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1. INTRODUCTION

The purpose of this paper is to develop various properties of étale Borel-Moore homology
and study its relationship with intersection theory. The paper roughly breaks into three parts
as follows.

Let k£ be an algebraically closed field, and let ¢ be a prime number invertible in k.

Cycle class maps and intersection products (

1.1. For a finite type separated Deligne-Mumford stack X/k and integer i, the i-th (-adic
Borel-Moore homology group of X, denoted H;(X), is defined to be H (X, Qx), where Qx €
D%(X,Qy) is the f-adic dualizing complex of X. These groups were considered already by
Laumon in [I7] (and, we have been informed, by Grothendieck in unpublished work), where
he showed they enjoyed a number of good properties. In particular, there is a cycle class map

ol Ag(X) — Hos(X)(—s5),

where A4(X) denotes the group of s-cycles on X modulo rational equivalence. In the case
when X is smooth of dimension d we have Qx = Q,(d)[2d] and this map reduces to the usual
cycle class map Ay (X) — H?325(X, Q(d — 5)).
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Using Gabber’s localized cycle classes, we show in section that for any cartesian square

(1.1.1) WLy

o, b
x-L-v,
where f is a regular imbedding of codimension ¢, there is a homological Gysin homomorphism
From + Hi(V) = Hiae(W)(c).
On the other hand we can also consider Fulton’s refined intersection product
froAlV) = Ao (W),

A slightly weakened form of one of our main results about Borel-Moore homology is the
following;:

Theorem 1.2 (Special case of [2.34). For a cartesian square (1.1.1) of quasi-projective
schemes with f a regular imbedding of codimension c, the diagram

AWV — LA w)

lclv \LCIW

Hoo(V)(=8) 22 Hoo o (W) — 5)

commutes for all s.

Etale bivariant operations (§ and §4)).

1.3. As noted by Fulton and MacPherson in [I1, §7.4], for any morphism f : X — Y
of separated Deligne-Mumford stacks of finite type over k one can consider H*(X, f'Qy(7)),
which plays the role in étale cohomology of the bivariant groups A*(f : X — Y) in intersection
theory. This point of view is supported by the fact that there is a natural pairing

H*(X, f'Qu(i)) x Has(Y)(—5) — Ha(s—i)(X)(— (5 — 1)),
similar to the (almost tautological) pairing
A(f X > Y) x AY) = A, (X)),
Motivated by this we show how to define a map
X . K(f-perfect complexes) — H*(X — Y)

from the Grothendieck group of f-perfect complexes (see for example [3.10)) to the graded
Q¢-vector space

H (X —Y) = @H*(X, f'Qui)).
This should be viewed as an étale version of the Fulton-MacPherson construction (see [10] p.
366]) which gives a map

7FM . K (f-perfect complexes) — A*(f: X — Y).
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1.4. After giving the definition of 75¥ and establishing its basic properties, we prove the
compatibility of 75¥ with the Riemann-Roch transformation in the following sense. If Y is
smooth of dimension d, then there is a canonical isomorphism f'Q (i) ~ Qx (i — d)[—2d], and
therefore an isomorphism

f]j(X —Y) ~ @iHya—j)(X)(—(d - j)).

This should be viewed as capping with the fundamental class of Y as shown by the following
(note that in this case any complex of coherent sheaves on X is f-perfect):

Theorem 1.5 (Theorem in the text). Let 7x : Ko(X) — A.(X)qg be the Riemann-Roch
transformation. Then the diagram

Ko(X) = A (X)q

\Ltd(f*Ty)q—ff ldx

EBiﬁi(X —Y) — ©iHa(—i)(X)(—(d — 1))

commutes.

More generally we prove a compatibility of the transformation 75 with the Fulton-MacPherson
construction 7™ in [4.24]

Applications to local terms §5]

1.6. One of our original motivations for pursuing this work is its applications to local terms,
and in particular to understanding local terms for correspondences in the smooth case. Let
k be an algebraically closed field, and let ¢ = (¢, ¢2) : € — X x X be a morphism of quasi-
projective k-schemes with X smooth of dimension d. Following SGA 5 [12], an action of ¢
on Qg is a map u : ¢;Q, — ,Q,. Since X is smooth of dimension d, this is equivalent to a
global section

u € HY(C,Qc(—d)[-2d]) = Hz(C)(—d).

In particular, for Z € A4(C)g we get an induced action uyz : ¢;Q, — c4Q, from cl(Z) €
Hq(C)(—d).

Associated to an action u : ¢;Q, — chQy there is an associated class
Tr.(u) € H°(Fix(c), Qrix(e)) = Ho(O)

defined as in [12] III, §4]. For any proper component Z C Fix(c) the local term of u at Z is
defined as 1tz (u) := [, Tre(u) € Q.

Since X/k is smooth of dimension d the diagonal morphism A : X — X x X is a regular
imbedding of codimension d and so we have a map A' : A4(C)g — Ap(Fix(c))g. Our main
result on local terms is the following:

Theorem 1.7. Let Z € Ay(C)g be a cycle with associated action uz : c¢;Qp — c5Qq. Then
Tro(uz) = cl(A'Z) € Hy(Fix(c)).
In particular, the local terms of uy are in Q and independent of £, and in Z if Z € Aq(C).
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In an appendix we collect together some basic facts about algebraic stacks that can be
realized as the quotient of a quasi-projective scheme by an action of a finite group. In
following work it will be important to consider not just quasi-projective schemes, but also
Deligne-Mumford stacks which can be presented as the quotient of a quasi-projective scheme
by a finite group action.

1.8. Terminology and notation. Throughout we work over a field k of characteristic p
and ¢ denotes a prime not equal to p.

We work over a coefficient ring A assumed to be a Gorenstein local ring of dimension 0 and
finite residue field of characteristic ¢ (the primary example we will consider is A = Z /(")
for some n > 1). For a separated Deligne-Mumford stack X of finite type over k we write
Db, f(X , \) for the derived category of bounded complexes of A-modules which are of finite tor-

dimension and have constructible cohomology sheaves. We will also consider A = Qy, Z, or
Qy, in which case D2, (X, A) = D2(X, A) denotes the usual derived category of constructible
A-modules as defined in [5, 1.1.2]. If the coefficient ring A is understood we sometimes write
D%, ;(X) instead of D! (X, A). The reader so inclined can work throughout with A = Q.

If f: X — Y is a morphism of finite type and separated Deligne-Mumford stacks over k,
we write

f*vf! : ch)tf(X7A> - thf(X7A>

for the resulting operations on the derived category as in [12], [18], and [19]. If for every
geometric point £ — X with image y — Y the kernel of the map of stabilizer groups

Auty(7) — Auty (9)
has order invertible in A then we also have operations

f!af* : Dgtf(X7 A) - Dgtf(Xa A)

If we wish to consider the non-derived operations we write R°f,, R°f,, etc.
We write Qx € D}, (X, A) for the dualizing complex of X, and

D: D%y (X,A) — DYyy(X,A), Kw— ZHom(K,Qx)

for the Verdier duality functor.

Following [10] we use the terminology closed imbedding for the notion called a closed im-
mersion in [13].

1.9. Acknowledgements. The author is grateful to Ahmed Abbes, Luc Illusie, Aise Johan
de Jong, Arthur Ogus, Bjorn Poonen, Shenghao Sun, and Weizhe Zheng for many useful
conversations. We are especially grateful to Weizhe Zheng for pointing out a serious error
in our earlier work on local terms which initiated this project, and for suggesting the use of
Gabber’s localized cycle class in [2.32] We thank two anonymous referees for many helpful
and detailed comments (in particular one referee supplied the proof of .

The author was partially supported by NSF CAREER grant DMS-0748718 and NSF grant
DMS-1303173.



BOREL-MOORE HOMOLOGY, RIEMANN-ROCH TRANSFORMATIONS, AND LOCAL TERMS 5

2. BOREL-MOORE HOMOLOGY

2.1. Basic definitions. In this section we review the basic definitions and results on Borel-
Moore homology from [I7] (with some slight generalization to Deligne-Mumford stacks).
Throughout this section we work over an algebraically closed field k. We denote by A a
coefficient ring as in [I.§]

Definition 2.2. Let X/k be a finite type separated Deligne-Mumford stack. For an integer
i the i-th Borel-Moore homology of X, denoted H;(X), is defined to be H (X, Qx).

Here are some basic properties of these groups.

2.3. If f: X — Y is a morphism of separated finite type Deligne-Mumford stacks over k,
then we have a map fiQQx — Qy arising from the adjunction fif' — id and the canonical
isomorphism f'Qy ~ Qy. In particular, if f is proper and representable (which implies that

« ~ fi by [18, 5.2.1] and a similar argument in the case of f-adic coefficients) we get a
pushforward map

fhom - Hy(X) — H;(Y).

24. If f : F — X is a vector bundle of rank d, then we have canonical isomorphism
Qp ~ [*Qx(d)[2d], which induces an isomorphism f,Qp ~ Qx(d)[2d]. We therefore obtain

an isomorphism

Hi(X) ~ H;y24(E)(—d).

Lemma 2.5. Let X be a finite type separated Deligne-Mumford stack over k of dimension d
with structure morphism f : X — Spec(k), and assume that the stabilizer groups of X have
order invertible in A (for example if A = Q).

(i) If 7 : X — X is the coarse moduli space of X, then the adjunction map Ax — Rm,Ax
s an isomorphism.

(11) There is a canonical isomorphism T>eq iA — @1, A(—d)[—2d], where 1; denotes the set
of irreducible components of X of dimension d.

Proof. For (i) note that by [20, 5.1], we have RmAx ~ Rm.Ax. By base change [I8, 5.5.6]
and [19, 12.5.3], this implies that for every geometric point # — X the stalk (Rm,Ax);z is
isomorphic to H4(Xz, A), where X; denotes the fiber product X x¢z. The condition that for
every algebraically closed field € the map X () — X () identifies the isomorphism classes
| X (Q)| with X(2) (which is part of the definition of coarse moduli space) implies that the
fibers of 7 are connected, and therefore we get that the adjunction map Ay — Rm,Ax is
an isomorphism. Furthermore, to verify that the sheaf RiIm,Ax is zero for ¢ > 0, it suffices
to verify that its stalk vanish at geometric points Z : Spec(k) — X, since Rim,Ax is a
constructible sheaf. Now for such a point, the maximal reduced closed substack Xz ea C X5
is isomorphic to BGz, where G, is the stabilizer group of a lifting of Z to a point = € X (k).
For such a point z the stalk (RIm,Ax)z is therefore isomorphic to the group cohomology
HY(G,, \) which is zero since the order of G, is assumed invertible in k. This proves (i).

For (ii) we proceed by induction on the dimension d of X. If d = 0 the result follows from
(i). For the inductive step, note that if j : U < X is a dense open substack with complement
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i : Z — X of dimension < d, then from (ii) applied to Z (using the inductive hypothesis),
the exact sequence

OﬁijU—>Ax—>Z'*Az—>0
and the resulting long exact sequence

-— HIU,A) — HI(X,\) —» HI(Z,A) — -,

we conclude that the map H*(U, Ay) — H?¢(X, Ax) is an isomorphism. From this it follows
that it suffices to consider the case when X and X are smooth, and X is a scheme. In this
case we get the isomorphism in (ii) from the usual trace map [I, XVIII, 3.2.5] for each of the
connected components of X. Il

Remark 2.6. Statement (ii) implies that HI(X, A) = 0 for ¢ > 2d.

2.7. In particular, if X is an irreducible separated Deligne-Mumford stack of finite type over
k with stabilizer groups of order invertible in A and structure morphism f : X — Spec(k),
then we have 7s94fiA ~ A(—d)[—2d], so we get a map

AN — A(=d)[-2d]
which by adjunction defines a map
A — fIA(=d)[-2d] ~ Qx(—d)[-2d].

We denote the corresponding cohomology class in Hoy(X)(—d) by [X], and call it the funda-
mental class of X.

2.8. If X/k is smooth of relative dimension d, then Qx ~ A(d)[2d], and therefore
Hi(X) ~ H (X, A(d)[2d]) ~ H*(X, A(d)).

2.9. Because of the Tate twist involved in defining cycle classes, it is convenient to introduce
the notation _
H;(X) := Hoy(X)(—1),
and N B
H(X):=@;H;(X).
2.10. Borel-Moore homology is the natural target for cycle class maps, as we now explain.
For basics on intersection theory on Deligne-Mumford stacks we refer to [24].

