisor D is naturally an
infinite union of linear systems, we denote it by jQDj*t.

Let jQDj™  jQDj*t be the subset of irreducible (but not necessarily reduced)
divisors.

Remark 8.5.2. (i) We will use this notion mostly when the D; are effective and X
is a normal scheme over a field k. If X is proper, or, more generally, when H°(X, Ox)
is a finite k-algebra, then m;D;  m,D, implies that m,, m, have the same sign. We
always choose my, m, > 0.

(i) If rankg CI(X) 1 then any 2 effective divisors are linearly similar. Thus this
notion is nontrivial only if rankq CI(X) > 1.

Some of the linear systems jD’**t  jQDj**t may be small and behave exceptionally
so we introduce the following definition:

Definition 8.5.3. A subset W  jODj*! is called stably dense if W \ jmDj*" is Zariski
dense in jmDj*t for m 1.

Remark 8.5.4. Note that jQDj"™ need not be dense in jQDj"¥, but, if k is infinite, D
is ample and dim X 2 (more generally, if D is has Kodaira dimension 2 and there
are no fixed components) then, by (10.1.15), jQDj'"" is stably dense in jQDj.

Remark 8.5.5. If dim X = 1 then jQDj'" is frequently empty. This presents a serious
technical difficulty in our treatment. However, if deg D > 0 then jQDj'"" is stably dense
in jQDj** provided the Bertini-Hilbert dimension, defined in below, is equal to
1. This will be shown in (8.6.4).

8.5.6. For a sub-monoid M  CI(X) of effective classes one can consider a generaliza-
tion of the Cox ring construction. Namely, choose for each m 2 M an effective divisor
D, on X with class m and set

COX(X> M) = mZMHO(X>OX(Dm))‘

This is a graded k-vector space, well-defined up to non-canonical isomorphism. We
would like to endow Cox(X, M) with the structure of a ring compatible with the
monoid structure on M. Let X,oq X be the regular locus, which has complement
of codimension 2 since X is assumed normal. To obtain the ring structure on
Cox(X, M) it suffices to construct isomorphisms

(8561) OX(Dm)jxreg OX(DmO)jXreg 7 O)((Dm+m0)jxreg

for all m, m" 2 M. Furthermore, these isomorphisms should satisfy a suitable associa-
tivity condition for triples of elements. This can conveniently be summarized as fol-
lows. Let Pic(Xeq) be the groupoid of invertible sheaves on X¢y and let Pic(Xeq, M9P)
be the preimage of M9%  Cl(Xey) under the natural map

Pic(Xreg) ¥ ClI(Xreg)-
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The data of compatible choices of isomorphisms (8.5.6.1) is then equivalent to the data
of a section of the map of Picard categories

(8.5.6.2) Pic(Xreg, MP) ¥ MP.
By [AGV73, XVIII, 1.4.15], the obstruction to finding such a section lies in
Ext*(M%®, H(X, Oy)),

which vanishes since Z has projective dimension 1. The choice of section of is
not unique in general. In fact, by loc. cit. the group of sections, up to equivalence de-
fined by compatible automorphisms of line bundles, is given by Ext'(M9%, H°(X, Qy)),
which may be nonzero if M9% has torsion and H°(X, Oy)) is not divisible. It follows
that in general Cox(X, M) admits a ring structure as expected but the resulting ring
is not uniquely defined in general.

8.5.7. We will be interested in the Cox rings for M, where M is the union of 0 and the
image of jQDj in CI(X), in which case we write Cox(X, jQDj) for Cox(X, M).

8.5.8 (Restriction and linear similarity). Let X be a normal variety, 7 X a subva-
riety and D,, D, effective divisors on X. If D; ¢ D, then (aside from some problems
that appear for non-Cartier divisors), Dijz s Djz. For us the main interest will be
the converse: if Dijz s D;jz, when can we conclude that D; ¢ D,?

Let D be an irreducible divisor. We say that a subvariety 7 X detects linear
similarity to D if for any effective divisor D' such that Supp(D \ Z) = Supp(D°’ \ 2)
we have D' ¢ D. It is not always easy to see when this happens, but the following is
quite useful.

Criterion 8.5.9. Assume that Z \ Sing X has codimension 2 in Z, the kernel of
CI(X) ¥ Pic(Z n Sing X) is torsion, D is disjoint from (Z) (see definition [8.3.2) and
D\ Z is irreducible. Then Z detects linear similarity to D.

Proof. If Z \ Sing X has codimension 2 in Z then we have a restriction map from
rank 1 reflexive sheaves on X (that are locally free along (7)) to rank 1 reflexive
sheaves on Z (that are locally free along (7)) and such a rank 1 reflexive sheaf on 7
is determined by the divisors of its sections by|[8.3.4]

Lemma 8.5.10. Let X be a geometrically normal, projective variety over an infinite
field £ and D, ..., D, irreducible divisors on X. Then linear similarity to the D; is
detected by general, ample, complete intersections of dimension 2.

Proof. Let Z7 X be a general, ample, complete intersection surface. Then CI(X) ¥
CI(2) is an injection by (10.2.5) and Z \ D; is irreducible and reduced for every i by
Bertini’s theorem (10.1.15).

Lemma 8.5.11. Let X be a normal, projective varietyand C' X" a smooth, projective
curve. Assume that the kernel of CI(X) ¥ Pic(C) is torsion and the following holds.

(*) Let D\ C = fpy,...,pg. Then the points py,...,p, 1 are linearly independent
over Im[CI(X) ¥ Pic(C)]. More precisely,

rankq (hps, ..., pri N\ IM[CI(X) ¥ Pic(C)]) = 1.
Then C' detects linear similarity to D.
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Proof. Let D be another effective divisor such that Supp(D’\ C) = Supp(D \ C). Note
that both D, D’ are Cartier along C. Thus Djc = Y di[pi] and D'jc = > d![pi]. By

condition (%)

my Y di[pi] = mad dilpi]
for some m},m; > 0, hence m{D’ myD is in the kernel of CI(X) ¥ Pic(C). Thus
ma(miD"  myD) 0 for some m, > 0.

Theorem 8.5.12. Let i be a field that is not locally finite. Let X be a geometrically
normal, projective variety of dimensionn  2over k, fD; : i =1,...,rg irreducible Weil
divisors and Hy, ..., H, 1 ample divisors. Then, for m; Mo, ..., My 1, there is a
dense subset

U jmiHqj** jmn 1Hn 1j*
such that, for v 2 U, the corresponding complete intersection curve C, detects linear
similarity to each D;.

Proof. By|[8.5.10|there is a Zariski open
Uy jmoHo)™ Jmn 1Hn 4]

such that CI(X) ¥ CI(H,\ \ H, i) is an injection for (Hy,..., Hy 1) 2 U; and the
Di\ H,\ \ H, i are irreducible. This reduces us to the case n = 2.

Thus from now on we have a normal, projective surface X over k, fD; :i =1,...,rg
irreducible Weil divisors on X and an ample divisor 4 on X.

Now choose a pencil jC] jmH]j such that

(1) Do+  + D, 2jCj for some irreducible curve Dy,
(2) all other members of jCj are irreducible,
(3) the general member of jCj is smooth and X is smooth along it.

Applying (8.4.7) to it we get a dense subset of jCj*' where the requirements hold.

var

Remark 8.5.13. Most likely one can choose U such that it contains the complement
of a field-locally thin set.

Lemma 8.5.14. Let X be a geometrically normal, projective variety over an infinite
field £ and Dy, ..., D, irreducible divisors on X. Then linear similarity to the D; is
detected by a dense subset of complete intersection curves if & is weakly Hilbertian.

Proof. By (8.5.12) the map CI(X) ¥ CI(C) is injective for a dense subset of complete
intersection curves C' X, and the assumption that & is weakly Hilbertian (8.10.1)
implies that such a general curve X is also irreducible and the lemma follows from

(8.5.11).

Lemma 8.5.15. Let X be a geometrically normal, projective variety over a field k.
Assume that either

(1) k& is not locally finite and dim X 2, or
(2) kisinfinite, locally finite and dim X 3.

Then an irreducible divisor H is Q-Cartier and ample if and only if for every divisor
D X and distinct closed points p,g 2 X n D, there is a divisor H(p,q) X such that
(1) H\D =H(p,q)\ D,
(ii) p 2 H(p,q) and
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(iii) ¢ 2 H(p, q).
Proof. If H is Q-Cartier and ample then the restriction map

(8.5.15.1) H°(X,0x(mH)) H°(D,0o(mHijp)) + Ox(mH) (k(p) + k(q))

is surjective for some m > 0. We can thus find a section s(p,q) 2 H° (X, Ox(mH)) as
needed.

Conversely, by and we can choose an ample divisor D X that
detects linear similarity to . Then assumption guarantees that H(p,q) s
H. Assumption implies that H is Q-Cartier at p. Since p, ¢ are arbitrary
points (if we also vary D), H is Q-Cartier and a multiple of it separates points.

Finally, for m 2 Nlet B, X X be the set of point pairs that are not separated
by any member of jmHj. Then By, is closed, By,  Bm, if m, ] m; and we have just
proved that \onBm = ;. Thus By, = ; for some m.

Corollary 8.5.16. Let X be a geometrically normal, projective variety over a field &
and jH] jX]jaclosed, irreducible subset of codimension 1. Assume that

(1) either £ is not locally finite and dim X 2,
(2) or k is infinite, locally finite and dim X 3.

We can then decide, using only jHj  jX]j, whether jHj supports an ample divisor.
Together with (8.5.15), the next result proves (8.1.2).

Lemma 8.5.17. Let X be a geometrically normal, projective variety over a field £ and
Hi, H, irreducible, Q-Cartier, ample divisors. Assume that

(1) either £ is not locally finite and dim X 3,
(2) or kis infinite, locally finite and dim X 5.

Then the following are equivalent.

(3) Hl S HZ- .
(4) JQH.J"™ = JQHj™.
(5) Let 71,7, X be any pair of disjoint, irreducible subvarieties of dimension
2 if k is locally finite and 1 otherwise. Then there is an irreducible, Q-
Cartier, ample divisor H’ such that Supp(H'\ Z;) = Supp(H; \ Z;) fori = 1, 2.

Proof. The implication (3) , (4) is clear. If (3) holds then choose m;,m, 1 such that
mlHl msz and

H°(X,0x(miH1))  H°(Zy,Ox(miH1)jz,) + H®(Z2, Ox (m2H2)jz,)

is surjective. As in the kernel separates points on X n (Z; [ Z»). Thus, by
Bertini’s theorem (10.1.15), we can then find an irreducible divisor H' 2 jm;Hj =
jmaH,j whose restriction to Z; is m;Hijz, .

Finally assume (5). By and we can choose both 73, Z, normal, dis-
joint and such that they detect linear similarity to the H;. Then we have the chain of
linear similarities

(8.5.17.1) H, (by Zsl) g zsz) .
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8.5.18 (Variants for reducible divisors). With X as in (8.5.17), we can also get some
results when the H; are reducible. For this write H; = Zj aijHij. We argue as above,
except at the end, instead of (8.5.17.1) we get that

(by Z1) (by Z2)
>0 Haj s H'Y > 25 Haj,

where a; > 0 if and only if aj; > 0. Thus[(8.5.17 (5))|is equivalent to the following.
(1) There are Q-Cartier, ample, effective divisors H;, H, such that Supp H;j =
Supp Bi and H; ¢ H,.
It is hard to get precise information out of this, but we obtain the following.

(2) If the irreducible components of H, are Q-Cartier and all but one of the irre-
ducible components of H; are Q-Cartier, then the remaining irreducible com-
ponent of H; is also Q-Cartier.

We can thus recognize irreducible Q-Cartier divisors using the following criterion.

Corollary 8.5.19. An irreducible divisor D X is Q-Cartier if and only if there are
irreducible, Q-Cartier, ample divisors A3, A, such that|(8.5.18 (1))|holds for B; := D+ A;
and B, := A,.

Remark 8.5.20. Using (8.5.15)) and (8.5.17| we get our first topological invariance
claims. Namely, let X, Y, be normal, projective varieties such that jXj jY]. Assume
that either L is not locally finite and dimY 3, ordimY 5. Then

(1) If X is Q-factorial then sois Y.
(2) If rankg CI(X) = 1 then rankq CI(Y) = 1.
Note that by (9.3.2), P2 is homeomorphic to smooth surfaces with arbitrary large
Picard number, so some restriction on the dimension is necessary in (8.5.17).

8.6. Bertini-Hilbert dimension

8.6.1. Let X be a projective variety over a field k£ and let L. be an ample line bundle
on X. We are looking for sections s 2 H°(X, L) that satisfy 3 properties:
(1) The zero set Z(s) is irreducible.
(2) The values of s at some points zj 2 X are specified. More generally, given a
0-dimensional subscheme Z X, we would like to specify sjz.
(3) The zero set Z(s) avoids a finite set of points X.

To formalize these, let X be a scheme over a field k&, 7 X a subscheme, L. an ample
line bundle on X and sy 2 H°(Z, Ljz). Set

(8.6.1.1) H(X,L,sz) = {s 2 H°(X, L) : sjz = sz for some ¢ 2 H°(X, Ox)}
This is a vector subspace of H°(X, L). If X is integral then for the corresponding

linear systems we use the notation jL.,szj jLj. For a finite subset X, let
(8.6.1.2) jiL,sz, ji=fD2jL,szj: D\ = ;g

denote the subset of those divisors that are disjoint from . Finally we use
(8.6.1.3) jiL, sz, Sj™:=fD 2jL,sz, S:D isirreducible.g

For our applications, we are free to replace L. by L™. Thus we are most interested
in the case when H°(X,L) ¥ H°(Z, Ljz) is surjective and the linear system jL_, sj is
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very ample on X n Z. In this situation conditions (2) and (3) above are easy to satisfy
and the key issue is the irreducibility of Z(s).
Next we discuss 3 cases when we can guarantee irreducibility.

Lemma 8.6.2. Let X be an irreducible, projective variety of dimension 2 over an
infinite field k. Let X be a finite subset and Z X a finite subscheme. Let L be
an ample line bundle on X and let sy 2 H°(Z, Ljz) be a nowhere zero section over Z.
Then,

L™ g, o
contains an open and dense subset of jLL™, s7'j for m 1.

Proof. The linear system jL™, s7'j is very ample on X n Z, so this follows from the
Bertini theorem (10.1.16).

Next we consider Hilbertian fields (7.5.7). Here jL™ s7'. ™ need not be open,
but it is still quite large. In light of (8.6.2), we need to primarily consider the case of
curves.

Lemma 8.6.3. Let C be an irreducible, projective curve over a Hilbertian field k. Let
C be afinite subset and Z ' a finite subscheme. Let L be an ample line bundle
on C and sz 2 H°Z, Ljz) . Then, jL™ s7'. ¢ contains the complement of a thin

subset (8.4.1) of jL™, s7j for m 1.

Proof. As before, jLL™, s7' j is very ample on C' n Z, hence this follows from a basic
property of Hilbertian fields (7.5.7).

For the following applications in Sections|8.7-8.8 we only need a weaker version of
the conclusion in (8.6.3)/ Namely, we only need jL™, sT', %™ to be nonempty for some
m > 0. This led to the definition of weakly Hilbertian fields (8.10.I). The following is
essentially the definition but we state it as a lemma to emphasize the similarity to
(8.6.3).

Lemma 8.6.4. Let C be an irreducible, projective curve over a weakly Hilbertian field
k. Let C be a finite subset and Z  C a finite subscheme. Let L be an ample line
bundle on C. Then jL™, s3', ' is nonempty for some m > 0.

Note that although we ask for only 1 irreducible divisor, by enlarging we see
that we get infinitely many. In fact, the sets

ij,S?, cJ-irr ij’S?j
seem to be quite large, though we do not know how to formulate this precisely.
For most of the proofs we need to know the smallest dimension where linear sys-

tems are guaranteed to have many irreducible members. This leads to the following
definition.

Definition 8.6.5. Let & be a field that is not locally finite. We define the Bertini-
Hilbert dimension of k—denoted by BH(k)—Dby setting

(1) BH(k) = 1if k is weakly Hilbertian (8.10.1), and
(2) BH(k) = 2 otherwise.

Remark 8.6.6. In view of (8.6.2), the distinction is only about curves. If & is Hilbertian
then BH(k) = 1 by (8.6.3).



136 8. LINKAGE

Remark 8.6.7. We do not make a definition for locally finite fields. If & is locally finite
and L is an ample line bundle on an irreducible curve C, then every smooth point
p 2 C is the co-support of some section of some L™. This would suggest that BH(k)
should be 1, but in some applications setting BH(F,;) = 2 or even BH(F;) = 1 would
seem the right choice.

8.7. Linkage of divisors and residue fields

Definition 8.7.1. Let X be a normal, projective k-variety and Z,W X closed sub-
sets. Two irreducible divisors Hz ¢ Hy are (topologically, directly) linked on Z [ W
if there is a 3rd irreducible divisor H ¢ H»  Hw such that

H\Z=H\Z and H\W = Hy \W, as sets.

This makes it clear that linkage depends only on jXj and , but it is technically
simpler to work with the following equivalent line bundle version.
Let L be an ample line bundle on X. Then Hz, Hy 2 jQLj" are (topologically,
directly) L-linked on Z [ W if the following equivalent conditions holds.
(1) There is an m > 0 and a section s 2 H°(X, L™) such that (s =0)\Z = H;\ 7
and (s =0) \ W = Hy \ IV (as sets).
If & is infinite, then, by Bertini’s theorem this is equivalent to:
(2) There is an Hx 2 jQLj" such that Hx \ Z = H» \ Z and Hx \W = Hy \ W
(as sets).
Thus, L-linking depends only on (jXj, sa).
As we see below, this notion is not interesting if Z \ W = ; and it has various
problems if dim(Z \ W) 1. Thus we focus on the case when dim(Z \ W) = 0.

A key observation is that linkage carries very significant information about
residue fields of Z \ IV in every characteristic, and
the scheme structure of Z \ W in characteristic 0.

Proposition 8.7.2. Let X be a normal, projective k-variety and Z, W X closed
subsets such that dim(Z \ W) = 0. Let L be an ample line bundle on X and Hz, Hw 2
jQLj'™. Then Hz, Hy are L-linked on Z [W if and only if (using the notation of (8.3.9))

RZw (Hz, L)\ R4\ (Hw, L) & ;.

Proof. Assume that H = Z(s) gives the L-linkage for some s 2 H°(X,L™). Then
siz 2 “Nz(Z, Ljz,m) and sjy 2 WM (W, Ljw,m) have the same restriction to
Z\W.

Conversely, if s; 2 H°(Z,L™jz) and sw 2 H°(W, L™jw) have the same image in
H°(Z\ W, L"™jz\w ), then they glue to a section szpw 2 H°(Z [ W, L™jzrw ), and then
sTrw lifts to a section of HO(X, L™™) for some m’ > 0.

