MACDONALD POLYNOMIALS AND GEOMETRY

MARK HAIMAN

Contents

1. Introduction 2. Symmetric functions and Macdonald polynomials 3. The n! conjecture 4. The Hilbert scheme and X_n 5. Frobenius series 6. The ideals J and J^m 7. Diagonal harmonics 8. The commuting variety

1. Introduction

This article is an explication of some remarkable connections between the two-parameter symmetric polynomials discovered in 1988 by Macdonald [26], and the geometry of certain algebraic varieties, notably the Hilbert scheme Hilb^n(C^2) of points in the plane, and the variety C_n of pairs of commuting n × n matrices (“commuting variety,” for short). The conjectures on diagonal harmonics introduced in [19] and [12] also relate to this geometric setting.

I have sought to give a reasonably self-contained treatment of these topics, by providing an introduction to the theory of Macdonald polynomials, to the “plethystic substitution” notation for symmetric functions which is invaluable in dealing with them, and to the conjectures and other phenomena relating to them that we aim to explain geometrically. The geometric discussion is less self-contained, as it is unavoidable to use scheme-theoretic language, constructions such as blowups, and some sheaf cohomological arguments. I do however give geometric descriptions in elementary terms of the various algebraic varieties encountered, and review whatever of their special features we might use, so as to orient the reader not previously familiar with them.

Date: March 14, 1999.

1991 Mathematics Subject Classification. Primary 05-02; Secondary 14-02, 05E05, 13H10, 14M05. Key words and phrases. Macdonald polynomials, Hilbert scheme, commuting variety, sheaf cohomology, Cohen-Macaulay, Gorenstein.

Supported in part by N.S.F. Mathematical Sciences grant DMS-9400934. 1

2 MARK HAIMAN

The linchpin of the geometric connections we consider is the so-called “n! conjecture” of Garsia and the author [9,10], which remains unproved at present. The n! conjecture proposes a combinatorial interpretation of the famous Kostka-Macdonald coefficients K_{λμ}(q, t), which relate the Macdonald polynomials to Schur functions and which were conjectured by Macdonald to be polynomials with non-negative integer coefficients^1 in the parameters q, t.

The n! conjecture is really two conjectures: first, that certain simply defined spaces, quotient rings of the polynomial ring C[x, y] = C[x_1, y_1, . . . , x_n, y_n], have dimension n!; and second, that these spaces, viewed as doubly graded representations of the symmetric group S_n, have Hilbert polynomials which are essentially the Kostka-Macdonald coefficients. It turns out, as we shall show, that the first (apparently weaker) part of the conjecture is equivalent to the Cohen-Macaulay property of a certain “iso-spectral” variety X_n over Hilb^n(C^2). Using this fact we can prove that the first part of the conjecture actually implies the second part, and with it the Macdonald positivity conjecture for the K_{λμ}(q, t).

As we shall see, the variety X_n is the blowup of (C^2)^n at the ideal J generated by those elements of its coordinate ring C[x, y] which alternate in sign under the action of the symmetric group S_n. An obvious conjecture is that J is the ideal of the locus in (C^2)^n where two or more of the n points (x_i, y_i) coincide, that is, J = ⋂ i≠j (x_i − x_j , y_i − y_j ). (1.1)

It is easy to see that J defines the coincidence locus set-theoretically, which is to say, the radical of J is the intersection on the right hand side above, but it is not obvious, and indeed it remains an open question, that J is a radical ideal. More generally, the geometry of the blowup X_n depends on module-theoretic properties of the powers J^m. We are led to extend (1.1) and conjecture that

J^m = ⋂ i≠j (x_i − x_j, y_i − y_j )^m, (1.2)

that is, the powers of J are the symbolic powers of the ideal of the coincidence locus. In fact, we conjecture that the variables x_1, . . . , x_n form a regular sequence for the C[x, y]- module J^m, for all m. As we show, this conjecture implies (1.2). It further implies that the x_i’s form a regular sequence on X_n (that is, on its structure sheaf O, viewed as a sheaf of C[x, y]-algebras). Assuming this regular-sequence conjecture, we are able to give an inductive sheaf-cohomological argument to show that X_n is Cohen-Macaulay, and thus the n! and Macdonald positivity conjectures follow.

An important point to remark on here is that the n! conjecture and many of the related geometric conjectures have evident analogous statements in more than two sets of variables X, Y, Z, . . . . For the most part, these analogs fail to hold.^2 However, the above conjectures

1Part of the conjecture is that the K_{λμ}(q, t) are polynomials at all, which is not obvious from their definition and was only proved recently, in five independent papers [14,15,23,24,32].

2The n! conjecture has acquired a minor history of exciting but unsuccessful ideas for simple proofs, by the author and others. A good reality check on a contemplated proof is to ask where the argument breaks down—as it must—in three sets of variables.

MACDONALD POLYNOMIALS AND GEOMETRY 3

on the ideals J^m are an exception, as we expect them to hold in any number of sets of variables (the last conjecture then being that any one of the sets of variables forms a regular sequence). Of course the reasoning leading from there to the n! conjecture makes essential use of having only two sets.

The iso-spectral Hilbert scheme X_n also provides the geometric setting for the study of diagonal harmonics, the subject of a series of conjectures by the author and others [12,19]. The space of diagonal harmonics may be identified with the quotient ring R_n of C[x, y] by the ideal I generated by all S_n invariant polynomials with zero constant term. It is conjectured, among other things, that the dimension of R_n as a vector space is (n + 1)^{n−1}. Further conjectures in [19] describe aspects of its structure as a graded S_n module in combinatorial terms. In [12] we conjectured a complete formula for the doubly graded character of R_n, in terms of Macdonald polynomials, and proved that this master formula implies all the earlier combinatorial conjectures.

In geometric terms R_n is the coordinate ring of the scheme-theoretic fiber over the origin under the natural map

(C^2)^n → S^nC^2

from ordered n-tuples of points in the plane to unordered n-tuples. Now, there is a fiber square

X_n −−−→ (C^2)^n σ Hilb^n(C^2)^τ−−−→ S^nC^2,

giving rise to a natural homorphism from R_n to the global sections of the structure sheaf on the fiber (τ σ)^{−1}(0) ⊆ X_n. If X_n is Cohen-Macaulay, that is, if the n! conjecture is true, these may be identified with global sections of a vector bundle on the zero-fiber τ^{−1}(0) in Hilb^n(C^2). Under a suitable cohomology vanishing hypothesis, the homorphism from R_n to this space of global sections will be an isomorphism. Moreover, we can give its character explicitly, using a variant of the Atiyah-Bott Lefschetz formula. This yields the master formula for diagonal harmonics, on the assumption that the n! conjecture and vanishing hypotheses hold. The agreement of this master formula with computational results for n ≤ 7 is in my view striking evidence for the probable validity of the geometric conjectures which give rise to it.

Finally, the commuting variety C_n enters the picture because it contains a natural nonsingular open set C^0_n with a smooth map to Hilb^n(C^2). The analog in this context of the iso-spectral Hilbert scheme X_n is the “iso-spectral commuting variety” IC_n of pairs (X, Y ) of commuting matrices, together with 2n-tuples (a_1, b_1 . . . , a_n, b_n) for which the (a_i, b_i) are the joint eigenvalues of the matrices X, Y , that is, they satisfy the equations

det(I + rX + sY ) = n∏ i=1 (1 + ra_i + sb_i), (1.3)

4 MARK HAIMAN

where r, s are indeterminates. The open set IC^0_n of IC_n lying over C^0_n is the fiber product of X_n with C^0_n over Hilb^n(C^2): IC^0_n −−−→ X_n

C^0_n −−−→ Hilb^n(C^2).

(1.4)

Thus IC^0_n is smooth over X_n, and hence X_n is Cohen-Macaulay if and only if IC^0_n is. In fact, as we shall see, if X_n is Cohen-Macaulay it is even Gorenstein, and thus the same is true of IC^0_n. We are led to conjecture that the whole iso-spectral commuting variety IC_n is Gorenstein, and not just the open subset IC^0_n. We have been able to verify this for small values of n. This conjecture not only implies the n! conjecture, it also implies that the ordinary commuting variety C_n is Cohen-Macaulay, which is an open problem of long standing.

2. Symmetric functions and Macdonald polynomials

The general reference for material in this section is Macdonald’s book [27], whose notation and terminology we follow, except as to the plethystic substitution, and as to the transformed Macdonald polynomials H̃_μ defined below. We give some definitions and derive some properties which are also in [27], both for completeness and to illustrate the utility of the plethystic notation. We also derive some additional facts that will be needed later.

We work throughout with symmetric functions in infinitely many indeterminates x_1, x_2, . . . , with coefficients in the field Q(q, t) of rational functions of two variables q and t. The various classical bases of the ring of symmetric functions are indexed by integer partitions μ, and denoted as follows: the monomial symmetric functions by m_μ, the power-sums by p_μ, the elementary symmetric functions by e_μ, the complete homogeneous symmetric functins by h_μ, and the Schur functions by s_μ. In each basis, as μ ranges over partitions of a given integer d, we obtain a basis for the symmetric polynomials homogeneous of degree d.

The standard partial ordering on partitions of d is the dominance order, defined by λ ≤ μ if λ_1 + · · · + λ_k ≤ μ_1 + · · · + μ_k for all k. The triangularity of transition matrices between certain bases of symmetric functions with respect to dominance plays a crucial role in the definition and development of Macdonald polynomials, as well as in the reasoning we will use later to deduce the Macdonald positivity conjecture from the n! conjecture.

We now turn to the important device of plethystic substitution. The fact that the powersums p_μ form a basis means, equivalently, that the ring of symmetric functions can be identified with the ring of polynomials in the power-sums p_1, p_2, . . . . In particular, the p_k ’s may be specialized arbitrarily to elements of any algebra over the coefficient field, and the specialization extends uniquely to an algebra homomorphism on all symmetric functions.

Now let A be a formal Laurent series with rational coefficients in indeterminates a_1, a_2, . . . , which may include our parameters q and t. We define p_k[A] to be the result of replacing each

MACDONALD POLYNOMIALS AND GEOMETRY 5

indeterminate a_i in A by a^k_i . Extending the specialization p_k → p_k [A] to arbitrary symmetric functions f, we obtain the plethystic substitution of A into f, denoted f[A].

If A is merely a sum of indeterminates, A = a_1 + · · · + a_n, then we see that p_k[A] = p_k (a_1, a_2, . . . , a_n), and hence for every f we have f[A] = f(a_1, a_2, . . . , a_n). This is why we view the operation as a kind of substitution. Similarly, if A has a series expansion as a sum of monomials, then f[A] is f evaluated on these monomials, for example f[1/(1 − t)] = f(1, t, t^2, . . . ). Our convention will be that in a plethystic expression X stands for the sum of the original indeterminates x_1 + x_2 + · · · , so that f[X] is the same as f(X),

f[X/(1 − t)] = f(x_1, x_2, . . . , tx_1, tx_2, . . . , t^2x_1, t^2x_2, . . . ),

and so forth. Among the virtues of this notation is that the substitution of X/(1 − t) for X as above has an explicit inverse, namely the plethystic substitution of X(1 − t) for X.

The one caution that must be observed with plethystic notation is that indeterminates must always be treated as formal symbols, never as variable numeric quantities. For instance, if f is homogeneous of degree d then it is true (and easy to see) that f[tX] = t^df[X], but it is false that f[−X] = (−1)^df[X], that is, we cannot set t = −1 in the equation above. In fact f[−X] is a very interesting quantity: it is actually equal to (−1)^dωf(X), where ω is the classical involution on symmetric functions defined by ωp_k = (−1)^{k+1}p_k, which interchanges the elementary and complete symmetric functions e_λ and h_λ, and more generally exchanges the Schur function s_λ with s_λ′ , where λ^′ is the conjugate partition.

It is convenient when using plethystic notation to define

Ω(X) = exp( ∞∑ k=1 p_k(X)/k). (2.1)

Then since p_k [A + B] = p_k[A] + p_k [B] and p_k [−A] = −p_k[A] we have

Ω[A + B] = Ω[A]Ω[B], Ω[−A] = 1/Ω[A]. (2.2)

From this and the single-variable evaluation Ω[x] = exp( ∑ k≥1 x^k/k) = 1/(1 − x) we obtain

Ω[X] = ∏ i 1 1 − x_i = ∞∑ n=0 h_n(X) (2.3)

Ω[−X] = ∏ i (1 − x_i) = ∞∑ n=0 (−1)^ne_n(X). (2.4)

Recall that the standard Hall inner product ⟨·, ·⟩ is defined so that the Schur functions s_μ are an orthonormal basis, and the complete symmetric functions h_μ are dual to the

6 MARK HAIMAN

monomials m_μ. The Cauchy identity is that for Hall-dual bases {u_μ}, {v_μ} we have ∏ i,j 1 1 − x_iy_j = ∑ μ u_μ(X)u_ν (Y ), or plethystically, Ω[XY ] = ∑ μ u_μ[X]v_μ[Y ]. (2.5) This may be written in a basis-free way as ⟨Ω[AX], f(X)⟩ = f[A], (2.6) which follows from (2.5) by taking f = u_μ, and extending to arbitrary f by linearity. In particular we have ⟨Ω[B(AX)], Ω[CX]⟩ = ⟨Ω[BX], Ω[C(AX)]⟩ = Ω[ABC]. But since B and C are arbitrary, we may set f(X) = Ω[BX], g(X) = Ω[CX], to obtain the identity ⟨f[AX], g(X)⟩ = ⟨f(X), g[AX]⟩, (2.7) valid for all f, g. In other words, the plethystic subsitution of AX for X is self-adjoint.

Macdonald defines his polynomials by first introducing a q, t-analog of the Hall inner product ⟨·, ·⟩, which in plethystic notation is simply ⟨f, g⟩_{q,t} = ⟨f(X), g[X 1 − q 1 − t ]⟩. In view of (2.7), this definition is symmetric in f and g. If {u_μ} and {v_μ} are ⟨·, ·⟩_{q,t}-dual bases, then {u_μ} and {v_μ[^{1−q}_{1−t} ]} are Hall dual, so the Cauchy identity gives

Ω[XY ] = ∑ μ u_μ[X]v_μ[X 1 − q 1 − t ], or Ω[XY 1 − t 1 − q ] = ∑ μ u_μ[X]v_μ[Y ]. (2.8)

Note that the non-plethystic expression for Ω[XY^{1−t}_{1−q} ], as in [27], is the rather mysterious product ∏ i,j (tx_iy_j ; q)_∞ (x_iy_j ; q)_∞

, where (a; q)_∞ = ∞∏ k=0 (1 − aq^k). As a particular case of (2.8), we see that the ⟨·, ·⟩_{q,t}-dual basis to the monomials m_μ is the basis of transformed complete symmetric functions h_μ[X^{1−t}_{1−q} ] (denoted g_μ in [27]).