Let X/k be a finite type separated Deligne-Mumford stack over k with stabilizer groups of
order invertible in A. For an integer s, let Z4(X) denote the free abelian group generated by
the irreducible closed s-dimensional substacks of X. We have a map

I+ Zo(X) — Hy(X)

sending the class of an irreducible closed substack i : V' < X to the pushforward i*™[V] of
the fundamental class of V.

This cycle map passes to rational equivalence and defines a map of graded groups
cy : A(X) — H.(X).

In the case of schemes, this is [I7, 6.3.1], the same proof gives the result for Deligne-Mumford
stacks.



BOREL-MOORE HOMOLOGY, RIEMANN-ROCH TRANSFORMATIONS, AND LOCAL TERMS 7

Furthermore, if f : X — Y is a proper representable morphism then the resulting diagram

ClX

A(X) —> H.(X)

\L f* l "lzom

cl ~
AY) - H(y)
commutes, where the left vertical arrow is the proper pushforward map for cycles. In the
case of schemes this is [I7, 6.1], and once again the same proof gives the result for Deligne-
Mumford stacks. Similarly, if f : X — Y is a proper, but not necessarily representable
morphism, and if A has characteristic 0 then the diagram

ClX ~

A(X)e — H.(X)

l f* i ’twm

cl ~
A(Y)g —= H(Y)

commutes, where A.(X)g and A.(Y)g denote the rational Chow groups and the proper push-

forward is defined as in [24, 3.7].

2.11. Localized cycle maps. In this section we review some things from [0, Cycle, §2.1]
and [9].

2.12. Let X be a Deligne-Mumford stack, and let ¢ : D C X be an effective Cartier divisor
with complement j : U < X. Consider the set of pairs (L, o), where L is a line bundle on X
and o : j*L — Oy is an isomorphism of line bundles on U. We say that two pairs (L, o) and
(L', 0’) are equivalent if there exists an isomorphism p : L — L’ such that the diagram

-k

Jp

commutes. Note that since D is an effective Cartier divisor, the map Ox — j, Oy is injective
and the isomorphism p is unique if it exists. Denote by Tp the set of isomorphism classes of
pairs (L, ). Tensor product defines on Tp the structure of an abelian group.

2.13. From the distinguished triangle of complexes of sheaves on the étale site of X
14i'Gmx = Gmx = RiGuy — G x[1]

we get an isomorphism
Roj*Gm,U/Gm,X - Jaf[} (Gm,X)-
Let 9p denote the sheaf on the étale site of X which to any étale morphism V' — X associates
the group of isomorphism classes of line bundles on V' with trivialization on Vi :=V xx U.
The fact that 9p is a sheaf follows from the above observation that there are no nontrivial
automorphisms of a pair (L, o) consisting of a line bundle L on V' and a trivialization ¢ over
V. We have a map
Roj*Gm,U - yD
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sending a local section u € (R%j.G,,p)(V) = T'(Vy, O7,)) to the trivial line bundle &y with
the trivialization over V;; given by multiplication by u. This map induces an isomorphism of
sheaves of abelian groups

Roj*Grn%U/Gm,X — Ip.
We therefore get an isomorphism
Tp = H(X, Ip) ~ H*(X, #7(Gp x)).-
On the other hand, since #3(G,, x) = 0 the map
HHX, Gm,x) — HO(X7 %Dl(Gm,X))
is an isomorphism, so we get an isomorphism
Tp ~ HH(X, G, x).

2.14. Now let ¢ be a prime invertible on X, and for an integer n > 1 consider the Kummer
sequence

w—ul”
1—— g —— (Gm,X - Gm,X — 1.

Applying the functor H},(X, —) we obtain a map
Tp — H3(X, pge).
This map is compatible with the maps
Hp (X, pynsr) — Hp(X, pen)

induced by the map
fenrr = fyn, v 0"
and therefore we get a map
Tp — HA(X, Z(1)).
Following [6, Cycle, 2.1.1], we define the localized Chern class of D, denoted cl's®(D), to be
the image of the pair
(Ox (D), trivialization over U induced by natural inclusion Ox — Ox (D))

under this map. For any coefficient ring A we also write cl'e®(D) for the image of this class
in H%(X,A(1)) under the canonical map

HP(X, Zo(1)) — Hp(X, A1)).

Remark 2.15. We will often think of cI'2°(D) as a morphism Ap — 4*A(1)[2], or dually as a
morphism
"Qx — Qp(1)[2],
or again by adjunction as a map
Qx — i.Qp(1)[2].
We write cl'2°(D) for any of these maps.

Remark 2.16. The above construction of the localized Chern class generalizes to Artin
stacks. The only modification needed is to replace the étale site in the above by the lisse-
étale site.
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2.17. Following Gabber and Fujiwara [9], §1], we extend this definition of the localized Chern
class to higher codimension substacks as follows.

Let ¢ : Y — X be a regular imbedding of pure codimension c¢. Consider the blowup
m: X — X of X along Y, and let ¢/ : F — X be the exceptional divisor, so we get

cll)%C(E) Ay — i;z”!A(l)[2].
Let mg : E — Y be the restriction of 7 to Y. We have a distinguished triangle
AX — W*A)} — TZli*WE*AE — Ax[l],

and since E — Y is a projective bundle we have 77z Ap ~ &1 Ay (—i)[—2i]. Applying 7'
to this distinguished triangle we therefore get a distinguished triangle

iAx — i Ay — O Ay (—1)[—2i] — i Ax[1].
By base change we have i'm, A 5~ T ‘A %, 50 we can rewrite this as a distinguished triangle
(2.17.1) iAx — Tpd Ay — ©51 Ay (—i)[—2i] — i'Ax[1].
This triangle is split. Namely, the first localized Chern class ¢; = —CIL%C(E) e HX(X,A(1))
defines a map for each ¢

1 Ay (—i)[-2i] — mi"A
which defines a splitting of giving a decomposition
T Az =~ i'Ax @ (OS] Ay (—4)[—2d]).
In particular we get an isomorphism
a: (@ZIHI(Y, Ae — i) @ HY (X, M) — Hy (X, Ae)).

Under this isomorphism we can write —c}° as

and we define
A(Y) == 0. € HiF (X, A(c)).
As in the case of a divisor, we often think of this class as a map
A —i'Ae)[2(]
or by duality as a map

Oy — 0.0y (c)[2d].

In the following [2.18H2.30] we develop some of the basic properties of these localized Chern
classes. In the case of schemes these results are already known by [21], §2.5].

Proposition 2.18. Consider a commutative diagram of Deligne-Mumford stacks

s

N

7E iyl X,
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where 1, j, and s are reqular imbeddings of pure codimensions a, b, and a + b respectively.
Then the diagram

e (x i'eliRe (Y
AT D in @ al FER A (0 + b)[2(a + )]

s'Aa+ b)[2(a + b)]

commutes.

Proof. This is the same as in [0, 1.2.1]. O

Proposition 2.19. Let i : Y — X be a reqular imbedding of codimension c, and suppose
X s smooth of dimension d, and Y is smooth of dimension d — c. Then via the natural
isomorphisms Qx ~ Ax(d)[2d] and Qy ~ Ay (d—c)[2—c], the map I (Y) : Qx — i,.Qy(c)[2¢]
is identified with the map

Ax(d)[2d] — i Ay (d)[2d]

induced by the restriction map Ax — i,Ay.

Proof. The assertion can be verified étale locally on X, so it suffices to consider the case when

X = A? with coordinates z1,...,74 and Y is given by the variables 74_oi1 = Tg_cyo = -+ =
xq = 0. Proceeding by induction on ¢ using [2.18| we are further reduced to case when ¢ = 1.
In this case the result follows from [6, Cycle, 2.1.5]. O

Proposition 2.20. Consider a commutative diagram of separated finite type Deligne- Mumford

stacks over k
e

Y(_i> X’

where i is a reqular imbedding of codimension c, f is smooth and representable of relative
dimension d, and s is a reqular imbedding of codimension ¢ + d. Then the diagram

olige (1)

A =1'A(c)[2]] s'f'A(c)[2¢]

k if“f*(d) 2

s'A(c+d)[2(c + d)]
commutes. Here the isomorphism f' ~ f*(d)[2d] is defined as in [I8, 4.6.2] and [19, 9.1.2].

~

Proof. Consider first the case when i is the identity map X — X, in which case s is a section
of f. In this case we need to show that the composite map

loc(

clp | ~ | gl
(2.20.1) AT D N @d)[2d] —Z> & A ~ A

is the identity map. This is an étale local question on X and P so it suffices to consider
the case when P = A%, and s is the zero section. Furthermore, by functoriality of the local
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Chern classes [9, 1.1.3] and consideration of the cartesian square

A% Ay

s

X — Spec(k)

it suffices to consider the case when X = Spec(k). In this case the class cl'2*(P) € HZ4(A?, A(d))

has the property that its image in H?¢(P?, A(d)) is the cohomology class of a point. This same

property also characterizes the isomorphism A(d)[2d] ~ f'A, from which the result follows.
For the general case, consider the diagram

S

S 3

Y¢© Py € P
YC_Z> X’

where the square is cartesian. We then obtain a diagram

s'A(c+ d)[2(c + d)] s' f'A(c)[2]] = i'A(c)[2¢]

base change

AT S+ d)2(e + d)] ="M e+ d)[2(c + d)f — s”f”z*A(c)g eI (v)

S A(d)[2d] — =S EE A (d)[2d] —— == &' A ~ A

~

id

The lower inner square commutes by the same argument as in the case of schemes [21], 2.5.7],
and all the other small inner diagrams have already been shown to commute. From this the
result follows. O

Corollary 2.21. Let f : P — X be a smooth representable morphism of relative dimension
d, and let s : X — P be a section. Then the map clp(X) : Qp — $.Qx(d)[2d] is equal to the
map obtained from the isomorphism Qp ~ f*Qx(d)[2d] and the adjunction map

FQx(d)[2d] — s.5" f*Qx(d)[2d] ~ 5. Qx(d)[24].

Proof. This follows from dualizing the map ([2.20.1]). (]
2.22. We can generalize the definition of localized cycle classes for regularly embedded sub-
stacks to local complete intersection morphisms as follows.

First recall (following Fulton [10, B.7.6]) that a morphism of Deligne-Mumford stacks
f:Y — X is called a local complete intersection morphism of codimension c if there exists a
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factorization of f

(2.22.1) y——=p

N

X

where p is smooth of relative dimension d and ¢ is a regular imbedding of codimension ¢ + d.
If f:Y — X is a local complete intersection morphism of codimension ¢, then for any
factorization

Y(—i>P4p>X

of f with p smooth of relative dimension n and i a closed imbedding, the morphism ¢ is a
regular imbedding of codimension n + ¢. Indeed to verify this, we may work étale locally on
X and P so the result follows from the corresponding result for schemes [10, B.7.6].

Remark 2.23. In the case of Deligne-Mumford stacks the existence of global factorizations
(2.22.1) and the basic properties of such factorizations is more subtle than in the case of
schemes, especially when f is not representable. In this paper we will only consider Deligne-
Mumford stacks which are quasi-projective finite group quotients in the sense of [A.T] and we
develop the basic facts about factorizations in appendix

Remark 2.24. This definition of a local complete intersection morphism is different than
the one in [7, IV.19.3.6], where local complete intersection morphisms are assumed flat but
not necessarily admitting a global factorization through a smooth morphism.

2.25. Let f:Y — X be a local complete intersection morphism of codimension ¢ between
quasi-projective finite group quotients, and fix a factorization ([2.22.1) with p smooth of

relative dimension d and P also a quasi-projective finite group quotient. We then get a
morphism

clge(Y) =p*(d)[2d]

Ay T Ap (e + d)[2(c + dY] —=i"p'A(c)[2) —= f'Ax(c)[2d].
Lemma 2.26. The composite map
c2C(Y) s Ay — f'Ax(c)[2(]

is independent of the choice of factorization (2.22.1)).

Proof. In the case of schemes this is [21], 2.5.5]. We treat the case of stacks similarly.

Counsider two factorizations

YCL)PJLX j:1,2
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with p; smooth of relative dimension d;. We wish to show that the resulting two maps
Ay — f'Ax(c)[2¢] are the same. By there exists a commutative diagram of factorizations

P
11 p1
) q1
Y& p P X
q2
i1 P2
Py

with ¢; and ¢ smooth. To prove that the two factorizations define the same map, it suffices
to show that they define the same map as the map defined by the factorization

ye—'sp-Ls X,

so it suffices to consider the case when there exists a smooth morphism ¢ : P, — P» of relative
dimension d; — ds filling in the diagram

Py

A

Y*ci> P, £>X.

