THE PICARD GROUP OF .#:

WILLIAM FULTON AND MARTIN OLSSON

ABSTRACT. We compute the Picard group of the moduli stack of elliptic curves and its
canonical compactification over general base schemes

1. INTRODUCTION

Let .#,, denote the moduli stack (over Z) classifying elliptic curves, and for a scheme S
let .4, 1,5 denote the fiber product S Xgpec(z) #1,1. In his 1965 paper [7], Mumford computed
the Picard group Pic(.#) ;) when S is the spectrum of a field of characteristic not 2 or
3 and found it to be cyclic of order 12. Our aim in this paper is to compute the Picard
group Pic(.#; 1 g) for more general base schemes S, as well as to compute the Picard group
Pic(%u,g) for the standard compactification %1,1 of M ;.

Recall that on .#); there is the Hodge bundle A\. For any morphism ¢ : T" — .#;,
corresponding to an elliptic curve f : E — T the pullback ¢*) is the line bundle f.Qj, T
Equivalently, if f : & — .1, denotes the universal elliptic curve then A = f,Q St This
bundle extends canonically to Zl,y Namely, let f & — %171 denote the extension of &
provided by the Tate curve and let Wz 7 denote the relative dualizing sheaf. Then the
sheaf f*wg o is a line bundle on %171 extending A. In what follows we will abuse notation
and write also A for this line bundle on %171.

If Ais aring and ¢ : Spec(A) — #; ; is a morphism corresponding to an elliptic curve E/A,
then after replacing A by an étale extension the family £ can be described by an equation

(1.0.1) v+ axy + asy = o + asx® + agr + ag.
Define
(1.0.2) by = af+4a2, by = ayaz+2ay, bg = a§+4a6, bg = —a1a3a4—aZ—I—afaﬁ—l—aga%—l—ZLaQaG,

and the discrimant

(1.0.3) A = —b3bg — 8b; — 27b; + 9babybs € A*.

With these chosen coordinates a basis for ¢*\ is given by the invariant differential
(1.0.4) T =dz/(2y + a1 + as).

Any two choices of coordinates 1.0.1 differ by a transformation

(1.0.5) v =vtr 4+, Y =ty 4 osule 4t

where u € A* and r,s,t € A. One can compute that the invariant differential 7’ obtained

from the coordinates (z/,') is equal to u~'m, and that the discrimant A’ in the coordinates
1
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(«',y) is equal to u'?A. In particular, the element An®1? € t*\®12 is independent of the
choice of coordinates, and therefore defines a trivialization of A®'? over ., ;.

Let p: #1115 — Ag be the map defined by the j-invariant

(1.0.6) j = (b5 — 24by)°/A.
Theorem 1.1. Let S be a scheme. Then the map
(1.1.1) Z/(12) x Pic(Ay) — Pic(M15), (i,L) — N\ @p"ZL

is an isomorphism if either of the following hold:

(i) S is a Z[1/2]-scheme.
(ii) S is reduced.

Remark 1.2. As we observe in 6.4 the theorem fails for nonreduced schemes in characteristic
2.

Theorem 1.3. The map
(1.3.1) Z x Pic(S) — Pic(M115) (n, M) — \"®@g, M
1s an isomorphism for any scheme S.

Remark 1.4. By standard limit arguments it suffices to prove the above results in the case
when S is noetherian. In what follows we will therefore restrict to the category of noetherian
schemes unless otherwise stated.

1.5. Acknowledgements. Olsson partially supported by NSF grant DMS-0555827 and an
Alfred P. Sloan fellowship.

2. WHEN 6 IS INVERTIBLE ON S

Though the case when 6 is invertible follows from the more technical work in subsequent
sections, we include here a proof in the case of a Z[1/6]-scheme since it is much easier than
the more general cases.

Let 84 : S — A 1,5 be the section corresponding to the elliptic curve with automorphism
group puy (y? = 23+x with A = —64, j = 1728) and 5 : S — A1 s the section corresponding
to the elliptic curve with automorphism group pg (y? +y = 2® with A = —27, j = 0). These
sections define closed immersions s4 : Bus,g < A#11,s and sg : Bug s — #11,s. For any line
bundle .Z on ., 1, the pullback s;.Z (resp. s§.Z) corresponds to a line bundle M, (resp.
Mg) on S with action of the group py (resp. pg). We thus get maps

pa: pta — Aut(My) = Gy, ps : s — Aut(Ms) ~ G,y
defining characters x4 € Z/(4) and x6 € Z/(6).
Lemma 2.1. The pair (x4, xs) lies in Z/(12) C Z/(4) x Z/(6).
Proof. The construction of the pair (x4, xs) commutes with arbitrary base change on S,
so it suffices to consider the case when S is the spectrum of an algebraically closed field,