The Macdonald polynomials P_μ(X; q, t) may be defined by requiring that they are orthogonal with respect to ⟨·, ·⟩_{q,t}, and lower-uni-triangular with respect to the monomials, that is, P_μ(X; q, t) = m_μ(X) + ∑ λ<μ c_{λμ}(q, t)m_λ, (2.9) for some coefficients c_{λμ}. Here, however, we shall define them directly as eigenfunctions of the plethystic operator Δ^′f(X) = f[X − (1 − q)/z]Ω[zX(1 − t^{−1})]|_z0 , (2.10) where the vertical bar indicates we are to take the constant term with respect to z.

MACDONALD POLYNOMIALS AND GEOMETRY 7

Before further examining the operator Δ^′ we define an important quantity B_μ which appears in the eigenvalues of the operator, and will turn out to have geometric significance later on.^3 First recall that the diagram of a partition μ is the array of lattice points D(μ) = {(i, j) ∈ N × N : j < μ_{i+1}}. (2.11) As is customary, we regard i as indexing rows and j as indexing columns, so that the rows of D(μ) have lengths equal to the parts of μ. We now set B_μ(q, t) = ∑ (i,j)∈D(μ) t^iq^j , (2.12)

a kind of generating function describing D(μ), with a term for each cell in the diagram, as illustrated here.

μ : (4, 2, 1) D_μ : • • • • • • • B_μ :

t^2+ t +qt+ 1 + q +q^2+q^3

. (2.13)

Now let us return to the study of the operator Δ^′.

Proposition 2.1. A symmetric function f(X; q, t) is an eigenfunction of Δ^′ with eigenvalue α(q, t^{−1}) if and only if f[X/(1 − t^{−1}); q, t^{−1}] is an eigenfunction of the operator Δf = f[X + (1 − q)(1 − t)/z]Ω[−zX]|_z0 , with eigenvalue α(q, t).

Proof. We verify directly from the definitions that Δ(f[X/(1 − t^{−1}); q, t^{−1}]) = (Δ^′f)[X/(1 − t^{−1}); q, t^{−1}], which implies the result. □ Proposition 2.2. The operator Δ^′ is lower-triangular with respect to the basis of monomial symmetric functions. More precisely, Δ^′m_μ = (1 − (1 − q)(1 − t^{−1})B_μ(q, t^{−1}))m_μ + ∑ λ<μ b_{λμ}m_λ, for some coefficients b_{λμ}.

Proof. Since the Schur functions are lower-uni-triangular with respect to the basis of monomials, it will do equally well to prove Δ^′m_μ = ∑ λ≤μ a_{λμ}s_λ, 3The theory of Macdonald polynomials is rife with numerology. Quantities such as B_μ and various q, thook products crop up again and again—see [11,12] for many examples. In our geometric context, these quantities will turn out to have natural interpretations.

8 MARK HAIMAN

for some coefficients a_{λμ}, with a_{μμ} = 1 − (1 − q)(1 − t^{−1})B_μ(q, t^{−1}). It is also sufficient to restrict to a finite set of variables X = x_1 + · · · + x_n. Then Ω[zX(1 − t^{−1})] has the partial fraction expansion

Ω[zX(1 − t^{−1})] = n∏ i=1 1 − t^{−1}zx_i 1 − zx_i = t^{−n} + n∑ i=1 1 1 − zx_i ∏_n j=1(1 − x_j /tx_i) ∏ j≠i(1 − xj /xi) = t^{−n} + t^{1−n}(1 − t^{−1}) ∑ i 1 1 − zx_i v(X)_{(xi→txi)} v(X) , (2.14)

where v(X) = ∏ i<j (x_i − x_j ) is the Vandermonde determinant.

From (2.14), using the identity f(1/z)/(1 − zx)|_z0 = f(x), we see that for any function f,

f(1/z)Ω[zX(1 − t^{−1})]|_z0 = t^{−n}f(1/z)|_z0 + t^{1−n}(1 − t^{−1}) ∑ i f(x_i) v(X)_{(xi→txi)} v(X) , and therefore, since m_μ[X − x_i(1 − q)] = m_μ(X)_{(xi→qxi)}, we have

Δ^′m_μ(X) = t^{−n}m_μ(X) + t^{1−n}(1 − t^{−1}) ∑ i m_μ(X)_{(xi →qxi)} v(X)_{(xi→txi)} v(X) . Note that the substitution of x_i for z^{−1} inside the plethysm is permissible, since we are substituting one indeterminate for another.

Recall the Jacobi formula s_λ(X)v(X) = det [ x^{λj+n−j} i ]_n i,j=1 . From this we see that the coefficient of s_λ in the Schur function expansion of any symmetric function f(X) is the coefficient of x^{λ+δ} in f(X)v(X), where δ = (n − 1, n − 2, . . . , 1, 0). In particular the coefficient a_{λμ} of s_λ in Δ^′m_μ is given by

t^{−n}k_{λμ} + t^{1−n}(1 − t^{−1}) ∑ i m_μ(X)_{(xi→qxi)}v(X)_{(xi→txi)} | | | | x^{λ+δ} , (2.15)

where k_{λμ} is the coefficient of s_λ in m_μ, so k_{μμ} = 1. Now in each summand above, the leading term in dominance order is clearly x^{μ+δ}, establishing the triangularity. This term arises from the term x^μ in m_μ, multiplied by the term x^δ in v(X). In the i-th summand the indicated substitutions multiply it by q^{μi} t^{n−i}. Thus we find

a_{μμ} = t^{−n} + t^{1−n}(1 − t^{−1}) n∑ i=1 q^{μi} t^{n−i}. With the understanding that μ_i is zero for i exceeding the number of parts l(μ) of μ, we readily verify that the above expression is independent of n for n > l(μ), as it must be, and reduces to (1 − t^{−1}) ∞∑ i=1 q^{μi} t^{1−i} = 1 − (1 − q)(1 − t^{−1})B_μ(q, t^{−1}). □

MACDONALD POLYNOMIALS AND GEOMETRY 9

Corollary 2.3. The operator Δ^′ has distinct eigenvalues 1 − (1 − q)(1 − t^{−1})B_μ(q, t^{−1}) and its corresponding eigenfunction is a linear combination of the monomial symmetric functions m_λ : λ ≤ μ, with non-zero coefficient of m_μ.

Definition. The Macdonald polynomial P_μ(X; q, t) is the eigenfunction of the operator Δ^′,

Δ^′P_μ = (1 − (1 − q)(1 − t^{−1})B_μ(q, t^{−1}))P_μ,

normalized so that P_μ = m_μ + ∑ λ<μ c_{λμ}m_λ. The coefficients c_{λμ}(q, t) are rational functions with non-trivial denominators. Macdonald proposed an alternate normalization, called the integral form

J_μ = ∏ s∈D(μ) (1 − q^{a(s)}t^{1+l(s)})P_μ, (2.16)

and conjectured that its coefficients are polynomials in q and t, i.e., the above product clears the denominators. Here a(s) and l(s) are the arm and leg of the cell s in the diagram of μ, defined to be the number of cells strictly east and north of s, respectively.

This integrality conjecture has recently been proven [14,15,23,24,32]. Macdonald made a further remarkable conjecture, that if we write the integral forms as J_μ(X; q, t) = ∑ λ K_{λμ}(q, t)s_λ[X(1 − t)] (2.17)

then the coefficients K_{λμ}(q, t) are not only polynomials in q and t, but they have non-negative integer coefficients. The search for an algebraic-combinatorial proof of this Macdonald positivity conjecture, which remains open, has been the moving force behind the work described in this article. It is pertinent to mention here that J_μ(X; 0, t) specializes to the Hall-Littlewood function Q_μ(X; t), and therefore the coefficients K_{λμ}(0, t) specialize to the famous t-Kostka coefficients K_{λμ}(t) which have been central to much beautiful work in combinatorics, geometry and representation theory. This is one of many reasons for the great interest in Macdonald polynomials in the decade since their discovery.

For our purposes it is convenient to work with the following variant. In all that follows we fix |μ| = n (not to be confused with n(μ)). Definition. The transformed Macdonald polynomials are

H̃_μ(X; q, t) = t^{n(μ)}J_μ[ X 1 − t^{−1} ; q, t^{−1}], (2.18)

where n(μ) = ∑ i(i − 1)μ_i = ∑ s∈D(μ) l(s). From Proposition 2.1 and equation (2.17) we immediately obtain Proposition 2.4. The transformed polynomial H̃_μ is an eigenfunction of the operator Δ,

ΔH̃_μ = (1 − (1 − q)(1 − t)B_μ)H̃_μ,

10 MARK HAIMAN

and its Schur function expansion is H̃_μ = ∑ λ K̃_{λμ}(q, t)s_λ, where K̃_{λμ}(q, t) = t^{n(μ)}K_{λμ}(q, t^{−1}). In particular (since it is known that K_{(n),μ} = t^{n(μ)} [27]), H̃_μ is normalized so that its coefficient of s_{(n)} is equal to 1.

Now the operator Δ is symmetric in q and t, while B_μ(t, q) = B_μ′ (q, t). Hence we obtain Proposition 2.5. For all μ we have H̃_μ′ (X; q, t) = H̃_μ(X; t, q) and, consequently, K̃_{λμ′} (q, t) = K̃_{λμ}(t, q). As mentioned earlier, the functions H̃_μ can be characterized by certain triangularity relations.

Proposition 2.6. The transformed Macdonald polynomials H̃_μ satisfy, and are uniquely characterized by: (1) H̃_μ[X(1 − q); q, t] ∈ Q(q, t){s_λ : λ ≥ μ}, (2) H̃_μ[X(1 − t); q, t] ∈ Q(q, t){s_λ : λ ≥ μ^′}, (3) ⟨H̃_μ, s_{(n)}⟩ = 1.

Proof. Note that H̃_μ[X(1 − t); q, t] = t^{|μ|}H̃_μ[−X(1 − t^{−1}); q, t] is a scalar multiple of P_μ[−X; q, t^{−1}] and thus of ωP_μ(X; q, t^{−1}). Since P_μ belongs to the space Q(q, t){s_λ : λ ≤ μ}, and conjugation reverses the dominance order, ωP_μ belongs to Q(q, t){s_λ : λ ≥ μ^′}, which is (2) above. From the symmetry given by Proposition 2.5 we then obtain (1). The normalization from Proposition 2.4 is (3).

For uniqueness, suppose H^′_μ(X) is another solution of (1) and (2). Then (1) implies that H^′_μ[X(1 − q)] ∈ Q(q, t){H̃_λ[X(1 − q)] : λ ≥ μ} and hence that H^′_μ ∈ Q(q, t){H̃_λ : λ ≥ μ}. Similarly, (2) implies that H^′_μ ∈ Q(q, t){H̃_λ : λ ≤ μ}. Together these mean that H^′_μ is a scalar multiple of H̃_μ, and (3) fixes the scalar factor as 1. □

Corollary 2.7. For all μ we have ωH̃_μ(X; q, t) = t^{n(μ)}q^{n(μ′)}H̃_μ(X; q^{−1}, t^{−1}) and, consequently, K̃_λ′_μ(q, t) = t^{n(μ)}q^{n(μ′)}K̃_{λμ}(q^{−1}, t^{−1})

Proof. One verifies easily that ωt^{n(μ)}q^{n(μ′)}H̃_μ(X; q^{−1}, t^{−1}) satisfies (1) and (2) of Proposition 2.6, and hence is a scalar multiple of H̃_μ. To fix the scalar as 1 requires that K̃_{(1}n_{),μ} = t^{n(μ)}q^{n(μ′)}. But this is known [27], as it is equivalent to K_{(1}n_{),μ} = q^{n(μ′)}. □ To conclude, let us recover the orthogonality of the P_μ’s with respect to ⟨·, ·⟩_{q,t}, as in Macdonald’s original definition. Replacing t by t^{−1}, we are to show that ⟨P_μ(X; q, t^{−1}), P_ν (X 1 − q 1 − t^{−1} ; q, t^{−1})⟩ = 0

for μ ≠ ν, or equivalently that ⟨P_μ(X; q, t^{−1}), P_ν (−X 1 − q 1 − t ; q, t^{−1})⟩ = 0

MACDONALD POLYNOMIALS AND GEOMETRY 11

Since P_μ(X; q, t^{−1}) is a scalar multiple of H̃_μ[X(1 − t)], we are to show that ⟨H̃_μ [X(1 − t)], H̃_ν [−X(1 − q)]⟩ = 0. Now from Proposition 2.6 and the orthogonality of Schur functions it is clear that this last inner product vanishes unless ν ≤ μ. But then by symmetry it also vanishes unless μ ≤ ν, that is, unless μ = ν.

3. The n! conjecture Let D = {(p_1, q_1), . . . , (p_n, q_n)} be an n-element subset of N × N. We define a polynomial in 2n variables x_1, y_1, . . . , x_n, y_n as follows: Δ_D(x, y) = det [ x^{pj}_i y^{qj}_i ]_n i,j=1 . (3.1)

Note that Δ_D is well defined, up to a change of sign, independent of the ordering chosen for the elements of D, and that it alternates in sign under the action of the symmetric group S_n permuting the x and the y variables simultaneously. That is, wΔ_μ = ϵ(w)Δ_μ for all w ∈ S_n, where ϵ(w) is the sign of the permutation w. For a partition diagram, we set Δ_μ = Δ_{D(μ)}.

Then Δ_μ is doubly homogeneous, of degree n(μ) in the x variables and n(μ^′) in the y variables. In the cases μ = (1^n) and μ = (n), Δ_μ is the usual Vandermonde determinant in the x and y variables, respectively.

Our conjectures concern the space of all derivatives of Δ_μ, D_μ = {p(∂x_1, ∂y_1, . . . , ∂x_n, ∂y_n)Δ_μ : p ∈ Q[x, y]}. Since Δ_μ is doubly homogeneous, this space is doubly graded: D_μ = ⨁ r,s (D_μ)_{r,s}, where (D_μ)_{r,s} consists of those elements of D_μ which are doubly homogeneous of degree r in the x variables and s in the y variables. Since Δ_μ is alternating, the space D_μ is stable under the action of S_n. Thus it affords a doubly graded representation of the symmetric group S_n. We denote by mult(χ^λ, χ) the multiplicity of the irreducible S_n-character χ^λ in a given character χ.

Conjecture 3.1. (n! Conjecture) The dimension of the space D_μ is n!. Conjecture 3.2. The bivariate character multiplicity Hilbert series ∑ r,s t^rq^s mult(χ^λ, ch(D_μ)_{r,s}) (3.2)

is equal to K̃_{λμ}(q, t). In particular, the latter is a polynomial with non-negative integer coefficients.

