The first 10 questions are true/false, worth 5 points each. Give brief reasons (one or two
sentences) for your answers.

1.r FALSE: The list of polynomials (z + 1,z — 1,22, 2% — 2) is a basis of P3(R).
Each clondd womowiad 4, 2, 2%, 3% can Ve wilen as a
Biago b imakin d fue gun Pohjwowds, So M Spasm -
Since dim (B (R =4, e List is & basis,

2. TRUE or If U, V, and W are subspaces of a vector space Z, and we have
dim(Z) = 10, dim(U) = 2, dim(V) = 3, dim(W) =5,then Z=U DV & W.

We also wee® UtViw=gZ

3. or FALSE: If S: V - W and T: U — V are linear maps, and ST is injective,
then T is injective.

T =0 = STx=0 = x30, sme ST u‘uj'e_o\'\\/-e,_

4. or FALSE: If S and T are linear operators on V, and U C V is an invariant
subspace for both S and T, then U is invariant for ST

ST € S(cecu,

5.r FALSE: Let T € £(R3) be the linear operator whose matrix with respect to the

standard basis is ( )
Then T is diagonalizable.

The QQMJMS %—T on A=\, A3 T &iymsfa.ca
rull (T-21) ® ZQMK o SQM(U,O,‘”; 0,4,0)), S
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6. TRUE oLet V be a finite-dimensional vector space V over R, and let T' € L(V).
Then for every integer d between 0 and dim(V'), there exists a T-invariant subspace U C V

such that dim(U) = d.
Cee #7.

7. r FALSE: Let V be a finite-dimensional vector space V over C, and let T € L(V).
Then for every integer d between 0 and dim(V'), there exists a T-invariant subspace U C V

such that dim(U) = d.

Over € it Lllows Bve e ferew. fat o 5 a basis
i whick M(T,e) is Wpper- Mw%whr) but s dees wot
hold over R.  Tn Ymﬂ-\‘cwlnr’ wer R, omy T wim v wow-zem
Q\‘%ﬂwwec:‘mw/ S a WW("' .

8.r FALSE: If V is an inner product space over F=RorF=C, and ¢: V — F is
a linear functional, then there is a unique vector u € V such that ¢(v) = (v,u) forallv e V.

Twis  was Ynmﬁ-‘m Mo Yt and e Lchuwe — ik s fue
Heoewn  wiida juskbies At dolihom & adjgints .

9.@@01~ FALSE: Let V and W be inner product spaces. If S: V — W is an isometry,
then $*: W — V is an isometry.

A gyl +
() =8 =(5"", s S aM{smhj.
1
Sine S 1§ G ISt
Ov, S”“S“, a.«t& e wwere 4 an kw&t\j is an Kwd-l'vté.
10. @r FALSE: If T is a positive operator, then so is T*, for every positive integer k.
(TR z (TH" = T*, Se Tkis S{\C'abgo'iw’t .
The Uq,wvaluls 4 T ae A"‘, where N K am z.‘ym;a.luc
A T, Tk ot el 0»&2.0, Sv 'T'b‘ is {)as.’-{\‘ve,,




11. (6 pts) Let (v1, v, vs) be a basis of a vector space V over R. Let S be the linear operator
whose matrix with respect to this basis is

2 -3 5
1 6 -2].
0 4 -1

Find the matrix of S with respect to the basis (vs, ve, v;).
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12. Let T be the operator on the Euclidean inner product space R® whose matrix with

respect to the standard basis is
-1 0
0 2
0
T

(a) (5 pts) Find the polar decomposition of T. Hint: the matrix of T*T is diagonal.
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(b) (5 pts) Find the singular value decomposition of 7. You may express your answer
either as a matrix factorization, or by specifying bases (e;), (f;) and scalars s; such that

T(v) =>_; siv, &) fie
Sinee A ww"' vedovs  aal %\N_&LNS % (T*T, Ao SVD in

e oo to 100 |00
)< (130)63 )68 )
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(e,€3,83) s Aw clowdosd baris, and

G(8), 65(3) B (i)




13. (8 pts) Let V be an inner product space and let U be a subspace. Then U is an inner
product space with the restriction of the inner product on V. Let J: U — V be the inclusion
map J(u) =wu for all w € U. Let P: V — U be the orthogonal projection on U. Prove that
J*=P.

By e debiwikim o T, we weed do prove ek

du, Pud> = (Ju,vd> L M ouell, veV. [ v=zu'tw,
whae uelt, well, Tan Pr=uw’ b«j UQL{:“(M:LJMA.

Hemes (u, By = du,wy) whkils <Ju,vd=Lu,vy

T L\, We = {L,w'd> +<4Q,0) = <u)u’)’ Simeg (U,w)=O
(becanse wel™) .

14. Let T be the linear operator on P5(C) defined by T'(p(2)) = 2p(2) — p'(2).
(a) (4 pts) Show that the only eigenvalue of T is A = 2.

T-21 = D, whuw D@ =p'(2). Siuee D s
wilpelod, e whole spacn B(e) B gpmaralited
QP Space (%'T $or 222, This Shows Mal A=Z s
e ML‘J iagmvalue .
(b) (3 pts) Describe the generalized eigenspaces of T.

See above b e whole Space ?3(6) s fue Mieo
e-space e A=2.

(c) (4 pts) Find the matrix of T in Jordan canonical form.
Tae A2 ei%ews(m.dl (ner Wﬂd) ’& T & ‘}‘* Mﬂsr«m
A D, e Spam (1), Sinee s dimeusion s L, T las a
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15. Let M, x(F) denote the space of n by n matrices over a field F.

(a) (4 pts) Find a linear operator R on M,x,(F) such that the nullspace of R is the set of
symmetric matrices in M, x,(TF).

R(AY: A-AT & Cl““{‘) Dinger 1ot
wal(R) = LA MW () 2 A:;l\'fg.

(b) (4 pts) What is the dimension of the range of the operator R in part (a)?

Tue en{-va'es fymamebic magbiX o and cbove e

way  he ctwwu, 32.«» , and Yy delemmive  the rewcatuing
enties. N ‘\ks- Space z( 53‘4.»««.0,\-»—\6 wahaces  nawll(R) las
dhvmemsion n+ “ V‘z'-“"‘ . 'B.j tee ru\g/uw[b-\aj eoreu,

dtms Cwum S

16. (7 pts) We can define an inner product on Py(R) by

(p(z),q(z)) = %/_ p(z)q(z) dz.

Note: the limits of integration are different than those for the familiar inner product from
the text and homework.

Given that the polynomials po(z) = 1, pi(z) = V3 =z, pa(z) = (v/5/2)(32% — 1) form an
orthonormal basis, find the polynomial p(z) € Pa(R) which best approximates the function
f(z) = z® on [—1,1], in the sense that it minimizes |p(z) — f(z)].
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