S = Spec(k). We have to show that p4|,, = pe|,. Write k[[t]] for the completion of the
local ring of A} at j = 1728 and let k[[2]] be the completion of the local ring of .# 5 at
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the point coresponding to the curve y* = #3 + 2. Then the map k[[t]] — k[[z]] sends t to 2*
(with suitable choices of coordinates) and the action of yy is given by ( x z = (% - z. Write
Ll = k[[2]] - e for some basis e. Then py acts by ¢ *e = (¥*e. From this we see that pa,,
is equal to the character defined by the action of us on the fiber of £ at the generic point of
A 1,5 Similarly, pgl,, is equal to the action on the generic fiber. O

We therefore obtain a map
(2.1.1) Pic( A 1,5) = 2/(12), £ — (X4,Xs),

and it follows from the construction that this map is a homomorphism. Let K denote the
kernel.

Recall that a Deligne-Mumford stack 2" is called tame if for every algebraically closed field
2 and point Z : Spec(Q2) — 2 the order of the automorphism group of z is relatively prime
to the characteristic of €.

Lemma 2.2. Let 2 be a tame Deligne—Mumford stack with coarse moduli space w: X — X.
Let £ be an invertible sheaf on 2 such that for every geometric point & — %2 the action
of the stabilizer group Gz on L(Z) is trivial. Then 7.2 is an invertible sheaf on X and
..l — £ is an isomorphism.

Proof. 1t suffices to prove the lemma after passing to the strict henselization of X at a
geometric point Z. Let A = Ox; and B = Oy ;. Then as explained in [8, 2.12] if I denotes
the stabilizer group of Z then there is a natural action of I on B such that 2" = [Spec(B)/T’].
Let M be the free B-module with ['-action of rank 1 defining .#. Since I' has order invertible
in k(z) (since 2 is tame) the representation category of I' is semisimple. By our assumptions
the reduction M ® k(z) is generated by an invariant element and choosing a lifting to an
invariant element of M we see that we can write M = B - e where " acts trivially on e. Then
mZ is just A - e and the lemma is immediate. O

Corollary 2.3. The homomorphism 7 : Pic(A}) — K is an isomorphism.

Proof. We show that if .Z is a line bundle with (x4, x¢) = (0,0), then 7,.%Z is an invertible
sheaf on A and 7*71,.¢ — £ is an isomorphism. By 2.2 it suffices to show that for any
geometric point & — . 1 ¢ the action of the stabilizer group of Z on .Z(Z) is trivial. For this
we may assume that S is the spectrum of an algebraically closed field. By our assumptions
the actions ps and pg are trivial. By the argument used in the proof of 2.1 this implies that
the action of the generic stabilizer is also trivial. From this it follows that the action is trivial
at every point since over A' — {0, 1728} the stack .} 1 s is a us—gerbe. O

Lemma 2.4. The image of X in Z/(12) is a generator. In particular 2.1.1 is surjective.

Proof. It suffices to consider the case when S is the spectrum of a field in which case the
above shows that Pic(.# 1 s) injects into Z/(12). We can in fact compute directly the image
of Ain Z/(4) x Z/(6). The image in Z/(4) corresponds to the representation of y4 given by
the action on the invariant differential dz/2y of the curve y?> = 23 + 2. An element ¢ € juy
acts by (z,y) — (¢%z,Cy) and therefore the action on dz/2y is equal to multiplication by (.
Therefore the image of A in Z/(4) is equal to 1.
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Similarly, the image of A in Z/(6) corresponds to the character given by the invariant
differential dz/(2y + 1) of the curve y? +y = x3. Write ug = po x pz. Then (—1,1) acts
by (z,y) — (z,—y — 1) and (1,() acts by (z,y) — (Cx,y). Therefore (—1,1) acts on the
invariant differential by multiplication by —1 and (1, {) acts by multiplication by (. It follows
that A maps to 1 in Z/(6) which implies that X is a generator in Z/(12). O

Corollary 2.5. The map A\ x 7 : (Z/12) x Pic(A}) — Pic(A11.5) is an isomorphism.