12 MARK HAIMAN

It is known [27] that K̃_{λμ}(1, 1) = χ^λ(1), the degree of the character χ^λ or the number of standard Young tableaux of shape λ. Hence, according to Conjecture 3.2, we must have mult(χ^λ, ch(D_μ)) = χ^λ(1), so that when we ignore the grading, D_μ affords the regular representation of S_n, and hence has dimension n!. Thus Conjecture 3.2 implies Conjecture 3.1. One of the chief things we will achieve in the geometric setting of Sections 4 and 5 is to prove the converse implication.

It will be helpful to reformulate the conjectures in two ways. The first is to introduce a more convenient notation for (3.2). Recall that the Frobenius map from S_n characters to symmetric functions^4 homogeneous of degree n is defined by

Φ(χ) = 1 n! ∑ w∈S_n χ(w)p_{τ (w)}(X), (3.3)

where τ (w) is the partition whose parts are the lengths of the cycles of the permutation w. For the irreducible characters we have the symmetric function identity Φ(χ^λ) = s_λ(X), from which follows, for any character,

Φ(χ) = ∑ λ mult(χ^λ, χ)s_λ.

Now, by analogy to the Hilbert series, we define the Frobenius series of a doubly graded S_n representation D to be F_D(X; q, t) = ∑ r,s t^rq^sΦ ch(D)_{r,s}. This given, Conjecture 3.2 takes the simple form

F_{Dμ} = H̃_μ. (3.4)

In Section 5 we extend the notion of Frobenius series to S_n actions on modules over a geometric regular local ring with an equivariant two-dimensional torus action, providing the basic tool to link Conjecture 3.2 with the geometry.

The second reformulation we need is of the definition of D_μ itself—the definition in terms of derivatives is simple, but geometrically misleading, and we need a derivative-free version. This is given by the next propositions. We will need the following definition here and later. Definition. The alternation operator over the symmetric group is

Alt f = ∑ w∈S_n ϵ(w)w(f). Since the polynomials Δ_D form a basis of all the S_n-alternating polynomials in Q[x, y], it makes sense to speak of the coefficient of Δ_D in Alt f. Indeed, it is merely the coefficient of the monomial x^{p1}_1 y^{q1}_1 · · · x^{pn}_n y^{qn}_n .

Proposition 3.1. The ideal J_μ of polynomials p(x, y) ∈ Q[x, y] for which the differential operator p(∂x, ∂y) annihilates Δ_μ can be characterized as follows: p ∈ J_μ if and only if for all g ∈ Q[x, y], the coefficient of Δ_μ in Alt gp is zero.

4The symmetric function indeterminates X are not to be confused with the coordinates x.

MACDONALD POLYNOMIALS AND GEOMETRY 13

Proof. Observe that the constant term of g(∂x, ∂y)p(∂x, ∂y)Δ_μ is, apart from a constant factor, the coefficient of Δ_μ in Alt gp. Hence if p(∂x, ∂y)Δ_μ = 0, the characterization certainly holds. Conversely, if the characterization holds, then p(∂x, ∂y)Δ_μ has the property that it and all its partial derivatives of all orders have zero constant term. By Taylor’s theorem this implies that p(∂x, ∂y)Δ_μ = 0. □

Proposition 3.2. The quotient ring Q[x, y]/J_μ is isomorphic as a doubly graded S_n representation to D_μ.

Proof. Define an inner product (·, ·) on Q[x, y] by

(f, g) = f(∂x, ∂y)g(x, y)|_{x,y=0}. (3.5)

One sees immediately that monomials are mutually orthogonal under (·, ·). Hence the form is symmetric and non-degenerate, separately on each doubly homogeneous subspace (Q[x, y])_{r,s}. It follows that Q[x, y]/J_μ is isomorphic as a doubly graded S_n representation to the orthogonal complement J^⊥_μ .

Now I claim that J^⊥_μ = D_μ. Taking g = Δ_μ and f ∈ J_μ in (3.5), we see that Δ_μ ∈ J^⊥_μ . From the definition we have (p(x, y)f, g) = (f, p(∂x, ∂y)g) for all p(x, y), i.e., multiplication is adjoint to differentiation. Since J_μ is an ideal it follows that J^⊥_μ is closed under differentiation and hence contains D_μ.

Now both J^⊥_μ and D_μ are finite-dimensional, and the map p → p(∂x, ∂y)Δ_μ is an isomorphism of vector spaces from Q[x, y]/J_μ onto D_μ. Therefore J^⊥_μ and D_μ have the same dimension and hence are equal. □

For geometric purposes we will replace Q by C, extending J_μ to J_μ ⊗_Q C, which we again denote J_μ, and for which the characterization in Proposition 3.1 still holds. Definition. The ring R_μ is C[x, y]/J_μ.

Of course R_μ has the same Frobenius series as Q[x, y]/J_μ, and also, by Proposition 3.2, as D_μ.

The evidence for Conjecture 3.2 includes the fact that various known symmetries and specializations of H̃_μ can also be established for F_{Dμ} . We conclude this section by demonstrating a few of these.

Proposition 3.3. We have the identity F_{Dμ′} (X; q, t) = F_{Dμ} (X; t, q) (compare Proposition 2.5).

Proof. Obvious, since Δ_μ′ (x, y) = Δ_μ(y, x). □

Proposition 3.4. We have the identity ωF_{Dμ} (X; q, t) = t^{n(μ)}q^{n(μ′)}F_{Dμ} (X; q^{−1}, t^{−1}) (compare Corollary 2.7).

Proof. In the proof of Proposition 3.2 there are two isomorphisms of Q[x, y]/J_μ with D_μ. The first is the inclusion of D_μ in Q[x, y], followed by projection mod J_μ, which is an isomorphism of graded S_n representations. The second is the map p → p(∂x, ∂y)Δ_μ. As Δ_μ is S_n-alternating and homogeneous of degrees (n(μ), n(μ^′)), this map reverses degrees

14 MARK HAIMAN

and tensors S_n characters by the sign character. Recalling that the Frobenius map satifies Φ(ϵ ⊗ χ) = ωΦ(χ), we see that reversing degrees and tensoring with the sign character on D_μ yields a space with Frobenius series ωt^{n(μ)}q^{n(μ′)}F_{Dμ} (X; q^{−1}, t^{−1}). Combining the two isomorphisms shows this is equal to F_{Dμ} . □

Remark: The algebraic correlate of this symmetry of D_μ is that the ring R_μ is Gorenstein. More generally, for any homogeneous ideal J ⊆ Q[x], the quotient Q[x]/J is finitedimensional (as a vector space) and Gorenstein if and only if J is the ideal of differential operators annihilating some homogeneous polynomial. Proposition 3.5. We have the identity F_{Dμ} (X; 0, t) = H̃_μ(X; 0, t).

Proof. The left-hand side is the Frobenius series of the subspace Q[x] ∩ D_μ. The Garnir polynomial g_μ(x) is defined as the product of the Vandermonde determinants in the first μ^′_1 variables, the next μ^′_2 variables, and so on. It is not hard to see that the space Q[x] ∩ D_μ is spanned by all derivatives of g_μ and its images under permutation of the variables.

This space has been well-studied [3,6,13,21,25,33], and its Frobenius series (in one variable t) is known to be the transformed Hall-Littlewood polynomial t^{n(μ)}Q_μ[X/(1 − t^{−1}); t^{−1}]. Since J_μ(X; 0, t) = Q_μ(X; t), the result follows. □

It is also possible to give an elementary proof (see [10]) that if the n! conjecuture holds then F_{Dμ} (X; 1, t) = H̃_μ(X; 1, t). Since F_{Dμ} (X; 1, 1) determines the character and thus the dimension of D_μ, one must of course assume the n! conjecture for this. But as we are going to prove that the n! conjecture implies F_{Dμ} = H̃_μ, the proof for the q = 1 specialization would be redundant here.

4. The Hilbert scheme and X_n

Let C^2 = Spec C[x, y] be the affine plane over C. By definition, closed subschemes S ⊆ C^2 correspond to ideals I ⊆ C[x, y]. The subscheme S is 0-dimensional, of length n, if C[x, y]/I has dimension n as a vector space. The generic example of such a subscheme S is a set of n points in C^2, with the reduced subscheme structure. In this case I is a radical ideal and C[x, y]/I can be identified with the ring of complex-valued functions on the finite set S, which is clearly n-dimensional.

Other such subschemes S have fewer than n points, with non-reduced subscheme structures at these points. If we define the multiplicity of each point P ∈ S as the length of the local ring O_{S,P} then the total length, n, is the sum of the multiplicites. Associated to each partition μ of n is a non-reduced subscheme S_μ whose ideal I_μ is spanned by the monomials {x^ry^s : (r, s) ∉ D(μ)}. Note that this is indeed an ideal. Since the remaining monomials

B_μ = {x^ry^s : (r, s) ∈ D(μ)} (4.1)

form a basis of C[x, y]/I_μ, S_μ has length n, and the Hilbert series of C[x, y]/I_μ as a doubly graded algebra is the quantity B_μ(q, t) defined in (2.12). We readily see that in fact, the S_μ’s are the only 0-dimensional length-n subschemes whose ideals are spanned by monomials. As a set, S_μ has only one point, the origin, with multiplicity n.

MACDONALD POLYNOMIALS AND GEOMETRY 15

The set of all 0-dimensional length-n subschemes of C^2, or equivalently, the set of ideals I such that dim_C C[x, y]/I = n, has the structure of an algebraic variety, the Hilbert scheme of n points in the plane, or Hilb^n(C^2). We will prefer the point of view that the (closed) points of Hilb^n(C^2) are the ideals I. Its variety structure may be described in either of two ways.

First, for every I ∈ Hilb^n(C^2), at least one of the sets B_μ spans modulo I [16]. In particular, the set M_N = {x^ry^s : r + s < N} always spans mod I, for N ≥ n. Thus C[x, y]/I may be identified with an element of the Grassmann variety G_n(W ) of n-dimensional quotients of the space W = CM_N , giving a map from Hilb^n(C^2) into G_n(W ). For N sufficiently large (in fact, for N ≥ n + 1 [17]) this map is injective, its image is a locally closed subvariety of G_n(W ), and the induced variety structure on Hilb^n(C^2) is independent of N.

The second description is via Grothendieck’s universal property [18], as follows. There exists a subscheme

U ⊆ Hilb^n(C^2) × C^2, (4.2) U −−−→ C^2 π Hilb^n(C^2),

(4.3)

called the universal family, whose scheme-theoretic fiber over a point I ∈ Hilb^n(C^2) is the corresponding subscheme S ⊆ C^2. In particular, U is flat and finite of degree n over Hilb^n(C^2). The universal property is that for any scheme T and any family F ⊆ T × C^2 of subschemes of C^2, F −−−→ C^2

T, (4.4)

flat and finite of degree n over T , there is a unique morphism ϕ : T → Hilb^n(C^2), such that F is the fiber product F = T ×_{Hilb}n_{(C}2_) U. The universal property, as usual, characterizes Hilb^n(C^2) and the universal family U up to canonical isomorphism.

The following result, which is unique to C^2 and fails in more than two dimensions, is one of the true miracles of the mathematical universe.

Theorem 1. [8] The Hilbert scheme Hilb^n(C^2) is irreducible and non-singular, of dimension 2n. Given I ∈ Hilb^n(C^2), the operators X and Y of multiplication by x and y, respectively, are commuting endomorphisms of the vector space C[x, y]/I ∼= ∏ P ∈S O_{S,P}

16 MARK HAIMAN

which preserve the direct factors O_{S,P} . For P = (x_0, y_0), X − x_0 and Y − y_0 are nilpotent on O_{S,P} , so that O_{S,P} is the characteristic subspace associated with the joint eigenvalue (x_0, y_0) of (X, Y ). Thus the points (x_1, y_1), . . . , (x_n, y_n) of S, each included with its multiplicity in S, are the joint spectrum of (X, Y ). In particular, the polarized power sums p_{h,k} (x, y) = ∑_n i=1 x^h_i y^k_i satisfy the identity

p_{h,k} (x, y) = tr X^hY^k . (4.5)

Note that trace map associated to the finite morphism π : U → Hilb^n(C^2) sends the regular function x^hy^k on U (coming from U → C^2) to tr X^hY^k, so the latter is a regular function on Hilb^n(C^2).

Now the symmetric group S_n acts on the variety (C^2)^n = Spec C[x_1, y_1, . . . , x_n, y_n] of ordered n-tuples of points in the plane, and we may identify Spec of the ring of invariants as the variety of unordered n-tuples, or n-element multisets, S^nC^2 = Spec C[x, y]^{Sn} . By a theorem of Weyl [35], the polarized power-sums p_{h,k} generate this ring of invariants. It follows from this and the preceding paragraph that the map

τ : Hilb^n(C^2) → S^nC^2

sending I to the multiset of points of the corresponding subscheme S, with their multiplicities in S, is a morphism. It extends to a morphism τ̂ : Hilb^n(P^2) → S^nP^2, with τ being the restriction to τ̂^{−1}(S^nC^2). Since Hilb^n(P^2) is a projective variety, τ is a projective morphism, called the Chow morphism. Note that τ restricts to an isomorphism of the open sets where the n points are distinct, and so is birational.

Definition. The iso-spectral Hilbert scheme X_n is the reduced fiber product

X_n −−−→ (C^2)^n σ Hilb^n(C^2)^τ−−−→ S^nC^2.

(4.6)

In other words, a point of X_n is a point I of the Hilbert scheme, together with an ordered ntuple of points (x_1, y_1), . . . , (x_n, y_n) whose underlying unordered multiset is τ (I), that is, the joint spectrum of the operators (X, Y ) on C[x, y]/I. We should stress here that the schemetheoretic fiber product indicated by the above diagram is not reduced, but our definition is that X_n is the underlying reduced subscheme. What this reflects is that the equations p_{h,k} (x_1, y_1, . . . , x_n, y_n) = tr X^hY^k , which define X_n set-theoretically, do not generate its ideal. Indeed we do not know a fully explicit set of generators for the ideal of X_n. Such a set of generators will necessarily be complicated, since it must specialize to give generators of all the ideals J_μ of Proposition 3.1.

It is possible to describe the ideal of X_n implicitly, as we shall do next. Let U^{×n} denote the n-fold fiber product of the universal family U over the Hilbert scheme Hilb^n(C^2). It is a subscheme of Hilb^n(C^2)×(C^2)^n, flat and finite of degree n^n, and generically reduced, since it has reduced fibers whenever S consists of n distinct points. As the Hilbert

MACDONALD POLYNOMIALS AND GEOMETRY 17

scheme is irreducible, this implies that U^{×n} is reduced.^5 Thus U^{×n} is just the set of tuples I, (x_1, y_1), . . . , (x_n, y_n) with all (x_i, y_i) ∈ S = V (I), irrespective of multiplicities. X_n is the subscheme of U^{×n} consisting of tuples for which the points occur with their correct multiplicities in S. Generically, when S has n distinct points, this means the points (x_i, y_i) are a permutation of S.