8.7.3. The conditions in (8.7.2) give the strongest restriction if
(8.7.3.1) Roww(Hz, L)/k  and R\ (Hw, L)/k

both have Q-rank 1. However, in general these objects are essentially extensions of a
finite rank monoids by £[Z] (resp. k[W/] ).
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We get further interesting consequences if we relax these restrictions. The general
situation seems rather complicated. In our applications it is advantageous to work
with a non-symmetric situation:

(2) H°(Z,0,) =k, and

(3) RAw (Hw, L)/k[W] has Q-rank 1.
Note that (1) holds if Z is geometrically connected and reduced. In applications we
achieve this by choosing Z to be ample-ci (10.2.1).

We see in that (2) holds if dimW  BH(k) (with some additional mild
genericity conditions).

Next we study the case when linking is always possible.

Definition 8.7.4 (Free linking). Let X be a normal, projective k-variety and L an
ample line bundle on X. Let Z, W X be closed, integral subvarieties such that
dim(Z\W) =0.
We say that L-linking is free on Z [ W if there is a finite subset X such that
two divisors Hz, Hy 2 jQLj" are L-linked on Z [ W whenever they are disjoint from
. (In practice, any (Z L W) will work; cf. (8.3.2).)
As in (8.7.7), free L-linking depends only on (jXj, ).

In the rest of the section we discuss various cases when the topological notion of
free linking makes it possible to obtain information about the residue fields of closed
points.

8.7.5. Let X be a normal, projective k-variety and L an ample line bundle on X. Let
Z,W X be closed, irreducible, positive dimensional subvarieties such that dim(Z \
W) = 0. We are interested in the following conditions:
(1) L-linking is freeon Z [ W.
(2) K[Z\W] /k[Z] Kk[W] is a torsion group.
(3) One of the following holds.
(a) chark =0, Z\W is reduced, and either K[Z\W] = k[Z] or k[Z\W] = K[W].
(b) chark > 0, and either k[red(Z \ W)]/k[Z] or k[red(Z \ W)]/k[W] is purely
inseparable.
(c) k is locally finite.

Remark 8.7.6. Note that implies [(8.7.5 (1)) by (8.7.2) and the equivalence
of [(8.7.5(2)) and [(8.7.5 (3))| is proved in (10.4.11). We will prove, under additional as-
sumptions, that these three conditions are equivalent — we do not know if they are
equivalent in general.

Below we will show that implies if W is geometrically con-
nected and dimWW  BH(k). A careful study of the proof shows that the first assump-
tion is not necessary, and the validity of would imply that always
implies

Proposition 8.7.7. Let X be a normal, projective, geometrically irreducible k-variety
and L an ample line bundle on X. Let Z, W X be closed, irreducible, positive di-
mensional subvarieties such that dim(Z \ W) = 0. Assume that W is geometrically
connected and dimW  BH(k).

Then conditions (1)-(3) in are equivalent.
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Proof. By we need to show that|(8.7.5 (1))|implies|(8.7.5 (3))l Assuming|(8.7.5 (1)),
choose sz 2 H°(X, L™) with associated divisor Hz such that Supp(Z(sz)) = Supp Hz

is disjoint from (Z [ W).
By and (8.6.4), for every s;\w 2 k[Z\ W] , there is an n > 0 such that s3\,,
extends to sy 2 H(X, L") and W \ Hy is irreducible, where Hy := Supp(Z(sw)).
If H7, Hy are L-linked, then there is an s 2 H(X,L™) as in (8.7.1). (We can use
the same m, if we pass to suitable powers of s, sz, sw.)
By (8.3.7), there are uz 2 k[Z] , uw 2 kK[W] =k , a finitely generated subgroup
z k(Z2) ,7z 2 z and a natural number r such that

(8.7.7.1) sw = s'jw uw and sy, =s"jz uz vz

Therefore

(8.7.7.2)

S\r/ij\W Szer\W = uwjz\w Uzlj2\w VleZ\W 2k k[Z] zlz\w. = k[Z] zlz\w-

Next note that swjzaw = s2\w Where sz\w is arbitrary. Thus s0\y szljz\w is an arbi-
trary element of k[Z \ W] (up to n-torsion). Therefore we get that

(8.7.7.3) k[Z\ W] /(k[Z] ij\w)
is torsion. Thus we obtain that
(8.7.7.4) K[Z\W] /k[Z]

has finite Q-rank. By we are in one of four cases.
(1) k is locally finite; giving [(8.7.5 (3) (c))}
(2) chark > 0 and k[Z] <Y k [red(Z \ W)] is a purely inseparable extension; giving
(8.7.5(3) (b)),
(3) chark = 0 and k[Z] = k[Z \ W]; giving[(8.7.5 (3) (0))}

(4) deg(k/Q) < 1.
In the latter case k is Hilbertian. Once % is Hilbertian, at the beginning of the proof
we can choose Z \ Hz to be irreducible; in which case ; = flg by Thus in
this case we need to show that

k[Z\ W] / k[Z]
is torsion and (10.4.9) implies that Z \ W is reduced.
Using (8.7.7) we get a topological way of recognizing k-points.
Corollary 8.7.8. Let k be a perfect field that is not locally finite, and X a normal,
projective, geometrically irreducible k-variety of dimension > 1 + BH(k). Let L be an
ample line bundle and p 2 X a closed point. Assume that either chark > 0 or p is a
smooth point of X. The following are equivalent.
(1) pis a k-point.
(2) There are ample-isci (10.2.1) subvarieties Z, W such that
(a) dimZ =1, dimW = BH(k),
(b) Supp(Z \ W) = fpg and
(c) L-linking isfreeon Z [ .

Proof. Statement (2) implies (1) by (8.7.7). Conversely, we can take Z, IV to be general
complete intersections of ample divisors containing p.
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Remark 8.7.9. If char £ = 0 and [(8.7.8 (2)) holds then Z \ WV is a k-point, even if X is
singular there. However, for a singular k-point it may not be possible to find Z, W such
that Z \ W = fpg (as schemes). Thus the method does not yet provide a topological
way of identifying singular k-points if char £ = 0.

Corollary 8.7.10. Let i be a perfect field that is not locally finite, and X a normal,
projective, geometrically irreducible k-variety of dimension > 1 + BH(k). Let L be an
ample line bundle and p,q 2 X closed points. Assume that either chark > 0 or p is a
smooth point. The following are equivalent.

(1) There is a k-embedding k(p) <¥ k(q).
(2) There are irreducible subvarieties Z, W such that
(a) dimZ =1, dimW = BH(k),
(b) Supp(Z \ W) = fpqg,
(©) q2 7,
(d) W is L-isci, and
(e) L-linking isfreeon Z [ W.

Proof. If (2) holds then k(p) = k[Z] by (8.7.7) and (2) (¢) gives an embedding k[Z] <X
k().

Conversely, given k(p) < k(q), the required 7 is constructed in (10.2.9) and then
choose W to be a general complete intersection containing p.

Reversing the role of p, ¢ we the obtain a criterion to decide whether k(p) = k(q).
Note, however, that we get no information about deg(k(p)/k). Using (8.7.4) we see that
the conditions (2.a—e) depend only on (jX], ), thus we obtain the following.

Corollary 8.7.11 (Isomorphism of 0-cycles from jXj and ). Let & be a perfect field
that is not locally finite, and X a normal, projective k-variety of dimension > 1+BH(k).
Let Z,,Z, X be reduced 0-dimensional subschemes. Assume that either chark > 0 or
Zy, 72,  X"™.We can then decide, using only (ij, Sel), whether 7, Z, are isomorphic
as k-schemes.

8.7.12 (Imperfect fields). If & is an imperfect field, we can apply the above results to
k'S, This results in the following changes in the statements.

In|(8.7.8 (1)) we characterize k'™-points. _ _
In|(8.7.10 (1)) we characterize k-embeddings k"™(p) <¥ £'"™(q).
In (8.7.11) we characterize isomorphisms Z; k"™ =2, k'™,

Remark 8.7.13. Let X a normal, projective, geometrically irreducible k-variety of
dimension > 1 + BH(k). Then char £ > 0 if and only if the following holds.

There is an integral curve C X and a point p 2 C, such that L-linking is
free on C [ W for every ample-sci subvariety W of dimension BH(k), for which
Supp(C'\ W) = fpg.

Indeed, if chark = 0 then for any p 2 C we can choose W such that C'\ W is non-
reduced, and then L-linking is not free on C' [ W by (8.7.7).

Conversely, we use (10.2.9) to get p 2 C such that k(p)™ = k[C]"™, and then (8.7.7)
and (8.7.12) show that L-linking is free on C' [ W if char k& > 0.
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8.8. Minimally restrictive linking and transversality

Definition 8.8.1. Let X be a normal, projective k-variety, let L_be an ample invertible
sheaf on X, and let Z, W, W, X be closed, irreducible, geometrically connected
subvarieties such that dim(Z \ W;) = 0. We say that L-linking on 1, determines
L-linking on T/ if there is a finite subset X such that the following holds.

Let Hz, Hy 2 jQLj'"™ be divisors disjoint from the such that W, \ Hy is
irreducible. Then

Hz, Hy are > Hz, Hy are
linked on Z [ W, linkedon Z [ W; |~
In applying this notion we always assume that dimV; BH(k), hence the above
conditions are not empty.

We say that L-linking is minimally restrictive on Wy, if L-linking on W, deter-
mines L-linking on W3, whenever Supp(Z \ W) = Supp(Z \ W>).

The key result—and rationale for the definition—is the following.

Proposition 8.8.2. Let k be a field of characteristic 0, X a normal, projective, geomet-
rically irreducible k-variety and L an ample line bundle on X. Let Z, W, W, X be
closed, integral, geometrically connected subvarieties such that dimzZ 1, dimW;
BH(k) and dim(Z \ W;) = 0. Then the following are equivalent.

(1) Z\Wi; Z\ W, as schemes.
(2) L-linking on W, determines L-linking on W;.

Proof. Pick H; = Z(sz) and Hyw = Z(sw). By assumption W, \ Hyy is irreducible and
disjoint from (Z [ W;). Thus, by |(8.3.10 (1)),

RZ4w,(Hz, L) = (swizzws: KIV2] )g = (swizawa)g *

where the last equality holds since 1, is geometrically connected. So, by (8.7.2),
Hz, Hy are linked on Z [ W, if and only if, for some r > 0,

(8.8.2.1) swizww, 2 Row,(Hz, L) [T H*(Z\ W2, L™jzaw,)-
m

Now observe that if (1) holds then for m sufficiently big the restriction map
HY(Z\Wo, L™izaw,) ¥ H(Z\ Wi, LMjzw,)
is surjective. Thus if (1) holds then (8.8.2.1) implies that
(8.8.2.2) swizwn 2 Roww,(Hz, L) [T H(Z\ W1, L™jzw,)).
m

proving (2).
To see the converse, let NV be the kernel of

p:iHY(Z\XW1,0zaw,) ¥ HY(Z\ W1\ W2, Owiw,) -

It is a direct sum of a commutative, unipotent group over %k and of the k(p;) for every
pi 2 WinW,. N is positive dimensional if and only if Z\ 1W; 6 Z \ W,. We distinguish
two cases, depending on whether rankg N(k) = L or not.
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Next choose any 0, 2 H°(Z \ W5, Ljzaw,) - If rankg N(k) = 1 then the restriction
of o to Z \ W1 \ W, can be lifted in 2 different ways to

oz,0w 2 H*(Z\ W1, Lizzw,)

such that 0,0, is non-torsion in

[TE(Z\ W1, L zaw,) [/ R, (Hz, L).
m

We can now glue o,, 0w to a section of H°(Z \ (W1 [ W2), Lizxw.w,)) and then lift
(some power of) it to sy 2 H°(X, L) such that both W; \ Z(sw) are irreducible and
disjoint from (Z [ Wi [ W5>). Similarly, we can glue 0», 0z to a section of H° (Z \(W:i L

W), Lizxw, [Wz)) and then lift (some power of) it to sz 2 H°(X, L) such that Z\Z(sz)
is irreducible and disjoint from (Z [ Wy [ W>).

By construction, szjz\w, = swijz\w,, hence Z(sz) and Z(sy ) are L-linked on Z [W>,
but szjzaw, and swjz\w, are multiplicatively independent, hence Z(sz) and Z(sy) are
not L-linked on Z [ 5.

We are left with the case when rankg N(k) < 1. In this case deg(k/Q) < 1 by
(10.4.2), hence k is Hilbertian We can thus choose sz such that Z \ Hy is irre-

ducible and disjoint from (Z [ ). So, by |(8.3.10 (1)),
RIw, (Hz, L) = (szizzwe ) KIZ1 = (szizaw,)g k-

This implies that R%\Wz (Hz, L) has trivial intersection with N. We can thus again

choose o7,0w 2 H°(Z\ Wy, Lizw,) such that ozoy,' is non-torsion, and complete
the proof as before.

Corollary 8.8.3. Let & be a field of characteristic 0, X a normal, projective k-variety
and L_an ample line bundle. Let Z, W X be closed, integral, geometrically connected
subvarieties such that dim(Z \ W) = 0. Assume that dim X > dim Z + BH(k)

Then L-linking is minimally restrictive on Z [ W if and only if Z \ W is reduced.

Proof. Set W, := W in (8.8.2) and let 1/, run through all ample-sci subvarieties of di-
mension BH(%) (10.2.1) that intersect Z exactly along Z\ 1. Then apply the following
(8.8.4).

Lemma 8.8.4. Let X be a projective k-variety. Fix1 r <dimX, let Z7 X bea
subscheme of codimension > » and P Z a reduced, finite subscheme. Let W(Z, P)
be the set of all irreducible, r-dimensional, ample-sci subvarieties W X for
which Supp(Z \ W) = P. Then

(1 W=P (scheme theoretically).
W2W(Z;P)

Proof. By definition we have P W for all W 2 W(Z, P), so P [\yowzp)- Thus it
suffices to show the reverse inclusion.

If Aw2wzpy W is not contained in P, then it either contains a closed point not in
P, or it contains a nonzero tangent vector at some point of P. So it suffices to show
that for each point not in P or nonzero tangent vector at a point in P, there exists
some W 2 W(Z, P) not containing that point or tangent vector.
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We will show that, for L sufficiently ample, and s;,..., sgimx r generic sections
of H°(L) vanishing on P, the intersection of the vanishing loci of s1, ..., sgimx r Will
suffice. Because we are looking for a generic solution, we can work freely over an
algebraically closed field.

Assume L is ample enough that the restriction map from H°(L) to H°(L j P")
is surjective for each subscheme P' of X that consists of either the union of P and
another point () or P with one of the points replaced by a double point.

Then for each Q 2 X n P, the condition that s;j vanishes on ( is a codimension 1
condition, so the condition that sq, ..., sqimx r all vanish on Q) is a codimension dim X
r condition. Since Z n P has dimension < dim X r, the condition that all of s, ..., s,
vanish on at least one point of Z n P is a codimension > 0 condition and thus does
not hold generically, and hence the contrary condition that Supp(Z \ W) = P holds
generically.

Furthermore, for each Q in X n P, the condition that ) 2 T is a codimension
dimX r > 0 condition and thus does not hold generically.

Finally, for each tangent vector at a point p 2 P, W contains that tangent vector if
and only if it contains the scheme P' obtained by replacing p with the corresponding
doubled point. This happens if and only if each of the s; vanish on P’, and these are
all codimension 1 conditions, so this does not happen generically.

The following consequence of allows us to understand intersection multi-
plicities topologically.
Theorem 8.8.5 (Determining transversality from jXj and ). Let & be a field of
characteristic 0, X a normal, projective, geometrically irreducible k-variety of dimen-
sion > 1+BH(k). Let H X be anirreducible, ample divisorand C X an irreducible,
geometrically connected curve. Assume that C\ H  X"™. The following are equivalent.

(1) All intersections of C'\ H are transversal.
(i) C'\ H is reduced.
(ii1) L-linking is minimally restrictive on C' [[ H for some ample line bundle L.

Proof. The equivalence of (ii) and (iii) follows from (8.8.3) and the equivalence of (i)
and (ii) is a basic property of intersection mutiplicities; see for example [Ful98b,
8.2].

Remark 8.8.6. Note that there are several weaknesses of the current form of the
above equivalences. First, we do not yet know how to decide which are the smooth
points of X. We usually go around this by saying that some assertion holds outside
some codimension 2 subset. Second, we also do not yet know how to decide whether
a curve C is geometrically connected or not. However, if C' is ample-sci (10.2.1), then

C' is geometrically connected (10.2.3).

The above arguments also show the following.

Corollary 8.8.7. Let k be a field of characteristic 0, X a k-variety, Z X an irre-
ducible, geometrically connected subvariety of codimension » > BH(k) and p 2 Z a
closed point such that X is smooth at p. Then Z is smooth at p if and only if there is
an irreducible, ample-sci subvariety W X of dimension r such that p 2 Supp(Z \ W)
and L-linking is minimally restrictive on V.

Interchanging the roles of Z, 1V gives the following dual version.



8.9. RECOVERING LINEAR EQUIVALENCE 143

Corollary 8.8.8. Let £ be a field of characteristic 0, X a k-variety, W X an ir-
reducible, geometrically connected subvariety of dimension » > BH(k) and p 2 W a
closed point such that X is smooth at p. Then W is smooth at p if and only if there is
an irreducible, ample, complete intersection subvariety Z X of codimension r such
that p 2 Supp(Z \ W) and H-linking is minimally restrictive on V.

8.8.9. The argument in also applies in positive characteristic, except that then
the kernel of

HY(Z\XW,0nw) ¥ H(red(Z \ W), Oeazaw))
is p-power torsion. Thus multiplicative independence is not changed as we pass from
Z\W to red(Z \ W). We get that, if £ is not locally finite, then the following are
equivalent.

(1) Supp(Z \W1)  Supp(Z \ ).

(2) L-linking on W; determines L-linking on WW,.
Thus, while L-linking carries scheme-theoretic information in characteristic 0, it de-
tects only the underlying reduced subscheme positive characteristic.

8.9. Recovering linear equivalence

8.9.1. In this section we discuss how to compute intersection numbers (C' D) of curves
and divisors on a proper k-variety X. General theory tells us that we should write
the scheme-theretic intersection C' \ D as the union of 0-dimensional subschemes
fZ;i i 2 Ig and then

(C D) =75, length, O;,.
From the topology we see right away the points p; := red Z;, but neither the nilpotent
structure of Z; nor deg[k(p;i) : k] is visible to us.

We can use to check that all intersections are transversal. To be precise,
this works only if X is smooth along C'\ D, and the latter is a problematic condition
to check.

If the field % is algebraically closed, then deg[k(pi) : k] = 1, and we are done.
However, if the field is not algebraically closed, we would need to compute deg[%k(p;) :
k]. However, this we cannot do.