3. THE CASE OF A NORMAL AFFINE SCHEME S

Write S = Spec(A) with A a normal ring. Let U be the scheme
(3.0.1) U := Spec(Alay, as, ag, a4, ag)[1/A]),

where A is defined as in 1.0.3. The equation 1.0.1 defines a family of elliptic curves £ — U.

Let G denote the group scheme with underlying scheme Spec(A[u®,r, s, t]) with group law
defined by

(3.0.2) (', 8" ) - (u,r,s,t) = (u, uPr’ +r,us’ + s, ut’ +u’r's + t).
Then ., s is isomorphic to the stack theoretic quotient [U/G].
Proposition 3.1. The pullback map

(3.1.1) Pic(S) — Pic(U)

s an isomorphism.

Proof. The key point is the following result of Ischebeck [5, §4].
Lemma 3.2. Let A € Zlty, ..., t,] be a polynomial satisfying

(i) The greatest common divisor of the coefficients of its nonconstant monomials is 1.
(ii) For any field k the image of A in k[t1, ..., t,] is irreducible.

Then for any noetherian normal ring A, the pullback homomorphism
(3.2.1) Pic(A) — Pic(Afty, ..., t,][1/A])

s an isomorphism.

Proof. The assumptions are used as follows:

(1) Assumption (i) implies that the map Spec(Zlty, ..., t,][1/A]) — Spec(Z) is surjective
and hence faithfully flat. It follows that the map

(3.2.2) Spec(Afty, ..., t,][1/A]) — Spec(A)

is also faithfully flat.
(2) By the preceding observation the divisor V(A) C Spec(A[ty, ..., t,]) does not contain
any fibers, and its generic fiber is nonempty and irreducible. From this it follows that

V(A) is irreducible.
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It follows that there is an exact sequence of Weil divisor class groups [3, 1.8]

(3.2.3) ZIV(A)] —— Cl(A[t1, ..., ta]) —— CUA[ts, ... t,][1/A]) — 0.
We conclude that
(3.2.4) Cl(A) = Cl(Aty, ..., t,]) = Cl(Alty, ..., t,)[1/A]).

The normality of A implies that the natural maps from the Picard groups to the Weil divisor
class groups are injective. Thus it suffices to show that if D € CI(A) is a Weil divisor whose
image in Cl(A[t1,...,t,|[1/A]) is in the image of Pic(A[ty,...,t,][1/A]) then D is obtained
from a line bundle on Spec(A). This follows from the observation that A — Afty, ..., ¢,][1/4]
is faithfully flat [5, §4, Satz 6]. O

We apply the lemma to A € Z[ay,...,ag]. Then (i) is immediate and (ii) follows from the
calculations in [2, §3, §4] (note that though these sections concern characteristics prime to 6
the same calculations give the irreducibility of A over arbitrary fields). O

The isomorphism .#; 1 g ~ [U/G] defines a morphism o : .#, ;s — BG. For a character
X : G — G,, defining a line bundle on BG let L, be the line bundle on .# ; s obtained by
pull back along o.

Lemma 3.3. Let £ be a line bundle on #, 1, such that the pullback L of £ to U is trivial.
Then £ ~ L, for some character x : G — G,,.

Proof. Fix a basis e € L.

Let F be the sheaf on the category of affine S-schemes (with the étale topology) which
to any morphism of affine schemes S’ — S associates I'(Ugr, ﬁ[*]S/). There is an inclusion of
sheaves G,, C F given by the inclusions I'(S’, 0%) C I'(Us/, Of,). For any S" — S and
g € G(5'), we get an element u, € F(S5’) defined by the condition that g(e) = u, - e € L.
This defines a map of sheaves (not necessarily a homomorphism)

(3.3.1) f:G—F.

To prove the lemma it suffices to show that f has image contained in G,, C F (note that it
is clear that if this holds then the map G — G, is a homomorphism).

Since G is an affine scheme the map f is determined by a section ug € F(G). Since G is
normal and connected, this section ug € I'(Ug, f;,) can be written uniquely as BA™, where
B e I'(G, 0F) and m € Z. We need to show that m = 0. For this note that the image of
uo under the map F(G) — F(S) defined by the identity section e : S — G is equal to 1. It
follows that e*(3) - A™ is equal to 1 in I'(U, 0};) which implies that m = 0. O

By 3.1, if £ is a line bundle on .#; ; s then the pullback of % to U is isomorphic to the
pullback of a line bundle M on S. It follows that any line bundle on .#; ; g is isomorphic to
M ® L, for some character x : G — G,,. More such a line bundle M ® L, is trivial if and
only if M is trivial and L, is trivial.