Now let B = π_∗O_U , the sheaf of O-algebras on Hilb^n(C^2) such that U = Spec B as a scheme over Hilb^n(C^2). Since π is flat of degree n, B is locally free of rank n, that is, it is the sheaf of sections of a rank-n vector bundle over the Hilbert scheme. Indeed, B is the tautlogical bundle whose fiber over a point I ∈ Hilb^n(C^2) is C[x, y]/I. We have U^{×n} = Spec B^{⊗n}, and we seek to identify the ideal sheaf of X_n in U^{×n} as a submodule sheaf of the sheaf of O-algebras B^{⊗n}. Note that the S_n action here permutes the tensor factors. Proposition 4.1. Let B^{⊗n} ⊗ B^{⊗n} → B^{⊗n} → ⋀_n B (4.7)

be the map given by multiplication, followed by operator Alt. Then the ideal sheaf of X_n is the kernel of the map ϕ : B^{⊗n} → (B^{⊗n})^∗ ⊗ ⋀_n B (4.8)

induced by (4.7).

Proof. Since X_n is reduced, a section of B^{⊗n} belongs to the ideal sheaf of X_n if and only if, regarded as a regular function on X_n, it vanishes on any dense open subset. Hence it is enough to check the proposition generically, over the locus where S consists of n distinct points. Suppose s is a section which vanishes on X_n. Then so do gs and Alt gs, for any section g of B^{⊗n}. But since it is alternating, Alt gs also vanishes at any point I, P_1, . . . , P_n of U^{×n} for which two of the points P_i, P_j coincide. Hence it vanishes on U^{×n} \ X_n and thus on all of U^{×n}, which means it is zero in B^{⊗n}. The condition that s belongs to the kernel of (4.8) is precisely that Alt gs = 0 for all g.

Conversely, suppose s does not vanish on X_n, and choose a point Q = (I, P_1, . . . , P_n) ∈ X_n outside the vanishing locus V (s), with the P_i all distinct. After multiplying by a suitable g we can arrange that gs vanishes at all points of the S_n orbit of Q, except Q. Then Alt gs does not vanish at Q, so Alt gs ≠ 0. □

Now consider the situation over one of the distinguished points I_μ. The fiber B(I_μ) of the vector bundle B is C[x, y]/I_μ, and that of B^{⊗n} is C[x, y]/(I_μ(x_1, y_1) + · · · + I_μ(x_n, y_n)). Notice that every alternating polynomial Δ_D as in (3.1) vanishes modulo (I_μ(x_1, y_1) + · · · + I_μ(x_n, y_n)), except for Δ_μ. In other words, the 1-dimensional space ⋀_n B(I_μ) is spanned by the image of Δ_μ, and the linear functional Alt : B^{⊗n}(I_μ) → ⋀_n B(I_μ) ∼= C{Δ_μ}, composed with the natural projection C[x, y] → B^{⊗n}(I_μ), is just the map sending f to the coefficient of Δ_μ in Alt f. Together with Proposition 3.1, this proves

5By the same reasoning, the universal family U itself is reduced. This fails in higher dimension, when the Hilbert scheme is not irreducible.

18 MARK HAIMAN

Proposition 4.2. The ideal J_μ of polynomials which as differential operators annihilate Δ_μ is the kernel of the map

C[x, y] → B^{⊗n}(I_μ) → (B^{⊗n})^∗(I_μ) ⊗ ⋀_n B(I_μ) induced by the map ϕ in (4.8).

Comparing this with Proposition 4.1 we might well expect the fiber of the ideal sheaf of X_n over I_μ to be J_μ, and the scheme-theoretic fiber of X_n over I_μ to be Spec R_μ. We cannot yet draw this conclusion, however, since the map ϕ is only a sheaf homomorphism, not necessarily a homomorphism of vector bundles, and thus the fiber of its kernel at I_μ need not equal the kernel of its fiber. What we can say is is that the fiber of the kernel factors through the kernel of the fiber, which gives the following result.

Proposition 4.3. The image of the ideal J_μ in B^{⊗n}(I_μ) contains the image of the fiber map J (I_μ) → B^{⊗n}(I_μ), where J (I_μ) is the fiber of the ideal sheaf J of X_n at I_μ. As a consequence dim R_μ ≤ n!, and R_μ is isomorphic to a submodule of the regular representation of S_n.

Proof. The first part is clear, by the previous propositions. It only remains to prove the consequence.

By Proposition 4.1, we have an exact sequence of sheaves on Hilb^n(C^2), 0 → J → B^{⊗n} → σ_∗O_{Xn} → 0, (4.9) in which σ_∗O_{Xn} is the image of the sheaf homomorphism ϕ given by (4.8). At generic ideals I ∈ Hilb^n(C^2) corresponding to sets of n distinct points S ⊆ C^2, the fibers σ_∗O_{Xn} (I) have constant dimension n!. This implies that the rank of the fiber map ϕ(I) : B^{⊗n}(I) → (B^{⊗n})^∗(I) ⊗ ⋀_n B(I) is generically n!.

At the special ideal I_μ the rank of ϕ(I_μ) cannot exceed the generic rank, and by Proposition 4.2 this implies dim R_μ ≤ n!. Since S_n acts equivariantly on everything, the same considerations apply to the isotypic components corresponding to each irreducible character of S_n, to show that the character multiplicities in R_μ cannot exceed those in a generic fiber σ_∗O_{Xn} (I). When I = I(S), this fiber is the coordinate ring of the set of all permutations of S, and thus affords the regular representation of S_n. □

Continuing with this argument, we see that if the n! conjecture holds for μ then the rank of ϕ(I) does not decrease at I_μ, and so is constant on a neighborhood of I_μ. This is the criterion for ϕ to be locally a homomorphism of vector bundles on a neighborhood of I_μ. When this holds, the sheaves in (4.9) are locally free, and the scheme X_n is flat of degree n! over Hilb^n(C^2) at I_μ.

Conversely, if X_n is flat over Hilb^n(C^2) at I_μ, then B^{⊗n} and B^{⊗n}/J are both locally free, which implies that J is locally free and ϕ is a homorphism of vector bundles. By Propositions 4.1 and 4.2 it then follows that J (I_μ) = J_μ and dim R_μ = n!. Recall that a finite, surjective

MACDONALD POLYNOMIALS AND GEOMETRY 19

morphism X → H with H non-singular is flat if and only if X is Cohen-Macaulay. We have proved

Theorem 2. The following are equivalent:

(1) The n! conjecture holds for the partition μ, (2) The map X_n → Hilb^n(C^2) is flat over a neighborhood of I_μ, (3) The iso-spectral Hilbert scheme X_n is Cohen-Macaulay in a neighborhood of the point Q_μ = (I_μ, 0, . . . , 0).

This theorem has an interesting connection with the Hilbert scheme of regular S_n orbits in (C^2)^n which we shall discuss briefly. Given a set S of n distinct points in the plane, its n! permutations describe a regular orbit of S_n in (C^2)^n. The ideal J of the orbit is a point of Hilb^{n!}((C^2)^n). Let Z_n be the closure in Hilb^{n!}((C^2)^n) of the set of such points. It is not hard to show that the set of ideals J which are S_n stable and for which C[x, y]/J has a given character is closed in Hilb^{n!}((C^2)^n), so for every J ∈ Z_n, C[x, y]/J affords the regular representation of S_n.

Now there is a natural map from Z_n to Hilb^n(C^2) which may be described as follows. Since C[x, y]/J affords the regular representation, its only invariants are the constants. This means that modulo J we have p_{h,k} (x, y) = c_{h,k} for some constant c_{h,k}, for all h, k. By Weyl’s theorem, the S_{n−1}-invariants in C[x, y], for the action of S_{n−1} on x_2, y_2 through x_n, y_n, are generated by x_1, y_1, and the polarized power-sums p_{h,k} (x_2, y_2, . . . , x_n, y_n). Modulo J, the latter are congruent to c_{h,k} − x^h_1 y^k_1 , so the S_{n−1} invariants of C[x, y]/J are generated by x_1 and y_1. In other words, C[x_1, y_1]/(J ∩ C[x_1, y_1]) = (C[x, y]/J)^{Sn−1} . It follows that J ∩ C[x_1, y_1] belongs to Hilb^n(C^2), after identifying x_1, y_1 with x, y.

The above construction defines the map Z_n → Hilb^n(C^2), which also has the follow geometric description. Let W be the universal family over Z_n. It has a natural S_n-action, in which every fiber affords the regular representation. Then W/S_{n−1} is flat and finite of degree n over Z_n, and by the above calculation can be identified with a family of subschemes of C^2. The map Z_n → Hilb^n(C^2) is the one given by the universal property of Hilb^n(C^2), for the family W/S_{n−1}.

If the equivalent conditions of Theorem 2 hold, then X_n is a flat family of subschemes of (C^2)^n, of degree n! over Hilb^n(C^2). The universal property of Hilb^{n!}((C^2)^n) then yields a map Hilb^n(C^2) → Hilb^{n!}((C^2)^n), whose image lies in Z_n. Generically, for sets S of n distinct points in C^2 and their corresponding regular orbits in (C^2)^n, these two maps are mutually inverse. Hence, assuming the n! conjecture, they are inverse everywhere, and the natural map Z_n → Hilb^n(C^2) is an isomorphism.

Conversely, if Z_n → Hilb^n(C^2) is an isomorphism, then its inverse defines a family X^′ ⊆ Hilb^n(C^2) × (C^2)^n which is flat over Hilb^n(C^2) and coincides with X_n generically. But then X^′ is reduced and hence equal to X_n, so X_n is flat, and the n! conjecture holds.

It would even suffice to show that Z_n → Hilb^n(C^2) is injective. For it is proper and birational, hence surjective, and a bijective morphism onto a non-singular variety (or any normal variety) is an isomorphism, by Zariski’s theorem. To summarize, we have

20 MARK HAIMAN

Proposition 4.4. The equivalent conditions of Theorem 2, for all partitions μ of n, are also equivalent to

(4) The natural map Z_n → Hilb^n(C^2) is injective, (5) This map is an isomorphism.

Proposition 4.4 implies that the n! conjecture is equivalent to an instance of a conjecture of Nakamura [29], cited in [30], connected with the McKay correspondence, as we now explain.

Let G be a finite subgroup of SL(V ), where V = C^n. For any finite linear group action on V , V/G = Spec O(V )^G is Cohen-Macaulay, and its canonical module is the isotypic component O(V )^δ of O(V ), where δ is the determinant representation of G on ⋀_n (V ). For G ⊆ SL(V ) the determinant is trivial and the canonical sheaf ω_{V /G} is equal to O_{V /G}, that is, V/G is Gorenstein.

A resolution of singularities H→V/G is said to be crepant^6 if ω_H = O_H . The Gorenstein condition on V/G is necessary, but not sufficient, for a crepant resolution to exist. When they do exist, crepant resolutions need not be unique, but they do enjoy a good minimality property: given Z →_f H → V/G, if Z and H are both crepant resolutions, then f is an isomorphism.

The McKay correspondence is a conjecture to the effect that if H is a crepant resolution of V/G, then the dimension of the cohomology ring of the complex analytic manifold H is equal to the number of conjugacy classes (or irreducible representations) of G. A refinement of this given in [2] specifies the dimension of each cohomology group separately. For V = (C^2)^n and G = S_n, the Hilbert scheme Hilb^n(C^2) is a crepant resolution, by Lemma 6.13, and the computation of its cohomology in [7] (see Lemma 6.4) verfies that the McKay correspondence holds in this case.

Returning to the general G, if x ∈ V is chosen generically, then its G-orbit has N = |G| elements, and thereby defines a point of the Hilbert scheme Hilb^N (V ). Nakamura defines the G-Hilbert scheme Hilb^G(V ) to be the closure of the locus in Hilb^N (V ) consisting of such orbits. There is a canonical morphism Hilb^G(V ) → V/G. Nakamura’s conjecture is as follows.

Conjecture 4.1. Hilb^G(V ) is a crepant resolution of V/G whenever one exists.

The relevance of this to the McKay correspondence is that there are vector bundles on Hilb^G(V ) canonically associated to the irreducible representations of G. It is expected that when the conjecture applies, they will form a basis of the Grothendieck group, and the latter will be isomorphic to the cohomology ring, establishing the McKay correspondence for the resolution Hilb^G(V ).

In our situation, Nakamura’s Hilb^G(V ) is our Z_n, and we have already established the factorization Z_n → Hilb^n(C^2) → S^nC^2 = V/G.

6The etymology of this term appears to be “not discrepant.”

MACDONALD POLYNOMIALS AND GEOMETRY 21

If Nakamura’s conjecture holds in this case, then both Z_n and Hilb^n(C^2) are crepant resolutions, hence they are isomorphic. Conversely if Z_n ∼= Hilb^n(C^2), then obviously Z_n is a crepant resolution. The equivalent conditions of Theorem 2 and Proposition 4.4 are therefore also equivalent to Conjecture 4.1 in the case V = (C^2)^n, G = S_n.

5. Frobenius series

Let T denote the two dimensional algebraic torus group, i.e., the multiplicative group C^∗ × C^∗. It acts algebraically on C^2 by the rule (t, q) · (x, y) = (tx, qy), (t, q) ∈ T, (x, y) ∈ C^2. The universal construction of the Hilbert scheme is functorial with respect to automorphisms of C^2, so T also acts on Hilb^n(C^2). This action sends a subscheme S ⊆ C^2 to (t, q) · S, so on ideals I ⊆ C[x, y] it is given by the pullback through the ring endomorphism (t, q), that is, (t, q) · I = I(x/t, y/q). Similarly T acts on the the schemes U, U^{×n}, (C^2)^n and X_n, and the various maps between these schemes are T-equivariant.

Observe that a polynomial p(x, y) is doubly homogeneous of degree (r, s) if and only if it is an eigenfunction for the T action with eigenvalue t^rq^s. Hence the bivariate Hilbert series of a finite-dimensional doubly graded space of polynomials D is simply the character of the T-action, as a function of q and t. Similar considerations apply to the Frobenius series when S_n acts, as it is just a generating function for the Hilbert series of the the various S_n-isotypic subspaces.

In the geometric situation we have to deal with T actions on local rings and sheaves of modules which may be neither graded nor finite-dimensional. For this we need recourse to a “formal” Hilbert series which captures the naive T character in the finite dimensional case, and extends to the more general setting.

Definition. Let R be the local ring of a scheme X of finite type over C at a closed point x with maximal ideal m. Assume X is non-singular at x and that x is an isolated fixed point for an algebraic action of T on X. Let M be a finitely generated R-module with an equivariant T action. Then the formal Hilbert series of M is given by H_M (q, t) = ∑ i(−1)^i tr(Tor^R_i (M, C), λ) det(m/m^2, 1 − λ)

, λ = (t, q) ∈ T. (5.1)

To see that the definition is sound, observe first that the modules Tor^R_i (M, C) and the cotangent space m/m^2 are finite dimensional representations of T, so the trace and determinant in the formula make sense. Since R is regular, the syzygy theorem implies that the sum in the numerator is finite. Since x is an isolated fixed point, the T action on the cotangent space does not have 1 as an eigenvalue, so the denominator does not vanish identically, but is a product of factors of the form (1 − t^rq^s) with r, s not both zero. Note that H_M (q, t) is a rational function of q and t.