Nonetheless, by (8.7.11), we can determine when deg[k(p:) : k] = deg[k(p) : k] for
two points. (This again with the caveat that X should be smooth along the p;.)

The end result says that, although we are not able to compute (C' D) itself, we can
decide whether (C; D) = (C, D) for two curves or (C D;) = (C D) for two divisors.
This turns out to be sufficient for our applications.

The rest of the section is pure algebraic geometry, technically independent of pre-
vious results. However, the somewhat unusual assumptions and restrictions are dic-

tated by the needs of (8.8.5) and (8.7.11).

8.9.2. Let L be a very ample line bundle on a reduced, projective curve over an alge-
braically closed field. The zero set of a general section of L consist of deg. L distinct
points. However, if we work over a non-closed field %, then the zero set of a general
section s 2 H°(C, L) is a union of points of the form Spec k; for some field extensions
ki/k, that depend on the choice of the section in a rather unpredictable way. We may
thus aim to find sections s 2 H°(C, L) whose zero set is arithmetically simple. If k is
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Hilbertian, we can chose the zero set to be irreducible. Another direction would be to
find zero sets that consist of low degree points. This is, however, impossible already
for genus 1 curves over Q.

Next we show that an intermediate result is possible. For any finite set of curves
Ci and line bundles Lj, one can find sections that consists entirely of points with a
fixed (separable) residue field, at the expense of a lack of control over the particular
field or its degree.

Theorem 8.9.3. Let C be a geometrically reduced, projective curve over a field £ with
irreducible components fCj : ¢ 2 Ig. Let L be an ample line bundle on C' and Ca
finite set. Then for infinitely many m > 0, there is a separable field extension K/k and
a section s 2 H°(C, LL™) such that
(1) (s =0) isdisjoint from [ Sing C, and
(2) Ci\ (s = 0) is isomorphic to the disjoint union of (m/ deg(K/k)) degc, L copies
of Spec K for every i.

Proof. For m; large enough there is a separable morphism 7 : ¢ ¥ P! such that
L™ = 7 Ou(1). By there is a separable point p 2 P! that is disjoint from
7( [ SingC) and such that 7 (p) is a reduced, disjoint union of copies of p. Let
s* 2 HO°(P!, O1(my)) be a defining equation of p. Then s := 7 s" 2 H°(C, L™™2) has the
required properties.

Corollary 8.9.4. Let X be a projective variety over a field k£, L an ample line bundle,
TCi 17 2 Ig a finite set of geometrically reduced curves and X afinite subset. Then
there is an m > 0, a section s 2 H°(X, L™) and a separable field extension K /k such
that
(1) (s =0) isdisjoint from [ Sing([iCi), and
(2) Ci\(s = 0) isiisomorphic to the disjoint union of (m/ deg(K/k)) degc, L copies
of Spec, K for every i.
Theorem 8.9.5. Let X be a projective variety over an infinite field, # an ample,
Cartier divisor, TC; : ¢ 2 Ig finitely many irreducible, geometrically reduced curves.
The following are equivalent.
(1) (C; H) is independent of i.
(2) There is an irreducible divisor G ¢ H such that the (scheme theoretic) inter-
sections TC; \ G : i 2 Ig are reduced and isomorphic to each other.
Moreover, we can choose G such that
3) G 2 jmH]jfor somem 1,
(4) G is disjoint from any given finite subset X, and
(5) the G\(j are disjoint from any given closed subset B ( X that does not contain
any of the Cj.

Proof. Assume that (2) holds and G =~ mH. Then m(C; H) = deg,(Ci \ G), proving
(1). To see the converse, let C' denote the union of the Cj. Set L. := Ox(H)jc. Choose
m 1 such that H°(X,0x(mH)) ¥ H°(C,Oc(mHjc)) is surjective and there is a
section s 2 H°(C, Oc(mHjc)) as in . Then G := (s = 0) works.

Corollary 8.9.6. Let X be a normal, projective variety over an infinite field, # an
irreducible, ample, Cartier divisor, TD; : i 2 Ig finitely many irreducible, geometrically
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reduced divisorsand B X a closed subset of codimension 2 containing Sing X. The
following are equivalent.
(1) (D; H" Y is independent of ;.
(2) There are irreducible, H-sci curves A that are disjoint from B and such
that the (scheme theoretic) intersections A \ D; are reduced and isomorphic to
each other.

Proof. As before, (2) ) (1) is clear. For the converse, we look for A contained in a
general complete intersection surface S  X. This reduces us to the special case when
dim X = 2. Then the D; are curves, so (8.9.6) follows from (8.9.5)).

The main technical result is somewhat hard to state. To make it clearer, we list
a series of six questions that one could ask about a variety X. The first four we al-
ready know how to answer using jXj only. Then we show that we can also answer the
remaining two.

Queries 8.9.7. Let X be a normal, projective variety.

(1) Given an irreducible divisor H X, is it Q-Cartier and ample?

(2) Given two irreducible, ample divisors H;, H, X, are they linearly similar?

(3) Given an irreducible, geometrically connected curve C X, and an irre-
ducible, geometrically connected divisor D X, is C \ D reduced or (C' \
D)\Sing X & ;?

(4) Given two 0-dimensional, closed subschemes 7;,7, X,is Z; = Z, or (Z1 [
Z>)\Sing X & ;?

(5) Given two irreducible, ample divisors Hy, H, X, are they Q-linearly equiv-
alent?

(6) Given two irreducible, ample divisors H;, H, X, are they numerically equiv-
alent?

Clarification 8.9.8. In (3) and (4) we do not assume to know which part of the answer
applies. That is, we get the correct answer if X is nonsingular at the points C'\ D (resp.
71 [ Z») but we do not know whether the answer is correct or not otherwise. We also
do not assume that we can decide which points are nonsingular.

In the applications we avoid this problem by working in the complemnmt of an
arbitrary codimension 2 subset; see (8.9.9.3).

Note that if X is a normal, projective variety over a field of characteristic zero and
dimX > 1+ BH(k), then we know how to answer Queries 1-4 by (8.5.15), (8.5.17),
(8.8.5) and (8.7.11). The assumptions in these results dictated the Queries.

Proposition 8.9.9. Let X be a normal, projective variety of dimension 2 over a field
of characteristic 0. Assume that we know how to answer|(8.9.7 (1))H(8.9.7 (4))l Then we

can also answer|(8.9.7 (5))|and |(8.9.7 (6))|

Proof. We need to string together the five claims below. In each of them the first part
is the information we seek, the second shows how it can be obtained using (8.9.5) and
(8.9.6), and the preceding Claims.

Claim 8.9.9.1. Let (1,5 be irreducible curves, not contained in Sing X, and H an
ample divisor. Then

(1) (C1 H)=(C: H) iff
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(2) for every finite subset C1[C, thereis an irreducible divisor G s H disjoint
from , such that Cj \ G are reduced and C; \ G = C, \ G (as k-schemes).

Proof. This just restates (8.9.5). Here we use the answer t0((8.9.7 (3))

Claim 8.9.9.2. Let (1, C; be irreducible curves, not contained in Sing X. Then
1) ¢, O iff
(2) (C1 H) = (C; H) forevery ample divisor H.

Proof. The follows from (6.4.3.1) and (8.9.9.1).

Claim 8.9.9.3. Let D;, D, be irreducible, geometrically connected divisors on X and H
an ample divisor. Then
(1) (D, H™ Y= (D, H" Y)ifandonly if
(2) For every codimension 2 subset B X there are irreducible, H-sci curves A
that are disjoint from B and such that the A\ D; are reduced, and A\ D; =
AN\ D, (as k-schemes).

Proof. This uses (8.9.5) and the answers to[(8.9.7(3)) and [(8.9.7 (4))|

Claim 8.9.9.4. Let D,, D, be irreducible, geometrically connected divisors on X. Then
(1) D; D, iff
(2) (D, H™ Y= (D, H" 1) for every ample divisor H.
Proof. This follows from (6.4.3.3) and the answer to (8.9.9.3). This gives the answer
t0((8.9.7 (5))]
Claim 8.9.9.5. Let Hy, H, be irreducible, ample divisors. Then
(1) Hl Q H2 iff
2) Hi <« H and H, H>.

Proof. This needs the answer t0[(8.9.7 (2))and[(8.9.7 (4))l We get the answer t0[(8.9.7 (6

This completes the proof of (8.9.9).
The culmination of our work so far is the following.
Theorem 8.9.10. Let X be a normal, projective variety of dimension > 1+ BH(k) over

a field £ of characteristic 0. Then we can decide using jX]j only when 2 irreducible,
ample divisors are numerically equivalent.

Proof. Under our assumptions, we know how to answer|(8.9.7 (1))H(8.9.7 (4)) by (8.5.15),
(8.5.17), (8.7.11) and (8.8.5). Thus (8.9.9) implies the Theorem.

Corollary 8.9.11. Let X be a normal, projective variety of dimension > 1+BH(k) over
a field % of characteristic 0. Let H be an irreducible, ample divisor on X. Then we can
decide using j.Xj only when a t-pencil is algebraic and linearly similar to H.

Proof. Let fD : A2 gbe a t-pencil. By (6.3.4), it is algebraic and linearly similar to
H iff
(1) D 1is Q-Cartier and ample for all but finitely many \ 2
(2) D H for all but finitely many \ 2
(3) There is an infinite subset such the fD : A\ 2 g are numerically
equivalent to each other.
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The first of these we can decide by (8.5.15) and the second by (8.5.17). Once we know

these, then all but finitely many of the D are ample. So their numerically equivalence
is decided by (8.9.10).

Corollary 8.9.12. Let X be a normal, projective variety of dimension > 1+BH(k) over
a field & of characteristic 0. Let H be an irreducible, ample divisor on X. Then for each
1 r dim X we can determine the similarity class of deg,, () on r-cycles, using j.X]j.

Proof. Using we determine the set HP of all Q-Cartier, algebraic pencils lin-
early similar to H.

By (6.4.7), HP is an ample, complete and compatible set of algebraic pencils. Thus,
by (6.4.11), HP determines the similarity class of deg,, () on r-cycles for every r.

We now come to the final result of our work in Chapters [6] to
Theorem 8.9.13. Let X be a normal, projective variety of dimension > 1+ BH(k) over
a field k& of characteristic 0. Then linear equivalence of divisors is determined by jX].

Proof. Let H be any irreducible, ample divisor on X. We get the similarity class of
degy () on divisors using (8.9.12). Once we have an ample degree function on divisors,
linear equivalence is obtained by (6.5.8).
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8.10. Appendix: Weakly Hilbertian fields

Definition 8.10.1 (Weakly Hilbertian fields). We call a field £ weakly Hilbertian if, for
every irreducible, geometrically reduced, projective curve C over k and every ample
line bundle L on C, there is an n > 0 and a nonzero section s 2 H°(C, L") such that
(s =0 C' is irreducible. We discuss other versions of the definition in (8.10.3
[8.10.4).

Having only one section with irreducible zero set is not very useful, but we show in
that there are infinitely many, and they can be chosen with much flexibility.

The Hilbertian field condition (7.5.7) requires that such an s exists in every 2-
dimensional, basepoint-free subspace of H°(C,L). Going from 2-dimensional sub-
spaces to all of H°(C, L) is a minor change, but allowing powers of L gives much
more flexibility.

A convenient aspect is that if K /k is a finite extension then K is weakly Hilbertian
iff k is; this does not hold for Hilbertian fields.

Most ‘well known’ fields are either Hilbertian or not even weakly Hilbertian, but
there are many fields that are weakly Hilbertian but not Hilbertian, for example Q%"
the maximal, solvable, Galois extension of Q; see (8.10.13).

Notation 8.10.2. For a field k£ let CL(k) denote the set of all pairs (C, L) where C
is a projective, irreducible, geometrically reduced curve over k£ and L an ample line
bundle on C. Such a pair is called nonsingular iff C' is nonsigular.

If Z C is a finite subscheme and s; 2 H°(Z, Ljz), then let H°(C, L, sz)
H°(C, L) denote the subspace of those sections whose restriction to Z is a constant
multiple of s,. We use H°(C,L))  H°(C, L) to denote the nonzero sections.

Theorem 8.10.3. Let k be a field that is not locally finite. The following are equivalent.

(1) Forevery (C,L) 2 CL(k) thereisann > 0and s 2 H°(C, L") such that (s = 0)
is irreducible.

(2) For every (C, L) 2 CL(k) there are infinitely many s; 2 H°(C, L") such that
the (si = 0) are irreducible and distinct.

(3) For every nonsingular (C, L) 2 CL(k), closed subscheme Z ' and nowhere
zero sz 2 H°(Z, Ljz), thereisann > 0and s 2 H°(C, L",s3) such that (s = 0)
is irreducible.

(4) For every (C,L) 2 CL(k), closed subscheme Z  C and nowhere zero sz 2
H°(Z, Ljz), there are infinitely many s; 2 H°(C, L", s3) such that the (s; = 0)
are irreducible and distinct.

Proof. (4) ) (2) D (1) and (4) ) (3) are clear.

In order to show that (2) ) (4), we apply to Z C. We get a finite, bira-
tional morphism 7 : C ¥ B and a line bundle Lg 7 L on B with natural isomor-
phisms

H°(B,LJ) = H°(C, L", s%).
If t; 2 H°(B, L§) has irreducible zero set that is different from 7(Z) then the cor-
responding s; 2 H°(C, L") also has irreducible zero set that is not contained in Z.
Thus (4) holds for (C, L, sz) iff (2) holds for (B, Lg).

Next consider (1) ) (2). Assume that only finitely many points ¢; 2 C occur as
irreducible zero sets of sections of powers of L. Since some of these points may be
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singular, let p: C' ¥ C denote the normalization and W  C the union of all preimages
of the ¢;. Let

qn>0H0(C7p I—n) /k
be the subsemigroup of all sections whose zero sets are contained in W. Then the
map from to N/WI that sends a section to its order of vanishing at each point of W is
injective, so has finite rank.

Assume first that k is not separably closed. Then there are closed points ¢ 2 CnW
such that k(c)/k is a separable field extension of degree > 1. By we get a finite
homeomorphism 7 : C ¥ B and an invertible sheaf Lg 7 L such that none of the
sectionsin descend to gn=oH°(B, L3) . Since 7 is a homeomorphism, a closed subset
of B is irreducible iff its preimage in C' is irreducible. Thus LS has no sections with
irreducible zero set, proving (1) D) (2) in this case.

If k is separably closed and not locally finite, we check in and
that it does not satisfy (1).

Finally we show that (3) ) (1). Let 7 : C ¥ C denote the normalization and Z C
the conductor subscheme of .

Let so be a nowhere zero section of L in a neighborhood of (7). Set s := 7 sojz.
Then H°(C,m L",s%)  H°(C,L"), thus any section in H°(C,x L", s2) with an irre-
ducible zero set gives a required section in H° (C, L").

Remark 8.10.4. Other versions of the properties [(8.10.3(1))H(8.10.3 (4)) are worth
considering. The following variants of are especially natural.
(1) For every nonsingular (C, L) 2 CL(k) there are infinitely many s; 2 H°(C, L")
such that the (s; = 0) are irreducible and distinct.
(2) For every (C, L) 2 CL(k) there is an n > 0 and infinitely many s; 2 H°(C, L")
such that the (sj = 0) are irreducible, reduced and distinct.

It is clear that (2) D) [(8.10.3(2)) ) (1).
We see in (8.10.15) that the p-adic fields Q, satisfy (1), but they are not weakly

Hilbertian by (8.10.18). We do not know whether (2) is equivalent to (8.10.3 (2)). The
examples in (8.10.12) all satisfy (2).

8.10.5 (Pinching points). Let X be a k-scheme and 7 X a closed subscheme that
is finite over k. The universal push-out of Speck Z <0 X is a finite, birational
morphism 7 : X ¥ Y such that

O =k+mOx( 2) = O«.

The image of Z is a point z 2 Y (k) and X nZ =Y n fzq.
Let L be an invertible sheaf on X and s; 2 H°(Z, Lj;) a nowhere zero section.

Choosing any extension sz to some open neighborhood of Z X, we get an invertible
subsheaf

L(sz) =k sz+7nL( Z2) = L.
Note that L (sz) is independent of the choice of sz, and, for every n > 0, push-forward
gives a natural isomorphism

H°(Y, L(sz)") = H°(X, L", s3).

Lemma 8.10.6. Let X be an irreducible k-scheme, LL a line bundle on X and
On=0H°(X, L") /k a (multiplicative) semigroup of finite Q-rank. Let x 2 X be a closed
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point such that k(z)/k is separable of degree > 1. Let 7 : X ¥ Y be the pinching of x as
in (8.10.5). Then there is an invertible subsheaf Ly 7 L such that

An=0H°(Y,LY) /k  dn=oH°(X, L") /k
is disjoint from the saturation of
Proof. Fixing some sy 2 H°(fzg, Ly) specifies an isomorphism

On2zH°(Fzg, L)) =Z  k(z) .

(It is unfortunate notation-wise that Z is additive but k(z) is multiplicative.) The
restriction of to fzg generates a finite rank subgroup, denoteitby « Z k(z) /k .
Its projection to the second factoris x k(x) /k .

If we choose another s, 2 H(fzg, Ly) , then t, := s4/s0 2 k() /k . By we
can choose sy such that ,\ (hixi) = 1. Thus s} & is disjoint from \ H°(fzg, L])/k
for n > 0.

Lemma 8.10.7. Let & be a field that is not locally finite. Let 7; be a k-torus and T, (
T, a subtorus. Let T1(k)/T>(k) be a subgroup of finite Q-rank. Then there is a
t 2 T1(k)/T»(k) such that

\hti = 1.

Proof. By|(10.4.2(4))| the rank of T1(k)/T>(k) is infinite, so we can take ¢t 2 71 /T such
that hti intersects only at the origin.

Next we show that algebraically closed fields of characteristic 0 are not weakly
Hilbertian, they do not even satisfy |(8.10.4 (1))l Note that a much stronger variant
of (8.10.8) could be true; see (9.7.10) and (8.10.10). The same methods work for real

closed fields. We do not know any other subfield of Q that does not satisfy (8.10.4 (1))
for smooth curves, though presumably there are many.

Proposition 8.10.8. Let K be an algebraically closed field of characteristic 0. There
is a smooth projective curve C' and an ample line bundle L, defined over K, such that
every section of L™ has at least 2 distinct zeros for every m > 0.

Proof. Let 7 : C ¥ B be a nonconstant morphism between smooth, projective curves
such that ¢(C) ¢(B) +2and g(B) 1. Assume that there is by 2 B(K) such that
7 1(bo) is a single point cq. Let Pic(B) be as in (8.10.9).

The Q-rank of Pic(B) is infinite by [(7.5.6 (4))] so there is an ample L 2 Pic(B) no
power of which is in . Then 7 L has the required property.