Lemma 3.4. Any homomorphism G — G, factors through the projection

(3.4.1) Xo:G— Gy, (u,rs,t)— u.
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Proof. There are three injective homomorphisms

(3.4.2) Jrodssdt: G — G

sending x € G, to (1,x,0,0), (1,0,z,0), and (1,0,0, x) respectively. The formula
(3.4.3) (1,7,0,0)(1,0,s,0)(1,0,0,t — rs) = (1,7, s,t)

shows that the subgroup of G generated by the images of these three inclusions is equal to the
kernel of x(. Since any homomorphism G, — G,, is trivial, it follows that any homomorphism
G — G, has kernel containing Ker (o). O

The line bundle A is trivialized over U by the invariant differential 7 defined in 1.0.4 and
as mentioned in the introduction the action of (u,r,s,t) € G on 7 is through the character
G — G,, sending (u,r,s,t) to u~!. Putting all this together we find that 1.1.1 is surjective.

In fact, if x : G — G,, is a character, a trivialization of L, is given by a unit 6 € I'(U, 07))
such that for any (u,r,s,t) € G we have (u,r,s,t) 0 = x"'(u,r,s,t)f. Any unit  on U can
be written as GA™ for f € A* and m € Z. We have

(3.4.4) (u,r, 5,t) * (BA™) = Bul*™A™.

It follows that L, is trivial if and only if xy = x§*™, for some m.
This completes the proof of 1.1 in the case when S is affine and normal. O

A very similar argument can be used to prove 1.3 in the case when the base scheme S is
affine and normal. Let ¢y = b3 — 24b,. Then one can show (see for example [10, I11.1.4]) that

1.0.1 is nodal precisely when A =0 and ¢4 # 0. Let U denote
(3.4.5) Spec(Alay, as, as, ay, ag)) — V(A cy).
Again the group scheme G acts on U and Mias [ﬁ/G]
Lemma 3.5. (i) The map

(3.5.1) Pic(A) — Pic(U)
s an isomorphism.

(ii) The map A* — T'(U, OF) is an isomorphism.

Proof. Statement (ii) is immediate. Statement (i) follows from a very similar argument to the
proof of 3.1. The only new ingredient is that the polynomial ¢4 is not irreducible over fields
of characteristics 2 and 3 but it is a power of an irreducible polynomial (in characteristic 2 it
is equal to a} and in characteristic 3 is is equal to (a; + ag)?. O

Using this one sees as before that the map
(3.5.2) Pic(A) x Pic(BG) — Pic( 41, 5)

is an isomorphism with the character 3.4.1 mapping to A1,
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4. THE CASE WHEN S IS REDUCED

4.1. If S is an arbitrary scheme, and £ a line bundle on .# ;s then there is a unique
function s — I(s) € Z/(12) which associates to a point s the unique power [(s) of A such that
L. @ 2715) on M 1 k(s) descends to A}g(s).

Lemma 4.2. The function s+ Il(s) is a locally constant function on S.

Proof. The assertion is local on S so we may assume that S is affine. Furthermore, the
assertion can be verified on each irreducible component so we may assume that .S is integral.
Finally if S — § is the normalization then it suffices to verify the assertion for S. In this
case the result follows from section 3. O

4.3. In particular if S is connected we obtain a homomorphism
(4.3.1) Pic(1,5) — Z/(12)

sending A to 1. Thus in general to prove 1.1 we need to show that the kernel of 4.3.1 is
isomorphic to Pic(Ay).

Lemma 4.4. For any locally noetherian scheme S, the map 7 : M115 — Ak given by the
j-invariant identifies Ag with the coarse moduli space of M ;5.

Proof. Let 7 : #,1,s — X be the coarse moduli space (which exists by [6]). By the universal
property of the coarse moduli space, there exists a unique morphism f : X — Ajl such that
fom=m. Since 7 is proper and quasi-finite, the morphism f is also proper and quasi-finite
and therefore f is finite. Furthermore, by [6] we have 7,0 4, , ; = Ox. It therefore suffices
to show that the map ﬁ’N — 70 4, , s 18 an isomorphism. It suffices to verify this locally
in the flat topology on S, so we may further assume that S is the spectrum of a complete
noetherian local ring A. In addition, since the morphism 7 is proper, the theorem on formal
functions for stacks [9, §3] implies that it suffices to show the result over Spec(A/m’) for all
n. This reduces the proof to the case when S is the spectrum of an artinian local ring A. Let
k be the residue field of A, and let J C A be an ideal with J annihilated by the maximal ideal
of A (so that J is a k-vector space). Set Ay := A/J. Pushing forward the exact sequence