22 MARK HAIMAN

Proposition 5.1. We have

(1) If 0 → M → N → P → 0 is an exact sequence, then H_N = H_M + H_P . (2) If M has finite length then H_M is its ordinary bivariate Hilbert series as a doubly graded space.

Proof. (1) follows from the long exact sequence for Tor and the additivity of the trace on exact sequences. In view of (1), (2) reduces to the case M = C. Since R is regular, we have in this case from the Koszul resolution of C that Tor_i(M, C) ∼= M ⊗ ⋀_i T^∗_x , where T^∗_x = m/m^2 is the cotangent space. Here we have kept the one-dimensional factor M explicit, since T might not act trivially on it. Let t^{r1} q^{s1} , . . . , t^{rd} q^{sd} be the eigenvalues of T on T^∗_x , repeated according to their multiplicities. Then the denominator is ∏ j (1 − t^{rj} q^{sj} ) = ∑ i (−1)^ie_i(t^{r1} q^{s1} , . . . , t^{rd} q^{sd} ), while the numerator is the same thing multiplied by the T character of M. □

When M has an S_n action commuting with the T action, we can define a formal Frobenius series in an analogous manner. The character of a finite dimensional S_n × T module V is now a function tr(V, (w, λ)) of both w ∈ S_n and λ = (t, q) ∈ T, which we can regard as a Q(q, t)-valued character on S_n. With the same definition of the Frobenius map Φ as in (3.3), Φ ch V is now a symmetric function with coefficients in Q(q, t). Indeed if we identify the T action with a double grading of V then Φ ch V in this sense is our earlier Frobenius series F_V (X; q, t). Definition. With R, X, x, and M as in the definition of formal Hilbert series, and an action of S_n by R-module automorphisms of M commuting with the T action, the formal Frobenius series of M is given by F_M (X; q, t) = ∑ i(−1)^iΦ ch(Tor^R_i (M, C)) det(m/m^2, 1 − λ) , λ = (t, q) ∈ T. The formula makes sense for the same reasons as in the Hilbert series case and the analog of Proposition 5.1 holds. Proposition 5.2. We have

(1) If 0 → M → N → P → 0 is an exact sequence, then F_N = F_M + F_P . (2) If M has finite length then F_M is its ordinary Frobenius series as a doubly graded S_n representation.

Proof. The same as the previous Proposition, except that for (2) we reduce to the case that M is an irreducible S_n × T-equivariant R module. This means M is an irreducible representation of S_n (with trivial T action) tensored over C by a trivial R module C (with some one-dimensional T action). □

Further properties of the formal Frobenius series are given by the next proposition. The last one is especially important, as it provides a geometric interpretation of plethystic substiution.

MACDONALD POLYNOMIALS AND GEOMETRY 23

Proposition 5.3. The formal Frobenius series F_M satisfies the following identities:

(1) Suppose the S_n character χ_λ has multiplicity zero in M/mM. Then ⟨s_λ, F_M ⟩ = 0. (2) Let V be a finite-dimensional doubly graded S_n module. Then (tensoring over C) F_{V ⊗M} = F_V ∗ F_M , where ∗ is the internal product of symmetric functions.

(3) Suppose M is an S_n-equivariant S-module, where S is a finite R-algebra with an S_n action. Suppose x_1, . . . , x_n ∈ S is an M-regular sequence, that T acts on the elements x_i by (t, q) · x_i = tx_i, and that S_n acts on these elements by permuting them. Then F_{M/(x)M} (X; q, t) = F_M [X(1 − t); q, t]. Proof. (1) Let Θ_λ be the Reynolds operator, the central idempotent in the group algebra of S_n which acts in each representation as the projection on the S_n isotypic component with character χ^λ. If M is a finitely generated R-module with S_n ×T action then it has a canonical isotypic decomposition M = ⨁ |λ|=n Θ_λM, and each Θ_λM is also a finitely generated R module with S_n × T action. The decomposition means that the identity functor is naturally isomorphic to the direct sum of the functors M → Θ_λM. In particular the functors M → Θ_λM are exact, and commute with Tor, since the S_n action does.

Now, comparing the definitions of the formal Hilbert and Frobenius series, and using the fact that Φχ^λ = s_λ, we see that ⟨s_λ, F_M ⟩ = 1 χ_λ(1) H_{Θλ M} . By Nakayama’s Lemma, if Θ_λ(M/mM) = Θ_λM/mΘ_λM = 0, then Θ_λM = 0.

(2) Recall that the internal product ∗ is defined by p_λ ∗ p_μ = ⟨p_λ, p_μ⟩p_λ, and satisfies the identity Φ(χ ⊗ μ) = Φ(χ) ∗ Φ(μ) for all characters χ, μ. From this it is clear that (2) holds in the case where M has finite length, by Proposition 5.2. For the general case we have Tor_i(V ⊗ M, C) = V ⊗ Tor_i(M, C), which reduces the identity to the corresponding one with the finite-length modules Tor_i(M, C) in place of M.

(3) Let V denote the space spanned by elements of the regular sequence x; as an S_n × T module it affords the permutation representation of S_n tensored by the one-dimensional representation of T with character t. Since x is a regular sequence we have the following exact sequence, the Koszul resolution of M/(x)M: 0 → M ⊗ ⋀_n V → · · · → M ⊗ ⋀_1 V → M ⊗ ⋀_0 V → M/(x)M → 0, (5.2) where the tensor products are over C. The maps in the Koszul complex are S_n×T equivariant if we take the T action on ⋀_k V to be multiplication by t^k. From part (1) of Proposition 5.2, together with (2) above, we deduce that F_{M/(x)M} = F_M ∗ g(X; t), where g(X; t) = ∑ k(−1)^k t^kΦ ch ⋀_k V .

24 MARK HAIMAN

Now I claim that g(X; t) = h_n[X(1 − t)]. To prove this it suffices to show that for each power-sum p_λ, |λ| = n, we have ⟨g(X; t), p_λ⟩ = ⟨h_n[X(1 − t)], p_λ⟩ = p_λ[1 − t]. The second equality here comes from (2.6). For any character χ, it follows from the definition of the Frobenius map that ⟨Φχ, p_λ⟩ = χ(w), where w is a permutation whose cycle lengths are the parts of λ. The symmetric group acts on ⋀_k V by signed permutations of the basis of monomials x_{i1} ∧ · · · ∧ x_{ik} , and such a monomial is stabilized by w if and only if, for each cycle of w, either all or none of the corresponding variables appear in the monomial. In that case w(x_{i1} ∧ · · · ∧ x_{ik} ) = ±x_{i1} ∧ · · · ∧ x_{ik} , the sign being (−1)^{k+r} if the variables for r of the cycles appear. Hence the trace of w on ⋀_k V is the sum of (−1)^{k+r} over all collections of the parts of λ which add up to k, where r is the number of parts included. It follows that ∑ k (−1)^k t^k(ch ⋀_k V )(w) = ∏ i (1 − t^{λi} ) = p_λ[1 − t].

Finally, we have

h_n[X(1 − t)] ∗ p_λ = ⟨h_n[X(1 − t)], p_λ⟩p_λ = p_λ[1 − t]p_λ = p_λ[X(1 − t)],

where the last equality holds because of the identity p_k [AB] = p_k [A]p_k[B]. Since both sides are linear in p_λ it follows that

h_n[X(1 − t)] ∗ f = f[X(1 − t)]

for all symmetric functions f. □

The remainder of this section is devoted to the proof of the following theorem. Theorem 3. If the n! conjecture holds for μ, then the Frobenius series of R_μ is given by F_{Rμ} = H̃_μ, so the Macdonald positivity conjecture holds for K_{λμ}(q, t), for all λ.

For the rest of the discussion we assume the n! conjecture holds for μ, so that X_n is locally Cohen-Macaulay at the point Q_μ.

We take R to be the local ring of Hilb^n(C^2) at I_μ. Note that Hilb^n(C^2) is non-singular, and I_μ is a T fixed point, since this is equivalent to I_μ ⊆ C[x, y] being doubly homogeneous, and thus spanned by monomials. As remarked earlier, the ideals I_μ are the only such ideals, so I_μ is an isolated fixed point.

The local ring S of X_n at Q_μ is a finite R-algebra on which T acts equivariantly. The symmetric group S_n also acts on S by R-algebra automorphisms, commuting with the T action.

Via the map X_n → (C^2)^n, the coordinates x_1, y_1, . . . , x_n, y_n on (C^2)^n define global regular functions on X_n and thus elements of the local ring S.

Lemma 5.4. If X_n is Cohen-Macaulay at Q_μ then y_1, . . . , y_n is a regular sequence.

MACDONALD POLYNOMIALS AND GEOMETRY 25

Proof. We are to show that y = y_1, . . . , y_n cut out a complete intersection in X_n. Since dim(X_n) = 2n we must show that dim V (y) = n. Now V (y) consists of those points (I, P_1, . . . , P_n) ∈ X_n for which all the points P_i lie on the x-axis, which is the same as saying that V (I) lies on the x-axis.

Ellingsrud and Strömme [7], studying the cohomology of Hilb^n(P^2), constructed a cell decomposition which contains within it a cell decomposition of the subset H_X ⊆ Hilb^n(C^2) consisting of points I for which V (I) lies on the x-axis. Every cell in their decomposition of H_X has dimension n.

Since the locus V (y) ⊆ X_n is finite over H_X its dimension is n as well. □

The local ring S of X_n at Q_μ is not only finite over R, it is free, and S/mS ∼= R_μ, by the proof of Theorem 2, where m is the maximal ideal of R. By Nakayama’s lemma, S is freely generated as an R module by any subspace D complementary to the ideal mS. We may choose D to be S_n × T stable (in fact, we can choose D to be the space of derivatives D_μ), and then D will have the same Frobenius series as R_μ. This shows that F_S (X; q, t) = F_{Rμ} (X; q, t)H_R(q, t). (5.3) Incidentally, the quantity H_R(q, t) has a tantalizing explicit value. In [20] we constructed an explicit system of doubly homogeneous regular local parameters for R. From their degrees one obtains H_R(q, t) = 1 ∏ s∈D(μ)(1 − q −a(s)t1+l(s)) ∏ s∈D(μ)(1 − q 1+a(s)t−l(s)), where the arms and legs a(s), l(s) are as in (2.16). After the replacement q → q^{−1} the first factor in the denominator is exactly the normalizing factor for the definition of Macdonald’s integral forms. This coincidence is a typical example of the links between the numerology associated with Macdonald polynomials and geometrically significant quantities attached to the Hilbert scheme.

Now let us consider the ring S/(y). Just as S is generated as an R module by any subspace representing S/mS, S/(y) is generated (no longer freely, however) by representatives of S/((y) + mS) = R_μ/(y). This last space can be identified with the component of R_μ, or of D_μ, homogeneous of degree zero in y. As mentioned in the proof of Proposition 3.5, this space is well-understood, and its Frobenius series is

t^{n(μ)}Q_μ[X/(1 − t^{−1}); t^{−1}] = ∑ λ t^{n(μ)}K_{λμ}(t^{−1})s_λ, where Q_μ is a Hall-Littlewood polynomial and K_{λμ}(t) denotes the classical one-variable Kostka coefficient. In particular, since K_{λμ}(t) = 0 unless λ ≥ μ, the space R_μ/(y) contains only those S_n representations χ^λ with λ ≥ μ. It follows, by Proposition 5.3, part (1), that F_{S/(y)} ∈ Q(q, t){s_λ : λ ≥ μ}. Now using Proposition 5.3, part (3), with q in place of t, this implies F_S [X(1 − q)] ∈ Q(q, t){s_λ : λ ≥ μ},

26 MARK HAIMAN

and hence, by (5.3), F_{Rμ} [X(1 − q)] ∈ Q(q, t){s_λ : λ ≥ μ}. Everything we have done applies symmetrically, with x in place of y and t in place of q, to show that also F_{Rμ} [X(1 − t)] ∈ Q(q, t){s_λ : λ ≥ μ^′}. Finally, since R_μ affords the regular representation (this follows from the n! conjecture by Proposition 4.3), its only S_n invariants are the constants, so ⟨F_{Rμ} , s_{(n)}⟩ = 1. By Proposition 2.6 these three conditions imply that F_{Rμ} = H̃_μ, and the proof of Theorem 3 is complete.

6. The ideals J and J^m

Let R = C[x, y] = C[x_1, y_1, . . . , x_n, y_n], and let J denote the ideal in R generated by all S_n-alternating polynomials, that is, by the polynomials Δ_D(x, y) of (3.1). Since any alternating polynomial must vanish whenever two of the points (x_i, y_i) and (x_j , y_j ) coincide, it follows that J ⊆ ⋂ i<j (x_i − x_j , y_i − y_j ), (6.1)

and more generally J^m ⊆ ⋂ i<j (x_i − x_j , y_i − y_j )^m. (6.2)

We shall denote the ideal on the right hand side of (6.2) by J^{(m)}; it is the m-th symbolic power of J^{(1)}.

Conjecture 6.1. We have J^m = J^{(m)} for all m, i.e., we have equality in (6.2).

Here is a result which at least gives the impression of reducing the conjecture to something simpler.

Proposition 6.1. Suppose that for all n ≥ 3, (x_1 − x_2, x_2 − x_3) is a regular sequence for the R module J^m. Then J^m = J^{(m)}.

Proof. The proof is by induction on n. Note that for n = 1 and n = 2 we trivially have J^m = J^{(m)}, and we have the remaining cases through n − 1 by induction.

First consider the situation locally at a point P ∈ C[x, y] where the (x_i, y_i) are not all equal. Without loss of generality we can assume that none of (x_1, y_1), . . . , (x_r, y_r) is equal to any of (x_{r+1}, y_{r+1}), . . . , (x_n, y_n). In the local ring R_P , the differences x_i − x_j , y_i − y_j are invertible whenever i is in the first group and j in the second. Hence J^{(m)} reduces locally to the product of the ideals J^{(m)} in the first r indices and the last n − r separately.

Less obvious, but still true, is that J, and hence J^m, decomposes similarly. To see this, let g be a generator of J^′ = J(x_1, y_1, . . . , x_r, y_r)J(x_{r+1}, y_{r+1}, . . . , x_n, y_n), alternating in the first r and last n − r indices, i.e., the subgroup S_r × S_{n−r} ⊆ S_n acts on g by the sign character.