Lemma 8.10.9. Let7: C ¥ B be a nonconstant morphism between smooth, projective
curves defined over K, such that ¢(C) g¢(B) + 2. Assume that there is by 2 B(K) such
that © (ko) is a single point ¢,. Then

= (L 2 Pic(B) : 7 L™ = Qc(n[c]) for some ¢ 2 C(K),n,m >0) Pic(B)
has finite Q-rank.
Proof. Embed C' <@ Jac(C) sending ¢y to the origin. Set A := Jac(C)/7m Jac(B) with
quotient map o : C' ¥ A. Let L be a line bundle of degree d on B. If 7 L™  Oc (n[c])
then o(c) 2 A is an n-torsion point since m L( d[bg]) maps to the origin in A. Thus

there are only finitely many such ¢ 2 C(K) by [Zha98], and the Q-rank of is at most
the number of such torsion points.
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For nodal rational curves, there is an elementary proof; see (8.10.17) for a more
advanced version of it.

Example 8.10.10. Nodal rational curves show that Q is not weakly Hilbertian. In
fact we show that for most line bundles, every section has at least as many zeros as
the number of nodes.

A rational curve with r nodes is obtained form P! by identifying r point pairs. Thus
we start with 2r distinct points aa, ..., ayr 2 Al and identify a; with a,+j to get a nodal
rational curve C.

A line bundle on C' is obtained by starting with some L. = G- (m) and specifying
isomorphisms Lj,, = Lj,_,,. Thus sections of the resulting line bundle are given by

polynomials p(z) of degree  m such that p(ai) = uip(ar+1) for every i where uj 2 Q
specify the line bundle.

A polynomial with zeros fz; : j 2 Jg is s(z) = VHJ' (r  z)™. Thus for nonzero
uy, ..., ur we aim to solve the r equations

; ; m;
(8.10.10.1) [I(G2)" =,
i2a Qr+i  Zj

where mj,n 2 Z and zj 2 Q are unknowns with n & 0.

For every p choose an extension v, of the p-adic valuation to Q. The v,-valuation of

any d 2 Q is 0 for all but finitely many p. We can thus choose p such that

(8.10.10.2) vp(ai) = vp(ai aj) =0 forevery i6 j.

Thus taking the valuation of (8.10.10.1) we get the equations
aj Zj _

8.10.10.3 i ——— ) = i)

( ) JZ mjvp <ar+i zj ) nup(ui)

Choose the u; such that v,(u;) & 0 for every :. By (8.10.10.5) below, for every i we get a
o(i) 2 J such that

(8.10.10.4) vplai  z @) >0 or vplarsi 2 ) > 0.

If r > jJj then the same zj appears twice. Thus we have v,(ai, zj) > 0and vp(ai, zj) >
0 for some i; & i, and ;. Then

vplai, ai,)  minfup(ai,  2j),vp(ai, 25)9 >0
gives a contradiction.

Claim 8.10.10.5. Let (R,v) be a valuation ring and a,c 2 R such that v(a) = v(c) =
v(a ¢)=0.Then

z

v(a Z>>O - v(a 2)>0 and v(a

><O - v(c z2)>0.
¢ z ¢ z

Algebraic field extensions

The weak Hilbertian property is well behaved in algebraic field extensions.
Proposition 8.10.11. Let K/k be a separable, algebraic field extension.

(1) If K is weakly Hilbertian then so is k.
(2) If k is weakly Hilbertian and deg(K/k) < 1, then sois K.
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Proof. For (1) we use So we start with Cy, Ly, Zx, sz, and by base change
we get Ok, L, Zk, sz,.. Let sk be a section in H°(Ck, LY, s7 ) with irreducible zero
set.

Let C)  Ck be one of the irreducible components. All these data are defined over
a finite degree subextension £ K; K. Since C\ is nonsingular, C,'Ql B (Ck is flat,
S0 NOrMy,-x sends sections of (I_|0<l)m to sections of L™, where d = deg(K/k). Thus
Sk := NorMy, =i (sk,) is a section in H°(Cy, LM, s7%) with irreducible zero set.

To prove (2) we use Let Ck be an irreducible curve over K. Since K /k is
finite, Ck can be viewed as an irreducible curve Cy over k. If L is a line bundle over
Ck, it gives a line bundle Ly and a natural identification H°(Ck, Lx) = H°(Ck, Ly).
If sy 2 H°(Ck, L) has an irreducible zero set, then so does the corresponding sk 2
HO(CK7 L|2)

Corollary 8.10.12. Let k£ be a Hilbertian field and K /k a Galois extension that is not
separably closed. Then K is weakly Hilbertian.

Proof. By [Wei182], every nontrivial finite extension of such a field K is Hilbertian.
Thus, if K is not separably closed, then K is weakly Hilbertian by (8.10.11).

Example 8.10.13. Q*V, the composite of all Galois extensions of Q with solvable
Galois group, is weakly Hilbertian by (8.10.12), but not Hilbertian, as shown by the
polynomial 3>  z.

Lemma 8.10.14. Let K/k be a purely inseperable field extension. Then K is weakly
Hilbertian iff & is.

Proof. Going from K to k works as in the proof of (8.10.11 (1))

Conversely, assume that % is weakly Hilbertian and let (Ck, L) be a curve. It is
defined over a finite subextension £ K; K. Since K/K; is purely inseprable, an
irreducible subvariety of Ck, stays irreducible over K. Thus it is enough to show that
(Ck,, Lk, ) satisfies the weak Hilbertian property.

Now note that K] & where ¢ is a high enough power of the characteristic. Thus
K = K] is weakly Hilbertian by the first part.

Quotient fields of valuation rings

The behavior of Qp, F,((?)), and, more generally, quotient fields of Henselian val-
uation rings, is very interesting. Smooth curves have weak Hilbertian properties but
singular curves do not.

Proposition 8.10.15. Let (R, m) be an excellent DVR with quotient field X and locally
finite residue field £. Let C be a smooth, projective, irreducible curve over K and Lk
an ample line bundle on Ck. Then jLZ]j has infinitely many irreducible members for n
sufficiently divisible.

Proof. We extend Ck to a flat morphism Cr ¥ Spec R. We may assume that Cr is
regular by [Sha66]. Then L extends to a line bundle Lg on Ckg.

Let Ei, ..., E, be the irreducible components of the central fiber Cx = > 'm;FEj. The
intersection matrix (£; Ej) is negative semidefinite with [C\] as the only null-vector.
Thus the intersection matrix of F,,..., E, is negative definite. We can thus find a
divisor F supported on FE, ..., Er such that L5!(F) has degree O on E;, ..., E\.
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By [Art62] the curves Fj, ..., E, can be contracted Cr ¥ Cg and a suitable power
of L' (F) descends to a line bundle L. on Ckg.

Now we have a normal scheme with a flat morphism 7 : C, ¥ R whose generic
fiber is Ck and whose central fiber C, is an irreducible curve. Furthermore there is a
line bundle L. whose restriction to Ck is a power of L.

Set £ = redC, and pick any point p 2 E that is regular both on £ and on Cg.
Since rankq Pic(£ ) = 1, after passing to a power of L , we may assume that

(1) L je has a section 35y that vanishes only at p,

(2) L( E)/L( 2F ) has a section 35; that does not vanish at p, and

(3) HY(Cg. L ( E)) =H*(Cr,L ( 2E)) =0.
By (3) we can lift 5o and 5, to so 2 H°(Ck, L ) and s, 2 H(Ck, L ( E)). For all but 1
residue value of A 2 R, Dr()\) := (sp + As; = 0) is regular at p. Since p is its sole point
over k, Dr(}) is irreducible and reduced.

Remark 8.10.16. The proof uses excellence, but the result might hold without it.
Note that a DVR of characteristic 0 is excellent [Stal5, 07QW]. In positive character-
istic, local rings of smooth curves are excellent and so are power series rings K|[[t]].
However, there are many non-excellent DVRs; see [DS18] for especially simple exam-
ples.

Proposition 8.10.17. Let (R, m) be a Henselian valuation ring with quotient field K
and residue field k. For 2¢g  jkj there are rational curves C' with g nodes over K such
that, for ‘most’ ample line bundles L over C, every section of L" has at least g distinct
zZeros.

Proof. We choose aj 2 R A(K) Pk such that @; 2 k (their reduction mod m)
are all distinct. As in (8.10.10), identifying a; with ag4+; to get a nodal rational curve
C and a line bundle L on C' is obtained by starting with some O-.:(r) and specifying
isomorphisms Op1(7)ja, = Op1(7)ja,.,- Thus sections of L." are given by polynomials f(x)
of degree nr such that

(8.10.17.1) f(ai) = uj' f(ag+1) for i=1...,g,

where the u; 2 K determine L. We may assume that f(z) 2 R[z] n m[x] and denote
by f its image in k[z]. If the valuation of u; is not 0 for every i, this implies that
(8.10.17.2) f@)=0 or f(ag+)=0 for i=1... g

Thus f has at least ¢ distinct zeros, so f has at least g distinct prime factors since R
is Henselian.

Corollary 8.10.18. The following fields are not weakly Hilbertian.
(1) Qyand Q\ Q,.
(2) Fp((1)) and Fy() \ Fp((1)).
(3) Separably closed fields.
Proof. The rings Z,, Q\Z,, F,[[t]] and F,(t) \ F,[[t]] are all Henselian, hence not weakly

Hilbertian by (8.10.17).

Assume that K is separably closed. If K = F, then K is not weakly Hilbertian by
definition. Otherwise K has nontrivial valuations. The value ring is Henselian since
K is separably closed.
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Remark 8.10.19 (Locally finite fields). Let C be an integral, projective curve over a
locally finite field £ and L an ample line bundle on C'. Let ¢ 2 C be any smooth point.
Then L%9°( deg L [c]) has degree 0, hence torsion since k is locally finite. Thus there
is an m > 0 and a section s 2 H°(C, L™) such that red(s = 0) = fcg.

B. Poonen explained to us that, using geometric class field theory and the function
field Chebotarev density theorem, one can prove that L™ has a section with irre-
ducible and reduced zero set for all m 1. However, the probability that a random
section has this property tendstoOasm ¥ 1.



CHAPTER 9

Complements, counterexamples, and conjectures

9.1. A topological Gabriel theorem

In this section, we prove the following analogues of Gabriel’s reconstruction theo-
rem.

Notation 9.1.1. Given a scheme X and a ring A that is either a finite field, a fi-
nite extension of Z- for some prime ¢ (not necessarily invertible on X), or some field
Q- A Q. we write Cx.a for the category of constructible étale A-modules. For
Q--subfields of Q., we take the definition as in [Gro77, Exposé VI, 1.5.3].

Given a field K, call a K-scheme X recognizable if K and X satisfy conditions (1),
(2), or (3) of (1.3.1). The main result of this section is the following.

Theorem 9.1.2. Fixaring A asin (9.1.1).

(i) For a scheme X the Zariski topological space j.Xj is determined by the category
CX;A-

(i) Let K and L be fields of characteristic 0 and X, Y, recognizable varieties over K
and L, respectively. Any equivalence Cx.o ¥ G;.a is induced by a unique isomorphism
X ¥ Y of schemes.

The proof occupies the remainder of this section.

9.1.3. Note that by (1.3.1), to prove (9.1.2) it suffices to statement (i). So we fix the
scheme X, and to ease notation write simply C for the category Cx.a in what follows.

Since we can pick out the F--modules from the Z:-modules (using the criterion
that the /-fold sum of the identity map vanishes), to prove (9.1.2), it suffices to prove

it under the assumption that A either F- or a subfield Q- A Q..

Lemma 9.1.4. A constructible A-module M is isomorphic to a sheaf of the form . A
for some . : Speck ¥ X if and only if it is a (non-zero) simple object of C.

Proof. Since M is constructible, its support is a constructible subset of X. If it contains
two closed points x and y, then M contains the proper submodule ¢, My, where ¢+ : « ¥
X 1is the inclusion map. We conclude that ) is supported at a single closed point
x 2 X, so that M =1 M" for some M". Since M is simple, M’ must be a simple vector
space, so it must have dimension 1.

Definition 9.1.5. (i) An object F' 2 Cis irreducible if
(1) for every simple object s 2 C we have dimay Hom(F,s) 1, and
(2) any pair of subobjects F', F*  F have non-zero intersection.
(i1) The support of an irreducible object ' is the set Supp(F') of simple quotients
of F.
(iii) Two irreducible objects F' and F? are equivalent if Supp(F) = Supp(F").

155
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(iv) An irreducible object ' is a partial closure of an irreducible object G if there
are non-zero subobjects F' Fand G' G such that F?is equivalent to G".

(v) An irreducible object F' is closed if any partial closure of /' has the same
support.

(vi) An irreducible object F is a closure of an irreducible object F' if F is a closed
partial closure of F".

We can associate two subsets of X to an irreducible object F': the support of the
sheaf F' and the set Supp(F’) as defined above, which is identified with a subset of X
via Lemma [9.1.4, It is not hard to see that the support of the sheaf I is the Zariski
closure of the set of closed points, which is Supp(F’). We will safely conflate these
supports in what follows.

Lemma 9.1.6. The following hold for irreducible objects.

(1) If Fis a closed irreducible object of C then the support of F' is a closed irre-
ducible subset of X.

(2) The set of irreducible closed subsets of X is in bijection with equivalence classes
of closed irreducible objects of C.

(3) An irreducible closed subset Y X lies in an irreducible closed subset 7 X
if and only if there is a closed irreducible sheaf F* with Supp(F) = Z(k), a
closed irreducible sheaf F* with Supp(£") = Y (k), and a surjection £ ¥ F”,

Proof. If the support of F' is not irreducible then there are two open subsets U,V
Supp(F) such that U \ V = ;. But then (jy)Fy and (jy )/, are two non-zero sub-
sheaves with trivial intersection. Suppose the support of F' is not closed. Consider the
inclusion Supp(F) <¥ Supp(F). Since F' is constructible, there is an open subscheme
U Supp(F) Supp(F). The constant sheaf on Supp(F’) is then a partial closure of F,
since 5 Fjy is equivalent to /A, where j : U ¥ Supp(F) and i : U ¥ Supp(F) are the
natural open immersions.

The second statement follows from the first statement and the fact that constant
sheaves define all irreducible closed subsets.

The last statement follows from the fact that for any surjection F ¥ F° we have
Supp(£")  Supp(F), combined with the fact that, ifi : Y ¥ Z is a closed immersion,
the natural map Az ¥ i Ay is a surjection of irreducible sheaves.

Proposition 9.1.7. The Zariski topological space X is uniquely determined by the
category C.

Proof. It suffices to reconstruct the Zariski topology on the set of closed points X (k).
First note that we can describe the set itself as the set of isomorphism classes of
simple objects of C, by (9.1.4). Given a sheaf F', we can thus describe the support
Supp(F) X (k). By (9.1.6),we can reconstruct the set of irreducible closed subsets
Z  X(k). This suffices to completely determine the topology, since closed subsets are
precisely finite unions of irreducible closed subsets.

This completes the proof of (9.1.2).

Remark 9.1.8. It is natural to wonder if there are topological analogues of Balmer’s
monoidal reconstruction theorem [Bal05], or the theory of Fourier—Mukai transforms.
These ideas will be pursued elsewhere.
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Remark 9.1.9. In the above we work with the standard coefficient rings for étale
sheaves. However, the same argument shows that also holds with other coef-
ficient rings such as Z (so Cx.a) is the category of constructible sheaves of abelian
groups) or Q (defined directly, in contrast with Q-).

9.2. Examples over finite fields

Let K be a locally finite field. The following example shows that, while |Pk Pk
determines K, one cannot recover the field K from the Zariski topology of P%.

Example 9.2.1. Let K, L be locally finite fields. Then
(1) [Pk Pk| [Pt P . K=L.
2) [P%| [PE].
Both assertions are special cases of more general results. Item (2) is essentially

proved in [WK81]; we discuss a more general form of it in (9.3.1) below.
For (1), we show in (9.2.2) that, over any field K, one can recover K™ from |Pj

Pk |. If K is locally finite then K = K™ and we are done.
Note that the finite field case follows already from the simpler (9.2.5).

Theorem 9.2.2. Let K be a perfect field. Then [Pk Pk | determines K, up to isomor-
phism.

We present three methods to extract information from |P§ Pk |.

9.2.3 (Lines in Py  P% and their intersections). Start with K arbitrary. Consider all
irreducible curves ¢ Pk Pk that are disjoint from some other curve C'. These
come in 2 families:

A={Pk fpg:p2PL} and

B:={fqg Pk :q2Pg;.

Given A 2 A corresponding to p and B 2 B corresponding to ¢, we see that
AN\ B = Spec (K(q) « K(p)).

Lemma 9.2.4. Let K be a field and L,/K, L,/ K finite extensions. Write L; « L, =
i21 Ai where the A; are local K-algebras. Then jIj is at most the separable degree of
L,/ K, and equality holds if L, is the normal closure of L, /K.

Proof. If we replace K by a purely inseparable field extension then j/j does not change.
We may thus assume that Lj/ K are separable. Each A; is an L,-algebra, hence deg, A;
is divisible by degy L,. Thus

degx L1 degyx L, =degu (L1 k L2) jIj degg Lo.

If L, is the normal closure of L,/K then every A; = L,, hence we get that jIj =
degx L;.
Corollary 9.2.5. Fix A 2 A corresponding to p 2 PL. Then the separable degree of
K()/K equals max{jA\ Bj : B 2 B}.

In particular, we can determine—using \PlK P1K| only—which A 2 A corresponds
to a purely inseprable point p 2 Pj. .

Proof. The elements of jA\ Bj correspond precisely to the factors of K(p) K(q), where
B="*fqy P.L
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The previous results determine Pk (K insep) as a point set. To go further, we use the
following immediate consquence of (6.2.1)

Lemma 9.2.6. Let C Py Py be an irreducible curve. Then the separable degree of
the projection to the B-factor equals maxaza:aec JC \ A].

9.2.7 (Bidegree in characteristic 0). Let C PL Pk be an irreducible curve. If
char K = 0 then the coordinate projections C ¥ Pj; are separable, hence (9.2.6) tells
us that the bidegree of C' equals

( max jC\ 4j, max j(J\Bj).

A2A;AEC B2B;B&C
In particular, the bidegree is determined by [Pk Pk|.

Since the bidegree determines the linear equivalence class, (1.5.1) shows that

Pk Pik| determines K.

The above argument does not work in positive characteristic, since we do not know
which projections are separable. However, we can tell which projections are purely
inseparable, and this is what we exploit next.

9.2.8 (Determining Aut(Pi )). Here we show how to compute the abstract group struc-
ture of Aut(Pk) from |Py  Pi| if K is perfect. Once the abstract group structure is
known, we use [BT73] to conclude that ‘PlK PlK‘ determines K. This then concludes
the proof of (9.2.2).
Let C denote the set of all curves C P Pk such that both coordinate projections
are purely inseparable. By (9.2.6), the members of C are determined by |P}< PL }
Using the A, B families from (9.2.3), any such C determines a bijection

oc.A Y B.
Fix now one such curve Cj, giving 0. Then we get a subset
Ga:=Foyt 0c:02Cg Sa,

which depends only on }P,1< P,1<| and Cp, where S5 denotes the group of permutations
of A.

