Question 1. Mark each of the following statements True or False. No reason is required
[Points = number correct minus three, but not less than zero.]
T (ID Every fupctlon i Z —>'R‘1s. 1nJ§ct1ve. Toe Ho Mot P :
T (IO No function f: Z — R is injective. "u
E Every function f: Z — R is surjective. becanse Z is Counm ble
o IR IS um countnbly |

I'  No function f: Z — R is surjective.
T (I Every function f: R — Z is injective.
(TD F No function f: R — Z is injective.

T Every function f: R — Z is surjective.
T No function f: R — Z is surjective.

Question 2. [7 pts| Prove that if A, B and C are sets such that ANC C Band A C BUC,

then A C B.
L&xk&mew'f'%/\. We need fo show paad
x€B. Tuwe are Ywo cases: xel, o~ x€C .

1) 1f x€l, hwn xeANC, so %68 lﬁ.j
R )Vjpoﬁ«z;i; AnC €8
1) ¢ «xdC, we hwe x€BVC, by hee h»jt»ofl«w‘s

Ac BUC, So x&B.

T sher call, x€B, so hu Pm{; s c«wﬂaw



Question 3. Find each of the following numbers. Express your answer in terms of binomial
or multinomial coefficients, permutation numbers P(n, k), and/or derangement numbers D,
if any of these are relevant.

(a) [5 pts] The number of ways to deal hands of 7 cards to each of 5 players, from a deck of
52 cards, leaving 17 cards not dealt.

S
7,1,1,%,%, 17

(b) [5 pts] The number of ways to seat 6 husband-and-wife couples at a long table with six
places on each side, so that the husbands are on one side, the wives are on the other, and
no one sits directly across from their spouse.

< . Ql. > DG
- L seat e lusbamdds, ot a’,rog.k by wile
(‘\12: ';\l:s :\iW.L wives ~ seab -lfw. wines

1f You assuine duet H has been decihed in aduvarce whach  giele.
o e fble B v the wives, fuon yo would Lonve out fue Lachor
P i d) %—W\' e answer 6 ')6. Tuis ansestr will also be
cLC(,or!-L&Q as Copreet.

(c) [5 pts] The coeficient of z7 in the polynomial (2z — 3)*°.

(5) &'ess

by e binownral Hheoren .



(¥

Question 4. (a) [5 pts] Factor the binomial coefﬁciem‘% as a product of primes.
190 (306151413 \> N 3.3?‘. |7.2_4.3.5‘.2-?.|5.22.3
CECECEE 7.2-3-5-2%-3 &

18
3 )
(b) [5 pts] What is the largest integer m such that 6™ divides @'?
™ W . i i 8 [ .
g (" 23 divdes (13) i and wly 4
mﬁ‘\ MAQ wmed | Sp M/QAJZJ._}"‘ wm \'5@

Question 5. [7 pts] Prove that if S is a 15 element subset of {1,2,...,50}, then there are
four distinet elements a, b,¢,d € S such that a +b=¢+d. od LisHwet elosmsetd

There one (’2_;) = é%‘*:log peivs foelel, Gl
(\;w‘w- Was sum arb  ta e g 1+2 3 Sath < ‘{mgo:gg,
so Mot o only g3 QoSS‘\\oJUkes Lo tut toans,  Houw
Yere are two  pain §a,b3 awd gedf i the s
Sim  axbzerd ) by e prgembels T;v%wup[n.

I ¢ ord was -efmﬁ Yo a o b, fuew a+b=c+d
would nqld 3GbY = “c,dy . Swece fa,b3 #fc,dl,

all Gwr ety a,b,c,d axe Lishunct



Question 6. [8 pts] Let f, be the Fibonacci numbers, defined by fo = 0, fi = 1, fn =
frn—1+ fa_o for n > 1. Prove that

fn=2n3" (mod 5).

We pove F by strmg tnduckon o w. Br wn0,1,

we lhavt .
5,0 2-0:3 =0

£ o=\ 2-1'% =26 = (ol -
',1‘“' l(,Qu,.J\b TS -l-rw& v ’\\«LS& ases . b n)l{ e
Ceun assSuamne "(‘*k ?c&/\q'{-\‘-‘ﬂj l/‘—ol&S —GN v~ anmdd N-2 .

M- m-2

e $ 02 dpoy e 20003 "5 2(n-2)R (weekS).,
We feveloe  ~wed o s Atat

2,8 2 2003+ 2(n-2) -3 (e 5
v Qﬂu,{\/aﬂ-u«.'\'{ﬁ, at

=) w2 -
250 3"~ 20a-D3 T2 (m-2)3 20 (wed §Y

We com Lctov e —QQ'(""M .C\‘beﬂ 4 s g
2.2 (90 ~ 30 - (272))
= 2 3'“’7-(‘ Sv +5S) .