MACDONALD POLYNOMIALS AND GEOMETRY 27

Let h be any polynomial which belongs to the localization J_Q at every point Q ≠ P in the S_n orbit of P , but does not vanish at P . Now f = Alt gh belongs to J. The terms in the alternation corresponding to elements w ∈ S_n which do not stablize P belong to J_P , by construction of h. Since g is already alternating with respect to the stabilizer of P , the remaining terms sum to g ∑ wP =P wh, and the sum here is invertible in RP . This shows

g ∈ J_P , and so J^′_P ⊆ J_P . The reverse inclusion J ⊆ J^′ is clear.

Using the induction hypothesis, we conclude that J^m = J^{(m)} locally outside the locus V where all n points coincide. Now since x_1 − x_2 and x_2 − x_3 belong the ideal of V , our hypothesis implies depth_V J^m ≥ 2, and the local cohomology exact sequence for the sheaf of ideals J̃^m associated to J^m gives

0 = H^0_V (J̃^m) → H^0(C^2, J̃^m) = J^m → H^0(U, J̃^m) → H^1_V (J̃^m) = 0, (6.3)

where U = C^2 \ V . Thus J^m = H^0(U, J̃^m) = H^0(U, J̃^{(m)}). The latter is the ideal of all polynomials whose restrictions to U belong locally to J^{(m)}, so we have shown J^m ⊇ J^{(m)}. As we had J^m ⊆ J^{(m)} to begin with, we must have J^m = J^{(m)}. □

There is of couse nothing special about the choice of x_1 − x_2, x_2 − x_3 in the above Proposition; it’s just an explicit way to guarantee that depth_V J^m ≥ 2. This would also follow if depth_V (R/J^m) ≥ 1, which means the ideal of V contains an element which is a non-zero-divisor modulo J^m. Note, by the way, that the proof of Proposition 6.1 works equally well with more than two sets of variables.

Some explorations we have done for small values of n using the computer algebra system MACAULAY [1] suggest the following conjecture.

Conjecture 6.2. If J denotes the ideal generated by the S_n alternants in C[x, y, . . . , z], for any number of sets of n variables, and V is the locus where all the points (x_i, y_i, . . . , z_i), (x_j , y_j , . . . , z_j) coincide, then x_1 −x_2, x_2 −x_3, . . . , x_{n−1} −x_n is a maximal J^m-regular sequence in the ideal of V , for all m. In particular, depth_V J^m = n − 1.

We remark that if the sequence x in question is regular then it is maximal: modulo (x)J, the Vandermonde determinant v(x) is annihiliated by the ideal of V , so depth_V J/(x)J = 0.

The relevance of all this to X_n and the n! conjecture is given by the following proposition. Proposition 6.2. The iso-spectral Hilbert scheme X_n is the blowup Proj R[tJ] of (C^2)^n at the ideal J.

Proof. We only outline the proof, as the analogous result for the ordinary Hilbert scheme Hilb^n(C^2) was given in [20], and the proof carries over to X_n with only superficial modifications.

First, one shows that the pullback of the ideal J to X_n becomes locally principal. In fact, it can be identified with ⋀_n B, where B is the tautological bundle (of Hilb^n(C^2), lifted to X_n). By the universal property of the blowup, this gives a morphism from X_n to Proj R[tJ]. This map is projective and generically an isomorphism, so it’s surjective. To show it’s also a closed embedding, we have to show that all regular functions on X_n are pulled back from Proj R[tJ].

28 MARK HAIMAN

The regular functions on X_n are the coodinates x_i, y_i, which come from R, and the lifts of regular functions on the Hilbert scheme. But the proof of the result for Hilb^n(C^2) shows the latter are generated by fractions of the form Δ_D/Δ_μ, which are (local) regular functions on Proj R[tJ]. □

In d sets of variables, the above proposition applies as well to the iso-spectral Hilbert scheme of points in C^d, with an important qualification. For general d these Hilbert schemes are not irreducible and even have components of dimension greater than dn [22]. What the blowup construction gives is the component which is the closure of the locus corresponding to reduced subschemes of n distinct points in C^d. We suspect that this generic component may have good geometric properties, indeed may be Cohen-Macaulay and even Gorenstein for all d. Note that this would not imply the n! conjecture in more sets of variables, since the generic component of Hilb^n(C^d) may be singular, and thus the iso-spectral Hilbert scheme need not be flat over it.

In the remainder of this section we prove the following reduction of the n! conjecture to Conjecture 6.2.

Theorem 4. If Conjecture 6.2 holds in two sets of variables for all m and n, then X_n is Cohen-Macaulay and normal for all n.

The proof is by induction on n, using geometric properties of the nested Hilbert scheme H^{n−1,n} to be defined shortly. We employ a local cohomology argument in the same spirit as the proof of Proposition 6.1. For this we need a large open set where we may assume the result by induction, which the next lemma provides.

Lemma 6.3. Let P = (I, P_1, . . . , P_n) be a point of X_n. Let the distinct points among P_1, . . . , P_n be Q_1, . . . , Q_k, with multiplicities r_1, . . . , r_k . Then in X_n there is a neigborhood of P isomorphic to an open set in the product X_{r1} × · · · × X_{rk} .

Proof. Without loss of generality we can assume Q_1 = P_1 = · · · = P_{r1} , Q_2 = P_{r1 +1} = · · · = P_{r1 +r2} , and so on. For our neighborhood of P we can take the preimage in X_n of the open set U ⊆ (C^2)^n of points where the only coincidences P_i = P_j that occur have i, j within one of these k consecutive blocks. Then the result is clear from Proposition 6.2, together with the product decomposition, valid on U, of the ideal J as J_{1,... ,r1} J_{r1+1,... ,r1+r2} · · · from the proof of Proposition 6.1. □

For some dimension arguments below we will need the following results. Lemma 6.4. There is a decomposition of Hilb^n(C^2) into locally closed affine cells C_μ, such that every point of C_μ contains I_μ in the closure of its T orbit, and dim C_μ = n + l(μ), where l(μ) is the number of parts of μ.

Lemma 6.5. There is a decomposition of the zero-fiber H^n_0 = τ^{−1}(0) ⊆ Hilb^n(C^2) into locally closed affine cells C^′_μ, such that every point of C^′_μ contains I_μ in the closure of its T orbit, and dim C^′_μ = l(μ) − 1.

Proof. See [7]. □

MACDONALD POLYNOMIALS AND GEOMETRY 29

Lemma 6.6. Let G_r be the (closed) locus of ideals I ∈ Hilb^n(C^2) for which some point of V (I) has multiplicity at least r. Then G_r has codimension r −1, and has only one irreducible component of maximal dimension.

Proof. It is known [4] that the zero-fiber H^n_0 = τ^{−1}(0) is irreducible of dimension n − 1. The locus where all the points coincide is just the product of C^2 (for the choice of origin) by H^n_0 , so it is irreducible of dimension n + 1.

By Lemma 6.3, it follows that the (locally closed) locus where the multiplicities are r_1, . . . , r_k has dimension ∑ i(r_i + 1) = n + k and codimension n − k. If one multiplicity is at least r, this codimension is at least r − 1, with equality only for multiplicities r, 1, . . . , 1. Again by Lemma 6.3, the locus in X_n where P_1 = · · · = P_r, and the other points are distinct from P_1 and each other, is irreducible. It surjects on the locus in Hilb^n(C^2) where the multiplicities are r, 1, . . . , 1, so the latter is irreducible as well. □

As a step toward the Cohen-Macaulay property we need normality results for X_n and U_n. Definition. An ideal I ∈ Hilb^n(C^2) is curvilinear if the local rings O_{S,P} have embedding dimension 1, i.e., their maximal ideals are principal.

This is equivalent to S = V (I) being a subscheme of a smooth curve in C^2, whence the name.

Lemma 6.7. The locus W of curvilinear ideals I ∈ Hilb^n(C^2) is open and equal to ⋃ z W_z , where z = ax+by is a linear form, and W_z is the open set of ideals I such that {1, z, . . . , z^{n−1}} is a basis of C[x, y]/I.

Proof. If I is curvilinear, then for a generically chosen linear form z, the values z(P ) at distinct points P ∈ V (I) will be distinct, and for each P , z − z(P ) will be a local parameter generating the maximal ideal m_P ⊆ O_{S,P} . This implies that, as a C[z] module and hence as a ring, C[x, y]/I ∼= C[z]/ ∏ P (z − z(P ))^{rP} , (6.4)

where r_P is the multiplicity of P , and therefore {1, z, . . . , z^{n−1}} is a basis of C[x, y]/I. Conversely, if {1, z, . . . , z^{n−1}} is a basis, then z generates C[x, y]/I, and I contains a monic polynomial of degree n in z, so (6.4) holds and I is curvilinear. □

Lemma 6.8. The universal scheme U over Hilb^n(C^2) is Cohen-Macaulay and normal.

Proof. U is Cohen-Macaulay because it is flat over Hilb^n(C^2). Hence it is normal if its singular locus has codimension at least 2.

Now I claim that over the curvilinear locus W , U is non-singular. After a linear transformation of C^2, we can restrict to W_x. For I ∈ W_x, we have y and x^n congruent mod I to unique polynomials of degree at most n − 1 in x, so I contains elements

(x^n − e_1x^{n−1} + e_2x^{n−2} − · · · + (−1)^ne_n, y − (a_{n−1}x^{n−1} + · · · + a_1x + a_0)), (6.5)

30 MARK HAIMAN

where the parameters e_i and a_i are regular functions of I on W_x. On the other hand these two equations clearly generate a complete intersection ideal I ⊆ C[x, y] modulo which 1, x, . . . , x^{n−1} are a basis, so they determine I. This exhibits W_x explicitly as an affine cell with coordinates e_i, a_i.^7 Moreover, regarded as equations on W_x × C^2 = Spec C[e, a, x, y], equations (6.5) define the universal family U.

Viewing the first equation as eliminating e_n and the second as eliminating y we conclude that the open subset of U lying over W_x is Spec C[x, e_1, . . . , e_{n−1}, a_0, . . . , a_{n−1}] and in particular is non-singular. It follows that U is non-singular over the whole curvilinear locus.

Finally, if I is not curvilinear, then some point of V (I) has to have multiplicity at least 3. By Lemma 6.6 this occurs only on a locus of codimension 2. Since U is finite over Hilb^n(C^2), its singular locus also has codimension at least 2. □

Lemma 6.9. If Conjecture 6.2 holds for all m and any given n, then X_n is normal.

Proof. Recall that an ideal J in a normal domain R is said to be integrally closed if every element x ∈ R satisfying

x^n ∈ Jx^{n−1} + J^2x^{n−1} + · · · + J^n (6.6)

already belongs to J. The above condition for J^m is equivalent to saying that t^mx belongs to the integral closure of R[tJ] in R[t], so all the ideals J^m are integrally closed if and only if R[tJ] is normal.

For our R and J, Conjecture 6.2 implies J^m = J^{(m)}, by Proposition 6.1. It is well-known that the powers of an ideal generated by a regular sequence are integrally closed, and it is obvious that an intersection of integrally closed ideals is integrally closed, so J^{(m)} is integrally closed.

This shows that R[tJ] is normal, so X_n = Proj R[tJ] is—by definition—arithmetically normal in the given projective embedding. In particular it is normal. □

Now we come to the geometric construction that supplies the inductive machinery. Definition. The nested Hilbert scheme H^{n−1,n} is the subvariety of pairs

H^{n−1,n} = {(I_{n−1}, I_n) : I_{n−1} ⊇ I_n} ⊆ Hilb^{n−1}(C^2) × Hilb^n(C^2).

Proposition 6.10. [5,34] The nested Hilbert scheme H^{n−1,n} is irreducible of dimension 2n and non-singular.

If (I_{n−1}, I_n) is a point of H_{n−1,n} then the corresponding subscheme V (I_{n−1}) ⊆ C^2 is a subscheme of V (I_n), so the multiset τ (I_n) contains τ (I_{n−1}) along with one additional point, or else with the multiplicity of one of the original points increased by 1. So if the specturm of I_{n−1} is (x_1, y_1), . . . , (x_{n−1}, y_{n−1}) then that of I_n is (x_1, y_1), . . . , (x_{n−1}, y_{n−1}), (x_n, y_n) for a distinguished point (x_n, y_n). Now both the S_{n−1} invariants p_{h,k} (x_1, y_1, . . . , x_{n−1}, y_{n−1}) and the S_n invariants p_{h,k} (x_1, y_1, . . . , x_n, y_n) are regular functions on H^{n−1,n}, hence so are x_n = p_1(x_1, . . . , x_n) − p_1(x_1, . . . , x_{n−1}) and similarly y_n. This means we have a morphism

H^{n−1,n} → C^2 = Spec C[x_n, y_n],

7As a matter of fact W_x is the cell C_{(1}n_) in Lemma 6.4.

MACDONALD POLYNOMIALS AND GEOMETRY 31

mapping a pair to its distinguished point. Of course (x_n, y_n) ∈ V (I_n), and by suitable choice of I_{n−1}, given I_n, the distinguished point can be any point of V (I_n). Hence the combined map H^{n−1,n} → C^2 × Hilb^n(C^2) factors H^{n−1,n} → Hilb^n(C^2) through a surjective morphism

α : H^{n−1,n} → U (6.7)

to the universal scheme U over Hilb^n(C^2). Where the n points are distinct, this map is locally an isomorphism, so it is birational.

The above map and the map H^{n−1,n} → Hilb^n(C^2) are projective. In fact, given I_n, I_{n−1} is determined by its single generator mod I_n, so H^{n−1,n} is a subvariety of the projective space bundle P(B), where B is the tautological bundle over Hilb^n(C^2). More precisely, given I_n and P = (x_n, y_n), the possible ideals I_{n−1} correspond one-to-one with length-1 ideals in the local ring O_{S,P} of V (I_n) at P . Such ideals are simply the 1-dimensional subspaces of the socle, soc O_{S,P} = (0 : m_P ). Thus each fiber of the map (6.7) is a projective space P(soc O_{S,P} ), of dimension dim soc O_{S,P} − 1.

Lemma 6.11. If the dimension of the fiber of α : H^{n−1,n} → U over a point (I, P ) ∈ U is d, then the multiplicity of P is at least (_{d+2} 2 ) . Proof. We are to show that if T = C[x, y]/I is a local ring of finite length, with d + 1 = dim soc T , then the length of T is at least (_{d+2} 2 ) . This is equivalent to showing that if there

exists a fiber of the map H^{n−1,n} → U with dimension at least d, then n ≥ (_{d+2} 2 ) . Now by the upper-semicontinuity of fiber dimension, and the fact (Lemma 6.4) that every I has one of the ideals I_μ in the closure of its T orbit, the maximal fiber dimension must occur at some I_μ. There we see immediately that the dimension of the socle is the number of corners of μ, so the result reduces to the fact that if the diagram of a partition of n has k corners then n ≥ (_{k+1} 2 ) . □ Lemma 6.12. The map α : H^{n−1,n} → U restricts to an isomorphism outside a locus of codimension 2 in H^{n−1,n}.