Computing on Py, Pk we see that G4 is actually a subgroup generated by Aut(Pk)
and the Frobenius F'. (Since K is perfect, negative powers of the Frobenius also make
sense.) Moreover, Ga = Aut(Pk) o Z, so Aut(Py) is the commutator subgroup of G 4.
Thus Aut(Pk) is determined by |Pk  Pk|, and so is K by [BT73].

9.3. Surfaces over locally finite fields

The next result is a mild strengthening of [WKS81].

Theorem 9.3.1. Let S;, S, be smooth, projective surfaces over locally finite fields K
and K,. Assume that every effective divisor on the Sj is ample. Then jS;j  }55].

In view of the assumption on every divisor being ample seems reason-
able. By contrast, we do not know what happens with higher dimensional varieties
over finite or locally finite fields. For example, it is not known whether jP¥ j determines
K, or at least the characteristic.

The proof is given in below; the key property that makes it work is the
following.
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Proposition 9.3.2. Let S be a normal, projective surface over a field £. The following
are equivalent.

(1) % is locally finite and any 2 curves in S have a non-empty intersection.

(2) Let D S be any 1-dimensional, closed subset and P D a 0-dimensional
subset. Then there is an irreducible curve ¢ S such that D\ C = P if and
only if P\ D; & ; for every 1-dimensional, irreducible component D; D.

Proof. If jSj satisfies (2) then £ is locally finite by (7.1.10). Applying (2) to an irre-
ducible curve D S and P = ; shows that every irreducible curve C S has
nonempty intersection with D.

For the converse we follow [WK81]. First we blow up P and normalize to get S; ¥
S. Repeatedly blowing up points over P we get S, ¥ S such that the intersection
matrix of D, Sy (the birational transform of D) is negative definite. By [Art62],
D, Sy can be contracted to get 7 : S, ¥ T. By [CP16], there is an irreducible
hypersurface section Ct T that is disjoint from 7(D,). Let C S be its birational
transform.

9.4. Real Zariski topology

Let X be an algebraic variety over a real closed field R. It is then natural to con-
sider its real Zariski topology—denoted by jX;jr—which is the topology induced on
the set of R-points by the Zariski topology on jXj; see for the precise definition.

It turns out that, over countable, real closed fields, the dimension is the only topo-
logical invariant. This applies to R = Q \ R, but we do not know what happens over
R.

Theorem 9.4.1. Let X, X, be irreducible, quasi-projective varieties over countable,
real closed fields R; and R,. Assume that they both have smooth real points. Then
1XiJr, 1 X2Jr, If and only if dim X; = dim X,.

The proof is completed in (9.5.8).

Definition 9.4.2 (Real Zariski topology). Let X be an algebraic variety defined over
R and X (R) its set of real points. We then get the real Zariski topology on X (R), whose
closed subsets are of the form W (R), where W X is a closed subset. We denote this
topological space by jXjr.

Note that, unlike in the complex case, X(R) does not determine X. For example if
X =@+ +22=0) A" then jXjr consists of a single point. More generally, if
X A" has no smooth real points, then X (R) = (Sing X)(R), so, X(R) does not even
detect the dimension of X. However, if X A" is irreducible and has smooth real
points, then X(R) R" uniquely determines X.

Let X be an algebraic variety defined over R. If X has a smooth real point, then the
underlying set of jXjr is X(R) and the irreducible subsets are given as W (R), where
W X is an irreducible closed subset that has a smooth real point.

More Igeﬂerally, one can work with any real closed field R, and its algebraic closure
C := R( 1). We denote the real Zariski topology associated to an irreducible R-
variety X by jXjr. Adopting a more scheme-theoretic view point, we can view jXjr as
a subset of j Xj

iXjr == {Z 2 jXj : Z has smooth R-points.}.
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The key property that makes (9.4.1) work is the following analog of (9.3.2).

Lemma 9.4.3. Let R be a real closed field, Y an irreducible R-variety that has smooth
real points, and U,V (Y closed subsets. Assume thatdimU dimY 2.

Then there is an irreducible R-subvariety Y; Y of codimension 1 such thatU  Yj,
VA\Y; =V \U and Y; has a smooth real point.

Proof. We may assume that Y is affine. Let fg; : i 2 Ig be defining equations for U
(over C). Pick a smooth point y 2 Y n (U [ V) and let fh; : j 2 Jg be polynomials such
that hjjy 1 and y is an isolated smooth point of (h; = 0: j 2 J). Let g be a general
positive linear combination )~ ¢ijgfh;. Then Y1 := (g = 0) works.

9.5. Countable Noetherian topologies

Here we prove (9.3.1) and (9.4.1) using only basic properties of Noetherian topolo-

gies and the key properties proved in (9.3.2) and (9.4.3).
The proofs rely on the observation that, if every closed subset is a complete inter-

section, then the Zariski topology carries relatively little information.

Definition 9.5.1 (Noetherian topology). We consider topological spaces M consisting
of an underlying point set jMj, and the set of closed, irreducible subsets Irr(M)  2Mi,
We assume the following.

(1) Every closed subsets is a finite union of irreducibles, and minimal unions are
unique (up to order).

(2) Krull dimension is a dimension function dim : Irr(M) ¥ Z. That is, if Z; ( Z;
are irreducible and there is no irreducible subset satisfying 71 ( Z3 ( 25,
then dim Z, = dim Z; + 1. The dimension function is unique if we set dim; ;=

1.

These conditions are satisfied by the underlying Zariski topology of an algebraic vari-
ety.

Given a subset I  lrr(M), let L(J) be the lattice generated by the subvareties
fZ; . i 2 Ig, that is, we repeatedly take intersections, irreducibe decompositions and
finite unions. We write L(M) for L(Irr(M)). Note that L (M) determines M.

Definition 9.5.2 (Complete intersection properties). Let M = (ij, Irr(M )) be a topo-
logical space satisfying the conditions of (9.5.1). We say that M satisfies the complete
intersection property if the following holds.

(1) Let U,V ( M be closed subsets and dimU < d < dim M. Then there is an
irreducible Z M of dimension d suchthat U Zand V\Z =V \U.

We saw in (9.4.3) that this is satisfied by the real Zariski topology.
We say that M satisfies the postive complete intersection property if the following
holds.

(2) Let V. ( M be closed subset and U  V a finite subset. Then there is an
irreducible curve C M such that U C and V \ C = U if and only if every
positive dimensional irreducible component of IV has nonempty intersection
with U.

Applying this to an irreducible V' (. M and U = ; shows that every irreducible
curve C M has nonempty intersection with V. In particular, if jX| satisfies (2)
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then dimX 2. We do not know how to formulate a meaningful variant of (2) for
dimension 3.

We saw in that (2) is satisfied by the Zariski topology of a normal, projective
surface over a locally finite field if every effective divisor is ample.

The abstract homeomorphism results that underly (9.3.1) and (9.4.1) are the fol-
lowing.
Proposition 9.5.3. Two countable, irreducible, topological spaces satisfying and
(9.5.2 (1)) are homeomorphic if and only if they have the same dimension.

Proposition 9.5.4. Any two countable, irreducible, 2-dimensional topological spaces
satisfying (9.5.1) and|(9.5.2 (2))|are homeomorphic to each other.

By the see-saw argument (9.5.6), both of these are implied by the following.

Lemma 9.5.5. Let My, M, be an irreducible, topological spaces satisfying and
[(9.5.2(1))| or |(9.5.2(2)). Let I J  Irr(M;) be finite subsets. Then every dimension
preserving latice embedding ¢, : L(I) <@ L(M,) extends to a dimension preserving
lattice embedding ¢; : L(J) <X L(M5).

Proof. It is enough to prove this when L(J) is obtained from L(/) by adjoining a min-
imal element of L(J) n L(I). That is, an irreducible subset 7, X such that, for every
12 1,either Zy Zjor Ziy \ Zy 2 L(I).

If Zy Zj for some i, then we can replace the M; by jZij and conclude by induction.
Otherwise we are looking for W, M, such that dim W, = dim Z; and

Wo\ Liziv(Zi) = ¢(Liz21(Zo \ Z)).

If the M; satisfy then the existence of such W, follows from the definition.

If the M; satisfy then Z, has nonempty intersection with every positive
dimensional irreducible component of [z Zi, hence go([i2|(Zo \ Zi)) has nonempty
intersection with every positive dimensional irreducible component of [i2;©(Zi). Thus
Wy exists by definition.

Lemma 9.5.6 (See-saw isomorphism). Two countable, abstract algebras A, B are iso-
morphic if the following hold.

(1) For any 2 finitely generated subalgebras A; A, A, every embedding ¢; :
A; <1 B extends to an embedding ¢, : A, <Y B.

(2) For any 2 finitely generated subalgebras B;, B, B, every embedding v :
B; <@ A extends to an embedding ¢, : B, <1 A.

Proof. Choose well-orderings A = fay,a,,...9 and B = fby, b,,...q. We start with the
isomorphism Ay, = h;i = By. Assume next that we already have subalgebras and an
isomorphism ¢; : Aj = B;. If i is even, choose the smallest @' 2 A n A; and extend y;
to @i+1 : N4, a'i <¥ B. If i is odd, choose the smallest i’ 2 B n B; and extend ¢; * to
@i ThBy, i< A,

Remark 9.5.7. The assumption of countability seems essential here. For example, by
the Baer-Specker theorem, Z" is not free, but every countable subgroup of it is free.
(This does not follow directly from (9.5.6). However, we can add a unary operation
prim() that sends u 2 ZN to the smallest u/m 2 ZN where m 2 N.)
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9.5.8 (Proof of (9.3.1) and (9.4.1)). In both cases, the topologies satisfy In view
of (9.5.3) and it remains to verify the following.

The jSij in (9.3.1) satisfy the condition[(9.5.2(2))

The jXjr in (9.4.1) satisfies the condition|(9.5.2 (1))
As we already noted in (9.5.2),((9.5.2(2)) is a restatement of [(9.3.2(2)) and [(9.5.2 (1))|
holds by (9.4.3).

9.6. Affine schemes in general

An abstract characterization of spectra of commutative rings is given in [Hoc69].
Theorem 9.6.1. A topological space M is homeomorphic to j Spec Aj for some commu-
tative ring A if and only if M is Ty, quasi-compact, the quasi-compact open subsets
are closed under finite intersection and form an open basis, and every nonempty irre-
ducible closed subset has a generic point.

Moreover, for every M there are many such rings A.

As a special case one obtains that for every quasi-projective variety X, there are
many commutative rings A such that jSpec Aj  jX]. If X is not affine, then these
rings are necessarily very far from being finitely generated.

9.7. Conjectures

More general form of (1.3.1)
It is possible that with more work the methods used here can be extended to
weaken the normality assumption in (1.3.1):

Question 9.7.1. Let K, L be fields and X, Y| seminormal, geometrically irreducible
varieties over K (resp. L). Let : jXk]j jYLj be a homeomorphism. Assume that
charL = 0 and dimX; 2. Then does the conclusion of hold? That is, is
the composite of a field isomorphism ¢ : K = L and an algebraic isomorphism of
L-varieties X;, =Y.

Positive characteristic
As the following examples show (1.3.1) is false as stated in positive characteristic.
Example 9.7.2. Let E be an elliptic curve over a field k of characteristic p > 0. Then
the morphism
Feew Wd:E (E Y E® E
is a homeomorphism which is not induced by an isomorphism of schemes
E (EYE® E

Indeed, such an isomorphism would have to respect the product structure, implying
that £ = E® over k. So we get examples of non-algebraizable homeomorphisms by
choosing E such that E is not isomorphic to E® over k.

Example 9.7.3. For the second example, we assume that & has characteristic at least
5. Given a homogeneous polynomial f(z, y, 2) of degree p,let D  P? denote the divisor
given by the equation w® f(z,y, z). The projection map

(z,y,z,w) B (z,y,2): P23 99K P?
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defines a morphism 7 : Df ¥ P? which realizes Ds as obtained from the p-th root
construction

D = Specg , O o( 1) o( p+1),

with the multiplication structure defined by the inclusion O( p) ¥ O associated to
the divisor f(z,y,z) = 0. In particular, Ds is finite flat over P?. Since a general such
polynomial f (for example, f(z,y,2) = 2P y+yP w+wP z)has a finite set of critical
points, we see that for such f the scheme Ds is a normal surface. By adjunction, we
have that Kp, = Op,(p  3) is big. We will write X¢ ¥ D¢ for a minimal resolution of
X¢; the preceding considerations show that Xt is a smooth surface of general type.

Since 7 is purely inseparable, the map 7 is a homeomorphism, but not an isomor-
phism, as Ds is not smooth. This gives counterexamples to (1.3.1) in positive charac-
teristic.

Note that the example described here comes from a purely inseparable homeo-
morphism X ¥ P. In particular, X and P have isomorphic perfections. This leads
naturally to the following question:

Question 9.7.4. Suppose X and Y are proper normal varieties of dimension at least
2 over uncountable algebraically closed fields with perfections X?f and Y?*f, Is the
map

Isom(XPe, YPert) B 1som(jXj,jY]))

a bijection?

In the spirit of Grothendieck and Voevodsky, it is also natural to ask the following
question.

Question 9.7.5. Is the perfection of a normal scheme of positive dimension over an
uncountable algebraically closed field uniquely determined by its proétale topos?

Noether-Lefschetz theorem over countable fields
The following is probably old, [Ter85] attributes a version of it to T. Shioda.

Conjecture 9.7.6. Let & be a field that is not locally finite, X a normal projective k-
variety of dimension 3 and H an ample Cartier divisor. Then, for m 1 and for
‘most’ k-divisors D 2 jmHj(k), the restriction maps

Pic(X) ¥ Pic(D) and CI(X) ¥ CI(D) areisomorphisms.

The traditional statement of the Noether-Lefschetz theorem says that the con-
clusion holds outside a countable union of proper, closed subvarieties of jmHj; see
[Gro05] for the Picard group and [RS06,RS09,Ji21] for the class group. This gives
a positive answer to the conjecture whenever k is uncountable. Using the ideas of
[And96, MP12, Amb18, Chr18], this implies the claim for all algebraically closed
fields, save the locally finite ones, see [J121, Sec.4.2]. See also [Ter85] for similar
results over Q for complete intersections in P".

Independence of intersection points

To start with an example, let E  P? be an elliptic curve, and .  P? a very general
line intersecting F at 3 points p1, p,, p3. Let [H] 2 Pic(E) denote the hyperplane class.
One can see that mip; + mop, + maps  nH holds only for m; = my = mz = n. This is
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easy over C, gets quite a bit harder over Q if we want the line to be also defined over
Q. The following conjecture says that a similar claim holds for all smooth curves.

Conjecture 9.7.7. Let k£ be a field that is not locally finite. Let C' be a smooth, pro-
jective curve of genus 1 over k and L a very ample line bundle on C'. For a section
s 2 HO(C, L) write fpi(s) : i 2 Ig (resp. fp;(s) : i 2 Ig) for the closed points (resp.
k-points) of (s = 0). Then, for ‘most’ sections, we have injections

(1) i21Z[pi(s)] <X Pic(C) (weak form),

(2)  i57Z[pi(s)] <¥ Pic(Cy) (strong form).

It is not clear what ‘most’ should mean. It is possible that this holds outside a

field-locally thin set (8.4.1), but some heuristics suggest otherwise.

Proof for k£ = C. The following argument was explained to us by C. Voisin.
Let C be a smooth, projective curve over C, A ( Pic (C) an algebraic subgroup and
Pic(C) a countable subgroup.
Let L be a line bundle of degree don C. Let Z C jLj be the universal hypersur-
face, U jLj the open subset parametrizing members that consist of d distinct points

and ZL(Jd) ¥ U the universal family of members in U plus an ordering of the d points.
If d > 2g then Zl(Jd) is irreducible by 1' below.

For integers ni,...,nq,m (where m & 0 and not all the n; are 0) and v 2 , let
Z(n,m,7) Zl(Jd) denote the set of those points that satisfy
(9.7.7.1) m(’y Zn,[p,]) 2 A

We aim to prove that the union of all the Z(n, m, ) does not cover Zf,d). Each Z(n,m,~)
is closed and there are countably many of them. Thus their union covers Zlf,d) if
and only if Z(n,m,~) = Zl(Jd) for some (n,m,v). That is, (9.7.7.1) holds for every

(p1,...,pq) 2 ZL(,d). By , this means that holds for every permutation of
the p1, ..., py. The permutation representation of Sy on QY is the sum of two irreducible
subrepresentations; the diagonal and its complement. Thus either n; = = ngq (what
we want) or

(9.7.7.2) mn([pl] [pz]) 2A+my 8p,pp2C.

Now p; = p; gives that m~ 2 A hence

(9.7.7.3) mn([pl] [pg]) 2 A 8p,p2C.

The [p1] [p2] generate Pic (C), hence we get that Pic (C)/A is torsion, a contradiction.

Claim 9.7.8. In the above setting, the monodromy group of Zy ¥ U is the full sym-
metric group for d > 2g.

Proof. We show that the monodromy group is 2-transitive and contains a transposi-
tion. Then it contains all transpositions, and these generate the symmetric group. For
2-transitivity we need to show the irreducibility of Z,  S?C  jLj consisting of all
(p+q L) :p+q L.Since HY(C,L( p ¢)) =0, Z, is a P™-bundle over S°C with
m=d 2+1 g.Finally we get a transposition by looking at the deformation of a
section with a double zero.
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For the proof of (8.7.5) we would need the following stronger variant. If true, it
would allow us to prove (1.3.1) for 3-folds as well.

Conjecture 9.7.9. Using the notation of (9.7.7), let A ( Pic (C) be an Abelian subva-
riety and Pic(C) a finitely generated subgroup that contains [L]. Then, for ‘most’
sections, we have injections

i21Z[pi()]/>ioi [pi(s)] <X Pic(C)/hA(k), i (weak form),
i1 Z[0i()1/ > ioilmi(s)] < Pic(Cy) /hA(k), i (strong form).
Sections with few zeros

The next 2 conjectures posit that, for ‘most’ ample line bundles, every section has
many Zzeros.

Conjecture 9.7.10. Let K be an algebraically closed field other than F,. Let C be a
smooth, projective curve over K. Then, for ‘most’ ample line bundles L, every section of
L™ has at least ¢g(C) zeros for every m 1.

Line bundles of degree d that have a section with fewer than ¢ zeros form a closed
subset of dimension ¢ 1 of Pic?(C) obtained as the image of the maps

Pm:C9 T 1 Pic!(C) givenby (ci,....cq 1) B Oc (X milail),
where m := (myq,...,mg 1) such that Y m; = d. Thus (9.7.10) is true if K is uncount-
8.10.9

able. The most interesting open case is probably Q. By ( ), there is a curve C' and
a line bundle L over Q, such that every section of L™ has at least 2 zeros for every
m 1.