In this case it suffices to show that the diagram

clge(v)

Ay ——= iyAp,(c + do)[2(c + d)] — ippyAx(c)[2¢]

i!lq!Ap2 (C + dQ)[2(C + d2)]
elfge () i

~

A p (e + dy)[2(c + di)] —= i piAx(c)[2¢

commutes, which holds since the left inner diagram commutes by and the right inner
diagram clearly commutes. U

Remark 2.27. As in the case of regular imbeddings, if f : ¥ — X is a local complete
intersection morphism of codimension ¢ of quasi-projective finite group quotients, then we
also write cI'2“(Y) for the map

QX — f*Qy<C) [26]
obtained by duality.

2.28. Top localized Chern class of a vector bundle.

2.29. Let X be an Artin stack, and let & be a locally free sheaf of finite rank on X of rank
r. Let p: EF — X denote the relative spectrum

Spec , (Sym'&)
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and let s : X — E be the zero section. We have a canonical isomorphism p'Ay ~ Ag(r)[2r],
and therefore also an isomorphism s'A g =~ A x (—7)[—2r]. In particular, we get an isomorphism
(2.29.1) ki HY (X, Ax) ~ H*(X, s'Ag(r)).

We define c°¢(&V) € H*(X,s'Ag(r)) to be the image of 1 € H°(X, Ax) under this isomor-
phism. The class /(&) is called the top localized Chern class of &V.

Lemma 2.30. Let X be a quasi-projective finite group quotient. Then the class c°°(&Y) agrees
with the localized cycle class cllgc(X) of the codimension r reqular imbedding s : X — FE.

Proof. This is a special case of taking 7 to be the identity map X — X. O

2.31. Comparison of intersection products.

2.32. Consider a cartesian diagram of quasi-projective finite group quotients over k

WLy

o,k
x-1-v,
where f is a local complete intersection morphism of codimension ¢. The localized cycle class
(X)) Qy — f.Qx(c)[2]
gives upon applying ¢' a morphism
g'el(X) : Qp — ¢' f.Qx(c)[2c] =~ F Qw(c)[2d],

where the second isomorphism is the base change isomorphism ¢'f, ~ f’¢". For any integer
1 we therefore get a map

(2.32.1) From : Hi(V) = Hise(W)(c),
and in particular maps N N
from = Hi(V) = Hi_(W),
which we call the homological Gysin homomorphisms (see for the definition of fIZ)

Remark 2.33. As the notation suggests, the map depends on more data than just the
morphism W — V| even when this morphism is a regular imbedding itself. For example, in
the case when f is a closed embedding and ¢ factors through X we have W = V. It is natural
to consider replacing W by the fiber product in the sense of derived algebraic geometry, but
we have not pursued this.

Theorem 2.34. With notation as in[2.33, the diagram

A(V) e A w)

iclw

commutes, where



BOREL-MOORE HOMOLOGY, RIEMANN-ROCH TRANSFORMATIONS, AND LOCAL TERMS 15

is the localized intersection product defined in |24}, 3.10] (and in the case of schemes [10, §6.6] ).

The proof of occupies the remainder of this section.

2.35. First we reduce to the case when f is a regular imbedding. For this choose a factor-
ization
XC_Z> P 4p> Y7

with ¢ a regular imbedding of codimension ¢ + d and p smooth of relative dimension d. By
the definition of cl°(X) we then have a commutative diagram

cllee(X)

c lo ) lloc (X)

(2.35.1) Qy = p.Qp(—d)[-2d] === p,i,Qx(c)[2] ~ f.Qx(c)[2C].
Consider the commutative diagram

fl

TN

bk

w%q

where the squares are cartesian. Applying ¢' to (2.35.1) we get a commutative diagram

glelle(x)

QV s p*QU d 4> f/QW [20]
Passing to cohomology we deduce that the diagram

=~ Phom =~ *hom ~

H(V) =% H(U) > H(W)

v

!
fhom

commutes. From this, [10, 6.5], and consideration of the diagram
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we conclude that to prove ([2.34]) it suffices to consider the two cases when f is smooth and
when f is a regular imbedding.

2.36. Consider first the case when f is smooth of relative dimension d. In this case f},, is
induced by the canonical isomorphism f*Qy ~ Qx(—d)[—2d] induced by duality from the
isomorphism f'Ay ~ Ax(d)[2d] in [I8, 4.6.2] and [19, 9.1.2]. This isomorphism is functorial
in the sense that the map obtained by applying ¢' to this map is simply the corresponding
isomorphism

f* Qv — Qw(—d)[-2d]

for f/: W — V. So to prove ([2.34]) it suffices to show that the cycle class map commutes
with smooth pullback which is shown in [I7, 6.1].

It remains to prove (2.34) for a regular imbedding.

2.37. Let W be a quasi-projective finite group quotient, and let p : £ — W be a smooth
morphism of relative dimension r with a section ¢ : W — E. Let f : C' — E be a closed
substack containing the zero section i(W), so we have a commutative diagram

I

W' pg =W

where the square is cartesian. We have
Qp ~p* Qu(r)2r],
and therefore the adjunction map
P Quw (r)[2r] — 4,0 p" Qu (r)[2r] =~ .Qw (r)[2r]
defines for every k£ a map
0 : Hy(E) — Hy_.(W).

Lemma 2.38. Assume C is irreducible of dimension k. Then the class i\ ([C]) € Hp_p (W)

is equal to the image under 0 of the cycle class clg(C) € Hy(E), where [C] denotes the
fundamental class of C' as defined in[2.7,

Proof. Note first that for any complex K on W the base change map
fli.K — j. K
is an isomorphism, and the adjunction map fif'i,K — i,K is equal to the composite

base chang

fifli, K — 1]*K*>fj*KH—Z K.
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Applying f.f' to the adjunction map Qp — i,i*Qp and using [2.21] we get a commutative
diagram

FA(R)[2K]

J{[C}
Flellge(w) .
f*QC Z f*]*Qw(T)[QT’]

- :

Op QO — = . Qw (1) [27].

cIge(W)
This implies that the class i}, ([C]) is the image of clg(C) under the sequence of maps

Hy(E) = H2*(E,Qp)(—k) 25" H2(W,i*Qp)(—k)
H (W, Qu (r)[2r]) (=)
H=25=D (W, Q) (r — k)

kar<W>7

1R

12

which is the morphism 6. O

Remark 2.39. In the case when p : £ — W is the total space of a vector bundle of rank r
the map 6 is the inverse of the isomorphism

(2.39.1) Hi(E) ~ Hy_, (W)

given by . In this case, can be restated as saying that the class i.__([C]) € Hy_,(W)
corresponds under ([2.39.1]) to the cycle class clg(C) € Hi(F).

2.40. Now consider a commutative diagram of quasi-projective finite group quotients

G

ol

X——Y,

where f is a regular imbedding of codimension c¢. Let z : Z — V be a proper morphism of
quasi-projective finite group quotients, and let W, denote the pullback of W to Z so we have
a commutative diagram with cartesian squares

WZ(L) Z

[,k

W——V

b

X——Y.
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Lemma 2.41. The diagrams

(2.41.1)

and

(2.41.2)

commute.

MARTIN OLSSON

Z;.}?om

H.(Z)——= H.(V)

! !
\L fhom i fhom
/,hom

H(Wy) = H.(W)

Proof. The commutativity of [2.41.2]is [10 6.2 (a)].
To see that commutes, it suffices to note that the diagram

Zx

Z*QZ QV
Z*z!g!Qy zx 2 —id g!Qy
cliec(X) cllec(X)
%29 f.Qx 2 i g f:Qx
/ beg
b [ 22 gy ki flg"Qx
2l 2" —id

~

flw

! .
Tziz"ﬂld

ViV = P =~ 1

commutes, where for 7 = g, z, zg we write bc; for the corresponding base change morphism.

g

2.42. From this it follows that to prove [2.34] it suffices to show that for a cartesian square
(where we modify our notation to match that of [10] §6.1])

(2.42.1)

WCL>V

b,y

X(_l> Y’

with ¢ a regular imbedding of codimension d and V' irreducible of dimension k£, the class
it onClv ([V]) € Hy_g(W) is equal to cly (X - V), where [V] € Ap(V) denotes the fundamental
class of V and X -V € A;_4(W) is the intersection product as defined in [10 §6.1]. This we
will do by deforming to the normal cone.
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Remark 2.43. With even more restrictive hypotheses this special case follows from [10,
2.1.2].

2.44. Let A' denote the affine line over k£ with coordinate ¢, and let M — A! be the blowup
of Y x Al along the substack X x {0}. If B denotes the blowup of Y along X, then there is
a natural closed imbedding B <— M of B into the fiber over 0, and we define % to be the
complement of B in M, so we have a morphism

7% Y x Al

Locally % can be described as follows. Let Spec(R) — Y be an étale morphism from an
affine scheme such that the ideal of X over R is generated by a regular sequence (fi, ..., fq).
Then 7! (Spec(R) x A') is isomorphic to the scheme

Spec(R[t][z1, . .., zd)/ (tzi = fi)iy)-
This local description has several consequences:

(i) The morphism 7 is an isomorphism over Y x G,,.
(ii) The scheme-theoretic closure in % of the imbedding

ixid

XxG, Ly xg, Vg

maps isomorphically under 7 to X x Al, so we obtain a commutative diagram

K
ixid

X x A5 Y x AL

where 1 is also a regular imbedding of codimension d.

(iii) & is flat over Al.

(iv) The fiber of % over the point ¢ = 0 in A! is isomorphic to the normal cone CxY of
X in Y, mapping to X via 7, with the fiber of ¢ over t = 0 being the zero section of
CxY.

Remark 2.45. The preceding construction will be used again later in the paper. We refer
to the family %" — A'! as the standard degeneration of Y with respect to X.

2.46. Consider the stack over V x A! given by % xy V', and note that since 7 is an isomorphism
over Y x (G, there is a natural imbedding V x G,, — % Xy V over the inclusion V' x G,, C
VxAL Let Vo Xy V denote the scheme-theoretic closure of V' x G,,.

Locally the stack V can be described as follows. Suppose Y = Spec(R) with X defined by a
regular sequence (f1,..., fq), and that V' = Spec(A) with f defined by a ring homomorphism
¢: R — A. Then V is the subscheme of

W xy V ~ Spec(A[t][z1, . .., 2]/ (tz = o(fi)L,)
defined by the spectrum of the image of the ring homomorphism
Altllz1, - zdl/(tzs = o(fi)imy — AlET], 20— o(fi)/t.

This image is by definition the Rees algebra of the ideal of W in V', as discussed for example
in [8, §6.5]. In particular the following hold:
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(1) V is flat over A with fiber over ¢ = 0 equal to the normal cone Cy W of W in V.

(2) The morphism f : V — % restricts over the fiber ¢ = 0 to the natural morphism of
normal cones.
(3) The diagram

(2.46.1) Wox AlCL -
lgxid lf
X x Al

1s cartesian.

2.47. For any a € Al(k), we get by taking the fiber over a of (2.46.1) a cartesian diagram

o

X——%,.