Proof. First note that the 2-dimensional and higher fibers of α form a locus of codimension at least 3, by Lemmas 6.6 and 6.11, since for d ≥ 2 we have (_{d+2} 2 ) − 1 − d ≥ 3. For I_n curvilinear, soc O_{S,P} is always 1-dimensional, so α restricts to an bijective morphism on the curvilinear locus, which is then an isomorphism by Zariski’s theorem and Lemma 6.8.

As noted in the proof of Lemma 6.8, the non-curvilinear locus in Hilb^n(C^2) is contained in G_3, so its codimension is at least 2. If it had codimension exactly 2 then it would contain the whole codimension 2 component of G_3, and in particular, every point where the multiplicities are 3, 1, . . . , 1. But there are clearly curvilinear subschemes with these multiplicities, so the co-dimension of the non-curvilinear locus is at least 3. If its preimage in H^{n−1,n} had a component of codimension 1, then every fiber in that component would have dimension at least 2, contradicting the observation made at the outset. Hence the locus where I_n is noncurvilinear has codimension at least 2 in H^{n−1,n}, and α restricts to an isomorphism outside it. □

32 MARK HAIMAN

Lemma 6.13. The canonical sheaf ω of regular 2n-forms on Hilb^n(C^2) is trivial, i.e., isomorphic to the structure sheaf O.

Proof. We again use the description in the proof of Lemma 6.8 of the open set W_x of ideals I modulo which 1, x, . . . , x^{n−1} is a basis: W_x is an affine 2n-cell with coordinates e_1, . . . , e_n, a_0, . . . , a_{n−1}, in terms of which I is generated at each point by equations (6.5). On the locus where I is the ideal of a reduced subscheme S = {(x_1, y_1), . . . , (x_n, y_n)}, the first equation x^n − e_1x^{n−1} + e_2x^{n−2} − · · · + (−1)^ne_n must be the polynomial ∏ i(x − x_i), so the parameters e_i are the elementary symmetric functions e_i(x). From the second equation,

y − (a_{n−1}x^{n−1} + · · · + a_1x + a_0),

the a_i are the coefficients of the interpolating polynomial ϕ_a(x) which satisfies y_i = ϕ_a(x_i) when the x_i’s are all distinct.

It is well-known that the elementary symmetric functions satisfy de_1 ∧· · ·∧de_n = v(x)dx_1 ∧ · · · ∧ dx_n, where v(x) is the Vandermonde determinant. In particular, since the e_i(x) and e_i(y) are global regular functions on Hilb^n(C^2), and v(x)v(y) is S_n invariant, dxdy = dx_1 ∧ · · · ∧ dx_n ∧ dy_1 ∧ · · · ∧ dy_n = v(x)^{−1}v(y)^{−1}de_1(x) ∧ · · · de_n(x)de_1(y) ∧ · · · de_n(y) makes sense as a rational 2n-form on Hilb^n(C^2).

Moreover, the equations y_i = ϕ_a(x_i) say that the vector (y_1, . . . , y_n) is the product of (a_{n−1}, . . . , a_0) by the Vandermonde matrix, so da_0 ∧ · · · ∧ da_{n−1} = dy_1 ∧ · · · ∧ dy_n/v(x), and hence de_1 ∧ · · · ∧ de_n ∧ da_{n−1} ∧ · · · ∧ da_0 = dxdy. In particular, the rational 2n-form dxdy is regular and has no zeroes on W_x. But dxdy is invariant under the action of SL_2 on C^2, so it follows that dxdy is regular and nowhere vanishing on every W_z . Since we have already seen that the complement of ⋃ z W_z has codimension greater than 1, it follows that dxdy is regular everywhere and vanishes nowhere, which shows that ω = O. □

Lemma 6.14. The canonical sheaf ω of regular 2n-forms on H^{n−1,n} is isomorphic to L^{−1}, where L is the line bundle defined by the exact sequence

0 → L → B_n → B_{n−1} → 0 (6.8)

induced on the tautological bundles over H^{n−1,n} by the containment I_{n−1} ⊇ I_n.

Proof. We are to show that the line bundle Lω is trivial, and it suffices to do this on an open set whose complement has codimension ≥ 2. By Lemma 6.12, we can use the open set where I_n is curvilinear and the map H^{n−1,n} → U restricts to an isomorphism, which means we can verify it on the curvilinear locus in U.

By Lemma 6.13 and duality for the finite, flat morphism π : U → Hilb^n(C^2), we have π_∗(Lω_U ) ∼= (π_∗L^{−1})^∗ω_H = (π_∗L^{−1})^∗, where ω_H = O is the canonical sheaf on the Hilbert scheme. So we have to show that π_∗L^{−1} ∼= B^∗ as a B-module, since π_∗O_U = B.

MACDONALD POLYNOMIALS AND GEOMETRY 33

Now let’s examine L as a sub-bundle of π^∗B on the curvilinear locus in U. To avoid confusion, since we already have regular functions x, y on U, we write x^′, y^′ for the variables of B, so the fiber of π^∗B at (I, P ) is C[x^′, y^′]/I(x^′, y^′). This given, the fiber of L at (I, P ) is the socle of the summand O_{S,P} in C[x^′, y^′]/I(x^′, y^′), since the generator of I_{n−1} mod I belongs to this socle, which is 1-dimensional. Equivalently, the fiber of L is the ideal (0 : m_P (x^′, y^′)) = (0 : (x^′ − x, y^′ − y)) in π^∗B(I). Dualizing this, we see that L^{−1} = π^∗B^∗/(x^′ − x, y^′ − y)π^∗B^∗, or π^∗B^∗ ⊗_{C[x}′_{,y}′_] O_U , where C[x^′, y^′] acts on O_U through the homomorphism x^′ → x, y^′ → y.

Now π_∗π^∗B^∗ = B⊗B^∗, so π_∗L^{−1} = (B⊗B^∗)/(x^′ −x, y^′−y)(B⊗B^∗), where x, y act through B and x^′, y^′ act through B^∗. But this is just another way of writing π_∗L^{−1} = B ⊗_B B^∗ = B^∗. □ Lemma 6.15. If X_n is Cohen-Macaulay, then it is Gorenstein, and its canonical sheaf ω is the line bundle O(−1), where O(1) = ⋀_n B. Proof. By Proposition 4.1, X_n = Spec P as a scheme affine over Hilb^n(C^2), where P = σ_∗O_{Xn} is the image of the sheaf homorphism ϕ : B^{⊗n} → (B^{⊗n})^∗ ⊗ O(1) in (4.8). If X_n is Cohen- Macaulay this is a vector-bundle homorphism. By construction, this description of P means the bilinear pairing of vector bundles P ⊗ P → O(1), given by multiplication followed by alternation, is non-degenerate, so P^∗ ∼= P ⊗ O(−1). By duality for the flat, finite morphism σ : X_n → Hilb^n(C^2), the canonical sheaf ω_{Xn} is the sheaf associated to the P module sheaf P^∗ ⊗ ω_H , which is the same as P ⊗ O(−1), by Lemma 6.13. This shows ω_{Xn} = O(−1), and since this is a line bundle, X_n is Gorenstein (by definition). □

We now have all the technical ingredients we need to prove Theorem 4. From this point on we assume Conjecture 6.2 holds, and we assume X_{n−1} is Cohen-Macaulay by induction. We shall also assume n ≥ 4. There is no harm in this since it is trivial to verify the n! conjecture for n ≤ 3.

To carry the induction forward we introduce the fiber product Y_n indicated by the diagram: Y_n −−−→ H^{n−1,n}

X_{n−1} −−−→ Hilb^{n−1}(C^2).

(6.9)

Since the bottom arrow is flat (by induction), so is the top one. Since Y_n is flat over H^{n−1,n} and generically reduced, it is reduced. A point of Y_n is a pair of ideals (I_{n−1}, I_n) ∈ H^{n−1,n}, together with the spectrum (x_1, x_n), . . . , (x_{n−1}, x_{n−1}) of I_{n−1} in some order. The coordinates of the remaining point (x_n, y_n) in the spectrum of I_n are regular functions on H^{n−1,n} and hence on Y_n, so we obtain a morphism

f : Y_n → X_n (6.10)

sending (I_{n−1}, I_n, x, y) to (I_n, x, y). Note that f is projective, since the map H^{n−1,n} → Hilb^n(C^2) is. Over the locus where the points (x_i, y_i) are all distinct, X_{n−1} → (C^2)^{n−1} and H^{n−1,n} → C^2 × Hilb^{n−1}(C^2) restrict to isomorphisms, hence so does Y_n → X_n → (C^2)^n. The locus where some two points coincide is a proper closed subvariety of the irreducible

34 MARK HAIMAN

variety H^{n−1,n}. Since Y_n is flat over H^{n−1,n} it cannot have a component contained in the coincidence locus, so the non-coincidence locus is dense in Y_n. This shows Y_n is irreducible and the morphism f is birational.

On Y_n we have, by pullback from H^{n−1,n}, the two tautological bundles B_{n−1} and B_n. Let us set O(k, l) = ( ⋀_{n−1} B_{n−1})^k( ⋀_n B_n)^l. By Lemma 6.14 the canonical sheaf on H^{n−1,n} is O(1, −1) in this notation. By Lemmas 6.13 and 6.15 the relative canonical sheaf of Y_n over H^{n−1,n}, which is pulled back from that of X_{n−1} over Hilb^{n−1}(C^2), is O(−1, 0). Hence the canonical sheaf ω_{Yn} is O(0, −1). In particular, it is a pullback from X_n.

Now we are going to prove that for the derived functor of the pushforward we have Rf_∗O_{Yn} = O_{Xn} . Since ω_{Yn} = f^∗O_{Xn} (−1) this also proves Rf_∗ω_{Yn} = O_{Xn} (−1). By duality for the projective morphism f_∗ we conclude that the sheaf O_{Xn} (−1) is the dualizing complex on X_n, so X_n is Cohen-Macaulay. (This also shows X_n is Gorenstein with ω_{Xn} = O(−1), so we could have made Lemma 6.15 part of the induction.)

Since f is proper and birational, and X_n is normal by Lemma 6.9, we have f_∗O_{Yn} = O_{Xn} . We have to prove that R^if_∗O_{Yn} = 0 for all i > 0. Now the fibers of f are also fibers of the map H^{n−1,n} → U, and thus the fiber dimensions d are bounded by (_{d+2} 2 ) ≤ n, by Lemma 6.11. In particular, since we are assuming n ≥ 4, this implies d < n − 2 (exercise for the reader). It follows that R^if_∗O = 0 for i ≥ n − 2.

For i < n − 2 we use the following lemma.

Lemma 6.16. Let f : Y → X be a morphism and let x_1, . . . , x_k be global regular functions on X (and so also on Y ). Suppose that x is an O-regular sequence at every point of V (x), both in X and in Y . Let U = X \ V (x), W = f^{−1}(U), and f^′ = f|_W . Then Rf^′_∗O_Y = O_X implies R^if_∗O_Y = 0 for 0 < i < k − 1.

Proof. The hypothesis and conclusion are both local with respect to X, so we can assume X is affine. Then we are to show H^i(Y, O) = 0 for 0 < i < k − 1. Let V = V (x) (in both X and Y , by abuse of notation). The regular sequence condition implies H^i_V (O) = 0 for i < k, on both X and Y . The hypothesis Rf^′_∗O_Y = O_X implies that H^i(W, O_Y ) ∼= H^i(U, O_X ). Then from the local cohomology exact sequences

· · · → H^i_V (O_Y ) → H^i(Y, O) → H^i(W, O_Y ) → H^{i+1}_V (O_Y ) → · · · and · · · → H^i_V (O_X ) → H^i(X, O) → H^i(U, O_X ) → H^{i+1}_V (O_X ) → · · · we obtain H^i(Y, O) ∼= H^i(W, O_Y ) ∼= H^i(U, O_X ) ∼= H^i(X, O) = 0, for 0 < i < k − 1. □

Conjecture 6.1 implies that (x_1 − x_2, . . . , x_{n−1} − x_n) is a regular sequence on R[tJ], and hence, by Proposition 6.2, on X_n. To apply the Lemma using this sequence on Y_n and X_n, it remains to prove that the sequence is regular on Y_n, and that Rf_∗O_Y = O_X outside the locus where all the x_i’s coincide.

Note that Y_n can be described directly in terms of X_n as the subscheme of Hilb^{n−1}(C^2)×X_n whose fiber over a point (I, P_1, . . . , P_n) of X_n consists of all the ideals I_{n−1} ⊆ I for which I_{n−1}/I is a length-1 ideal of the local ring O_{S,Pn} . About a point where the P_i are not all equal,

MACDONALD POLYNOMIALS AND GEOMETRY 35

it follows from Lemma 6.3 that there is a neighborhood on which Y_n is locally isomorphic to X_{r1} × · · · X_{rk−1} × Y_{rk} , where of the distinct points Q_1, . . . , Q_k, Q_k is the one equal to P_n. It also follows that on such a neighborhood the map f : Y_n → X_n is locally given by the identity on the factors X_{ri} , times the map f : Y_{rk} → X_{rk} . Hence we have Rf_∗O_Y = O_X by induction on the locus where the points P_i are not all equal, and, a fortiori, on the locus where the coordinates x_i are not all equal.

To conclude, I claim that x_1, . . . , x_n defines a complete intersection in Y_n, which is Cohen- Macaulay by induction, and hence x is a regular sequence at each point of V (x). By shifting the origin of coordinates in C^2, this implies that (x_1 −x_2, . . . , x_{n−1} −x_n) is a regular sequence at every point where the x_i’s are all equal. Thus we have to show that V (x) has dimension n. Recall that we already have the analogous result for X_n, Lemma 5.4. By the local product structure described in the preceding paragraph we can assume the result by induction on the open set where the y_i’s are not all equal. This reduces us to showing that the dimension of H^{n−1,n}_0 = V (x, y) is n − 1, since the locus where all the y_i’s are equal and all the x_i’s are zero is C^1 × H^{n−1,n}_0 .

Now we apply Lemma 6.5. By upper-semicontinuity, the maximal fiber dimension of H^{n−1,n} 0 → H^n_0 over the cell C^′_μ occurs at I_μ. There, by the remarks preceding Lemma 6.11, the fiber dimension is one less than the number of corners of the diagram of μ. Thus to show that the preimage of C^′_μ has dimension at most n − 1, we just have to check that for any partition of n, we have (number of parts) + (number of corners) ≤ n + 1. But this is clear, since the number of cells in the first column of the diagram is the number of parts, and at most one of them can be a corner.

