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NOTATION All tableaux will be in French notation---

6
S' =

2 5

734

· rw(s) : now reading word of S = 6 25 BY

· WeSu (P(w)
, a wll

=> The constructions give direct connections between structure of rings

+ Schur expansion of graded Frobenius
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., xn) has natural S'n action (permuting the variables

Def The coinvariant ring (of Type An] is

Rn :=YLe , ...., en(y)
with ev() =Zi..c

Es As Sn-reps .... Rn su &[Sn]

· Rn =
su
H

* (Fen

Frobg(Rw)=I q
cochargesa

Ssnape (5)

· Hilby (Rir) : [n]g !
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# Take S... SYT

6

e I 2 5

13 4

Can do this

V we Sh

Inot just ru)

↳ * Look at rw(s) = 6 25 134

*Construct cocharge labeling of4)
FACTS

rw(s) = 625134
cc(rw(s)) = 3 12 01

if Plw) = Plw),

then cocharge (w) = cocharge (w)

* Cocharge (S) is the sum of the letters in cc(rw(s)

We can also construct c (S) directly

3(( = S + 112x0 + +

& T T

cocharge i xc(S) =

1 2

: S
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Then Frobg (Rz) = SID + (g + g
=) Stp + 93 Si
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, en(y))

# of boxes that are NOT in first

(n-1s1) columns of X

· Quotients of Rn generalization of Rn

if X : E
,
then RA : Rn

· Rn , n
= Rn

ordered set partition ofn into

·sux
.. xSxe] G k nonempty blocks

·
sn & [OPn

,
x)

=
su

H* (Fx)
=

se
H* (k) (Rhoades-Pawlowski

~

Springer Fiber corr · to space of spanning

nil . matrices of Jordan type x line arrangements
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3

-= SSYT(X) : 2 23 2 3
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1123
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4

3 34 3 4

[x :
1 2 12 2 411231234
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5 rev(cc(w)
: wstP(w) + [x] is a monomial basis of RX

UPSHOTS · Compatible with Hilb(RX)

Hilbg(Rx) =Z gcocharge(s) dim (Usnapess) =I g coar
sea

P(w) +[x

can use to show Frobg(Rx) = Fix(Xig]
using from (RN - ha

Ivia: determining expression for Cer
, Frong(Rx) Farn.

by constructing basis of S2-antisymm . component of Rx)
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Ihm (H . 2024)

5 rev(cc(w)
: wstP(w) + [x] is a monomial basis of RX

REMARK Carisson - Chou have a different construction of this in terms of shuffles :

-

RE consider D3 = 5000 , 001 ,
010

. 101 , 01
, 01} Di = So

↓
takeallshuffles

D31 = E 0000 ,
000 1

,
0010

,
0100

, 0011 , 0101 , &1001
, 1010,

0110
,

0120
,

0182
,
0012

Recall & 1
,

Ca
,

33
, Ky , Clay ,

Kaily ,
CLIC , TL ,

CL
,

Kall2
, Callah, CIsin Y

-

4
4 34

1234 3
123 12

12 324

[m(H . 2024) Dx : Frev(cc(n)) : Wst Plo) + [x]
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LEAK Frop(Run) = I grainSs are
SESYTh

des (5)<

maj + cocharge ZgIm
"Folklore conjecture" M= (n -k)x(k- des(s) -1)

(K
.
Chan's Thesis

2024
!