For a # 0, this cartesian diagram is isomorphic (via the projection 7) to the starting diagram
(2.42.1)), and for a = 0 we get the cartesian diagram
W(i) va
g

X% Oy X,

where the horizontal arrows are the zero sections. Note that this diagram can be extended
to a commutative diagram

Wl oW ey

b

X oy x M x,

where h : Cy X — X is a vector bundle. Let x : N — W denote the fiber product Cy X x x W,
so we have a commutative diagram

Wl oW

| N\
W N — W

By definition, the intersection product X - V' is the unique class in Ay_4(W) whose pullback
along x to Ar(N) is the class of CyyW (which is purely k-dimensional by [10, Appendix B,
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6.6]). By [17, 6.1] the diagram

Ap_g(W) X, A(N)

ClW ClN

e a(W) 2 F (V)

commutes. From this and 2.39 it follows that
el (X - V) = i pom (cley w ([Cv W)

in ]”VI k—d(W)'
Let ¢ : N — CyX be the projection. By functoriality of the localized cycle class, the
diagram

Cllcc‘))c/X(X)

7' Qey x — i Qx (d)[2d]

i W\nge
Clloc(W) . ~ .
Oy ——— 06, Qw (d) [2d] <= if,¢'Qx

commutes. This implies that

i hom (e w ([Cv W) = 4 pom (cleyw ([Cv W])).
To complete the proof of we are therefore reduced to proving the equality
(2.47.1) i hom (Cleyw ([Cy W) = o (el ([V]))-

For this consider again the cartesian diagram (2.46.1]), and note that we have a canonical
isomorphism

Qwwar = prilw(1)[2]
which induces an isomorphism (this is a special case of
(2.47.2) Hy—g(W) =~ Hypy_g(W x AY).
To show the equality we show that under this isomorphism, both classes
i hom (Cloyw ([Cy W) and iy, (cly ([V]))

map to

Thom (L ([V]))-
2.48. For a € A'(k), let o, denote the map

X — X x Al
The map o, is a regular closed imbedding, and the induced map

Ounom * Hip1-a(W x A') = Hy_g(W)

is the inverse of the isomorphism ([2.47.2)) by construction. In particular, the map O-;,hom is
independent of the choice of a.
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Let A\, : %, — % be the inclusion of the fiber over a. By associativity of the homological
Gysin homomorphisms [9, 1.2.1] we have

O-(!l,hom © 5|hom(Cl‘7<[‘/]>> = %!a,hom)\!a(le/([V]))'
To prove the equality ([2.47.1)), it therefore suffices to show that for any a € A'(k) we have
Aa(clp ([V])) = el ([Va)

This follows from the following lemma:
Lemma 2.49. Let X be a finite type separated Deligne-Mumford stack over k of pure dimen-
sion d, and let f : X — Al be a flat morphism (note that this implies that all fibers are of

pure dimension d — 1). Let s : Spec(k) — Al be the zero section, and let i : X, — X be the
inclusion of the fiber (which is a regular imbedding of codimension 1). Then the diagram

id—i41*

Ax(d)[2d]* " i, Ax (d)[2d)

l[X} i[XS]
Clloc R
Oy XN 0 2]

commutes.

Proof. By [1, XVIII, 3.1.7], we have Qx, € DZ~24"1D(X,), and therefore the validity of the
lemma is equivalent to the equality of two global sections of 2@~V (Qx (—(d — 1))). In
particular the assertion is étale local on X so we may assume that X is a scheme.

To prove the lemma, it suffices to show that the map
(2.49.1) H2(X Qx(—=d)) — H 24 D(X,, Qx.)(—d + 1)

defined by the class of Xy C X sends the fundamental class [X] to [X]. For this we may
replace X by a neighborhood of a generic point in the closed fiber, and hence we may assume
that X and X are irreducible.

The map (2.49.1)) is dual to a map
(2.49.2) H*4=D(X, A)(d —1) — H*(X,A)(d)

which can be described as follows. Let j : G,, — A! be the inclusion, so we have a distin-
guished triangle

(2.49.3) Ayt — RjAg,, — s« A(1)[—1] — Apr[1].
Tensoring this sequence with fiA(d) and taking cohomology we get a boundary map

H24D (X, A(d — 1)) — H2(X, A)(d)
which is the map (2.49.2)) (this follows from the construction and [6, Cycle, 2.3.8]).

By [20], 4.1 (ii)], the trace map
HX (X A)(d—1) — A
is induced by taking the restriction to the fiber of a relative trace map
try: iN(d —1) — A[—2(d — 1)].
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On the other hand, by [20, 4.1 (iii)] the trace map H2¢(X, A(d)) — A is equal to the composite
map
HE(AL, FA()) == HE(AL A(1)) == A,

This reduces the problem to showing that the image o € H2(A', A(1)) of 1 € A under the
boundary map coming from (2.49.3) maps to 1 € A under the trace map try:, which is
immediate. U

This completes the proof of [2.34] (I

3. LOCALIZED CHERN CHARACTER

Throughout this section we work over an algebraically closed field k, and with coefficient
ring A = Qy-coefficients for a prime ¢ invertible in k.

3.1. Definition of localized Chern classes.

3.2. Let f: X — Y be a morphism of finite type separated Deligne-Mumford stacks. Define
H(f: X —Y):=H*X, f'A()),

and let [/-j(f : X — Y) denote the graded A-module @Zﬁl(f X —=Y).

3.3. The construction of localized Chern classes that we use in this paper is the one of Iversen

[15]. We review it here for the convenience of the reader. While loc. cit. is written in the

context of vector bundles on topological spaces, the techniques and results there generalize

immediate to the case of Deligne-Mumford stacks and étale cohomology (as noted at the end
of the introduction of loc. cit.).

Consider first a closed imbedding ¢ : X < M of finite type separated Deligne-Mumford
stacks over k. Let K™ be a bounded complex of locally free sheaves of finite rank on M, which
is acyclic over the open substack M — X. Assume further that M — X is dense in M and
that M is connected. We define localized Chern classes

chy (K)* € H(i : X — M)

as follows.
3.4. Let v; denote the rank of K?. The assumption that M — X is dense in M implies that
there exist nonnegative integers \; satisfying

Ai + Aig1 =V
for all 7 (namely let \; be the generic rank of the image of K'~! — K*). Let Fl,/M denote
the relative scheme classifying flags in K := @; K* of nationality v and let F' denote the flag
given by

Fy = @i K "
Let

T — Fl,

denote the closed substack classifying flags D. in K with the property that
F,1 CD; CFin
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for all 4, and let p : T'— M be the projection.

3.5. Let E. denote the tautological flag over 7. On T there is a complex C", which we refer
to as the canonical complez, given by setting C* := E;/p*F;_; and differential given by the
map

Ei/p*Fi—l - Ei+1/p*Fi
induced by the inclusion E; — FE;,1. Let Ty C T denote complement in 7" of the support of
the homology sheaves of C", and let

Ju Ty — T
be the inclusion. By [15], 2.3] the map
H*(T,\) — H*(Ty,\)

is surjective for every s. In particular, if 7 : W < T denotes the inclusion of the complement
of Ty, then for every s we have an exact sequence

0 — H*(W,i'A(s)) — H*(T,A(s)) — H*(Ty, A(s)) — 0.
The graded pieces of the usual Chern character ch®(C") € H*(T,A(s)) (see [12, VII, §3] )

of the complex C" map to zero in H?*(Ty, A(s)) since the complex C" is acyclic over Ty. This
class therefore defines a class
vs € H**(W,i'A(s)).
3.6. Let §; : K — K denote the differential on K and let
si(0) C K
denote the graph in K = (®;<;K") & (B~ K") of the map
Bri K — @i K (0o ki, ki) — (0(k:),0,0,...).
The s;(0) form a flag in K, and define a morphism
s.(0): M —T
such that s.(§)*C" ~ K. In particular, s.(6) "' (W) C X so by base change we get a morphism
H>(W,i'A(s)) — HY(X — M).

We define R

chy (K)s € HY (X — M)
to be the image of v, under this map, and write

ch (K') € H(X — M)
for the sum 3~ chy,(K°)..
Proposition 3.7. (i) If K is acyclic then chy;(K*) = 0.

(i3) chif (1)) = —ch ().
(iii) If

0K —-L —-N —0

s an exact sequence of complexes of vector bundles on M with support in X, then
chy/ (L) = chy (K') + chy (N).
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(w) If f : B — K is a morphism of bounded complezes of vector bundles on M with
support in X, we have
chy;(Cone(f)) = chy, (K°) — chy, (E).
If f is a quasi-isomorphism then chy, (K') = chyy (E").

(v) Given a cartesian diagram
X/( S M/

b

we have
g (K) = (" K).

Proof. Statements (i), (ii), and (v) are immediate from the construction. Statement (iii) is
[15, 4.2]. The first part of statement (iv) follows from (ii) and (iii) applied to the exact
sequence

0 — K — Cone(f) — E'[1] — 0.

The second part of (iv) is [15] 4.3]. O

Remark 3.8. The preceding construction can also be applied with X < M a closed imbed-
ding of Artin stacks, replacing the étale site by the lisse-étale site and holds also in this
more general context with the same proof.

Remark 3.9. In the above we assumed that M was connected. To extend the definition to
disconnected M apply the construction to each connected component of M.

Definition 3.10. If f : X — Y is a morphism of quasi-projective finite group quotients over
k and F* € D, (X), then F is called f-perfect if for some factorization of f

coh
(3.10.1) X 2>y,

where 7 is a closed imbedding of X into a quasi-projective finite group quotient M and p
is smooth, the complex i, F" € D, (M) is isomorphic in Deon(M) to a bounded complex of

coh
locally free sheaves of finite rank on M.

3.11. The existence of a factorization (3.10.1f) is shown in . Moreover, by every

coherent sheaf on M is a quotient of a locally free sheaf of finite rank. From this and [2,
I11.4.4] it follows that a complex F" € Do, (X) is f-perfect if and only if it is f-perfect in the
sense of [2, II1.4.1]. In particular, this condition is independent of the choice of factorization
3.10.1)), is smooth local on X and Y, and if F" is f-perfect then for every factorization
3.10.1]) the complex i, F" can be represented by a bounded complex of locally free sheaves of
finite rank.

Furthermore, the subcategory D} (X) C D!, (X) of f-perfect complexes is a triangu-

lated subcategory, and we can define the Grothendieck group K(f : X — Y) of f-perfect

complexes. By definition this is the Grothendieck group of D% __ +(X).

It follows from that for a closed imbedding X <— M of quasi-projective finite group
quotients over k and with dense complement, the localized Chern character defines a mor-
phism R

chy, : K(X — M) — H (X — M).
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This map is obtained by representing a class K(X < M) by a complex K € D?uperf(X ),
then representing the complex i, /K" by a bounded complex of locally free sheaves on M, and
finally applying the preceding construction to this resolution.

Remark 3.12. A special case of the preceding is when M is smooth over k. In this case
K(X <— M) is the Grothendieck group of coherent sheaves Ky(X) on X, and we get a
homomorphism

ch? : Ko(X) — H (X — M).

This map can be generalized also to closed imbeddings X < M of Artin stacks of finite
type over k, where M has the resolution property as discussed in [22]. Recall that this means
that every coherent sheaf on M is a quotient of a locally free sheaf on M. For example, by
[22, 2.1] if M is a quotient [U/G] of a finite type scheme U by the action of an affine finite
type k-group scheme G and U has an ample family of G-linearized line bundles, then M has
the resolution property.

3.13. Some calculations of localized Chern classes.

3.14. Let s : X — Y be a regular closed imbedding of separated finite type Deligne-Mumford
stacks over k. The key tool for our computations will be the standard degeneration of Y with
respect to X, constructed in and denoted ¢ : % — Y x Al.

Recall that this degeneration is obtained as follows. Let .# C Oy be the ideal defining
s: X — Y, and consider the affine morphism

Spee, ((Symy, #)[f) — V.

We have two inclusions

pr,p2 i I = Symbyj7
where p; is defined by the inclusion .# — Oy and ps is the inclusion of .# as the degree 1
elements with respect to the natural grading. Let ¢ C Symj (.#)[t] be the ideal generated
by the image of p; —tps, and let 2 be the corresponding closed substack. There is a projection

q: % —Y x A

In the local setting when we have a regular sequence z1, ..., z, € Oy defining the ideal .#
we have
Y = Spec, (Oy[t][z1, ..., 2]/ (tzi — 2:)i_y).
From this local description we see the following:

(i) For a point a € G,,(k) C A'(k) the fiber %, projects isomorphically to Y.
(i) The fiber % of & over X x {0} is the total space N := Spec (Sym'.#/.#?) of the
normal bundle of X in Y.
(iii) There is a natural inclusion 5 : X x A! < % whose restriction to %, (for a € G,,(k))
is the inclusion s, and whose fiber over 0 is the zero section of N — X.

3.15. We will also consider a variant of this construction. Let X/k be a finite type separated
Deligne-Mumford stack. An effective pseudo-divisor on X is a pair (£, «), where . is an
invertible sheaf and a : .Z — O is a morphism of &x-modules. The image of « is an ideal
in Ox and the corresponding closed subscheme Z C X is called the support of (£, «). Then
over X x A" we get an ideal sheaf ¢ C (Sym,, .Z)[t] by taking the ideal generated locally by
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elements of the form ¢m — a(m), for local sections m € .Z. More concretely, if X = Spec(R),
Z is trivial, and the map « is given by an element f € R, then the ideal sheaf ¢ C R|[t, 2]
is the ideal generated by tz — f. We therefore get a degeneration

2 — X x Ah.

The fiber over a € A'(k) is isomorphic to X if a # 0, and the fiber over 0 is equal to the total
space of the line bundle i*.#", where i : Z — X is the closed substack defined by a(.%). We
refer to 2" as the standard degeneration of X with respect to (£, ).

Note that in the case when « : & — Ox is the inclusion of the ideal sheaf of an effective
Cartier divisor Z C X, this variant construction agrees with the standard degeneration of X
with respect to Z.