(4.4.1) 0=>JROu,, = Oumss = Ourya, =0
to Aly we obtain a commutative diagram
0 — (MO, ,)®J —— TOupy s — Tl
(4.4.2) T *’T T
0 — (@) —— Oy —— Oy ——0

By induction and the case when A is a field, we get that a and ¢ are isomorphisms and
therefore b is an isomorphism also. O

4.5. To complete the proof of 1.1 in the case when S is reduced, we make some general
observations about the relationship between line bundles on a stack and line bundles on the
coarse moduli space.
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Let S be a noetherian scheme and 2" — S a Deligne-Mumford stack over S. Let 7 :
2 — X be the coarse moduli space, and assume that the formation of the coarse space X
commutes with arbitrary base change on S and that X is reduced (we just saw that this holds
for .#, 1 over a reduced scheme). For a field valued point z : Spec(k) — S let m, : 2, — X,
denote the base change 2" xgx — X Xg .

Proposition 4.6. Let L be a line bundle on 2 such that for every field valued point x :
Spec(k) — S the sheaf m..(L]g,) is locally free of rank 1 and wime(L|2,) — Ll is an
isomorphism. If Z — X s flat, then the sheaf m,L is locally free of rank 1 on X and
m*m. L — L is an isomorphism.

Proof. One immediately reduces to the case when X = Spec(R), Y = Spec(B) is a finite flat
R scheme, I' is a finite group acting on Y over X such that 2" = [Y/I'] (indeed étale locally
on the coarse space every Deligne-Mumford stack can be presented in this way [8, 2.12]). Let
M denote the B-module corresponding to L, so that M comes equipped with an action of
[' over the action on B. We can even assume that R is a local ring and that M is a free
R-module (forgetting the B—module structure). We are then trying to compute the kernel
of the map
M_)HMv m= ( a’Y(m)_m"")WEF-
~yel
We can also assume that S = Spec(A) is affine. O

Lemma 4.7. Let R be a reduced local A-algebra and let A € M, wm(R) be a matriz (which
we view as a map R™ — R™) with the property that for every x € Spec(A) the matriz
A(x) € Mpsm(R®p k() has kernel a free R®y k(x)-space of rank 1. Then Ker(A) is a free
rank 1 module over R and for every x € Spec(A) the natural map Ker(A)@ak(z) — Ker(A(x))
1S an isomorphism.

Proof. By induction on n. If n = 1, then the assertion is that A is a matrix with A(x) the
zero matrix for all z € Spec(A). Since R is reduced this implies that A is the zero matrix.

For the inductive step consider the system of m equations
Z aini = 0
i
that we are trying to solve in R. If z € Spec(A) is the image of the closed point of Spec(R),
then A(z) is not zero since n > 2. Since R is local some a;; is invertible and so we can solve
for the variable X;. This gives a system of m — l-equations in n — 1 variables which again

has the property that for every point x € Spec(A) the image in R ® k(x) has a unique line of
solutions. By induction we obtain the result. U

This completes the proof of (1.1 (i)).

5. PrROOF OF (1.1 (11))

Proposition 5.1. For any scheme S over Z[1/2] and any coherent Os—module M, the sheaf
R'7.(O .4, s ®os M) is zero, where 7 : M5 — Aj g is the projection.
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Proof. Using the theorem of formal functions one is reduced to the case when S'is the spectrum
of a field. Furthermore, if the characteristic is not 3 the result is immediate, so it suffices
to consider S = Spec(k) with char(k) = 3, and M = k. We may further assume that k is
algebraically closed.

The coherent sheaf R'7,(0 4, , ) restrict to the zero sheaf on Aj —{0}, since over this open
subset of A} the stack .41 is tame (the automorphism groups are {£1}). Let & — 41 14
be a geometric point mapping to 0 in A}, and let A denote the completion of & 4,z Along
the maximal ideal. Let I'; denote the stabilizer group scheme of Z, so that I'; acts on A. The
ring of invariants B := A" is equal to the completion of A} at the origin. Let F' denote the
finite type B-module obtained by pulling back R'7,(0 4, , ) to Spec(B). Then F is equal to
the cohomology group H*(T'z, A). We show that this group is zero. Since F' is supported on
the closed point of Spec(B), there exists an integer n such that j”F = 0 (where j € B is the
uniformizer defined by the standard coordinate on A'). To prove the proposition it therefore
suffices to show that F'is j-torsion free.