Frobg(Rnck) =Zgcochargest shea

SeSYT des(S) < k

where In
, k

= &(S ,m) :

M = (n x(k - des(S) -1) Y
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In Frobg(Rn ,
b)
=Zgcochargest shaea

SeSYT des(S) < k

where In
, k

= &(S ,m) :

M = (n x(k - des(S) -1) Y
en= 4

, k : 2

First ,
find all StSYTy with at most 7 descent

2 3 4

1234 134 124 123

des (S) = 0 des (S) = des (S) = 1 des (S) = 1

Then find undes(5) - (

(3x ,
b)

, (1234 , b) ,
(1234 ,

7)24, 2 = 12

S (ii) (i , 1) . (ins .
+)]



· DESCENT BASIS

We reformulate the construction of Haglund-Rhoades - Shimozono to match our framework

New Result : Rh,x, s
-

· X-Springer modules Rn .
x ,s

(Griffin (
x + k = m

indexed byIn . x , s) where I S = e(x)

Rnixis :=

Q*Yx
..., x ,

ed(s) for Isl-id
-

# of boxes that are NOT in first (n-151) columns of x

as
ordered set partition intos blocks with /Bi/-X :

·
sn & [OSPn . x,

s]

=
s Gee
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· DESCENT BASIS

We reformulate the construction of Haglund-Rhoades - Shimozono to match our framework

Def for any pair1w ,M) where (P(w)
,u) + Ink

define Cc(w ,m)i =

S
Cc(w) : if W:, . . .

. k)

cloli +Un-with if wit Sk+)
, ..., nd + boosting the cocharge of the last

In-k) entries of Cc(w).

en(2307
,
1) + [4
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/since (n-k)x( +2-des(s) -1) = 3x

Then to get <(4512367
·
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(C(w) : 110001
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Im (Haglund-Rhoades - Shimozono)

Synere(w , m)
: (w ,u) St . (Plu)i r) + Ink 3

.
is a monomial basis of Rn.k.

-New Result Rh,x, s
-

· X-Springer modules Rn .
x ,s

(Griffin (
x + k = m

indexed byIn . X , s) where & S = e(x)
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Frobg(Rn ,
k) = I gocharge

(s)+ im
Shape(

Frobg(Rx) =Z gcocharge
(s
Snapes

(S,u) + In
,1

SeSYT des(S) < k
[x = &S-SYin , ctype(s) = xY= SYT In

, k
= &(S ,m) :

m = (nkx(k - des(S) + ) Y&

DESCENT SyrevkPIwtIx] DESCENT : Exe(P(w ,InA



o DesceNT basis

Ihm (H o (2025) , Carlsson - Chou (2024)

5 revice(s)
: wstP(w)+[x] is a monomial basis of Rx.

⑫RA We know [As =

NEWRESULTS Rn
,x,

↓ -SpriNGER MODULES (Griffin , 2021)
x + k = m

indexed byIn . x , s) where I S = e(x)

Rnixis :=

Q*Yx
..., x ,

ed(s) for 151-x)
# of boxes that are NOT in first (n-151) columns of x

· Is Osordered
set partition into blocks with Bill

= snH
* (Yn . x , s) (8-Springer variety) (Griffin ,

Levinson
, Wool

1234



o DesceNT basis

Ihm (H o (2025) , Carlsson - Chou (2024)

5 revice(s)
: wstP(w)+[x] is a monomial basis of Rx.

⑫RA We know [As =

NEWRESULTS Rn
,x,

↓ -SpriNGER MODULES (Griffin , 2021)
x + k = m

indexed byIn . x , s) where I S = e(x)

Ruixis := Q*

Yx
..., x ,

ed(s) for Isl-id
-

# of boxes that are NOT in first (n-151) columns of x

Specializes To--

(n , x,
5) (n ,

X,S)
= (k

,
x

,e(x) : (n ,
Ik

, k)

GARSIA-PROCEsi HAGLUND-RHOADES-SHIMOZONO
=

S'2[x, .
. .., yn) Rn , k

:=[* )Rx :=

Read an /
<Xi , . .

., Xn" ,
en-k+ (1) , · . .

, en(1))

first (n-1s1) columns of X

1234



Ihm (Chou-H .
2025+

Syner(wm)) (P(w) ,m) + In
, x ,s) is a monomial basis of Rnixis.

· BATTERY-POWERED TABLEAUX

Let Let 2n
, x, s

: = (n -k(xs + x

Abattery powered Tableau of parameters (n,x
,s)

o B is of shape (n-k)x(5-1)

is a pair CD,B) of semistandard tableaux where S · Total content is Unix
, s.

