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Theorem 2. Fix a field k. Let I C k[x,y]| be an ideal and let G = {g1, .. ., gt bea
Grobner basis for I with respect to a monomial order as above. For 1 < i < t with
gi ¢ kly], write g; in the form

(1) gi = ¢i(y)x™ + terms < x%.

Finally, assume that b = (aj1,...,a,) € V(1) C K" is a partial solution such
that c,-sb; é()for all g; ¢ k|y). Then: -

(1) The set _
G ={gi(x,b) | g ¢ kly]} C k[x]

is a Gribner basis of the ideal {f(x,b) | f € I'}.
(i1) If k is algebraically closed, then there exists a = (ay, ..., a) € k' such that
(a,b) € V= V().
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Proposition 4. Assume that k is |algebraically closed and the Grobner basis G is

reduced. If V(I;) \ V([],, G\kly] ¢i) is not Zariski dense in V(1;), then there is some
gi € G\ k|y] whose c; has the following two properties:

() V=V{I+ {c:)) UV :¢{).

(i) I C I+ (¢;)andl C I:cf°.
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Proposition 5. Let k be algebraically closed. Suppose that a variety V = V(I) can

be written V.= V() UV(I®) and that we have varieties
el b Rwer

W, C V(Ig(g) and W, C V(Ig(z))

such that V() \ W; = VIV and VAP) \ W; € m(VID) for i = 1,2. Then
W = W1 U Wa is a variety contained in V that satisfies

VI)\W=V() and V(I)\W C m(V).



Proposition 6 (Maximum Principle for Ideals). Given a nonempty collection of
ideals {14} o in a polynomial ring klxy, . . ., Xy|, there exists o € A such that for

1
all 3 € A, we have = /l /!
— The b A
a0 =1 == lag B- @
In other words, 1., is maximal with respect to inclusion among the I, for o« € A el'ewn t d;
(‘c}/zc,l,m
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