For this we use an explicit description of A and I'; given by the Legendre family. Let
(5.1.1) V' = Spec(k[N[1/A(A = 1)])
and let Ey, — V' be the elliptic curve
(5.1.2) By : Y*Z=X(X—-2)(X - )\2).

If ;1 denotes A+ 1, then the j-invariant of Ey is equal to u°/(u?—1)? (recall that char(k) = 3).
The map V' — .#, 1 defined by Ey is étale, so this defines an isomorphism A ~ k[[u]]. The
group ['; sits in an exact sequence

(5.1.3) 1 - {£1} -Tz — S3 — 1,

and the action of I'z on A ~ k[[u]] factors through the action of S3 on k[[u]] given by the two
automorphisms

(5.1.4) Qo —

and

(5.1.5) B /(U= p) = p(l+p+p® 4.
Also note that the Leray spectral sequence

(5.1.6) EY = HP(S3, HI({£1}, A)) = HP™([';, A)

and the fact that HI({£1}, A) = 0 for ¢ > 0 (since 2 is invertible in k) implies that
HY(Tz, A) = H* (S5, A).

An element in H'(S3, A) can be represented by a set map £ : Ss — k[[u]] (written o — &,)
such that for o, 7 € S5 we have (recall the action is a right action)

(517) 507’ = 5(7; + 57"

The class of ¢ is trivial if there exists an element g € k[[u]] such that &, = ¢” — g for all
o € S3. Note that 5.1.7 implies that it suffices to check the equalities £, = g — g for a set of
generators o € Ss.
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If ¢ represents a class in H'(S3, A) annihilated by j, there exists an element g € k[[u]] such
that

16

(5.1.8) mﬁo =9 -9

for all o € S3. To prove that H'(S3, A) is j-torsion free, it therefore suffices to show that for
such a £ we can choose g to have p-adic valuation > 6 (since A is j-torsion free).

For this note that we can without loss of generality assume that g has no constant term,
and then write

(5.1.9) g = arp+ aop® + asp® + agp* + asp® + g,

where g>¢ has p-adic valuation > 6. We have

146

(n* —1)?

which implies that a; = a3 = a5 = 0. Then

(5.1.10) Eo = 2a1p0 + 2a38° + 2a518° + (926 — g>6)

16

(2 — 1)

which gives a; = 0. Finally using this we see that

(5.1.11) €5 = 2ayp” + (higher order terms)

16

(n? —1)?
which implies that ay = 0 as desired. This completes the proof of 5.1. O

(5.1.12) 5 = agp” + (higher order terms)

5.2. Now let us prove 1.1 for a connected Z[1/2]-scheme S. We need to show that if L is a line
bundle on .# 1 g such that for any field valued point s € S the fiber Ly on .# ;s descends
to A}’S then L descends to A}’ g- By a standard limit argument it suffices to consider the case
when S is noetherian and even affine, say S = Spec(A). Let J C A denote the nilradical.
We would like to inductively show that if the result holds for over A/J" then it also holds

for A/J"1. In other words, let Ly denote a line bundle on A} AT and L a lifting of 7* Lg to
M1 1.0 g0+ Then we want to show that L is pulled back from a lifting of Lg to Ajl. AL By
standard deformation theory this is equivalent to showing that the map

0= Hl(A}\,Jr/JT—H) N Hl(%l,l,AaJr/Jr—H)

is an isomorphism. Equivalently that H'(.# 1, J"/J ") is zero. Since A, is affine, the
group H' (A 1,a,J" /") is zero if and only if the sheaf R'm, (J"/J"™ ® O 4, , ) is zero on
Ajl-y A which follows from 5.1. This completes the proof of 1.1. U

6. COMPUTATIONS IN CHARACTERISTIC 2

Proposition 6.1. Let k be a field of characteristic 2, and let 7 : M 11 — P}, be the morphism
defined by the j-invariant. Then R'w.0— is a line bundle on P}, of negative degree.

M1k
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Proof. We may without loss of generality assume that k is algebraically closed.

