Lecture 2, 8/31/21
Material corresponds to Ross §4.

Completeness

Let S C R.

ro € S is the maximum of S if ro € S and r < rg for all r € S. (write ro = max 5)
ro € S is the minimum of S if ry € S and rq < r for all » € S. (write 79 = min )

M € R is an upper bound for S if r < M for all r € S.
m € R is a lower bound for S if m <r for all r € S.

S is bounded above if it has an upper bound.
S is bounded below if it has a lower bound.
S is bounded if it is bounded above and below.

ro € R is the supremum of S if it is the least upper bound of S. (write ro = supS)
<= 1g is an upper bound for S and if r is another upper bound for S then ry < r.
<= ro = min{r € R| r is an upper bound for S}.

ro € S is the infimum of S if it is the greatest lower bound of S. (write ry = inf 5)
<= 1y is a lower bound for S and if r is another lower bound for S then r < ry.

<= 19 = max{r € R| r is a lower bound for S}.

If ro = max S then rg = sup S. If rp = min S then ry = inf S.

Completeness Axoim If S C R is nonempty and bounded above then S has a
supremum.

Corollary If S C R is nonempty and bounded below then S has an infimum.

Archimedean Principle Let a,b € R, a,b > 0. Then there exists n € N such that
na > b.

Denseness of Q Let a,b € R, a < b. Then there exists r € Q such that a < r < b.

Denseness of irrational numbers Let a,b € R, a < b. Then there exists r ¢ Q such
that a <7 <b.




Interval Notation

la,b] ={r e R| a <r < b}
(a,b) ={r e Rl a<r < b}
(a,b) ={r e Rl a <r <b}
la,0) ={r e R| a <r < b}
oo)={reR|a<r}
a,00) ={reR|a<r}