Let Thx : Gall batterypowered tableaux of parameters (n . x ,s)]



Ihm (Chou-H .
2025+

Syner(wm)) (P(w) ,m) + In
, x ,s) is a monomial basis of Rnixis.

· BATTERY-POWERED TABLEAUX

Let Let 2n
, x, s

: = (n -k(xs + x

Abattery powered Tableau of parameters (n,x
,s)

o B is of shape (n-k)x(5-1)

is a pair CD,B) of semistandard tableaux where S · Total content is Unix
, s.

Let Thx : Gall batterypowered tableaux of parameters (n . x ,s)]

· TOTAL WeiGHT is + Ex = (3,
2

, 1)
e (n , x , s) : 14

,
As

. 3)
. BATTERY SHAPE is A



Ihm (Chou-H .
2025+

EXver(crim)) (P(w) ,m) +In , x ,s) is a monomial basis of Rnixis.

· BATTERY-POWERED TABLEAUX

Let Let &n
, x,s:

= (n -k(xs + 1

Abattery powered Tableau of parameters (n,x
,s)

o B is of shape (n-k)x(5-1)

is a pair CD,B) of semistandard tableaux where S · Total content is Unix
, s.

Let Thx : Gall batterypowered tableaux of parameters (n . x ,s)]

· TOTAL WeiGHT is + Ex = (3,
2

, 1)
⑫ (n , x , 5) : 14

,
As

, 3)
BATTERY SITAPE is A

1723

2

3 3

9

-+ S
117 2

2

2

1722

T

2

g

9

2

T

)I (4 ,B,3)
= iii 1 7 2 17 3 112

9

3 5 3 2 3

2 1 1 ↑ 1

3 B
2 3 2 2 2

17
a

1 7

9 19
2 3

1 1 1



Ihm (Gillespie-Griffin , 2024 (

① Frobg (Rn ,xs)=inte Iget
it
a

(D, B) - Thx
, s

⑫ (n , X , s) : (4 , A , 3)

17 23
1112 172 2

2

3 3
g T

9
2 T

2 2 2 2

17 1 1 7 2 17 3 1 12
9

9

3 5 3 2 3

2 1 1 1

23 2 2 3

17 1 7 2

2
a

3
9 1 7

1 1 2

1

(g" + g) SA + 8YSE
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① Frobg (Rn ,xs)=inte I tdo it aG
(D, B) - Thx

, s

⑫ (n , X , s) : (4 , A , 3)

17 23
1112

3

172 2

3

2 => (g + g + g3) Si
g T

9
2 T

2 2 2 2

17 1 1 7 2

9

17 3
9

1 7 2 = (g) + 2g + gY)SAp
3 5 3 2 3

2 1 1 1

23 22 3

17 17 2

= (g" + g)SA + 84 SE
2

a
3

9 1 7

1 1 2

1

Frog (Rnxs) = +o ((g + g + 93) Six + (g + 2g3 + gi)SAx + 18" + g) SD + 8"si)

(g" + g) SA + 8YSE



· BATTERY-POWERED TABLEAUX

Let Let 2n
, x, s

: = (n -k(xs + x

Abattery powered Tableau of parameters (n,x
,s)

o B is of shape (n-k)x(5-1)

is a pair CD,B) of semistandard tableaux where S · Total content is Unix
, s.