Let %, C %1,1,/% denote the open substack %1,1,19 Xp1 A}/j (the complement of j = 0),
and let % = M1 C %l,l,k denote the complement of j = oco. Let Uy, Uy C IP’} be the
coarse moduli spaces (the standard open cover of IP’;)

The stack % is a Z/(2)-gerbe over Uy,. Now in general, if f: 9 — X is a Z/(2)-gerbe in
characteristic 2, the sheaf R! f, 0y is locally free of rank 1 and in fact canonically trivialized.
This can be seen as follows. Etale locally on X, we have 4 = X x B(Z/(2)). Computing
in this local situation, one sees that R'f,(Z/(2)) is a locally constant sheaf of groups étale
locally isomorphic to Z/(2), and the natural map R'f.(Z/(2)) ®z@2) Ox — R'f.0y (which
exists since we are in characteristic 2) is an isomorphism. Since a group of order 2 admits
no nontrivial automorphisms there is a canonical isomorphism Z/(2) ~ R'f.(Z/(2)) which
induces a canonical trivialization of R!f,0y. In the case of 4 = X x B(Z/(2)) and X =
Spec(A) we have

HY(9Y, 0y) ~ Homg,(Z/(2), A)

and the trivialization is given by the homomorphism sending 1 € Z/(2) to 1 € A.
Lemma 6.2. The sheaf R'm, O, .. 18 locally free of rank 1 on IP’}.

Proof. By finiteness of coherent cohomology for stacks the sheaf is in any case coherent. Since
IP’} is a smooth curve it therefore suffices to show that it is torsion free. Furthermore, the
only issue is at the point 7 = 0. Since the formation of cohomology commutes with flat base
change, it suffices to show that

(6.2.1) H' <%1,1,k Xp} Spec(k[[5]]), ﬁ]Ll}kXPlSpec(lﬁ[[]’]]))

is j—torsion free.

For this we use the so-called Hesse presentation of .# ; ;. Let

(6.2.2) V = Spec(klu, w][1/(4® = D)}/ (w? +w + 1)),
and let By — V be the elliptic curve given by the equation
(6.2.3) X34+ Y3+ 23 = uXYZ.

This is elliptic curve has a basis for its three-torsion group given by the points [1 : 0 : —1]
and [—1 : w : 0]. In fact, this is the universal elliptic curve with full level three structure.
The j-invariant of Ey is pu'?/(u® — 1)3 (since we are in characteristic 2). In particular, the
fiber over j = 0 is the curve X3 + Y3 4+ Z3 = 0.

Changing the choice of basis for the 3-torsion subgroup defined an action of GLy(F3) on V'
such that ) 1 =~ [V/GLy(F3)]. A calculation shows that this action is described as follows:

W e (1 ) = ne

-1

@ ) (§ ) = Gl 1.

® )= (5 ) = e
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Putting this together one finds that
(6.2.4) 11 x1 Spec(R][j]) = [Spec({[i]])/SLa(Fs ).

where o = (_11 (1)) acts by p +— (u (for some fixed primitive cube root of unity () and

3= ((1) _01) acts by p /(= 1).

As in the proof of 5.1, an element of 6.2.1 is given by a set map & : SLo(F3) — k[[u]]
(written o — &,) such that for any two elements 0,7 € SLy(F3) we have

507’ = ng— + 57'7
and the class of ¢ is trivial if there exists an element g € k[[u]] such that for every o we have
& =9"—9
Now if 6.2.1 has j—torsion there exists a set map & as above and an element g € k[[u]] such
that for all o we have
12
o
pd—1
To prove that 6.2.1 is torsion free it suffices to show that we can choose g to be divisible by
p'?. For since k[[u]] is an integral domain we then have
3 3
w—1 w—1
§o = (

79)0 - (79)‘

& =9"—9g.

We can without loss of generality assume that g has no constant term. Write

g =aip+ ag,uQ + -+ anu“ + g>12-

L 0) ). Looking at the coefficients

Then g% — g has p-adic valuation > 12 (recall that o = (_1 1

a; this implies that all but as, ag, and ag are zero, so
g = ag,u?’ + aﬁuﬁ + ag,ug + g>12.

Similarly ¢° — ¢ has p—adic valuation > 12. Looking at the coefficient of ;* in g® — g one sees
that a3 = 0. Then looking at the coefficent of u® one sees that ag = 0, and finally looking at
the coefficient of u'Y one sees that ag = 0. U

Let M denote the cohomology group 6.2.1 (a k[[j]]-module) and let M, denote M ®;
E[[j]][1/7]. Let e € M, denote the basis element defined by the canonical trivialization of
le*ﬁ]I L, over Us. The lattice M C M, defines a valuation v on M, and it suffices to

show that v(es) < 0. Equivalently we have to show that for any element m € M if we write
m = hes in M, then the j-adic valuation of h is positive.