Calculation 3.16. Let X be a quasi-projective finite group quotient over k, and let £ be an
wnvertible sheaf on X. Let

L := Spec, (Sym'.Z’) P x

be the total space of £V, and let s : X — L be the zero section. Then the image of chf(ﬁx)q
under the isomorphism

(3.16.1) p: HY(X — L) — H* (X A(g— 1))
induced by the canonical isomorphism p'Ax ~ Ay,(1)[2] is equal to (td(LV)™1) 1.
Remark 3.17. Here td(£¢") denotes the Todd class of the invertible sheaf £ [10, 3.2.4].

Proof. Consider the exact sequence on L
0—p'¥ — O — s,0x — 0.
Therefore in the notation of 3.4 we have K = p*.Z & 0%,

A = 1 z =0
0 ¢#0.
The flag F. is the flag with F_5 =0, F_; = p*.Z, and Fy = K. The flag variety F1, is simply

P :=P(p*¥ @ OL), and T = Fl, since the condition on compatiblity with F. automatically
holds.

The canonical complex on P(p*.Z @ Oy,) can be described as follows. Let 4 C (p* L ®OL)|p
be the universal subbundle. Then the complex C" is the complex

%Hﬁp

induced by the second projection, with .# sitting in degree —1. Note that this complex is
acyclic away from the section s(9) : L. — P(p*.Z @ OL) corresponding to

ide0:p"? - p"Z P Oy,

so Ty is in this case isomorphic to Spec(Sym (p*.£")).
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Also the graph of the inclusion p*.% < 0, defines a morphism ¢ : L. — P(p*.Z @ OL) and
we have a cartesian square

X(—S>]L
s \Lq
() N
L——POp'Z & OL).

Now to calculate the Chern classes, note that we have

er(A) ))1 — o ().

1 —e-als?

ch(C) = —ch() +1=1— e = ¢\ (aY) (
in ©;H*(P(p* £ @ Ov), A(i)). From this it follows that if c°¢(p*.#V) € H?(X,s'A(1)) denotes
Deligne’s localized Chern class (see [2.14]), then
chy, (Ox) = e (p" ") - td(L¥) 7",

Since multiplication by c¢P¢(p*.#ZV) is the inverse to the isomorphism [3.16.1] (by [2.30)) this
completes the proof of [3.16)] O

3.18. One advantage of the notion of effective pseudo-divisor is that it is functorial. Namely if
X is an algebraic stack and o : .Z — Oy is an effective pseudo-divisor, then for any morphism
f:Y — X we get an effective pseudo-divisor f*« : f*.Z — Oy by pullback. There is in fact
a universal effective pseudo-divisor. Let [A!/G,,] denote the stack-quotient of A! by the usual
multiplication action of G,,. Then the origin in A! is invariant and defines an effective Cartier
divisor in [A!/G,,]. Let £* — Oju1g,,) be the corresponding effective pseudo-divisor. Then
for any algebraic stack X, pullback of £* — Oja1/g,, defines an equivalence of groupoids
between effective pseudo-divisors on X and morphisms X — [A!/G,,].

One application of this is the following. Let X be an algebraic stack and let o : £ — O
be an effective pseudo-divisor with support ¢ : Z < X. This defines a cartesian diagram

7——X
.
BG,,— [A'/G,,],

and we define the localized Chern class c°°(.Z,a) € H%(X, A(1)) to be the pullback along f
of the localized Chern class of o : L* — Oy, in Hpg, ([A'/Gn), A(1)).

Calculation 3.19. Let X be an algebraic stack, and let o : £ — Ox be an effective pseudo-
divisor with support i : Z — X. Let & denote the compler £ — Ox (with £ placed in
degree —1). Then

(3.19.1) ch% (&) = (L, a) - td(LY) 7!

inH(i:7Z— X).

Proof. By functoriality of both sides, it suffices to consider the universal case X = [A!/G,,]
and " : L — Op15,,. In this case the map

]/—\I'(BGm — [AY/G,]) — @ionQi([Al/Gm]aA(i))



BOREL-MOORE HOMOLOGY, RIEMANN-ROCH TRANSFORMATIONS, AND LOCAL TERMS 29

is injective. By definition, the left side of|3.19.1|maps to 1—ch(£") in &0 H* ([A'/G,,.], A(7)),
and the right side maps to
1 — el

(L") L) = (L)

=1—ch(Z").

g

Calculation 3.20. Let & — & be a surjective map of locally free sheaves of finite rank on
a quasi-projective finite group quotient X/k, and set

E" = Spec (Sym'&"), E = Spec (Sym'&)

so we have a commutative diagram of zero sections

S

XCS_”> E//C_t> E.

Then we have
chiy (Ox) = chy(Ox) - chl (Opn).

Proof. 1t suffices to prove the formula after making a base change X' — X, where X’ is an
affine bundle over X (locally on X isomorphic to A% for some 7). Let X’/ X be the scheme
representing the functor which to any scheme ¢ : T" — X associates the set of sections of the
map ¢*& — ¢*&”. Then X' is a torsor under Zom(&", &), where &' denotes the kernel
&' = Ker(& — &"). In particular, X’ — X is an affine bundle over X. It therefore suffices
to prove our formula after base change to X', over which we have & = &’ & &”. Now in this
split case, setting F’' := MX(Sym'cf’ ) we have a cartesian square

X——F

|

E”CH E7
and the formula follows from [15, 1.8]. O

Calculation 3.21. Let & be a locally free sheaf of finite rank r on a quasi-projective finite
group quotient X, and let E = SpecX(Sym'éd) with zero section s : X — E. Then under the
1somorphism

(3.21.1) p: HY(X — E) — H*9)(X A(s — 1))
the image of chyy (Ox), is equal to td(&Y), ..

Proof. We proceed by induction on 7, the case r = 1 being [3.16

For the inductive step we proceed as in the proof of Note that if ¢ : X' — X is
a projective bundle, then it suffices to prove the formula after base change to X’. Taking
X' = P(&), we may therefore assume that there exists an exact sequence of locally free
sheaves

0—-& —-&—&" —0
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where & and &” have strictly smaller ranks. Looking at total spaces, we get a commutative
diagram

N |
N

where E" = Spec, (Sym'é”) and E” = Spec, (Sym'&”).
By [3.20] we have
chX(Ox) = ch,(Ox) - chE" (Op)) = ch, (Ox) - b*ch (Ox).
By induction, this equals
(B (& d(E™) ) - (e (8 (E™) ),
which by multiplicativity of the top localized Chern classes (as in the proof of and Todd
classes [10, top of p. 57] is equal to c°¢(&V)td(&Y) L. O

Calculation 3.22. Let g : Y — X be a smooth representable morphism of quasi-projective
finite group quotients of relative dimension r, and let s : X — Y be a section. Then under
the isomorphism

p:H(s: X —Y)— H (X A(-—7))
the class of chy (Ox) maps to td(s*Ty x) ™t

Proof. Let
Y Y x Al

be the standard degeneration of Y with respect to s : X < Y (see , and observe that by
the local description of % in the map §: % — X x A' is smooth of relative dimension
r. Let §: X x Al — & be the natural inclusion, whose restriction to %, (for a € G,,(k))
is the inclusion s, and whose fiber over 0 is the zero section of N — X. Here N denotes

SpecySym (. /.#?), where .# denotes the ideal of X in Y.

Consider the classes
o= chS M (Oxynr )i € H¥(X x AY,5A(1)),
and its image under the isomorphism
p: HP(X x AL 5A(1)) — H* (X x AL A(—1)).

For a point a € A'(k), let s, : X — %, denote the restriction of 5. Then for every a € A'(k)
the restriction map induced by base change

res, : H*(X x A',8'A(1)) — H*(X, s, A(i))



BOREL-MOORE HOMOLOGY, RIEMANN-ROCH TRANSFORMATIONS, AND LOCAL TERMS 31

is an isomorphism and the diagram

resq

H%(X x A, §'A(i)) H*(X, s,A(i))

lﬁ -

resg

(i) (X x AV A —7)) —> H20=) (X,A(i —1))

commutes. This follows from the compatibility of the isomorphism §'Ax a1 =~ Ay (—7)[—2r]
with base change, which in turn follows from compatibility of the trace map with base change
[T, XVIII, 2.9 (Var 2)] (and in the case of stacks [20], 4.1 (ii)]). Also observe that the maps
res, - H27(X x AL A — 1)) — H* (X, A — 7))
are independent of a since the inverse is given by the pullback map
pri: H2U(X A — 7)) — HX(X x AL A — 7).
It follows that we have
pi(chy (Ox)) = feSlﬁ(Chf?y(XAi(ﬁXxAl))
= resop(chy ® (Oxxn))
= po(chiy (Ox))
= td((s/72)")!
td(S*Ty/X)il,

where the second to last equality is by Il

Calculation 3.23. Consider a commutative diagram of quasi-projective finite group quotients
X Yc_i> M
M

where s and 1 are closed imbeddings and a and b are smooth. Then for every s-perfect complex
K on X, we have

(3.23.1) chyp (K) = chy (K) - ch}, (Oy).

Remark 3.24. Note that since a and b are assumed smooth, K is s-perfect if and only if K
is 1s-perfect.

Proof of [3.23 Let .#' — M' x A' be the standard degeneration of M’ with respect to

i:Y — M’, so we have a commutative diagram

X X Al~——Y x Al—— gz’

Tk

M x Al

where @ = a x idy and b is smooth. As in the proof of [3.22] it suffices to prove that the
formula (3.23.1)) holds in the fiber over 0 € A'(k). Now the fiber over 0 of .#’ is equal to
the normal cone N of Y in M’ with the inclusion of the zero section Y < N. It therefore

suffices to show the formula (3.23.1)) in the case when M =Y and M’ = SpecY(Sym'éa) for
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some locally free sheaf of finite rank & on Y. In this case we have a commutative diagram
with cartesian squares
X——Y

X——Y,
where P := X xy M’, and the formula (3.23.1)) follows from [15] 1.8]. O

Calculation 3.25. Consider a commutative diagram
X(_7’> Y
\ lg
f
M

of quasi-projective finite group quotients over k, where i is a closed imbedding and f and g
are smooth. Let r denote the codimension of X in'Y, so we have an isomorphism i'Ay =~
Ax(—r)[—2r] which induces an isomorphism

Ay PA[q(X —Y) ~ H (X, A(s — 1)).
Then the image of chi(Ox) under the resulting isomorphism A : H(X — Y) ~ H="(X —
X) is td(A) 7L, where A is the normal bundle of X inY.

Proof. Let % — Y x A! be the standard degeneration of Y with respect to X, so we have a
commutative diagram

X x Al——> g
s |
fxid
M x Al.
The fiber over 0 € A!(k) of this diagram is equal to
X s N
M

where N = Spec  (Sym'.#"") is the total space of the normal bundle of X in V. As in the
proof of [3.22] it then suffices to show the result in the case when Y = N, where the result
follows from [3.21] O

Y

Calculation 3.26. Consider a commutative diagram of quasi-projective finite group quotients

M/
e

g

XC—i>M

?
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where g is smooth of relative dimension r (a locally constant function on M'), and i and t
are closed imbeddings. Then for any i-perfect complex K on X, the image of chy, (K) under
the isomorphism

(3.26.1) AN H(X — M)—=H"(X — M)
is equal to chy (K) - td(t* Ty jar) 7t

Proof. First we reduce to the case when g is quasi-projective. For this write M = [U/G]
where U is a quasi-projective k-scheme and G is a finite group acting on U. Let M|, (resp.
Xy) denote the base change of M’ (resp. X) to U. Then the pullback maps

H(X — M) — H(Xy — M) and H(X — M) — H (Xy — U)

are injective. By functoriality of the localized Chern classes and Todd class it therefore suffices
to prove the result after replacing M by U which reduces the proof to the case when M, and
hence also X, is a scheme. In this case the imbedding X «— M’ factors through the maximal
schematic open substack of M’. Replacing M’ by this open subset we may therefore further
assume that M’ is a quasi-projective scheme, and in particular that g is quasi-projective.