Let Thx : Gall batterypowered tableaux of parameters (n . x ,s)]

Ihm (Gillespie-Griffin ,
2024 (

① Frobg (Rn ,xs)=inte I tdo it aG
(D, B) - Thx

, s

Proof of B + motivation fur This is geometricc...

is there a way to understand this I
combinatorially ?
algebraically
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#EResrcs
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,

11
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u = (n - k)x(s - des(5) -11)



#EResrcs
x = [15M) :Type des(s -1)

Act we can see that

[k,x , em)
= 9(5,m) :

<type( ,Sk * x

u = (n - k)x(s - des(5) -1)) = 2x

mo

· In
,

11
, k

= &(S,u) :
<type ( ,S(k) * 11

u = (n - k)x(z - des(5) -1)) = Zin
, x

k
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#ef In . x . :
= 9(SM) :CType(S  des(s) -11)

Act we can see that

[k,x , em)
= 9(5,m) :

<type( ,Sk * x

u = (n - k)x(s - des(5) -1)) = 2x

mo

· In
,

11
, k

= &(S,u) :
<type ( ,S(k) * 11

u = (n - k)x(z - des(5) -1)) = Zin
, x

k
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&
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EXver(crim)) (P(w) ,m) +In , x ,s) is a monomial basis of Rnixis.

(n , X , s) = 14,s,
3)
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,x, s :515,M) :Subsess]
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4 3
34 3

POSSIBLE S'= 1234 123 124 1 2 1 2

POSSIBLE M = &, D
,
D ①

,
D &, D &, D &

2
2

2
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,

x1 ,
x, Xu, xu2 Xiu , CLIDLy X2TLY , JITLy 7314

2

73, 732 <, >3 , 25(23 x3)u , x)n x2x4S <2
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212" 72,

CLICK (2)(3
&

Note There is a shuffle ver , of this?
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EXver(crim)) (P(w) ,m) +In , x ,s) is a monomial basis of Rnixis.

UPSHOT · Specializes to descent bases of RX
,
Rn ,x,s

· can use to derive Schur exp of Frobg (Rn ,
x.
s)

Ihm (Chou-H .
2025+

Frong(Rn,x, s) = 2 gocharges)
+1m)

S snapes

(S,)
+ In

,x , s

=> CONNECTION TO BATTERY-POWERED TABLEAUX ...!
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=att I glocharge
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In particular, this gives a algebraic/combinatorial pf of the battery-powered tableaux formula !
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I gocharge
(s) +1m)

S snape(s)
=att I glocharge

(D
.
B)

S Snape (D).
(D, B) - Thx

, s

(S,)
+ In

,x , s

In particular, this gives a algebraic/combinatorial pf of the battery-powered tableaux formula !

IDEA :We have bijection Thxs -> In
, x . s that takes (D

,B) +(S,m) where

· shape (D) = Shape (S)

cocharge (D,B) = cocharge (S) + (u) + 12") · In-1)

ex
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1 23 5

6
-0- ( , n3 +, 4)

Take 3 sta 4
Take

&
CC

T

We use a similar bijection when showing our basis has the right cardinality.

1723

2

1 13

2

1



· FUTURE Directions

cocharge

are there other bases we can construct using Stableaux ?

can we use this to study the full Macdonald picture ?

higher Specht bases ?

Thank You !!



More ex..
stah

CC

117 2 123 4 & oa &

3 -> 6 -> 2

2 5 I

In Tik
,
m

, 3)

I 172 2

T

-

1235

4
-

& o I

&

3 6 I

17 23 1236 & & & 2

2 -> 5 -> I

T Y &

&

x(S,u)

(1234 , 4) - oooo

In 24
,
0, 3 I (1234 , p)

-

...

(1234 , b)
-

a . 02



NOTE To show our basis has the right count
, we use

for dim (Rn . x .
s) = W SSYTK) /follows from Rn . x. s = &COSP

. + . s].
(Griffin) 27XI (x, . . ., (s)kn I

cocharge) shape preserving
- ?and these maps.... Thx

, s
->In

,
x,s

"ripo,
USSYT()

27x

(x1 , .(s) = n

MAIN issue : this doesn't behave well with cocharge ! (Source of mySTERy Revolving battery powered tableaux(

* The same battery may contribute different cocharge ...

1723

2 cocharge = 3 -> 17 23 cocharge = 0

1

Rip off battery

3

17 2 3

2
cocharge = 3 -> locharge = 1

112
1