We prove the nodal rational curve cases of (9.7.10) in (8.10.8).

Thinking of the curve C' as a subvariety of its Jacobian leads to the following
stronger form.

Conjecture 9.7.11. Let K be an algebraically closed field other than F,. Let A be an
Abelian variety over K and Z; A subvarieties such that ), dim Z; < dim A. Then, for
‘most’ p 2 A(K), the equation

nlp] = > milzi] n,mi 2 Z, 2 2 Zi(K),
has only the trivial solution n = m; = 0.
Next we give an example with only one Z; where this holds.

Example 9.7.12. Let k& be any field. Assume that A = B F where B is a simple
Abelian variety, ' an elliptic curve, and we have only one 7 = 7; A of dimension
dimA 2. Assume also that Z does not contain any translate of F.

Let 7 : A ¥ B be the coordinate projection. If p 2 E(k),z 2 Z(k) and n[p] = m|z],
then m[r(z)] = 0, that is, 7(z) is a torsion point in 7(7). By [Zha98] there are only
finitely many such, so there are only finitely many fz; 2 Z : j 2 Jg for which there is
an m; > 0 such that m;[z] 2 E.

Thus if p 2 E(k) then n[p] = m[z] has a nontrivial solution if and only if p is in the
saturation of mj[z;] for some j 2 J.

If rankg E(k) 2, then finitely many subgroups of Q-rank 1 do not cover E(k).

To get such Jacobian examples, fix an elliptic curve £ over Q and let C be a suffi-
ciently general member of a very ample linear system on £ P!. Then, by [Koc18, 1.6],
Jac(C) is isogeneous to the product of £ and of a simple Abelian variety B.







CHAPTER 10
Appendix

In this appendix we collect various results that do not fit neatly within the main
part of the exposition.

10.1. Bertini-type theorems

Here we collect various Bertini-type theorems. The basic Bertini theorem says that
if X P"is an irreducible variety of dimension 2 over an algebraically closed field
and H P"is a general hyperplane, then X \ H is irreducible and smooth outside
Sing X. There are many similar Bertini-type theorems saying that if X has a property
P, then a general member of a linear system also has property P.

We start with the geometric versions and then discuss some variants that explore
the difference between irreducibility and geometric irreducibility.

Definition 10.1.1. Fix an algebraically closed field K. Let X be a quasi-projective K-
variety and jH;j finite dimensional (possibly incomplete) linear systems on X. Assume
that X satisfies a property P. We say that P is inherited by general complete jHjj-
intersections if there is an open, dense subset U [[;jHij such thatif (Dy,..., D)2 U
then 7 := D;\  \ D, also satisfies P.

We, of course, need to assume that the jH;j are reasonably large. The following
assumptions are close to optimal in most cases.
Theorem 10.1.2 (Bertini smoothness theorem). Let X be a quasi-projective variety
over an algebraically closed field K and jH;j finite dimensional (possibly incomplete)
linear systems on X. Assume that

(1) either char K = 0 and the jHjj are basepoint-free,
(2) or the jHjj are very ample.

The following properties are inherited by general complete jHjj-intersections
(3) smooth,

(4) Serre’s condition Sy,
(5) normal.

Proof. This follows from [FOV99, 3.4.9 and 3.4.13a]. Alternatively, these are proved
in [Har77, 11.8.18, I11.10.9] and [Jou83], but for statements (4) and (5) one needs
to use that a general hypersurface section of an S, scheme is also S;; see [Gro60,
Iv.12.1.6].
Applying this to subvarieties, we get the following.

Corollary 10.1.3. Assume that K, X and the jH;j are as in (10.1.2). Let W; X be
a finite set of locally closed subvarieties. Then for a general, complete jHjj-intersection
Z:=Di\ \ D, we have

167
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(1) codim(Z \ Wj, Z) = codim(W¥j, X) or the intersection is empty.
(2) If the Wj are smooth, then so are Z \ I}j.

(3) If the Wj are S, then so are Z \ V.

(4) If the Wj; are normal, then so are Z \ V.

In many applications, we need complete intersections that are special in some
respects but general in some others. Here we deal with local conditions.

10.1.4. A set LC of local conditions consists of finitely many (not necessarily closed)
points p; 2 X with maximal ideals m;  Q);;x, natural numbers n;; and gjs, ..., gjr 2
Opj;x'

~ We always assume that none of the p; are generic points of X, and p; 2 pj for i & j.
The base locus of LC is B(LC) := [j5 X.

We say that a divisor D; satisfies LC if gji is a local equation for D; at pj, modulo
m;"'" for every j. (Thus if nj; = 0 then no condition is imposed on D; at pj.)

For example, if gji(pj) & 0 and nj; 1 then this just says that p; 2 D;. If gji 2 m;
and nj; 1then we get that pj  Dj. If pj is a smooth point, gj; 2 mj nmZ, and nj; 2
then D; is generically smooth along pj.

Given a linear system jHij, the set of D; 2 jH;j that satisfy LC form an open subset
of a linear subspace of jHjj; we denote the latter by jH;, LCj.

We say that D;\  \ D, satisfies LC if every D; satisfies LC. Such intersections are
parametrized by an open, dense subset of [[;jH;, LCj, which is a product of projective
spaces (but may be empty).

The following combines the local conditions with ((10.1.2) (2)—(5)). We assume for
simplicity that X is projective, so the complete linear systems jm; Hjj are finite dimen-
sional.

Corollary 10.1.5. Let X be a projective variety over an algebraically closed field K
and H; ample divisors on X. Let LC be a set of local conditions with base locus B =
B(LC). Then, for d; 1, the restrictions

JdiH;, LCjjxnB(LC)

are very ample. In particular, if X n B is smooth (resp. normal) then (D1 \ \D,)nB
is also smooth (resp. normal) for general (Dy, ..., Dy) 2 [[;jdiHi, LCj.

Remark 10.1.6. Note that per our conventions in (1.7.2), the linear systems jd; [
are complete but the restrictions may be incomplete. Also, if the codimension of B is

r+1,then D;\ \ Dy isthe closure of (D;\ \D,)nB. Inthesecases D;\ \D;
is a true complete intersection.

10.1.7 (General fields). Assume now that X and the other data are defined over a
field k. Applying over its algebraic closure, we get U [, jdiHi, LCj, and the
k-points of U correspond to complete intersections defined over k with the desired
properties. Since U is an open subset of a rational variety this implies that the k-
points are dense if k is infinite and we get the above results also over such fields.
If %k is finite, however, then a dense open subset of P" may be disjoint from P"(k).
Nonetheless, the results of [Poo08,CP16] say that the open sets U above should have
many k-points as d; grows, though not all cases have been worked out.

Our proofs have other problems with finite fields, so we will be able to make only
very limited use of these cases.
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Next we discuss a Bertini-type irreducibilty theorem over infinite fields. The key
point is to understand the relationship between irreducibility and geometric irre-
ducibility. We use mainly (10.1.16), which does not seem to be treated in the standard
reference books, so we give details.

Lemma 10.1.8. Let K/k be a normal, algebraic field extension with Galois group G =
Aut(K/k). Let X be a k-scheme of finite type.

(1) Z @ red(Zk) provides a one-to-one correspondence between
(a) closed subsets of X, and
(b) closed, G-invariant subsets of Xk.

(2) Z is irreducible if and only if G acts transitively on the set of irreducible com-
ponents of Z.

(3) Assume that X is irreducible and let X Xk be an irreducible component.
If Zk \ XL is irreducible then Z is irreducible.

Proof. The first 2 claims are clear. Let fX}, Xk :i 21 g be the irreducible compo-
nents. Since X is irreducible, G acts transitively on the Xy . Thus it also acts transi-
tively on the Zx \ X . Thus (2) implies (3) since Zx = Li(Zk \ Xk).

Lemma 10.1.9. Let X be a normal scheme over a field & and K/k a finite field exten-
sion. Then every connected component of X is irreducible.

Proof. If k is perfect then Xk is also normal and the claim is clear. The general case
needs more work, see [Stal5, Tag 0BQ1].

Lemma 10.1.10. Let X be an irreducible scheme over a field k. Assume that X has a
normal k-point zo. Then X is geometrically irreducible.

Proof. Let K/k a finite, normal field extension and X, Xk the irreducible compo-
nents. Since X is irreducible, the Galois group Gal(k/k) acts transitively on the X\ by
[(10.1.8(1) ()l

By (10.1.9), zo is contained in a unique irreducible component of X, call it Xk.
Since zo is a k-point, every Galois conjugate of XL also contains zp. So X} is the
unique irreducible component of X.

Lemma 10.1.11. Letp: Y ¥ S be amorphism of irreducible k-schemes of finite type.
Assume that there is a section ¢ : S ¥ Y such that Y is normal at the generic point of
c(S). Then there is a dense, open S S such that all fibers over S are geometrically
irreducible.

Proof. The generic fiber is irreducible and the generic point of ¢(S) is a normal k(S)-
point on it. Thus the generic fiber is geometrically irreducible by (10.1.10). The rest
follows from [Stal5, Tag 0559].

Lemma 10.1.12. Let X be an irreducible k-variety of dimension 2andjH] = jH;, Hjj
a mobile, linear pencil with base locus B = H; \ H,. Assume that there is a point
x 2 B(k) that is smooth both on B and X. Then all but finitely many members of jHj,
are irreducible.

Proof. Let 7 : X ¥ X denote the blow-up of B. The birational transform of jj defines
a morphism p : X ¥ P! Note that 7 1(p) = P! gives a section of p. The rest follows
from (10.1.11).
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Lemma 10.1.13. Let K be an algebraically closed field, S an irreducible K-surface
and p : S ¥ P? a finite morphism. Then there is a dense, open subset U  P? in the
dual projective space such that p (L) S is irreducible for every [L] 2 U.

Proof. See [Jou83, 6.10.3].

Theorem 10.1.14 (Bertini irreducibility theorem I). Let K be an algebraically closed
field, X anirreducible K-variety and jH] a finite dimensional, mobile, (possibly incom-
plete) linear system such that the image X 99K jHj— has dimension 2. Then there is
a dense, opensubset U jHjsuchthat H X isirreducible for [H ]2 U.

Proof. It is enough to show that H X is irreducible for a dense set. For a dense set
of linear projections jHj- 99K P2, the composite map X 99K P? is dominant. Let X' be
the normalization of the graph of X 99K P2 and ' : X* ¥ Sandp: S ¥ P? the Stein
factorization. By (10.1.13) p (L) S is irreducible for a general line L  P?, and so

isp’ Y(p H(L)).
Theorem 10.1.15 (Bertini irreducibility theorem II). Let £ be an infinite field, X an
irreducible k-variety and jHj a finite dimensional, mobile, (possibly incomplete) linear

system such that the image X 99K jHj— has dimension 2. Then there is a dense, open
subset U jHjsuchthat H X isirreducible for [H ] 2 U(k).

Proof. As in (10.1.14), we can reduce to the case when S is an irreducible k-surface,
p: S ¥ P? a finite morphism and jHj is the pull-back of jO-2(1)j. Let K k& be an
algebraic closure.

Let fS}, Sk : i 2 Ig be the irreducible components and p' : Sk ¥ P? the re-
striction of pk. For each i we have a dense, open subset U'  P? as in (10.1.13); set
U :=\iU'. If [L] 2 U(k) then p (L) is irreducible by ((10.1.8 (1) (b)),

We mostly use the following special case, obtained by combining and
(10.1.5).

Corollary 10.1.16. Let & be an infinite field, X a projective k-variety and H an am-
ple, Cartier divisor on X. Let fZ; X : ¢ 2 Ig be a finite collection of irreducible
subvarieties such that dim Z; 2 foreveryi. Let W X be a closed subscheme.

Then, for m 1, there is a dense, open subset U, jmHj( W), where jmHj( W)
denotes the subspace of jm Hj of divisors containing W scheme-theoretically, such that
forevery [H ] 2 Unw(k) and i 2 I, the following hold.

(1) H \(ZinW) is irreducible.

(2) If Z; is geometrically reduced, thensois H \ (Zin W).

3) H \(Z;™ nW) is smooth, where Z;™  Z; denotes the smooth locus.
Furthermore, if X and W are regular at the generic points of W, then

(4) H isregular at the generic points of V.
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10.2. Complete intersections
In this section we collect various results on complete intersections that we need.

10.2.1 (Complete intersections). Let X be an irreducible variety. A subscheme Z X
of codimension r is a complete intersection (resp. set-theoretic complete intersection)
if there are effective Cartier divisors Dq,..., D, such that 7 = D; \  \ D, scheme
theoretically (resp. Supp Z = Supp(D1:\  \ D))).

If the D; are ample, we call Z an ample (set-theoretic) complete intersection, usually
abbreviated as ample-ci resp. ample-sci.

If H is a Cartier divisor and D; 2 jm;H]j for every i, then we say that Z is a complete
H-intersection. We usually abbreviate this as H-ci, and the set-theoretic version as
H-sci.

If Z and the D; are furthermore irreducible then we say that 7 is a irreducible-sci
or isci. For us H-isci subvarieties are especially useful.

Ample complete intersections inherit many properties of a variety, but the strongest
results are for general complete intersections; that is, when the D; 2 jm;H] are suffi-
ciently general.

10.2.2 (Connectedness). Let Z be a scheme. Connectedness and irreducibility of Z
depends only on the topological space jZj, but geometric connectedness and geometric
irreducibility can not be determined using jZj only.

We frequently need to guarantee that certain schemes are geometrically connected.
The next criterion can be proved by repeatedly using [Har77, I1.7.8]; see also [Har62].

Claim 10.2.3. Let X be a normal, projective, geometrically irreducible variety and
Z X apositive dimensional, ample-sci. Then Z is geometrically connected.

Note that a proper k-scheme Y is égometrically connected iff H°(Y, Oy) is a local,
Artin k-algebra such that H°(Y,Oy) / 0 is a purely inseparable field extension of .
We can thus restate (10.2.3) as follows.

Claim 10.2.4. Let X be a normal, projective, geometrically irreducible variety and Z
X a positive dimensional, reduced, ample-sci. Then k[Z]/k[X] is purely inseparable.

We also use the following variant of the Lefschetz hyperplane theorem, essen-
tially due to [Nér52b]. For the Picard variety, this is proved in [Gro05]. For normal
varieties in characteristic 0, the class group version is proved in [RS06, RS09]. For
positive characteristic see [JJi21, Prop.3.1].

Theorem 10.2.5. Let X be a geometrically normal, projective variety and jHj an am-
ple linear system on X. Let 7 X be a normal, 2 dimensional, general complete
H-intersection. Then the restriction map

CI(X) ¥ Cl(2)
IS injective.
10.2.6 (Disjointness of conjugates). Let K/k be a finite separable field extension, let
Vk be a k-vector space of dimension n and let Wy be a k-vector space of dimension r.
Denote by Vk and Wi their scalar extensions to K. Fix also a an algebraic closure

k <@ k of k. The space
H = HomK(VK,WK)
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has a natural structure of a k-scheme H. Its functor of points sends a k-algebra R to
the set of K ¢ R-linear maps

Vw kR Y Wk «R.

In particular, since K/k is separable we have

(10.2.6.1) Hk) = ] Home(Vi, W),
K,k
where the product is taken over embeddings o : K <X k over k.
Let
A2 H(]{?) = HomK(VK, WK)
be a map over K, and for an embedding o : K <¥ £k let
A 2 Hom(Vi, W))

be the map induced by scalar extension along o. So under the identification (10.2.6.1)
the image of A under the map

H(k) ¥ H(k)
is the vector of maps (A ) .k k. For A2 H(k) and o : K <X £k let La; Vi denote the
kernel of A . If A is surjective then La. has codimension r in V.

Claim 10.2.7. There exists a nonempty Zariski open subset U  H such that for any
k-point A 2 U(k) and distinct embeddings

01,02 . KXk
the codimension of La. , \ La. , in V, is equal to minf2r, ng.

Proof. We first reduce to the critical case when n = 2r. Consider an inclusion of k-
vector spaces

(10.2.7.1) Vi <X Vio

and let H’ be the k-scheme of maps V}% ¥ Wy. Restriction defines a smooth surjective
morphism of k-schemes

m:H ¥ H.
In fact, a splitting of identifies H' with a product of H with a smooth affine
scheme.

If n < 2r, choose an injection of Vi into Vj¢ of dimension 2r. Assuming the case
n = 2r we then get a dense open subset U' H' such that for A' 2 U'(k) and two
embeddings o1, 0, we have

0=7La: ,\La:, V.
It follows that if U := 7(U") H then for A 2 U(k) we also have La. , \ La. , = 0 as
asserted in the claim. This reduces the proof to the case n  2r.

Next consider the case when n > 2r and choose a subspace V] Vi of dimension
2r. Then as in the preceding paragraph we get the scheme of maps H’ for 1! and a
smooth surjection

T:H ¥ H.
Again assuming the case n = 2 we then get an open subset U H' with the desired
properties. Let U  H be the preimage of U'. Then for A 2 U(k) we have

LA; 1\LA; 2\‘/;(0:0,
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which implies that the codimension of La. , \ La. , in Vk is at least 2r. Since this is
also the maximum possible codimension this gives the claim for n > 2r.

So to complete the proof of the claim it suffices to consider the case n = 2r. Let
K"k be the Galois closure of 01(K) & so that o, and o, differ by an automorphism
o of K'. Let H' be the scheme of maps defined using K" instead of K. For a k-algebra
R and R-point A 2 H'(R) corresponding a K' | R-linear map

VKO k R ! WKO k R
we can consider the associated twist A obtained by postcomposing with the automor-
phism

WKO k R ! WKO Kk R
obtained by applying ¢ to K'. Taking the determinant of the induced map

(A,A ) Ve kR Y (WKO WKO) k R

we obtain an element of K' | R, well-defined up to units. If R is furthermore a K°-
algebra then composing with the induced map K' (R ¥ R we obtain an element
of R. The locus where this element is zero is an open subset UL,  Hk,, where Hyo
denotes the base change of H from & to K*. Let UL,  Hl. denote the intersection of

the Galois conjugates of Ul,. Then U, is Gi-invariant and therefore descends to
an open subset U’ H'. A point A 2 H'(k) lies in U’ if and only if for every embedding
A : K" ¥ k we have (here we write L instead of L to emphasize that we are working
with K?)

Ly \L) =0.
Scalar extension from K to K° defines an inclusion
itHH.

To complete the proof of the claim it suffices to show that U :=i (U") is nonempty.