For this we again use the presentation 6.2.4. An element m € M is then represented by a
map & : SLy(F3) — k[[g]]. The corresponding element in M, can in terms of the basis e, be
described as follows. First of all the element £z € k[[p]] is then SLo(F5)-invariant since for
any other element ¢ we have

£ + &5 = Epyg = Eppp = €5 + &2
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and 7 acts trivially on k[[u]]. Therefore &g is actually an element in k[[5]]. The image of £
in M, ~ Hom(Z/(2), k[[j]][1/7]) is then equal to the homomorphism

Z/(2) = K[NA/5], T &g

The class e, corresponds to the homomorphism sending 1 to 1 so we have to show that the
j—adic valuation of g is positive. For this let f = 3. Then

Er ="+ f=Ful+p+p’+--)) + fw).

Since we are in characteristic 2 it follows that the p—adic valuation of {2 is at least 2, and
therefore the j—adic valuation of s is also positive. U

Corollary 6.3. For any field k, we have H (M 114, O, ) =0.

Proof. We have R'm.0; = 0 when char(k) # 2 (when char(k) = 3 this follows from
section 5). It follows that

(6.3.1) H°(Py, R'm.0, ) =0
in all characteristics. From the Leray spectral sequence we obtain
(6.3.2) H (M1, O, ,) = H' (P}, Op1) = 0.
O

Remark 6.4. Note that if char(k) = 2, then the restriction of R'm.0 4, ,, to A C P} is
non-zero. From the Leray spectral sequence it follows that the map

(6.4.1) 0= H! (Allw ﬁA}C) — H' (%1,1,167 ﬁ///m,k)

is not an isomorphism. Since the group H'(# 14, Oy, ,,) classifies deformations of the
structure sheaf to .# ; kjq/(2) this implies that there are line bundles on . ; jq/(2) Which
are in the kernel of 4.3.1 but are nontrivial. This implies that 1.1 fails for S = Spec(k[e]/(€?)).
More generally, 1.1 fails for any nonreduced affine scheme over Fs.

7. PROOF OF 1.3

7.1. In order to prove 1.3 it is easiest to prove a stronger statement that implies it. Let
Pic(M1,,5) denote the Picard stack over S which to any S-scheme T associates the group
if line bundles on .11 7. By [1, 5.1], the stack Zic(.#1 ) is an algebraic stack (an Artin
stack) over S. There is a morphism of stacks

(7.1.1) 7 x BGp5 — Pic(Mis)

sending a pair (n, L) consisting of n € Z and L a line bundle on S to \" ®g, L on A1 15.
The following theorem implies 1.3 by passing evaluating both sides of 7.1.1 on S and passing
to isomorphism classes.

Theorem 7.2. The morphism 7.1.1 is an isomorphism.
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Proof. Note first that if n and n’ are integers and L and L’ are line bundles on S, then A" ® L
and A" ® L' on /1, s are isomorphic if and only if n = n/ and L ~ L’. Indeed, if these two
sheaves are isomorphic, then this implies that A*~" descends to IP’Jl-. By the case of a field
this implies that n = n’. In this case we recover L and L’ from their pullbacks to %1,175 by
pushing back down to S. Therefore, the functor 7.1.1 is fully faithful. It therefore suffices to
show that for any cartesian diagram

P — S

(7.2.1) | I

Z x BGy, —— Picy,

the morphism of algebraic spaces P — S is an isomorphism. For this it suffices to consider
the case when S is artinian local. Furthermore, we know the result in the case when S is
the spectrum of a field by section 3. Since a line bundle on the spectrum of an artinian local
ring is trivial, what we therefore need to show is that if S is an artinian local ring then any
line bundle on %1,1,5 is isomorphic to A" for some n. Proceeding by induction on the length
of S, it further suffices to consider the following. Let S = Spec(A), k the residue field of
A, and let J C A be a square—zero ideal annihilated by the maximal ideal of A, and set
Ay = A/J. Then any deformation of A" over %1,1, 4, tO %171, A is isomorphic to A\". Using
the exponential sequence

0—=J®0z A —OF  — 0, — 0

A M1,
one sees that this amounts exactly to H'(.# 1, Oz, ..)=0 O
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