Next we reduce the proof to the case when M’ is P4, for some d. For this consider a
factorization

M/(_“)P
e
g
M,

where a is a closed imbedding, and h is also smooth (we will apply this with P an open subset
of P}, for some n). We then have a commutative diagram with cartesian squares

X——Y"——= M

NG

PXC—>P

|

X—— M,
where Y denotes the fiber product X x,; M'. Now if the proposition holds for the diagram

P

/]

X——M

then we have

(3.26.2) Ap(chp (K)) = chy (K) - td(Tp/m|x) ",
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where we write A\p : H (X = P)— H (X — M) for the natural isomorphism (which involves
a shift of the grading). By applied to

X M/ P

N

M

we have
ch¥(K) = chy (K) - chM' (Op)

in H' (X < P), which by maps to A(chyy (K)) - td(Aar p|x) ™" in H(X — M). Com-
bining this with (3.26.2)) we find that

(3.26.3) Achyy (K)) - td(Arryplx) " = chyy (K) - td(Tpm|x) "
Now from the commutative diagram
M'~——P
M

we obtain an exact sequence
0 — Tarymlx = Teimlx — Nuryplx — 0.
By additivity of the Todd class we get that
td(Tp/arlx) " - td(Aar plx) = td(Taryne) ™,
and combining this with we get
A(chyp (K)) = chyy (K) - td(#* T ar) ™
as desired.

It therefore suffices to prove the statement in in the case when M’ is an open substack
of P}, for some n. In this case we have

ChX/<K) = Ché%if(K)’ t*TM’/M = Tprg/[/M’)(,

so it suffices to verify in the case when M’ = P},, which we assume for the rest of the
proof.

Lemma 3.27. The pushforward map
H(X —P%) — H(PL — P
18 1njective.

Proof. Let M denote i'A. It suffices to show that the morphism s'M — px. M induced by the
adjunction s,s' — id is a split monomorphism. This is true for any M of the form p' G, for G
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on X (in particular, for i'A ~ p\A(—n)[—2n]). Indeed if M = p,G we have a commutative
diagram

*plx—ﬁd

G =sM—px.M = px.pxG—= G

idg

Since the pullback map
H (X — M) — H (P} — P},)
is injective, to verify the equality in |3.26] it suffices to show that Ch%% (K) and chy,(K) -

td(Tpn/ar) " have the same image in H (P — P};). We therefore have to understand the
relationship between the composite map

~ (3:26.1) ~ * A
H(X < Pyy)—= H"(X — M)~ H" (P} — P})

[5Y
[\

and the pushforward map
H(X < Py) — H (@ — PY).

Let (L, so, ..., s,) be the line bundle with sections on X defining the imbedding s : X —
P%, and let Z; C Opy denote the ideal sheaf defining s, so we have an exact sequence

0—>/s—>ﬁ[p>7;( — 5,0x — 0.
Tensoring this sequence with Opn (1) and applying R’py, we get an exact sequence
0 — Rx. 7(1) = R'px.Opy (1) — L.

Under the canonical isomorphism %™ — Ropx*ﬁp&(l), the map on the right is the map
defining by the sections (sq,...,$,) and in particular is surjective. Let & denote the sheaf
R%px. #s(1), so & is a locally free sheaf of rank n on X which sits in an exact sequence

(804+++y8n)
0—>& — Oy —— 0,

Observe that the formation of this sheaf & commutes with base change X’ — X. Also if
O—>%’—>ﬁ§;1—>ﬁp§(1)—>0
denotes the universal exact sequence over P%, then we get an isomorphism
&~ s*H.
Since Tpn )x =~ £ (1), this yields an isomorphism
(3.27.1) &V QL ~ s Tpn /x.

Lemma 3.28. The adjoint map p5x&(—1) — _Z, is surjective.



36 MARTIN OLSSON

Proof. Tt suffices to consider the case when X = Spec(k) is a point. In this case the section
s is a k-point of P}, say s = [sg : -+ : s,]. Then

éa C @?:Ok * XZ

is the subspace spanned by the linear forms s;X; — s,X;, which are precisely the equations
defininig s. O

Lemma 3.29. The diagram

*

= p

H™(X — M) — H"(P% — P7)
T (260) l-cn(p}gv(l))
]/:;'(X — P7,) s ]/:\T(]P’T)L( — P?)
commutes.

Proof. The composite map

-~ -_1/\ S« -~
(3.29.1) H™™X — M)— H (X — P},) — H (P} — P},)

is obtained as follows. The isomorphism p'y A =~ Apn (n)[2n] defines a map
(3.29.2) s:lhx = 5.8 Py A — py A ~ Apn (n)[2n].
Tensoring this map with pii'Ay ~ E!Apxj we obtain a morphism

syitAyr — E!APX{ (n)[2n]

which upon taking cohomology gives the map (3.29.1). To prove the lemma, it therefore
suffices to show that the map Ax — px.Aps (n)[2n] obtained by applying px. to (3.29.2)) is
equal to the map defined by ¢, (p5&Y(1)).

To see this it suffices to consider the universal case

Py x Py
A ( lprl
Py,

where A denotes the diagonal morphism. The map Aprn — pry, Apnypn(n)[2n] is determined
by the corresponding global class in H?*(P™ x P", A(n)) which by construction is simply the
cohomology class of the diagonal in P™ x P". We show that this cohomology class is equal to

cn(prié™ (1)).
We calculate this Chern class as follows. The sheaf & is the kernel of the universal surjection
OB+t — Opn(1). We therefore have an exact sequence

0 — Opn(—1) — Ot — &Y — 0.
Pulling back this sequence along pr;, and tensoring with pr&p- (1) we get an exact sequence

0 — Opnypn(—1,1) — Opnypn (0, 1) — pri&¥(0,1) — 0,
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where for integers i and j we write Opnypn(i,j) for prjOpn(i) ® prjOpn(j). Using the mul-
tiplicativity of the total Chern classes we get that in (where «; is the first Chern class of
pr; Opn (1))

O H* (P x P, A(i)) = Aoy, ao] /(o o)
we have

c(pri”(0,1)) - (1 = (1 — az)) = (1 + az)" ™.
By part (ii) of the following elementary result [3.30] it follows that

ca(pri&Y(0,1)) = Z alad ™,
i=0

which indeed is the cohomology class of the diagonal. U

Sub-Lemma 3.30. Fiz a positive integer n, and another integer i in [0, n].

(i)
"/ _(n+1
2 ()-G)
(ii) The coefficient of a't"~" in the expansion in Z[[t,a]] of
I+)"M A+ (a—t)+ (=t +(a—t)* +--+)

15 equal to 1.

Proof. For (i) we proceed by induction on n. The case n = 1 is immediate. For the inductive
step, note that the result is clearly true for ¢ = n. It therefore suffices to show that the result
holds for 7 < n assuming the result for n — 1. Breaking up the sum on the left as

(£0)-()

and using the induction, we get that the sum is equal to

To prove (ii), it suffices to prove the result after replacing Z by R. Also note that if we
write z = (o — t) and use (i), then we get

“n+1\ .
t"at" T o = Z ( + )z’t"‘l.
— 1+ 1

Set
(1 + t)nJrl
(1-2)
Using Taylor’s theorem, to prove (ii) it then suffices to show that the value of %
t =2z =01is equal to (n+ 1)!/(i + 1) which is an immediate calculation.

F(t,z):=

at
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To complete the proof of , we now compute the class of s,0x in H (P% — P%,). For
this note that by we have an exact sequence

px&(=1) — Opr — 5.0x — 0.
Taking the associated Koszul complex we get a resolution on P% of the form

n—1

0= A(@x&(-1) = Npx&(=1) = -+ = (pxE(=1)) = O — 5.0x — 0.

Tensoring this complex with p% K, we find that in H (P?% — P?,) we have

n (3

chy (5.K) = (pchiy(K)) - > (=1 (ch( A\ (px & (1)),

=0

where ch(A'(p5&(—1))) denotes the usual unlocalized Chern character of A’(pi&(—1)).
Combining this with the basic formula [10, 3.2.5]

n 7

> (1) (ch( A\ @k & (-1)))) = calpx Y ()td(px &Y (1) 7,

i=0
we get that in H (P% — P?,) we have
s.chd, (K) = chyi (5.K)
= (pchy(K)) - ca(px€V(1)) - td(py 6™ (1))
= px(chy (K) - td(&” @ L)) - cu(pk V(1))
= pi(chy (K) - td(s*Tpy ;x) 1) - ca(pk £V (1)),

where the last equality uses (3.27.1)). This implies in light of and OJ

4. THE TRANSFORMATION T3¢ AND RIEMANN-ROCH

Throughout this section we work over an algebraically closed field k, and Q,-coefficients
for a prime ¢ invertible in k.

4.1. Definition of 7;¥.

4.2. Let f : X — Y be a morphism of quasi-projective finite group quotients over k , and
choose a factorization

(4.2.1) X—= M

N

Y

with ¢ a closed imbedding, M a quasi-projective finite group quotient, and g smooth. We
then have g'Ay (i) ~ Ay (i + r)[2r], where r is the relative dimension of M over Y (a locally
constant function on M). Therefore there is a canonical isomorphism

(4.2.2) H(f: X -Y)~H"(X — M).

Define R
5+ K(f-perfect complexes on X) — H'(f: X —Y)
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by sending the class of a complex K to the image of
chy (K) - td(i*Thyyy) € H (X — M)
under the isomorphism ((4.2.2)).

Proposition 4.3. The map 75 is independent of the choice of factorization of f.

Proof. Given two factorizations (i = 1,2)

we can form a commutative diagram as in[A.8] Using this it follows that it suffices to prove
that for a commutative diagram

M/

2

X——M

N/

Y,

/

g

with ¢, ¢’, and h smooth and j and j closed imbeddings, the images in H (X —=Y) of
chy, (K) - td(5*Thryy), and chyy (K) - td (5 Tary)

are equal. By m the image of chy, (K) is equal to the image of chy,;(K) multiplied by
td(Tar /) ' The independence of factorization therefore follows from the equality

td(j" Taryy) = td (G Taeyy) - td (G Torr ya),
which follows from the additivity of the Todd class applied to the exact sequence

0— j/*TM’/M — j,*TM’/Y — j*TM/y — 0.

4.4. Some remarks on equivariant Grothendieck groups.

4.5. Let X be a quasi-projective finite group quotient over our ground field k, let K°(X)
(resp. Ko(X)) denote the Grothendieck group of locally free sheaves of finite rank (resp.
coherent sheaves) on X. So K°(X) is a ring, and Ky(X) is a module over K°(X). Let
X = [U/G] be a presentation of X with U a quasi-projective k-scheme and G a finite group
acting on X, and let g : X — BG be the corresponding map. Let a € K°(X) denote the class
obtained by pulling back the locally free sheaf on BG defined by the regular representation
Oq of G. Set

K'(X) = K°(X)/(a - [G]), Ko(X) = Ko(X) Bxopx) K (X).
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4.6. By [25] 2.2] there is a Riemann-Roch transformation (a morphism of K°(X)-modules)
rxt Ko(X) = A(X)q

which by [25] 2.5] induces an isomorphism
Tx t Ko(X)g = Au(X)o.

Note that this implies in particular that the quotient Ko(X)g — Ko(X)g is independent of
the choice of presentation of X.

Remark 4.7. The fact that the kernel of 7x : Ko(X)g — A.(X)g is generated by o — |G|
can be seen directly as follows. It suffices to show that if £ € Ky(X)g and 7x(€) = 0, then
a-&=01in Ko(X)g (for then & = ﬁf - (a—1@G|)). Consider the projection 7 : U — X which
exhibits U as a G-torsor over X. The composite morphism

AdX)g "= A, (U)g —> A(X)g

is equal to multiplication by |G|. In particular, the pullback map A.(X)g — A.(U)g is
injective. Therefore if {y € Ky(U)g is the pullback of & then 7/(§y) = 0. Now U is a
quasi-projective scheme, so 7y is an isomorphism whence &y = 0. We conclude that

07 5: 7T*(€U) =0.

4.8. If f: X’ — X is a proper representable morphism and if U’ denotes the fiber product
U xx X' so X' = [U'/G], then proper pushforward defined a morphism of K°(BG)-modules
Rf.: Ko(X') — Ko(X),

and therefore also a morphism Ko(X")g — Ko(X)g, which we again denote by Rf.,.
Proposition 4.9. There exists a projective mophism [ : X' — X with X' smooth such that
the map o o

Rf.: Ko(X')g — Ko(X)g

1S surjective.

Proof. Since the Riemann-Roch transformation is compatible with proper pushforward [24,
2.2], it suffices to prove the analogous result for A,(—) in place of Ko(—).

Furthermore we may assume that X is reduced.