Choose bases Vi ” k? and W, ~ k", and let A,C 2 Mat, (k) be matrices over k
and set B = aC for a 2 K a primitive element for K/k (which exists since K/k is
separable). Then the map

(A,B): K" ¥ K"
defines an element of H(k) which lies in U. Indeed if A : K <¥ k is an embedding then
the induced map
er | kZI’

given by the two embeddings A and o\ is given by the matrix
A Ma)C
A oXa)C |-
By row reduction the determinant of this matrix is the same as the determinant of

(A AMa)C )
0 o) Mw)C

whichis (cA\(«) A(«))" det Adet C. This is nonzero since « is a primitive element.

The scheme H can be viewed as the Weil restriction, denoted R (), from K to k of
the scheme of maps Vk ¥ Wk over K; see [BLR90, Sec. 7.6]. We can thus globalize
(10.2.7) first to projective spaces and then to their subvarieties as follows.
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Claim 10.2.8. Let X be a k-variety of pure dimension n and jM,j, ..., jM,j basepoint-
free linear systems. Let K /k be a finite, separable field extension. Then there is a dense,
Zariski open subset
U REIM™ RIS M,
such that, if (D4,...,D,) 2 U, then
codim (D;*\ \D,*\ D2\ \D,?2) =minf2r,n+1g,
for all pairs of distinct d distinct k-embeddings 01,0, : K <¥ k.

Proof. For any variety V over K, R-points of (Rf V) for a ring R containing k are the
same thing as R | K-points of V. Because R | K is isomorphic to RX*, with the
factors indexed by embeddings o : K ¥ k, (Rf V) is VIKK with the factors indexed
by embeddings o. The projection onto the o’th factor arises from the map of rings
R K ¥ Rthatis the identity on R and o composed with the map KX ¥ Ron K.

Given a k-point of R V, base-changed to a k-point of (Rf V), the projection onto
the oth factor is given by the embedding o.

Applying this to V' = jM;j¥?", we obtain an isomorphism

. . . . . . . . k
(R:(( lejvar REJMrJvar)E ¥ (]Mlj%ar JMrjvar>[EK ] .

Let U’ be the open subset of (jM:j2" erj"ar)[EK:k]
D;. indexed by i from 1 to r and ¢ : K ¥ k such that for all distinct pairs 01,0, : K ¥
K we have

consisting of tuples of divisors

codimx (D1 ;N\ \Dr.,\D;,\ \D,)=minf2r,n+1g,

Then U’ is a nonempty Zariski open set.

The action of Gal(k/k) is by permuting the embeddings o : K ¥ k, and so U' is
stable under Gal(k/k), hence descends to an open set U over k.

A k-point lies in U if and only if the associated £’-point lies in U’, which happens if
and only if the codimension condition holds.

Lemma 10.2.9. Let £ be an infinite field and X a normal, projective k-variety of
dimension n > 2r. Let p,q 2 X be closed points such that there are embeddings
ko k() k@™ k.
Then there is an irreducible, »-dimensional k-variety W X such that

(1) p,¢g 2 W and

(2) k(p)/k[W1]is purely inseparable.
Furthermore, if p is a smooth, separable point of X then we can also assume that

(3) p is a smooth point of V.

Proof. Let k' K, k(p)and k& K; k(q) be maximal separable subextensions.
After base change to Kj, we have a degree 1 point p lying over p and a degree =
deg(K,/K,) point g lying over q. Let fog be the set of all k-embeddings o : K, <¥ k.
Thus p and g each have deg(k, : k) conjugates over k£ and these are disjoint from each
other.

Next take a general ample-ci variety IW; Xk, that contains 7 and 3. By
the W, are disjoint from each other. Thus their union Wi, = [ W, descends to a
k-subvariety W X with the required properties.
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10.3. Picard group, class group and Albanese variety

Here we review various results on the Picard group, class group and Albanese vari-
ety that we need elsewhere. For the Picard group and Picard scheme, [Gro62, Lects.V-
VI], [Mum66, Sec.19], [Mum70] or [BLR90] contain proofs; for these we just fix our
notation. Modern references for the class group and Albanese variety are harder to
find; about these we give longer explanations.

We start with a summary of the basic facts about Abelian varieties. A very good
introduction is [MilO8]], more detailed treatments and further results can be found
in [Mum70] or [BL04]. The Abelian varieties that we encounter are either Picard
varieties or Albanese varieties of normal, projective varieties.

10.3.1 (Abelian varieties). Let k£ be a field. An abelian variety over % is a smooth,
proper algebraic group over k. We denote the identity element by ea or 0a. The group
operation is usually written additively since A is commutative (10.3.1]4).

Historically the first examples were Jacobians of smooth, projective curves Jac(C).
It turns out that every Abelian variety is isomorphic to a closed subgroup of Jac(C)
for some C; this almost follows from (10.3.14). This is quite useful conceptually at the
beginning, but C' is not unique, and there does not seem to be any optimal way of
choosing C, so it is not always helpful in proving theorems.

For the convenience of the reader we list a few basic facts about abelian varieties
that we use.

In the following We say that a sequence of Abelian varieties

(10.3.1.1) oY A 0 4, & 4,00

is exact modulo torsion if p is a closed embedding, ¢ is surjective and p(A4;) = (kergq) .

Recall also the following terminology. A morphism p : A; ¥ A, of Abelian varieties
is called an isogeny if p is surjective and dim A; = dim A,. Isogeny is an equivalence
relation on Abelian varieties and the dual of an isogeny is an isogeny. An abelian
variety is called simple if it has no positive dimensional Abelian subvarieties (other
than itself).

(1) Every map 7 : P! ¥ A from the projective line to an abelian variety is con-
stant.

(2) Let g : X 99K A be a rational map from a smooth variety X to an Abelian
variety A. Then g is a morphism. More generally, this holds for any variety
A that contains no rational curves; see [Kol96, VI.1.9]. A different proof is
in [M1l08, 3.2].

(3) Let g : A; 99K A, be a rational map of Abelian varieties that sends the unit ¢;
to e;. Then g is a morphism and a group homomorphism. In particular, (A4, ea)
determines the group structure. This is the main reason why the multiplica-
tionpu: A A ¥ Aisusually suppressed in the notation.

(4) Every Abelian variety is commutative.

(5) For Abelian varieties, A @ Pic (A) is a duality that preserves the dimension.
The dual is frequently denoted by A or A. Over C, this is a special case of the
Appell-Humbert theorem [Mum70, pp.21-22]. In general see [Mil08, Sec.8]
or [Mum?70, Sec.13].
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(6) Let A be an Abelian variety and B A a closed subgroup scheme. Then there
is a unique Abelian variety A3 and an exact sequence

B AR 410

We call A; := A/B the quotient of A by B.

(M) p: A1 ¥ A,is a closed embedding if and only if  : A, v A is its own Stein
factorization. (That is, f Oy, = Oy, .) More generally, if is exact (resp.
exact modulo torsion) then so is its dual sequence

ox A, § A 0 4 vo

See [M1108, Sec.9] or [Mum70, Sec.15].

(8) (Poincaré reducibility theorem) Let A be an Abelian variety and A; <¥ A an
Abelian subvariety. Then there is an Abelian subvariety A; <¥ A such that
A;+ A3 ¥ Ais an isogeny.

(9) (Poincaré reducibility theorem, dual version) Let A be an Abelian variety and
A A} an Abelian quotient. Then there is an Abelian quotient A A such
that A ¥ A} + A} is an isogeny. It is worth noting that, unlike the previous
results, Poincaré reducibility fails for compact, complex analytic groups.

(10) Every Abelian variety is isogenous to a product of simple Abelian varieties.
The simple factors are unique, up to isogeny.

10.3.2 (Picard group of a normal variety). The group of line bundles on a scheme X
is the Picard group of X, denoted by Pic(X). If X is proper then Pic (X) Pic(X)
denotes the subgroup of divisors that are algebraically equivalent to 0. The quotient
NS(X) := Pic(X)/Pic (X) is the Néron-Severi group of X. It is a finitely generated
abelian group. Its Q-rank is the Picard number of X, denoted by p(X).

If X is proper over a field k with algebraic closure k then Pic(X;) has a natural k-
scheme structure, denoted by Pic(X). The identity component is denoted by Pic (X),
it is a commutative algebraic group. If X is geometrically normal and chark = 0
then Pic (X) is an Abelian variety. If X is geometrically normal and k is perfect then
red Pic (X) is an Abelian variety. The non-reduced structure of Pic (X) will pay no
role in our questions.

There is a natural inclusion Pic(X) <¥ Pic(X)(k) which is an isomorphism if X has
a k-point. In general the quotient Pic(X)(k)/ Pic(X) is a torsion group.

10.3.3 (Class group of a normal variety). For a normal k-variety X, let CI(X) denote
the group of Weil divisors modulo linear equivalence. It is also isomorphic to the group
of rank 1 reflexive sheaves, where the product is the double dual of the tensor product.
Let Cl (X) CI(X) be the subgroup of divisors that are algebraically equivalent
to 0. If X is proper, we call the quotient NS®(X) := CI(X)/Cl (X) the Néron-Severi
class groupﬂ of X, and its Q-rank the class rank of X, denoted by p°(X).
Note that we have natural inclusions

(10.3.3.1) Pic (X) CI(X) and NS(X) NS“(X),
that are isomorphisms iff every Weil divisor is Cartier, for example when X is smooth.
Basic results about these groups are the following.

IThe literature seems inconsistent. Frequently this is called the Néron-Severi group.
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Lemma 10.3.4. Let p: Y ¥ X be a birational morphism of normal, proper varieties
over a perfect field k. Then

@ p :Cl(Y) ¥ Cl (X)isan isomorphism and

(b) p NS (Y) NS(X) is onto.
Lemma 10.3.5. Let X be a normal, proper variety over a perfect field k. Then there is

a normal, proper variety Y and a birational morphism p : Y ¥ X such that Cl (Yx) =
Pic (Yk) forevery K k.

It is quickest to prove these by using the Albanese variety, see (10.3.9.5-6). As a
consequence, we can define the scheme structure of Cl by

(10.3.5.1) Cl (X) = CI (Y) = red Pic (V).

In the complex case these results go back to Picard [Pic95] and Severi [Sev06], but
the most complete references may be the papers of Matsusaka [Mat52]] and of Néron
[Nér52al; see also [Kol18, Sec.3] for some discussions.

More recent results on various aspects of the class group of singular varieties are
discussed in [BVS93, BVRS09, RS09].

Definition 10.3.6. Let X be a normal, proper k-variety and X a subset. Let
WDiv(X, ) WDiv(X) and CI(X, ) CI(X) denote the subgroup of those Weil
divisors that are Cartier at every point x 2

Note that CI(X, ) isisomorphic to the group of those rank 1 reflexive sheaves that
are locally free at every point x 2 .

We see in that CI(Xg, ) is naturally identified with a closed k-subgroup
CI(X, ) CIl(X).Wedenote its identity component by Cl (X, ). Note that in general
CI(X, )\CI (X) may be disconnected.

The quotient NS®(X, ):= CI(X, )/Cl (X, ) is finitely generated.

Lemma 10.3.7. Let X be a normal, proper variety over a perfect field £ and X an
arbitrary subset. Then there is a closed, algebraic £-subgroup CI(X, ) CI(X) such
that CI(Xg, ) = Cl(X, )(k).

Proof. Assume first that = fzg is a closed point and there is a universal family
Lon X Cl1 (X) that is flat over Cl (X). The set of points VX  Cl (X) where
L is not locally free is closed. Since CI(X, fzQ) is the complement of the image of
V\(fzg CI (X)), itis constructible. It is also a subgroup and a constructible subgroup
is closed.

In general such an L does not exist, but we check in that a flat universal
family exists after a finite field extension and a constructible subdivision 7 : q;; ¥
Cl (X). The argument above then shows that CI1(X, fzg) is constructible, hence closed
as before.

If is any set of closed points then C1(X, )= \yx> CI(X, fzg).

If  is a non-closed point, then CI(X, frg) is the union of all C1(X, ), where U
runs through all open subsets of 7 and | denotes the set of closed points of U. By the
Noetherian property, C1(X, fng) = C1(X, ) for some U.

Finally, C1(X, ) =\yx2 CI(X, fzg) holds for any set of points

Lemma 10.3.8. Let X be a normal, proper variety over an algebraically closed field
K. There is a locally closed decomposition 7 : g;WW; ¥ CI (X) such for every j there is
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a universal family Ly on X  W; that is flat over WWj and whose fiber over w 2 Wj is the
reflexive sheaf corresponding to 7(w) 2 CI (X).

Proof. By (10.3.5), there is a proper, birational morphism from a normal variety p :
Y ¥ X such that Cl (X) = Pic (Y). Let L be the universal line bundle over Y
Pic (Y). Pushing it forward we get a rank 1 sheaf

Ly = (r L)' ! over X CI1(X).

In general Lx is not flat over Cl (X). However, by generic flatness, Ly is flat with
reflexive fibers over a dense, open subset I1;  Cl (X). Repeating this with C1 (X)nI;
we get the required locally closed decomposition.

Albanese variety

10.3.9 (Albanese variety). Let X be a proper, normal variety over a perfect field k.
There are 2 different notions of the Albanese variety of X in the literature. In [Gro62,
V1.3.3] it is the target of the universal morphism from X to an Abelian torsor; that is,
a principal homogeneous space under an Abelian variety. We denote this by

(10.3.9.1) alb : X ¥ AIbY(X).
Pull-back by alb$ gives an isomorphism
(10.3.9.2) Pic (AIbY (X)) = red Pic (X).

If X has a k-point then Alb% (X) an Abelian variety. Al1b%(X) is a birational invariant
for smooth, proper varieties, but not a birational invariant for normal varieties.

In the pre-EGA literature, for example [Mat52, Ser59], the Albanese map is the
universal rational map from X to an Abelian torsor, called the classical Albanese
variety

(10.3.9.3) alby : X 99K Alb(X).

More precisely, Alb(X) is the unique Abelian torsor A together with a rational map
alby : X 99K A such that for any abelian torsor B and rational map a : X 99K B, there
exists aunique map j: A ¥ Bwith; albx =a.

If X has a smooth k-point then so does Alb(X) and then it is an Abelian variety.

Alb(X) is a birational invariant of X (for normal, proper varieties) and the two
versions coincide if X is smooth. Therefore, if X' ¥ X is a resolution then Alb(X) =
Alb(X") = AIbY(X?). In any case, by we get a morphism over the smooth
locus

(10.3.9.4) alby : XS™ 1 Alb(X).

Let X' be the normalization of the closure of the graph of albx. Then we have a com-
mutative diagram
XO
(10.3.9.5) D - | & albxo
X ¥R AIb(X) = Alb(XY),
where albyo is a morphism. In particular (10.3.9.2) gives that
(10.3.9.6) Cl (X") = red Pic (X') = Pic (Alb(X")).
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Therefore
(10.3.9.7) Cl (X) = Pic (Alb(X)).

Let p : Y 99K X be a map of normal varieties. As long as p(Y) is not contained in the
singular locus of X, the composite Albx p:Y 99K Alb(X) is defined, hence we get a
morphism

(10.3.9.8) alb, : Alb(Y) ¥ Alb(X).
10.3.10. Let p: Y ¥ X be a morphism of normal varieties. Let
(10.3.10.1) alb¥ X 1 AIbY(YnX)

denote the universal morphism from X to an Abelian torsor that maps every irre-
ducible component of Y to a point. Thus we get an exact sequence

(10.3.10.2) AIb(Y) ¥ AIbY(X) ¥ AlbY(YnX) ¥ 0.
Claim 10.3.11. The induced sequence

0 ¥ Pic (AIb¥(YnX)) ¥ Pic (X) ¥ Pic (Y)
Is exact.

Proof. To see this, let K denote the kernel of Pic (X) ¥ Pic (V). It is clear that
Pic (Alb"(YnX)) K. To see the converse, we may assume that X has a k-point. By
[(10.3.1(5)) and [(10.3.1 (8)), we get an exact sequence

AIb¥(Y) ¥ AlbY(X) ¥ Pic (K) ¥ 0.

The resulting X ¥ Alb%(X) ¥ Pic (K) maps every irreducible component of YV

to a point, so it factors through Alb? (Y'nX). By duality [(10.3.1(5)) we get K 1
Pic (AIbY(YnX)).

We would like to know when alb, is dominant. Lefschetz theory suggests that this
should hold if p(Y") is ample-ci (10.2.1). This is, however, not always true. For example,
let X P32 be the cone over a smooth, cubic, plane curve C and Y X the line over
an inflection point of C. Then Alb(Y) = 0 but Alb(X) = Jac(C).

However, the next results show that alb, is usually dominant.

Lemma 10.3.12. Let X Y be normal, projective varietiesand p : Y ¥ X a morphism.
Assume that p(Y) has nonempty intersection with every nonzero divisor in X and albx
Is a morphism along p(Y’). Then alb, : Alb(Y) ¥ Alb(X) is surjective.

Proof. If alb, is not surjective then the quotient Alb(X)/alb,(Alb(Y)) is positive di-
mensional. Hence there is a nonzero, effective divisor D Alb(X)/alby(Alb(Y))
whose pull-back to Alb(X) is disjoint from alb,(Alb(Y")). Then its pull-back to X is
a divisor which is disjoint from p(Y").

Corollary 10.3.13. Let X be a normal, projective variety and C'  X™ an irreducible
ample-sci curve (10.2.1). Then C1 (X) ¥ Jac(C) has finite kernel.

Proof. Note that albx is a morphism along C by (10.3.9.4) and C' has nonempty
intersection with every nonzero divisor. Thus (10.3.12) applies.

Corollary 10.3.14. Let A be an Abelian variety and C A an irreducible ample-sci
curve (10.2.1). Then A ¥ Jac(C) has finite kernel.
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Lemma 10.3.15. Let X be a normal, proper variety. Then there is a finite subset X
such that the following holds.

Let Y X be an irreducible divisor that is disjoint from . Assume that Y has
nonempty intersection with every nonzero divisor in X. Let Y ¥ Y be the normaliza-
tion. Then Alb(Y) ¥ Alb(X) is surjective.

Proof. Consider the normalization of the closure of the graph of albx

X X8 Ab(X).

Let E! X' be the m-exceptional divisors. Choose to contain the generic point of
each 7(E') and every non-Cartier center (10.3.19).

Then Y is a Cartier divisor and 7 (V) = 7 (V). Therefore, if D' X'is a divisor
then

m(r '\ D") =7(r 'M)\D") =Y \n(D") & ;.
Let V' denote the normalization of = 1(Y). Then Alb(?o) T Alb(X) is surjective by

(10.3.12) and Alb(Y") = Alb(Y).

Definition 10.3.16 (Partial Albanese variety). Let X be a proper, normal variety over
a perfect field £ and X a subset.

Define the Albanese map of (X, ) as the universal rational map from X to an
Abelian torsor, that is a morphism along

(10.3.16.1) albx. : X 99K Alb(X, ).
If X" then Alb(X, )= Alb(X). In general Alb(X, ) is a quotient of Alb(X).

