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3:) Let f: R — R be a continuous function with the property that f(z + 1) = f(x) for all € R.
Prove that f is uniformly continuous.

Let € > 0. A continuous function on a closed interval is uniformly continuous, so if we change
the domain to the subset [0,2] C R, we get a uniformly continuous function. Since f : [0,2] — R
is uniformly continuous, there exists 6; > 0 such that if z,y € [0,2] and |x — y| < d; then

[f(z) = fy)] <e

Let 62 = min{d1,1}. Now let a,b € R with |a—b| < d2. We can assume a < b. Let n be the largest
integer which such that n < a. Thena <n+1. Sinceb<a+ds <a+1<n+2,a,b€[n,n+2|.
Then a —n,b—n € [0,2] and [(a —n) —(b—n)| =]a—b| < d2 <1 80 |f(a—n)— f(b—n)| <e.
Applying the property n times, |f(a) — f(b)| < e.

(fla—n)=fla—n+1)=fla—n+2)=..=fla—n+n))
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Prove that a function f : S — S* is continuous if and only if for ever closed set E C S*, f~1(E)
is also closed.

Note z € f~1(S*\E) if and only if f(z) € S*\E if and only if f(z) ¢ E. So f~1(S*\E) =
S\fHE).

Suppose f is continuous. Let E C S* be closed. Then S*\E is open, so f~}(S*\E) is open. So
fY(E) is closed.

Conversely, suppose that f~!(E) is closed whenever E C S* is closed. Then if E is open, S*\ E
is closed, so f~1(S*\E) is closed and f~!(E) is open. Thus f is continuous.
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Let S be a metric space with distance function d. Let E and F' be connected subsets of S such
that E'N F is nonempty. Prove that F U F' is connected.

Suppose not. Let A, B be open sets in S such that ANBN(EUF) =@, EUF C AU B,
AN(FEUF)# @ and BN (EUF) # @. We can conclude that

ANBNE=9

ANBNF =9
ECAUB
FCAUB.

Since E and F intersect, and EU F C AU B, a point of the intersection is in either A or B, so
either A or B intersects both E and F. It follws that either E or F' intersects both A and B.
Then either E or F satisfies all the conditions for being disconnected. This is a contradiction.