By [4], 7.3] there exists a projective surjective generically finite morphism p: Y — X with
Y smooth. Let U C X be a dense open subset over which this morphism is finite and flat,
and let Y be the preimage in Y. If Z C X (resp. Yz C Y) denotes the complement of U
(resp. Yy ) then we have a commutative diagram with exact rows (see [10, Proposition 1.8] in
the case of schemes)

A(Yz)g — Au(Y)g — A.(Yu)g — 0,

\L Rp. i Rp. \L Rp.

AlZ)g — A X)g — A (U)g —0,

where the right vertical morphism is surjective as Rp, o p* = deg(Yy/U). By noetherian
induction we may assume that there exists a projective morphism h : Z' — Z such that
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A (Z")g — Ai(Z)q is surjective. Setting X' := Z'[[Y we then get the desired projective
morphism X' — X. O

Remark 4.10. In fact we can even find a representation V' of G such that if " denotes the
corresponding locally free sheaf on X then we have an imbedding X’ < P¥ over X. To see
this let X}, denote the fiber product X’ x x U, so we have an action of G on Xj; over the action
on U and such that X’ = [X},/G]. Fix an imbedding X7, <= X Xgpecr) PW for a k-vector
space W, and let ¢ : W ®, O x;, — L be the surjection onto a line bundle corresponding to
this imbedding. Let V' denote the G-representation ®96G W, where h € G acts by sending a
tensor ®geqwy t0 @gegwpy. Similarly let M denote the G-equivariant sheaf on X' given by
(%) gec 9°L. The map ¢ induces a surjection of G-equivariant sheaves

defining a G-equivariant imbedding X/, < U xP(V'). Passing to the quotient by the G-action
gives the claim.

Lemma 4.11. Let ch: K°(BG) — H*(BG, Q) = Q; be the Chern character. Then ch(a) =
|Gl

Proof. Let Spec(k) — BG be the morphism defined by the trivial torsor. Then the pullback
map H*(BG,Q,) — H*(Spec(k), Q;) = Qy is an isomorphism and is the identity map on H".
By compatibility of Chern classes with pullback it therefore suffices to prove the result over
Spec(k) where the result is immediate. O

Lemma 4.12. Let X = [U/G] as above, and let m : U — X be the projection. Then the
pullback map

T Ko(X)g — Ko(U)g
induces an isomorphism
FO(‘X)Q - Ko(U)8~

Proof. The composite map

Ko(U)g —> Ko(X)g —— Ko(U)g

sends the class of a coherent sheaf F' to the class of the sum ©gycqg*F. From this it follows
that the map 7* surjects onto Ko(U)g, and that m* factors through Ko(X)g. Since the
composite map

Ko(X)g —— Ko(U)g —~ Ko(X)g

is equal to multiplication by |G| (as can be seen by looking at , the corresponding diagram of
Chow groups), it follows that 7* induces an injective map on Ky(X)g. O

Proposition 4.13. Let E be a locally free sheaf of finite rank on X. Then Ko(P(E))q is
generated as an abelian group by the classes of sheaves p*F(r), where p : P(E) — X s the
projection, ' is a coherent sheaf on X, and r is an integer.
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Proof. In the case when X is a quasi-projective scheme the result follows from [10, Theorem
3.3 and 18.3.2].

For the general case, write X = [U/G] as above, and let Ey denote the pullback of E to
U so that P(E) = [PyEy/G]. Let £ € Ko(P(E)) be a class with pullback &y in Ko(PyEy).
By the case of a quasi-projective scheme, we can find coherent sheaves Fj, integers a; and n;,

such that
&= alp} Fi(ni)),

where py : PyEy — U is the projection. Let F! denote the G-equivariant sheaf ®,ecqg*Fi.
Since &y is G-invariant we have

G| &v = Z%[PZF{(”M
in Ko(PyEy)Y. Therefore if F; denotes the sheaf on X corresponding to F! then we have

Gl-€ =) alp Fi(n)].

)

i

Remark 4.14. As pointed out to us by an anonymous referee, proposition holds more
generally for Ky(P(E)) before tensoring with Q and passing to K¢(P(E)). The referee’s
argument is the following. Let &a denote the structure sheaf of the diagonal imbedding

A:P(E)—P(E) xx P(E),
and let F' be a coherent sheaf on P(F). Then we have
F = Rpr,, (0 @" prjF).
On the other hand, Beilinson defines a finite resolution of &s by sheaves of the form Op(g(—i)X
)

Qﬁ;( B)/X (1) (see for example [3| §5.7]). Therefore F' is contained in the subgroup of K(P(E)
generated by elements of the form

Rpry, (Opzy(—1) B (Qp(gy/x (1) @ F)) =~ Opy (i) © Lp* Rp. () x (1) © F),

where the isomorphism is by flat base change. The image of the right side of this isomorphism
in Ko(P(E)) is contained in the subgroup generated twists of images of Ky(X), whence the
result.

4.15. Compatibility with Riemann-Roch transformation.

We continue with the notation and setup of [4.2]

4.16. In the case when Y is smooth of dimension d, we have f'A ~ Qx(—d)[—2d], so get an
isomorphism

H(X —-Y)~H; (X),
where H.(X) is defined as in .

The Grothendieck group of f-perfect complexes is in this case the same as the Grothendieck
group Ko(X) of coherent sheaves on X. Let

TX Ko(X) — (A*X)Q
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be the Riemann-Roch transformation.

Theorem 4.17. The diagram

commutes.

The proof occupies [4.18-H4.21}

4.18. First we reduce to the case when f: X — Y is a closed imbedding. For this choose a
factorization

N

Y,
with ¢ a closed imbedding and g smooth. We then get a diagram

~

H(X — M),

where the two bottom triangles commute (and where we omit the shifting in degree to ease
the notation). From this it follows that the theorem holds for X — Y if and only if it holds
for X < M. In particular, it suffices to prove the result in the case when Y = Spec(k).

Fix a presentation X = [U/G| with U a quasi-projective k-scheme and G a finite group
acting on U.
Lemma 4.19. The composite map
’TX o~ ~ ~
Ko(X)g —— H (X — Spec(k)) — H.(X)
factors through Ko(X)q.

Proof. Choosing an ample G-linearized invertible sheaf on U we can find a representation V
of G over k and a G-equivariant imbedding U — P(V'). Let W C P(V) be a G-equivariant
open subset such that U — P(V') factors through a closed imbedding U < W and let M be
the quotient [W/G] so we have a commutative diagram

X——M

i

BG.
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If R denotes the sheaf on BG corresponding to the regular representation of GG, then « is the
class of g*R. We therefore have (using the multiplicative property of local chern classes [15,
1.8])

chy;(g*R) = ch(R) - chy (Ox),
and by we have ch(R) = |G|. This implies the result. O
Proposition 4.20. Let p : X' — X be a projective morphism. Then the diagram

/
X

(4.20.1) Ko(X') —— H (X' — Spec(k)) —= H.(X')

l Rp* \Lpl):om
X

J— T,

Ko(X) —— H (X — Spec(k)) — H.(X)

commutes.

Proof. Write X = [U/G] as before, and choose a representation V' of G with associated locally
free sheaf ¥ on X, and a closed imbedding ¢ : X’ < P¥ for some n, and let ¢ : P¥ — X be
the projection. We then get a diagram

Ro(X') ——= H'(X' — Spec(k)) ——= H.(X")
2 b
Bp- | Ko(PY') — H (PY — Spec(k)) — H,(PY) | pim
lRQ* qbe

T ~ ~

Ko(X) —— H'(X — Spec(k)) —= H.(X),
where the top inside rectangle commutes by the definition of Tk,X/, and the right outside
diagram commutes by associativity of the proper pushforward map.
From this it follows that it suffices to consider the case when X' = P77,

Since the pullback map fI*(X) — fI*(U) is injective, the commutativity of (4.20.1) can be
verified after pulling back to U, so we may even assume that X’ = P% for some n (and that
X is a scheme, though this is not necessary).

Now to verify that

(4.20.2) Ko(P%) —— H(P% — Spec(k)) — H.(P%)

o X

Ko(X) —— H (X — Spec(k)) — H.(X),

commutes, it suffices to look at generators of Ko(P%) so by it suffices to consider the
class of a sheaf ¢*F(r) for F' coherent on X and r an integer. By construction of the local
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Chern classes the image of [¢*F(r)] under the composite map

P
7_X

Ko(Py) —— H (P} — Spec(k)) — H.(Py) —> H.(X) ® H.(P})

is the product of the image of [F] € Ko(X) under the map

X

Ko(X) — = H'(X — Spec(k)) —= H.(X)

and td(Tey k) - ch(Opr(r)) in H* (P}, Q) =~ H,(P}p). To verify that (4.20.2) commutes it
therefore suffices to show that

%

which follows from the usual Grothendieck-Riemann-Roch theorem. O

4.21. To prove in the case when Y = Spec(k), choose using a projective surjection
p: X' — X such that the induced map Ky(X")g — Ko(X)g is surjective and X’ is smooth.
We claim that if holds for X’ then it also holds for X. Indeed if w € K((X)q is a class
choose a lifting w’ € Ko(X')g. Let v € H,(X) (resp. 7' € H,(X')) be the image of w (resp. w')
under the map 77 (resp. 7X') composed with the isomorphism H* (X — Spec(k)) ~ H,(X)
(resp. H (X' — Spec(k)) ~ H,(X")). Then by we have v = p°m(+/). Since the diagram

clys

Ko(X)g —> (A X")g —> H.(X)

i Rp. ip* J/pl):om

clx ~

Ko(X)g — (A X)g —= H,(X)

commutes, if 7' = cly/(7x/(w')), then we find that v = clx(7x(w)). This therefore further
reduces the proof of to the case when X is smooth. In this case the result follows from
the compatibility of the cycle class map with Chern classes and [3.25] O

4.22. Compatibility with bivariant Chern classes.

4.23. Let f: X — Y be a morphism quasi-projective finite group quotients and let G' be an
f-perfect complex on X. We then get for every s a bivariant class 777 (G)* € A*(X — Y)g,
defined as in [I0, p. 366]. Recall that this bivariant class is a rule which to any Y' — Y
associates a map

TG N (=) 1 A (Y )g — Ajms(X xy Y')q,
and these maps have to satisfy various properties and compatibilities.
We can also consider the class 755 (G)* € ﬁs(f : X —Y). From this class and the map
Q@ f'Ay — Qx
induced by evaluation we get a map

7(G)* Mhom (=) + H;(Y) — Hj_(X).
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Proposition 4.24. For every a € A;(Y') we have
Adx (T™(G)* N a) = 755 (G)* NMpom (cly ().
The proof occupies [4.25H4.27]
4.25. Let ¢ : Y/ — Y be a proper morphism and consider the resulting cartesian diagram

(4.25.1) x Ly

P,

x—1-v.
Let G" denote f’-perfect complex obtained by pullback from G .
Lemma 4.26. The diagram

~ (g/ )Smhom( ) ~

H;(Y") Hj_o(X)
iqa‘hom ip*hom

-~ (g )smhom( ) ~

H] Y) ijS(X)

commutes.

Proof. Let try : ¢.Qyr — Qy (resp. tr, : p.Qx — §x) be the map inducing the proper
pushforward. It then suffices to show that the diagram

FA® Fq.Qy — FA® P SOy — p(f'A ® Q)
\Lid@trq lev
ev trp
f'A®f*QY QX p*QX

commutes, where the top horizontal arrows are the base change morphisms. The Verdier dual
of this diagram is given by

#Hom(FA, Fa N LR Hom(£ 0, po 8 L= D@ Hom(/A, £1A)

TA—’(I*A bT

RHom(f'A, f'A) ld A a p.A,

where the composite map ba : A — p,.ZHom(f"A, f"A) corresponds to the identity map
f"A — f"A. To prove the lemma it therefore suffices to note that the base change morphism

p* f'A N fl!A
can be described as the map induced by adjunction from the composite map

f| fQ* Hp*f/'
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4.27. The group A*(Y)q is generated by classes of the form ¢.[Y’], where ¢ : Y/ — Y is a
proper morphism with Y’ smooth. It therefore suffices to verify for « of this form. Fix
a morphism ¢ : Y’ — Y, form the square |4.25.1, and let G" denote the pullback of G to X'.
By the above we have
T})/<<g)s Mhom (cly (¢ [Y'])) = p*hom(ﬁi('l(gl.) Mhom cly([Y'])),
and also by the compatibility of the cycle class map with proper pushforward we have
Ax (r™(G) 1Y) = Pl (r4(G") 1 V)
This reduces the proof of to showing that
el (TG ) N [Y']) = 755(G") Dhom ey ([Y7]),
which follows from O

5. APPLICATION TO LOCAL TERMS

5.1. Let
c:C—-XxX

be a correspondence, with C' and X separated Deligne-Mumford stacks of finite type over
k. Let F denote the fixed point stack Fix(c) of this correspondence, so we have a cartesian
diagram

5

ja C
X -2~ X xX.