Theorem 10.3.17. Let X be a normal, proper variety over a perfect field K and X
a subset. Then pull-back by albx. gives an isomorphism

(10.3.17.1) alb,. : Pic (Alb(X, )) =CI (X, ).

Proof. Consider albx. : X 99K Alb(X, ). By assumption it is a morphism along
thus the pull-back of a line bundle on Alb(X, ) islocally free along . That is,

(10.3.17.2) alb,. Pic (Alb(X, )) CI(X, ).
For the converse, assume first that = fxgis a closed point. As in (10.3.9.5) we have
XO
X —2Px L AIB(X)

where albx: is a morphism. Let Y? be the normalization of p (z). Since X" ¥ Alb% (Y'nX")
contracts every irreducible component of Y’ to a point, the composite X 99K X' ¥
AIbY(Y'nX") is a morphism at = by Zariski’s main theorem. This gives Alb(X, fzg) ¥
AIbY(Y'nX"). Thus we get a commutative diagram

X' 1 ALY (Y'nX?)
(10.3.17.3) # "
X ¥ Alb(X, fzg).
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If L 2 Cl (X, fzg)(k) then its pull-back to X' is trivial along Y?', hence it is obtained
as the pull-back of a line bundle on Alb%(Y'nX") by (10.3.11). Factoring through
Alb(X, fzg) shows that Cl (X, fzg) alby.f, Pic (Alb(X, fzg)).

The same argument works for any finite number of closed points. If is an infinite
set of closed point then, by the Noetherian property, Cl (X, ) = CI (X, ?) for every
large enough finite subset °

Finally assume that y is a non-closed point. Then C1 (X, fyg) is the union of all
Cl (X, y) where  us the set of all closed points in some open subset U  fyg. By
the Noetherian property, we have equality Cl (X, fyg) = Cl1 (X, ) for some fixed
U.

Corollary 10.3.18. Let X be a normal, projective variety over a perfect field and
Z X aclosed, reduced subscheme with generic points gz. Then there is a normal,
projective variety X', a birational morphism p : X" ¥ X and a closed, reduced sub-
scheme 7' X" with generic points gz such that

(1) p is a local isomorphism at all generic points of Z°,
(2) Z = p(2",
(3) albxo,g,, is @ morphism along Z' and
(4) Cl (X, g7z) =Cl (X' gz) =Cl1 (X", 29.
If either dim Z = 1 or the characteristic is 0, we can also achieve that
(5) 2" is smooth,

Proof. We can take X' to be the normalization of the closure of the graph of albx.g, .
Then we can resolve the singularities of 7' if desired.

Non-Cartier centers

Definition 10.3.19 (Non-Cartier centers). Let X be a reduced scheme and D an ef-
fective Weil divisor. There is a unique largest open subscheme X" X, called the
Cartier locus of D, such that the restriction of D to X&' is Cartier. The complement
X n XZ" is the non-Cartier locus of D. A point # 2 X is a non-Cartier center of X if
there is a Weil divisor D such that z is the generic point of an irreducible component
of the non-Cartier locus of D.

For example, let X = (zy =0) A}, andset D.:=(z =z ¢ =0).Its non-Cartier
locus is the point (xr =y = z ¢ = 0). Thus every closed point of the z-axis is a non-
Cartier center of X. The generic point of the z-axis is also a non-Cartier center of X
for the divisor (z = y = 0).

In direct analogy one can define the notions of Q-Cartier locus and non-Q-Cartier
center.

The next result of [BGS11, 6.7] shows that the situation is quite different for
normal varieties. (Note that [BGS11] works over an algebraically closed field, but
this is not necessary.)

Theorem 10.3.20. A geometrically normal variety has only finitely many non-Cartier
or non—-Q-Cartier centers.

Proof. We may assume that X is proper and irreducible. Let U X be an open subset
such that X has only finitely many non—(Q-)Cartier centers in U. We show that there
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is a strictly larger open subset U ( U' X such that X has only finitely many non—
(Q-)Cartier centers in U’. We can start with the smooth locus U = XM, since it is
disjoint from every non—(Q-)Cartier center. Noetherian induction then gives that X
has only finitely many non—(Q-)Cartier centers.

Let Z X nU be an irreducible component. By there is a dense, open
subset Z°  Z such that if a Weil divisor D is (Q-)Cartier at the generic point g 2 Z
then it is (Q-)Cartier along Z°. We may assume that Z° is disjoint from every other
irreducible component of X nU. Then U’ := U [ Z° is open in X and g7 is the only
possible new non—(Q-)Cartier center in U".

Lemma 10.3.21. Let X be a normal, proper variety over an algebraically closed field
and Z X an irreducible subvariety. Then there is a dense, open subset Z° 7 such
that the following holds.

Let D be a Welil divisor that is (Q-)Cartier at the generic point g 2 Z. Then it is
(Q-)Cartier everywhere along Z°.

Proof. Asin (10.3.6), let C1(X,g7z) Cl(X) be the subgroup of those divisors that are
Cartier at the generic point of Z and CI1 (X,gz) Cl (X) the identity component.

As we noted in (10.3.6), the quotient C1(X, gz)/ Cl (X, g2) is finitely generated; say
by the divisors D;. There is a dense, open subset Z? 7 such that every D; is Cartier
along Z?, hence the same holds for every linear combination of the D;.

Next we show that there is a dense, open subset Z9 7 such that every divisor in
Cl (X, gz) is Cartier along Z9. Consider the Albanese map albx.z : X 99K Alb(X, 7).
By it is defined at gz, hence on a dense, open subset Z3  Z. By (10.3.17),
C1 (X, gz) is the pull-back of Pic (Alb(X,gz)), hence every member of CI (X, gz) is
locally free along Z3. Finally Z° = Z%\ 72 is the dense, open subset that we need.

If D is Q-Cartier at gz then mD is Cartier at g for some m > 0, hence D is Q-
Cartier along Z° by the previous results.

Definition 10.3.22 (Maximal relative factorial open subset). Let X be a normal va-
riety over a perfect field and Z7 X a closed subset. Let fwj 2 X : i 2 Ig be those
non-Cartier centers of X whose closure does not contain any irreducible component
of Z. Then

(10.3.22.1) Fact(Z X):= Zn [iw;

is the unique largest dense open subset 7 7 such that if a Weil divisor D is Cartier
at some point of each irreducible component of Z then it is Cartier everywhere along
Z . We call Fact(Z  X) the maximal relative factorial open subset of X along Z.
The maximal factorial open subset of X along X is the largest factorial open subset
X X considered in (3.2.3).



10.4. COMMUTATIVE ALGEBRAIC GROUPS 183

10.4. Commutative algebraic groups

By an algebraic group we mean a finite type group scheme over a field. Such a
group scheme is called a linear algebraic group if it is, in addition, affine.

10.4.1 (Structure of commutative algebraic groups). Let A denote a commutative al-
gebraic group over a perfect field &, A A the identity component and A"™ A the
largest connected linear algebraic subgroup. Then A/A is a finite étale group scheme
and A /A" is an Abelian variety. This is a consequence of the Barsotti-Chevalley
theorem [Mil17, Theorem 8.27].

Let AP AN be the largest unipotent subgroup and A  A'"" the largest
subgroup of multiplicative type. By [Mil17, Theorem 16.13 (b)] we have

Alin — Aunip Ator‘

If A is furthermore assumed reduced, and hence smooth since k£ is perfect, then A™"
is a torus (that is, isomorphic to G}, over k%P for some r).

A reduced algebraic group A is called semi-Abelian if AP = Q.

Let AP A denote the largest proper, connected subgroup. Then AP \ A'" ig
finite but usually AP™P + A" does not equal A.

See [Bor91], [Mil17, Chap.8] or [Bril7b| for details and proofs.

10.4.2 (Q-rank). For Abelian varieties, the Q-rank of A(k) is a subtle invariant of A
and k; see for example (7.5.3) and (7.5.5). By contrast the Q-rank of a linear algebraic
group is easy to compute.

(1) G(k) is torsion for every algebraic group G over a locally finite field k.

(2) U(k) is pL-torsion for every unipotent algebraic group U over a field % of char-
acteristic p > 0.

(3) rankq U(k) = dimU deg(k/Q) for every unipotent algebraic group U over a
field k of characteristic 0.

(4) rankq T'(k) = A for every positive dimensional torus over a field that is not
locally finite.

Of these only the last claim is nontrivial. It was proved in (6.2.8).

10.4.3 (Jacobians of curves). Let C' be a proper scheme of dimension 1 over a field .
Then Pic (C) is a called the Jacobian or generalized Jacobian of C' and denoted by
Jac(C).

Let C"" 1 (C denote the weak normalization and C ¥ C"" ¥ ( the normalization.
Pullback induces maps

Jac(C) ¥ Jac(C"™) ¥ Jac(C).

The kernel of Jac(C) ¥ Jac(C*") is Jac(C)""P and the kernel of Jac(C) ¥ Jac(C) is
Jac(C)'"". Thus[10.4.2| gives the following.

(1) If k is locally finite then Jac(C)(k) is torsion.

(2) If chark > 0 but k is not locally finite and C' is geometrically integral, then
Jac(C)(k) is torsion if and only if C is rational and C"" = C.

(8) If char k = 0 then Jac(C)(k) is torsion if and only if h*(C, Qc) = 0. This implies
that every irreducible component of Ci is smooth and rational.
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10.4.4. Let P be a O-cycle on a smooth algebraic group A and write B, = [imi[pi]. Set
(10.4.4.1) tra P :=) ,mi[pi] (summation in A).

Note that tra P 2 A(k). (When the residue field is inseparable over k&, this uses the
fact that the multiplication by p map on A always factors through Frobenius.) If A is
the additive group G, then this is the usual trace, but for the multiplicative group G,
this is the norm. Since we usually use additive notation, trace seems a better choice.
For Z Aset

(10.4.4.2) tra Z := ftrp P . P is a O-cycle on Zg.

Let C be a smooth, projective curve. There is a natural embedding j : C' <¥ Jac,(C)
Pic(C). If P is a O-cycle on C then

(10.4.4.3) trpicc) (J(P)) = [Cc(P)] 2 Jacqegr (C).

The following is a restatement of [Bril7a, 4.9].

Lemma 10.4.5. The association A ® A(k) Q defines an exact functor on the category
of commutative algebraic groups.

Proof. The only nontrivial claim is thatif g : A ¥ B is a dominant morphism then
g(k) : A(k) ¥ B(k) is surjective modulo torsion. To see this pick b 2 B(k) and let P be
a O-cycle on the fiber A,. Then trp P 2 A(k) and g(tra P) = deg P b.

The multiplicative group of Artin algebras

10.4.6. Let A be an Artinian k-algebra. The group of units A is the k-points of a
commutative algebraic group R} G, called the Weil restriction of G, from A to k. The
algebraic group R{ G, represents the pushforward (in the sense of big étale sheaves)
f Gm of the multiplicative group along the morphism f : Spec(A) ¥ Spec(k). More
concretely we have

(RRGm)(B)=(A «B) for a k-algebra B.

Note that dim Ry G, = dimy A.
For example, if K/k is a field extension of degree n, choose a basis ¢; 2 K. As a
variety, R Gm is A" n (normy=«(3-ziei) = 0).

10.4.7. Let (A, m) be a local, Artinian k algebra with residue field X' = A/m. There is
an exact sequence

(10.4.7.1) 1Py A VK B

where the map a @ 1 + a identifies m with U. Note that « @ 1 + a is a group isomor-
phism if m? = 0 but not otherwise. In characteristic 0 one can correct this by taking
a A exp(a). We will think of (10.4.7.1) as the k-points of an exact sequence of algebraic
k-groups

(10.4.7.2) 190U 1 RRG, YT REG, T 1,

where U is a unipotent group. In positive characteristic the algebraic groups (m, +)
and (U, ) need not be isomorphic.
We also use the following variant of Hensel’s lemma.
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Claim 10.4.8. Let k. % K be a subfield that is separable over k. Then there is a
unique lifting £* 1 A,
Combining the above with the previous discussion on algebraic groups yield the

following lemmas.
Lemma 10.4.9. Let £ be a field and A ¥ B a homomorphism of Artin k-algebras.
Then coker[A ¥ B ]is torsion if and only if one of the following holds.

(1) A ¥ B issurjecti

(2) chark > 0and B/ O is purely inseparable over A/ 0

(3) k is locally finite.
Moreover, coker[A ¥ B ] has finite Q-rank in one additional case:

(4) deg(k/Q) < 1L and A/° 0 ¥ B/ 0 is surjective.
Lemma 10.4.10. Let £ be a field and A ¥ B a homomorphism of Artin k-algebras.
Then ker[A ¥ B ]is torsion if and only if one of the following holds.

(1) A Y Bis |nject|vep p_

(2) chark >0and A/° 0 ¥ B/ 0 is injective.

(3) k is locally finite.
Moreover, kerfA ¥ B ] has finite Q-rank in one additional case:

(4) deg(k/Q) < 1 and A/pﬁ | B/pﬁ is injective.

Much of the following is proved in [CTGW96].

Lemma 10.4.11. Let & be a field that is not locally finite. Let A % be a finite, reduced
k-algebra. Let k L,,L, A be subfields. The following are equivalent.

(1) A /(Ly L) istorsion.

(2) A /(L, L,) has finite Q-rank.

(3) Aisafield and A/L; is purely inseparable for some i =1, 2.

Proof. If A/L; is purely inseparable then A? L; for some power ¢ of char k, hence
A /L; is torsion. This proves (3) ) (1) and (1) ) (2) is clear.

Assume (2). We may replace A by its maximal separable subalgebra. Thus assume
that A/k is separable. If A = L; for some : then we are done. Otherwise dimy A =
dIleA dlmk Li 2d|mk L.

If B is a reduced, separable k-algebra, then B is identified with the k-points of
the k-torus RP Gy,. Thus L, L, ¥ A can be viewed as the k-points of a morphism
of k-tori

n:RIGn R2GhL ¥ RPGH.
Both of the L; contain %, thus
dimg Im(p) dimg Ly +dimg L, 1 < dim A.

Thus coker(x) is a positive dimensional k-torus, hence rankq(coker(x)(k)) = 1 by

10.4.2 (4))l Finally (10.4.5) shows that
rankq(A /(L, L,)) = rankq(coker(u)(k)) = 1






Index of Notation

( )", maximal connected linear algebraic
subgroup, (183
)PP 'maximal proper connected subgroup,
[183]
()", maximal subgroup of multiplicative
type, [183]
()YMP maximal unipotent subgroup, (183
D1 ¢ Dy, linear similarity for Weil divisors,
[130]
X§r, Cartier locus, [18]]
, linear equivalence of divisors, [123
sa, linear similarity, [123

AlbY'(X), Albanese variety, [178
Alb(X), classical Albanese variety, |[178
Alb(X,Y), Albanese variety with respect to 3,

BH(%), Bertini-Hilber dimension of &,

Chow}(X/S), Chow variety,

Cl(X,Y), , Weil divisors Cartier along %, [177]

Cl°(X), divisors alg. eq. to 0,

CI°(X, %), identity component of Cl(X%, X3),
177

CL(k), set of curves with ample line bundle
over k,[148]

Cox(X, M), Cox ring with respect to a monoid,
[130]

Cox(X,jQDj), Cox ring with respect to monoid
defined by a divisor, [131

Cx, 4, category of constructible étale
A-modules,

dip|(C), max intersection number of C' with
member of pencil,

DP, category of divisorially proper varieties,
50l

Div(X), divisors of X,

Fact(Z X), maximal relative factorial open

subset,

I'<B(Y, L), sections with support in B, [126
I'B(Y, L), sections with support B,

genmin(g), generic minimum of function g,

187

Gr(1,P(V)), lines in P(V),

HO(C, L, sz), sections restriction to multiple of

S7Z,
H2".5  set of lines which are definable or given

by B,
jH;,LCj, linear system with local conditions,
168

jLj*¢t, linear system as set,
jLjva" linear system as projective variety,
jLj, discrete projective space,

fi(P), proportion in P using sup,
u(P), proportion in P,

NS¢ (X), Néron-Severi class group, 176
NS (X, ), Néron-Severi class group Cartier
along 3, [177]

R (), Weil restriction, m
RY (D, L), monoids of sections with prescribed

support, [127]

R‘(/-V(D, L, m), image of sections with

prescribed support,
184

R’,? G,,., Weil restriction,

p(X), Picard number,

p®(X), class rank,

S4, homogeneous degree d polynomials,

2(Y), set of points of dimension 0, dimension 1
but not regular, or not Sy,

T, category of divisorial structures,
7(X), divisorial structure associated to scheme

X, B
T, n., sections giving definable lines,

tra Z, trace,[I84]

V(Z), definable subspace associated to Z,
WDiv(X,Y), Weil divisors Cartier along ¥,
X® | codimension 1 points of X,

(Z ]Dj), intersection number of Z with
member of pencil,






Index of Terminology

abelian variety, [175 generically scip,
absolutely scip with finite defect, geometric members of pencil,
admissible collection of elements, o

Albanese map, [180] H—isci, [171

Albanese variety, [178]| H-ci, [I71

algebraic group, [183 Hilbertian field,

algebraic pencil of divisors,
ample degree function,

ample t-pencil, irrational pencil, [86]

ampie-m,. irreducible-sci (isci), [171]
ample-sci, [17]] isogeny, [175]

anti—-Mordell-Weil field,

inherited by general complete
jH;j-intersections, [167]

base locus of local conditions, [I68] Jacobian, [183
base locus of pencil, L-linked, [124] [T36]
base locus of t-pencil, L-linking is free, [137]

Bertini-Hilbert dimension, [135 L-linking is minimally restrictive, [140]

Cartier locus. 8T L -linking on W, determines L -linking on W3,

category qf divisorially proper varieties, 1ine1gebraic croup, [T53
Chow variety, i .
class rank, inear pencil,

linearly similar, [87 [I30]

linked (topologically, directly), [136]
local conditions, [I68
locally finite field, [118]

classical Albanese variety,[178|
compatible pencils, [97]

complete H-intersection, 171
complete intersection, [171
complete intersection property, 160

maximal factorial open subset,

composite pencil, @ maximal relative factorial open subset,
D-good, members of pencil,

mobile linear system,
mobile pencil,
Mordell-Weil field,

definable projective space,
definable subspace, [55]
degree function, [95]

detects linear similarity, (131

Néron-Severi class group,|[176
dimension of definable projective space, g

Néron-Severi group, (176

divisorial structure, Noetherian topology, [160]
divisorially proper variety, non-Cartier center @

non-Cartier locus, [187]

non-composite pencil,

non—Q-Cartier center, (181

fiber of pencil, numerically equivalent Q-Cartier divisors,
field-locally thin subset, numerically equivalent 1-cycles,
numerically similar,

essential open subscheme,
exact modulo torsion, [175

general position, t-pencil, [97]
generalized Jacobian, [183 pencil of divisors,

189




190 INDEX OF TERMINOLOGY

Picard group, [I76]
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