Stucen gntS 20 (weod €) —ﬁzv rnyy M..‘,a?@( ", -‘m
&{9\'(’3(& ‘\"&Q,‘,&}"\‘H 1S VC(\‘,‘—{@_&.



Question 7. (a) [6 pts|] Find integers y and z such that

55y + 38z = 1.
inl Ma)vso@wi

s =[|-3% ¢ [?
3¢ =L \FP+ 4

Baclk ~cubskiule
4 = \q- 5.4

= -4.39 +9-1F (“’=§2_'4>
R = (17 = 55-38 )
~13+38 +94°55
- ss.q 4 3§-(-13) = |

(b) [6 pts] Solve the congruence

2018z =10

(mod 55).
Hint: your answer to part (a) should help with part (b).
2008 = 26-55+t 38 = 3%  (wwed $5) .
P)ﬂ PM‘\- (.“'7, -13 1S an rmJense 4 Yy (W,Q §$>'
To Selve 3% x =

2 10 (weod SO,
ww»lkrh; both  sedes by -2 Jo get

¥ = —130

= ~20

W

35 (mok 55 .



Question 8. Let G be the graph shown below.

(a) [5 pts] Show that G does not have a subgraph homeomorphic to K5. Hint: consider the

vertex degrees,
A 5ka Lrowme hic '}'& kS tas § verhas 4 &njra‘{

0 6 embimed Suelh a 5“‘03"‘1’"\, Fuew G wonlddd Lawce

ok Loask S verkees & »Q-.arﬂ?- 4. B 6 has
only 2 verhas c@eg«-ee L

(b) [5 pts] Prove that the graph G is not planar. :
'R?/VWDV\‘\A& “\\L +\/W’ZQ &Lﬂgs ‘\'L\a“- -ajvw\ (/a8 ‘\"\f\.O.M.a(_os % ‘f‘u.
wt d le Loowes o § v\\osrwr\n l«»mow-m?wc +» k3,3

(c) [5 pts] What is the chromatic number x(G)? Justify your answer.
x(G) =3. Sivee G mtarnms a Ki, X(GI23,

Pl & 5 3-colovable, so X(G)<3, See 4,,?
.—)V W@xm e/;ca.wvel,o,ag a g—cowu\jogg,



Question 9. [7 pts] Pavel has a bag of ten coins. Nine are fair coins, the tenth has heads on
both sides. Pavel draws a coin at random from the bag and flips it. If the coin comes up
heads, what is the probability that the coin Pavel drew was the two-headed coin?

[} E be -Hu. eveny -\"'\N‘ Pavel dvyaws Jﬂ«& Z—L\Qm,Q“L oy .

led F obe Hw ewerd At Mo deuwom and .Qk(, P"Q o
COMRS wp heads
we wamt ‘o fud  p(EIF) . +
We lenmow ?(\:lE) = B e 1-bhaoded WC;ALWA:T Leeadls
P (F (E) = \/7__ Al v'\'lw cHinS  are ~po.~v‘

BlE) * L e 2saded e ad o

\:(Fle) p (8D

& =
peet p (Fledp(E) + Fo»ww(f)

A+ Mo

= TV . ..o
\ @
1- o * 3 "%

2/20 = =
/2o U




Question 10. (a) [3 pts] Let X be the number (from 1 to 6) that comes up when a fair
six-sided die is rolled once. Find the expected value EX.

\ \ \ A aiEE o W
E)(:a'l—\-z-l*z'%"'(pl-(‘\'bs-\-e [~
:-—é—(l-&Z«-'b*‘(’*S*(v): %—:?

(We alsoe did hus class.)

(b) [3 pts] Show that the variance V(X) is equal to 35/12.

\
E(x*) * g\ * 2 4 v g 4L let ¢ 25 %36
22 (14449 1L 25 +36) = %
W - 3L 49 sz - WY _ 3S
V) ECR) ~EBX) ¢ = - F = Y T 1

( 1 gwe Ye awswer S0 peo wonldn'f  miss 1>a~f+$ (c) oxd
(3)  becamse o& am ot e V—\A.S{—ﬂ,['-z on s M )
(c) [4 pts] Let Y be the total of the numbers that come up when a fair six-sided die is rolled
12 times. Find EY and V(Y)).

IO X, s A vawder Atad Mqumf‘uf:'k‘w“)
Yoo Y EX A Xp ko F N, EXcSE VR < TS

Tue X; are "W«szwﬂwsl-, 50 we Caan o\ﬂ veutaat RS I we
Can ogL«m.«js ) Q,yc?eoth valoves Tuus ojues

= 13 . =235 .
EY = 2:3:=42 V(yv)=12-y =35

(d) [4 pts] Show that the probability P(33 <Y < 51) is at least 13/20.

Tan P33 ¢Y251) = P(\Y-421<10)
= 4-P(ly-421 20) 2 -2 = 2