The same argument as in [I8], 4.5.3] (in the case of schemes this is [1, XVIII.3.1.12.2]) shows
that for any K, L € Db, +(X, A) we have a canonical isomorphism

cRHomx . x (pri K, prol) ~ ZHome (¢ K, ¢y L)
and as in [12} I111.3.1.1], we have
RHomx . x(priK,pryl) ~ D(K)X L.
We therefore obtain a canonical isomorphism
(5.1.1) H(D(K)X L) ~ ZHom(c: K, c,L).

. . |
In particular, for K = L, we can view a c-structure v : ¢;K — ¢, K as an element of

HY(C,d(D(K)X K)).
Now we have a map
D(K)RK —> A (D(K)® K) - A,Qy.
Applying ¢' to this composite and using the base change theorem we get a morphism
H(DK)RK) — 6,Qp.
Taking global sections we get a map

(5.1.2) Tr, : Hom(ci K, ¢, K) ~ H(C,(D(K) X K)) — H(F,Qp).
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For any open and closed substack Z C F' proper over k, the local term of u at Z, denoted
Itz(K,u) € A, is defined to be the image of Tr.(u) under the map

HO<F, QFjestrictiorH()(Z’ QZ) f A

Here [ : HY(Z,Q7) — A is the proper pushforward map.

Remark 5.2. This definition of local terms differs from the one given in [12, I11.4.2.7].
However, the equivalence of the two definitions is shown in [23, A.2].

Lemma 5.3. Let X be a smooth quasi-projective finite group quotient of dimension d over
k, and let A : X — X x X be the diagonal morphism.

(1) A is a local complete intersection morphism of codimension d.

(i) Via the natural isomorphisms Qx ~ A(d)[2d] and Qxxx =~ A(2d)[4d] the map IS, (X)) :
Qxxx — Ax(d)[2d] is identified with the map

induces by the restriction map Axxx — AAx.

Proof. Write X as a quotient [U/G] with U a smooth quasi-projective k-scheme of dimension
d and G a finite group acting on U. We then have a cartesian diagram

UxG—>UxU

L.

X 2L X x X,

where the restriction of v to U x {g} C U x G is the graph of g. This immediately implies
(i), and statement (ii) can be verified étale locally on X so (ii) also follows from this and
2. 19 U

5.4. In this paper we are interested in correspondences ¢ : C — X x X with X smooth of
dimension d. In this case we have chbA ~ Q¢ (—d)[—2d], and

HY(C,,A) ~ H>(C, Qc(—d)) = Hy(O).

The homological Gysin homomorphism gives a map

!

(5.4.1) HO(C, A ~ Hy(C) -1 Ho(Fix(c)) = H*(Fix(c), Qpis(e))

Proposition 5.5. The map agrees with the map Tr. : H*(C, c,A) — H(Fix(c), Qpix(c))
defined as in .

Proof. This follows from the construction and |5.3| (ii). O

Theorem 5.6. Let ¢ : C — X x X be a correspondence with X smooth and X and C
quasi-projective finite group quotients, and let d be the dimension of X. Let o € A4(C)g be a
d-cycle and let u, : c;Qpx — 0!2(@47)( be the resulting action. Then for any proper connected
component I' C Fix(c) the local term ltr(Qy x, uqs) is equal to the degree of the restriction of

the refined intersection product a.Ax € Ag(Fix(c))g to I'. In particular, this local term is in
Q and independent of £, and in Z if X and C are schemes and o € Ay4(C).
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Proof. This follows from combining [5.5] with O

APPENDIX A. FINITE GROUP QUOTIENTS AND FACTORIZATIONS

Throughout this appendix we work over a field k.

Definition A.1. (i) A Deligne-Mumford stack X/k is a finite group quotient if there exists
an algebraic space U/k with an action of a finite group G such that X ~ [U/G].

(ii) If X is a finite group quotient a presentation of X is a triple (U, G, o), where U is
an algebraic space with action of a finite group G and ¢ : X ~ [U/G] is an isomorphism of
stacks.

(iii) A finite group quotient is called quasi-projective if there exists a presentation (U, G, o)
with U a quasi-projective k-scheme.

Remark A.2. Note that if (U, G, o) is a presentation of a finite group quotient X, then there
is a finite étale surjective morphism 7y : U — X, realizing U as a G-torsor over X.

Proposition A.3. Let f : X — Y be a morphism of finite group quotients over k, and
let (W, H,n) be a presentation of Y. Then there exists a presentation (U,G,0) of X and
morphisms g : U — W and ¢ : G — H such that the diagrams

action

UxG——U

gxé 9

action

W x H——W,

and

U/G] — [W/H]

F

commute, where g denotes the map induced by (g, P).

Proof. Start with any presentations (U’,G’,0") of X and let U denote the fiber product of
the diagram

W

Y.

Since there is an action of G’ on U’ over X and an action of H on W over Y, there is an
induced action of G := G' x H on U. Let g : U — W and ¢ : G — H be the projections.
Then X ~ [U/G] and the morphisms (g, ¢) satisfy the conclusions of the proposition. 0

, Ty
U *>Xi>

Definition A.4. A pair (g,¢) as in the proposition will be referred to as a chart for the
morphism f.

Remark A.5. The proof shows that we can even arrange that ¢ is surjective, and if X and
Y are quasi-projective and W is a quasi-projective scheme then we can further arrange that
U is a quasi-projective scheme.
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Proposition A.6. Let f: X — Y be a morphism of quasi-projective finite group quotients.
Then there exists a factorization

A)(C_i>‘]w*p>y7

where M is also a quasi-projective finite group quotient, p is smooth, and i is a closed imbed-
ding.

Proof. Choose (U,G,0), (W, H,n), and (g, ¢) as in with U and W quasi-projective and
¢ surjective. Let L be an ample line bundle on U, and let L' denote ®yeqg*L, so L' is a
G-linearized ample line bundle on U. Taking a suitable power of L’ and a sub-representation
R C T(U, L'®") we can then find a G-representation and a G-invariant imbedding U — PR.
Let V C PR be the complement of the G-invariant closed set U — U (where U is the closure
of U). We then get a G-invariant closed imbedding

U—>WxYV,

where G acts on W through ¢ and on V by the induced action from PR. The projection
h:W xV — W is compatible with the map ¢ : G — H so setting M = [W x V/G] we get
the desired factorization of f. O

Proposition A.7. Let X be a quasi-projective finite group quotient. Then for every coherent
sheaf F' on X there exists a surjective morphism m : E — F with E a locally free sheaf on X
of finite rank.

Proof. Write X = [Y/G], where Y is a quasi-projective k-scheme with action of a finite group
G. Let Fy be the pullback of F' to Y, so Fy is a G-linearized coherent sheaf on Y. Since Y is
quasi-projective over k, there exists a surjection 7§ : E{, — Fy with F{ a locally free sheaf
of finite rank on Y. Let Ey denote the sheaf

@geGg*ng-
There is a natural G-linearization of Ey given for gy € G' by the isomorphism
9doby — Ey
which sends gg*FY to (ggo)*E5 by the natural isomorphism. For g € G let
Wgﬁg) cg"Ey — F

be the composite of ¢g*n} : g*Ey — ¢*Fy and the isomorphism g*Fy — Fy given by the
G-linearization on Fy. Taking the sum of the maps ngg) we get a surjective morphism of
G-linearized sheaves 7 : Fy — Fy. This map corresponds to a surjective map 7 : £ — F on

the stack X as desired. O

Lemma A.8. Let f : X — Y be a morphism of quasi-projective finite group quotients, and
let

X¢>HL>Y
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be two factorizations of f (i =1,2) with s; an imbedding and p; smooth. Then there exists a

commutative diagram

where s s an imbedding and q; and qo are smooth.

Proof. Fix a presentation Y ~ [V/H] of Y with V quasi-projective, and for ¢ = 1,2 choose
presentations P; ~ [U;/G;] and maps ¢g; : U; — V and ¢; : G; — H as in so that p;
is identified with the induced map [U;/G;] — [V/H]. We further assume that the ¢; are
surjective and Uj; is quasi-projective (which we may by . Let E; — X be the G;-torsor
obtained by pulling back U; — P; along s;, and let W — X be the H-torsor obtained by
pulling back V' — Y, so we have maps F; — W. Then E; Xy FEs is a G X g Go-torsor over X
so X ~ [Ey X x Ey/G1 X iy Gs]. Furthermore, the natural map Ey Xy Es — U Xy Us is quasi-
finite. Indeed the map E; — U; is an imbedding for ¢ = 1,2 so the map E; Xy Ey — Uy Xy Uy
is an imbedding. Since the square

E1 XwEQHEl XVE2

R

w W x W

is cartesian and Ayy is finite, this implies that the G X gy Ga-equivariant morphism Fq Xy Fy —
U, xy U, factors as a finite morphism followed by an imbedding. Since U; Xy Us is a quasi-
projective scheme, this implies that F; Xy Es is a quasi-projective scheme and that there
exists a factorization

B xw EQCL) A — Uy xv U2>

where A is an imbedding and 2’ is smooth.. Let A denote the fiber product of the schemes
g* A" (g € Gy xg Gy) over Uy xy Uy, and let A : By Xy Es — A denote the imbedding
obtained from the product of the imbeddings ¢*\ : E; xy Fy — ¢g*A’. We then have a
G'1 X g Go-equivariant factorization

El Xw EQC—/\> A*z> Ul Xy U27
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with A\ an imbedding and z smooth. Passing to the quotients by the group actions we get a
commutative diagram

Ul/Gl]

e N

P1
[El Xw EQ/Gl Xy GQ}(—>[A/G1 Xy GQ] [V/H],
q2
\\\ %
[U2/Gh]
which proves the lemma. Il

A couple related results which we will need are the following:

Proposition A.9. Leti : X — Y be a closed imbedding of quasi-projective finite group
quotients, and let E be a locally free sheaf of finite rank on X. Then there exists a smooth
projective morphism G — 'Y, a lifting i : X — G of i, and a locally free sheaf & on G such
that i*& ~ E.

Proof. By we can find a locally free sheaf of finite rank F’ on Y and a surjection 7 : F' —
1+F on Y. By adjunction this defines a surjection ¢*7 : ¢*F — FE. Let r be the rank of F,
and let G — Y be the Grassmanian of rank r quotients of F'. The surjection ¢*7 then defines
a lifting 7 : X — G and the universal quotient over G is the desired extension of E. U

Proposition A.10. Let X be a quasi-projective finite group quotient and let K € DP, (X) be
an object of the bounded derived category of Ox-modules with coherent cohomology sheaves.
Let Z C X be a closed substack such that the restriction of K to the complement X — Z is
0. Then there exists a nilpotent thickening Z C Z* C X of Z in X such that K s in the
essential image of the pushforward functor i, : Db, (Z*) — Db, (X).

Proof. Since X has the resolution property we can represent K by a bounded complex F" of
coherent sheaves on X. We may without loss of generality assume that F7 = 0 for j ¢ [0, ]

for some b > 0. We inductively construct a sequence of complexes of coherent sheaves
F=Fr—F<—»F—::-,
such that each map F; — F;,, is a quasi-isomorphism, F} = 0 for j ¢ [0,0], and F/ scheme-
theoretically supported on some nilpotent thickening Z* of Z for j < i.
We define Fj; to be F".

Given F; we construct F; , as follows. Let Z! (resp. B}) denote the kernel of the map

F! — F/™ (resp. the image of F/™' — F}). We then have an exact sequence

0— Bl — Z! — (F) — 0.
Since B! is the image of a coherent sheaf supported on Z , we may assume given a nilpotent
thickening Z C Z* C X such that all the J#(F"), F/ for j < i, and Z! are scheme-

theoretically supported on Z*. Let .# C Ox be the ideal of Z* in X. Then for some integer
N the composite map

7} — Fi — F|I"F
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is injective. In particular, after possibly enlarging Z* we can find a coherent sheaf G on Z*
and a surjective morphism 7 : F/ — G on X such that the composite Z! — F! — G is
injective. Define Ffﬂ to be Fij forj <i—1and j >17+ 1, G for j = ¢, and the pushout
Ftlo Fi G for j =17+ 1. We then have a commutative diagram

- . - o
FiZ Fiz Fiz-i- FiH-
. , ' o
EZ+11 e A
By construction the complex F;,; then has the desired properties. Il
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