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Instructions:

1. Write your name, ID number and. discussion sectior time- 4nd instructor’s;
name at the top of this page. Do not look at the other pages until the s1gnal
to start is given. o e . . _ .

2. You may use one sheet (Wr1tten on both s1des) of prepared notes No other
" notes; books, calculators, computers, cell phones, aud1o players; or‘other aids
may be used.

3. Use your own scratch paper for preliminary Work then write your:, solutrons
,.on. the exam paper. Hand in only the exam paper itself.

) 4 If a problem has a yes/ no or numerloal answer, glve a brief _]ust1ﬁcat10n of -
your answer. "This néed only be a sentence or two, not a complete proof. ..

BT a problem asks you to prove something, give:a’ complete proof, written -~
out in clear and mathematically correct language. In proofs you may use any
theorems which were proved in the textbook, the lectures, or which you were
asked to prove on homework assignmnents.

6. There are six problems, worth a total of 100 points.
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1. (15 pts) Find a basis of R® which is orthonormal in the Euclidean inner product, and
which has the property that a subset of this basis spans the subspace W = {(z1, z, z3) €

R33331+$2+x3=0},
Stowt with a (wuu—w-\*h.ov\mt) bests  w whickh e Gt two

QLW‘\h S?M w’ SM'(')" as v\ =C‘a*‘ao) b v‘l-:(o’ l)-‘)o V5=(C9)0‘|V>.

A?vl,o) Grown® Scluwm i
W, = Wit F l:\l;':.(‘a'“o\]

o \ \ — i \ -
wz': Vg.- <Vg,u(>ul = (.o.‘)-‘) + (—i"i‘o) - ('-;_,‘i, ‘)
2] |
Uy 2 Wa /sl (@ QVRPREY
w; = \I3 - (Vg, U.‘>u‘ “(Vz’uz> uz
|

-2 - (1 1 1
=(¢OIOI‘) "(O:O/O) + (%"3" /3) - (3|3|5-)

] l
Ug = W;/HWBH = G C‘)‘:‘)-
: fyn Shorled Wil a A'F[&n‘«"

Yo ol b aiffor
basis V; \0:'{\ ;v:sslumw alwaus get i—}@(\,l,l)_ as Un
& e veton, awd ‘we ovdumormal Vedey in W as dg oftur fwo.

2. (15 pts) Let T: V — W be a linear map between finite-dimensional vector spaces. Let M
be the matrix of T with respect to some bases of V and W. Suppose the columns of M are
linearly independent. What can you conclude from this about T being injective, surjective,

or invertible?
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3. (15 pts) Let T: V — W be an invertible linear map between finite-dimensional vector
spaces, and let v = (v1,...,v,) be a basis of V. Since T is invertible, w = (T'vy,...,Tv,) is
a basis of W. Describe the matrix M(T,v,w) of T with respect to the basis v of V and the
basis w of W.
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5. Let E be the linear operator on P3(R) defined by Ep(z) = (z — 1)p/(z).

(a) (8 pts) Find a basis of P3(R) such that the matrix of E with respect to this basis is upper
triangular.
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(b) (9 pts) Find all eigenvalues of £ (you are not required to find the eigenvectors).

Tum%x A€ Ao Stomdoe basis s

0-10 0
g ;“;_03 Tds oe.m.%vu.wQ ewhies ok tea
00 O 2 QC‘A}ZMRLAes . )\:0‘ (,2’3‘

(c) (8 pts) Determine whether or not F is diagonalizable (you are not required to diagonalize
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6. (15 pts) Let T be a linear operator on a finite-dimensional inner pfodﬁct space V. Suppose
that (T'u, Tv) = (u,v) for all u,v € V. Prove that T is invertible.
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