Midterm 1

MATH 113, ABSTRACT ALGEBRA, SPRING 2017

Name:

You may use the backs of the pages if needed. There are five pages and four problems, the last page is a blank page

for extra space or rough work. You may use any Theorem/Lemma etc. covered in class, in our text, or from homework.

Problem 1. (15 points.) Let G be a group with |G| = pq where ged(p, ¢) = 1. Suppose
that there exists elements a € G and b € G such that ab = ba. Also suppose that |a| = p

and |b| = ¢q. Show that G is abelian. [Hint: it may help to consider some, or all, of the
subgroups (a), (b), {ab).]

There are two general approches that could work here, | will decribe both below.
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Problem 2. (15 points.) Let G be a group, N a normal subgroup of G, and H a subgroup
of G. Suppose that N is a subgroup of H. Show that H/N is a normal subgroup of G/N if
and only if H is a normal subgroup of GG using the following steps.

(i) Show that H/N is always a subgroup of G/N whenever H is a subgroup of G.
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(i) Suppose H is a normal subgroup of G, show H/N is a normal subgroup of G/N.
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(iii) Suppose H/N is a normal subgroup of G/N, show H is a normal subgroup of G.
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Problem 3. (15 points)

(i) [7 points.] Let G be a group with |G| = 25. Prove that either G = Z/25Z or all elements
g € G are such that g° = e where e is the identity in G.
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(ii) [8 points.] Describe all possible homomorphisms ¢ : Zy — Zg X Zs.
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Problem 4. (15 points.)

(i) [7 points.] Consider the subgroup H = {5™7" | m,n € Z} of Q*. Show that H = 7Z x Z.
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(i) [8 points.] Let G be a finite group, N a normal subgroup of G and let w € G. If
ged(|wl,|G/MN)|) = 1 show that wN = N.
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