Math 249 Problem Set 5

This problem set is due Friday, May 15. You can turn it in either by e-mail or at my
office, 855 Evans Hall - slip it under the door if you come by when I am not there.

1. Recall from class that the Schur functions sy(xy,...,z,) are the characters of the
irreducible polynomial representations of GL,(C). Let p: : GL, — GL,, be an irreducible
polynomial representation of GL, on C™ and o: GL,, — GL; an irreducible polynomial
representation of G'L,, on C!. Then o o p is a polynomial representation of G, on C'.

Show that if the character of p is s)(z1,...,x,) and the character of o is s,(x1, ..., ZTm),
then the character of o o p is the plethysm s, [s)[z1 + - - - + z,]]. Deduce that the coefficients
di‘u defined by

suls (XN = 3 silx],

are non-negative integers. It is an open problem to find a combinatorial rule for the compu-
tation of plethysm coefficients in general, although some special cases are known.

2. Prove the formula for complete homogeneous symmetric functions in terms of elemen-
tary symmetric functions

_ I(N)
h — —1)" (N
" Z( ) r,T2,...,TL )

[A|l=n

where A = (1™,272 ... k™).
3. Express my(1,1,...,1), with n ones, as a more familiar combinatorial quantity.

4. Let Opy be the operator on symmetric functions given by partial differentiation with
respect to pg, under the identification of the algebra of symmetric functions with the poly-
nomial ring Q[py, ps, . . .]. Show that Opy is adjoint with respect to the Hall inner product to
the operator of multiplication by py/k.

5. (a) Show that the coefficient of m,[X|m,[Y] in m,[X + Y] is equal to 1 if v = AU p,
and zero otherwise.
(b) Use part (a) and the fact that (my, h,) = d,, to show that the plethystic substitution

X — X +Y is adjoint to multiplication, in the sense that for all symmetric polynomials f,
g, h we have

(f;gh) = (FIX + Y], g[X]h[Y]) xv,
where (—, —)xy is the inner product on A(X) ® A(Y) defined so that {my[X]|m,[Y]} and
{h\[X]h,[Y]} are dual bases.

6. Let € be a fictitious alphabet such that pyle] = 01 . Stated more correctly, this means
we are to interpret f[e] as the image of f under the homomorphism A — @Q mapping pj. to
01 -

(a) Prove the identity fle] = (f, exp(p1)).



(b) Prove the identity fle] = limy, oo (f[n2]) 251 /n-

(c) Show that eg[e] = hile] = 1/n!.

(d) More generally, show that syle] = f\/n!, where |A\| = n and f) is the number of
standard Young tableaux of shape A.

7. [from I. G. Macdonald, Symmetric Functions and Hall Polynomials]

(a) Recall from class that h, = >\ _, pa/2x, where zy = [[, i"r;! for A = (1™,2",...).
Show that this is equivalent to Newton’s determinant formula

(o) -1 0 ... 0 ]

) Do P =2 ... 0

h, = m det
Pn-1 Pno - ... —(n—1)
| Pn Pn—1 . e h ]

(b) Show that e, is given by the same determinant without the minus signs.

8. [also from Macdonald] Prove the identity s¢,—1,n—2,..1)(Z1, ..., Ty) = ngi<j§n($i+xj).

.....

9. Prove that standard tableaux S and T are dual equivalent if and only if there exist
standard tableaux S” and 7" of some straight shape A and a tableau X (of a shape v for
which A U v makes sense) such that JX(S") = S and JX(T") =T.

10. Let A = (k,1%) be a hook shape. Prove the following rule for computing sys,, which
generalizes the Pieri rules for s@)s,, and s(x)s,:

(i) s, occurs with non-zero coefficient in sys, only if v/u is a disjoint union of ribbons
(connected skew shapes containing no 2 x 2 rectangle) of total size k + [,
(ii) in that case, the coefficient is (h:il), where /v consists of r ribbons, and h is the
h:il) as zero if h — [ — 1 is negative).

11. Compute the character table of Ss.

sum of their heights (interpreting (

12. Let Ky, = (s, h,) be the number of semistandard Young tableaux of shape A and

content p. Show that K, is equal to the dimension of the space of invariants V)\S“ , Where
Vi is the irreducible representation of S, indexed by the partition A, and S, is the Young
subgroup S, x --- x5, € S,.

13. Prove that the Frobenius characteristic map is given by
Fyy = Zdim(VS”)mu,
”w

where V' is an S,, module and S, is as in the preceding problem.