7. Diagonal harmonics

A polynomial function f on a vector space V is said to be harmonic with respect to a group G of linear endomorphisms of V if f is annihilated by all G-invariant partial differential operators without constant term. For V = (Q^2)^n = Q^n ⊕ Q^n, and G the symmetric group S_n acting “diagonally” by simultaneous coordinate permutations in each summand, we refer to the space D_n of harmonic polynomials as the diagonal harmonics.

By Weyl’s theorem on the ring of invariants Q[x, y]^{Sn} , we may equivalently define D_n as the solution space of the system of differential equations p_{h,k} (∂x, ∂y)f = ∑ i ∂x^h_i ∂y^k_i f = 0, for 1 ≤ h + k ≤ n. In particular the diagonal harmonics are solutions of the Laplace equation ∑ i (∂x^2_i + ∂y^2_i )f = 0,

so they are harmonic polynomials in the classical sense. It is easy to see that the polynomials Δ_μ of Section 3 are diagonal harmonics, and hence the spaces D_μ are subspaces of D_n.

Let I_n ⊆ Q[x, y] be the ideal generated by the polarized power sums p_{h,k} for h + k > 0. We may describe D_n in derivative-free terms as follows.

36 MARK HAIMAN

Proposition 7.1. [19] The quotient ring Q[x, y]/I_n is isomorphic as a doubly graded S_n module to D_n.

For geometric purposes we will work instead with the ring

R_n = C[x, y]/I_n,

I_n being again generated by the polarized power sums, which of course has the same Frobenius series as Q[x, y]/I_n or D_n.

Computations have suggested a series of surprising combinatorial conjectures concerning the Hilbert and Frobenius series of the rings R_n. As these are treated at length in [19] we here mention only three which are simple to state.

Conjecture 7.1. The dimension of R_n as a vector space, or H_{Rn} (1, 1), is equal to (n+1)^{n−1}. Moreover q(^{n2})H_{Rn} (q, q^{−1}) = (1 + q + q^2 + · · · + q^n)^{n−1}.

Conjecture 7.2. The specialization H_{Rn} (q, 1) enumerates spanning trees T on the vertex set {0, 1, . . . , n}, each counted with weight q^{i(T )}, where i(T ) is the number of inversions in T . An inversion is a pair i < j for which vertex j lies on the unique path in T from vertex 0 to vertex i.

Conjecture 7.3. As an S_n module, R_n is isomorphic to the sign character tensored with the permutation representation of S_n on the finite Abelian group (Z/(n + 1)Z)^n/H, where S_n acts by permuting the factors, and H = (Z/(n + 1)Z) · (1, 1, . . . , 1) is the subgroup of S_n-invariant elements.

The above conjectures are corollaries to a pair of more general conjectures giving the Frobenius series specializations F_{Rn} (X; q, 1) and q(^{n2})F_{Rn} (X; q, 1/q). In [12] we showed that these specializations are in turn corollaries to the following master formula. Conjecture 7.4. The Frobenius series of R_n is given by F_{Rn} (X; q, t) = ∑ |μ|=n (1 − q)(1 − t)B_μ(q, t)Π_μ(q, t)H̃_μ(X; q, t) ∏ s∈D(μ)(1 − q −a(s)t1+l(s))(1 − q1+a(s)t−l(s)), (7.1) where μ ranges over partitions of n, the arms and legs a(s), l(s) are as in (2.16), B_μ is given by (2.12), and Π_μ = Ω[1 − B_μ] = ∏ (h,k)∈D(μ) (h,k)≠(0,0) (1 − q^kt^h).

In the remainder of this section we show how formula (7.1) comes about, and prove that it holds if the n! conjecture and a suitable cohomology vanishing hypothesis on X_n are true. The development parallels that in [20], to which we refer for some geometric results. There we studied the specialization of (7.1) to the Hilbert series for the S_n-alternating component, which can be expressed without recourse to Maconald polynomials as C_n(q, t) = ∑ |μ|=n (1 − q)(1 − t)B_μ(q, t)Π_μ(q, t)t^{n(μ)}q^{n(μ′)} ∏ s∈D(μ)(1 − q −a(s)t1+l(s))(1 − q1+a(s)t−l(s)).

MACDONALD POLYNOMIALS AND GEOMETRY 37

This turns out to be a two-parameter analog of the Catalan number C_n =^1_{n+1} (_{2n} n ) . We proved that C_n(q, t) is a polynomial in q and t, and that under certain cohomology vanishing hypotheses it is the Hilbert series of the S_n-alternating diagonal harmonics. Because we examined only the alternating component we could work on Hilb^n(C^2) without introducing the iso-spectral variety X_n. In essence, what we will now do is to lift these results to X_n. Proposition 7.2. Spec R_n is the scheme theoretic fiber ρ^{−1}(0) over the origin, under the canonical map ρ : (C^2)^n → S^nC^2.

Proof. The coordinate ring of S^nC^2 is C[x, y]^{Sn} and the ideal of the origin is the homogeneous maximal ideal m = (p_{h,k} : h + k > 0). By definition, the ideal of ρ^{−1}(0) is generated by the image of m in C[x, y], or I_n. □

In what follows, we assume the n! conjecture holds for all μ, so X_n is flat over Hilb^n(C^2). Consider the fiber square X_n^ψ−−−→ (C^2)^n σ ρ Hilb^n(C^2)^τ−−−→ S^nC^2.

Let us define X^0_n = (ρψ)^{−1}(0) = (τ σ)^{−1}(0) to be the scheme-theoretic fiber of X_n over 0 ∈ S^nC^2. This is a non-reduced subscheme of X_n. By Proposition 7.2, ψ induces a morphism

X^0_n^ψ→ ρ^{−1}(0) = Spec R_n,

corresponding to a ring homomorphism

ψ^♯ : R_n → H^0(X^0_n, O).

As a scheme finite over Hilb^n(C^2), we have X_n = Spec σ_∗O_{Xn} , and since we are assuming the n! conjecture, σ_∗O_{Xn} is locally free of rank n!, that is, it is the sheaf of sections of a vector bundle P , the image of the homomorphism ϕ in (4.8). Then X^0_n = σ^{−1}(H^n_0 ) = Spec P |_H n_0 as a scheme over H^n_0 = τ^{−1}(0). Hence we can identify the global sections H^0(X^0_n, O) with H^0(H^n_0 , P ).

Proposition 7.3. [20] The scheme theoretic zero fiber H^n_0 = τ^{−1}(0) in the Hilbert scheme is reduced, Cohen-Macaulay, and has a T-equivariant resolution by locally free sheaves on Hilb^n(C^2) 0 → B ⊗ ⋀_{n+1} V → · · · → B ⊗ ⋀_1

V → B → O_H n_0 → 0, (7.2)

where V = B^′ ⊕ O_t ⊕ O_q, B^′ is a summand of the tautological bundle B = B^′ ⊕ O, and O_t, O_q denote the trival bundle O tensored by the 1-dimensional representation of T with character t or q, respectively.

To proceed further we will need to assume the validity of the following conjecture.

38 MARK HAIMAN

Conjecture 7.5. For all i > 0 and k ≥ 0 we have H^i(X_n, B^{⊗k}) = 0, and for i = 0, the canonical map C[x^′_1, y^′_1, . . . , x^′_k, y^′_k, x, y] → H^0(X_n, B^{⊗k} ) (7.3) is surjective.

To clarify, recall that B = C[x^′, y^′]/I, where C[x^′, y^′] really means the trivial bundle O ⊗_C C[x^′, y^′], and we use primes to avoid confusion with the variables x, y. The map in (7.3) is induced by the maps C[x^′, y^′] → B, with the identifications C[x^′, y^′]^{⊗k} = C[x^′_1, y^′_1, . . . , x^′_k, y^′_k] and H^0(X_n, C[x^′, y^′]^{⊗k}) = C[x^′, y^′] ⊗ H^0(X_n, O) = C[x^′, y^′, x, y]. Note that H^0(X_n, O) = C[x, y] because the map ψ : X_n → (C^2)^n is proper and birational, and (C^2)^n is obviously normal. Note also that the exterior power ⋀_k B is a summand of B^{⊗k}, so the conjecture extends to tensors of exterior powers as well. We do not use the full strength of Conjecture 7.5 below, only the vanishing property for bundles B ⊗ ⋀_k B and the surjectivity property for B and B ⊗ B.

Proposition 7.4. Assume that Conjecture 7.5 holds. Then the canonical homomorphism ψ^♯ : R_n → H^0(X^0_n, O) = H^0(H^n_0 , P ) is an isomorphism.

Proof. Since we are assuming X_n is flat over Hilb^n(C^2), the pullback functor σ^∗ on sheaves is exact. Applying σ^∗ to the resolution (7.2) we get a resolution on X_n 0 → B ⊗ ⋀_{n+1} V → · · · → B ⊗ ⋀_1

V → B → O_X 0_n → 0. (7.4) By our vanishing hypothesis, (7.4) is an acyclic resolution of O_X 0_n , and therefore, applying H^0, we get an exact sequence 0 → H^0(X_n, B ⊗ ⋀_{n+1} V ) → · · · → H^0(X_n, B ⊗ ⋀_1

V ) → H^0(X_n, B) → H^0(X^0_n , O) → 0. (7.5) There is a trace map of O-module sheaves tr : B → O which sends a section f of B to the function whose value at a point Q is the trace of multiplication by f on the fiber B(Q), divided by n. On X_n, the joint spectrum of the multiplication operators X, Y is (x_1, y_1), . . . , (x_n, y_n), and therefore

tr f(x^′, y^′) = 1 n n∑ i=1 f(x_i, y_i). By the construction of (7.2) in [20], the map B → O_X 0_n factors as B →_{tr} O → O_X 0_n .

Hence H^0(X_n, B) → H^0(X^0_n, O) factors through H^0(X_n, O) = C[x, y], which shows that ψ^♯ is surjective.

MACDONALD POLYNOMIALS AND GEOMETRY 39

To prove that ψ is injective, we must show that if f(x^′, y^′, x, y) represents a global section in the kernel of H^0(X_n, B) → H^0(X^0_n, O), then tr f ∈ I_n. We are using the surjectivity property in Conjecture 7.5 to assume that such a representative polynomial f exists. By (7.5), the kernel in question is the sum of the images of three maps

H^0(X_n, B ⊗ B^′) → H^0(X_n, B); (7.6)

H^0(X_n, B ⊗ O_t) → H^0(X_n, B); (7.7)

H^0(X_n, B ⊗ O_q) → H^0(X_n, B). (7.8)

By the construction of (7.2), the second and third maps are multiplication by x^′ and y^′, respectively. For any f(x^′, y^′, x, y), the trace map satisfies the identity

tr f − f(0, 0, x, y) ∈ I_n. (7.9)

To prove this it is sufficient to take f = (x^′)^h(y^′)^k , since these monomials generate C[x^′, y^′, x, y] as a C[x, y] module, and the operation we are performing on f is C[x, y]- linear. We obtain

tr(x^′)^h(y^′)^k − 0^h0^k =

0, h + k = 0 p_{h,k} (x, y), h + k > 0. In particular if f belongs to the ideal (x^′, y^′) then f(0, 0, x, y) = 0 and tr f ∈ I_n.

This leaves us only to consider the first map (7.6). The summand B^′ is defined to be the kernel of the trace map. Hence if f(x^′, y^′, x^{′′}, y^{′′}, x, y) represents a section in H^0(X_n, B ⊗ B^′), then ∑ i f(x^′, y^′, x_i, y_i, x, y) is the zero section in H^0(X_n, B). Now for each j there is a homomorphism of sheaves of O_{Xn} algebras B → O_{Xn} mapping (x^′, y^′) to (x_i, y_i). This is so because X_n ⊆ U^{×n}, and the homomorphism B → O_{Xn} corresponds to the projection X_n → U on the j-th factor. Applying these homorphisms to the sum above, we see that ∑ i f(x_j , y_j , x_i, y_i, x, y) = 0 in H^0(X_n, O) = C[x, y],

for all j. By (7.9) this implies that f(x_j , y_j, 0, 0, x, y) ∈ I_n for each j. Summing over j and using (7.9) again we find that f(0, 0, 0, 0, x, y) ∈ I_n.

The map H^0(B ⊗ B^′) → H^0(X, B) is multiplication in B, which sends f(x^′, y^′, x^{′′}, y^{′′}, x, y) to f(x^′, y^′, x^′, y^′, x, y). Modulo I_n, the trace map H^0(X_n, B) → H^0(X_n, O) is the same as evaluation at (x^′, y^′) = (0, 0), again by (7.9). Hence the image of f(x^′, y^′, x^{′′}, y^{′′}, x, y) in H^0(X_n, O) is given modulo I_n by f(0, 0, 0, 0, x, y), and since the latter belongs to I_n the proof is complete. □

Theorem 5. Assuming the n! conjecture and Conjecture 7.5 hold, the Frobenius series of R_n is given by the master formula (7.1) in Conjecture 7.4.

40 MARK HAIMAN

Proof. In [20] we derived an Atiyah-Bott type Lefschetz formula for T-equivariant vector bundles on H^n_0 , using the resolution (7.2) and explicit local parameters for Hilb^n(C^2) at the T-fixed points I_μ. This formula takes the form ∑ i (−1)^iF_H i_{(H} n_{0 ,V )}(X; q, t) = ∑ |μ|=n (1 − q)(1 − t)B_μ(q, t)Π_μ(q, t)F_{V (Iμ)}(X; q, t) ∏ s∈D(μ)(1 − q −a(s)t1+l(s))(1 − q1+a(s)t−l(s)) . (7.10)

Actually, this formula was derived for Hilbert series, but when V is a bundle of S_n modules it generalizes immediately to Frobenius series. The q, t-Catalan numbers studied in [20] correspond to the line bundle V = O(1).

If the n! conjecture and Conjecture (7.5) hold, then by Proposition 7.4, the Frobenius series of R_n is equal to F_H 0_{(H} n_{0 ,P )}, where P = σ_∗O_{Xn} . Moveover, using the resolution (7.4), we see that Conjecture 7.5 implies H^i(X^0_n, O) = 0 for i > 0, or equivalently, since σ is finite, H^i(H^n_0 , P ) = 0. Therefore the Euler characteristic on the left-hand side of (7.10) reduces to F_{Rn} (X; q, t). By Theorem 3, the n! conjecture implies that F_{P (Iμ)}(X; q, t) = H̃_μ(X; q, t), and the result follows. □

We conclude with some remarks on the vanishing hypothesis, Conjecture 7.5 . Strong vanishing theorems such as this are a relatively rare phenomenon. The conjecture is the analog, for the tautological bundle B on the iso-spectral Hilbert scheme, of a theorem which does hold for the tautological (quotient) bundle on a Grassmann variety.

In the case of the Hilbert scheme there is some favorable computational evidence. Namely, assuming the n! conjecture—which has been verified for n ≤ 8—one can use (7.10) to compute the Frobenius series Euler characteristic of any explicit enough bundle V . If V has non-vanishing higher cohomology, we should expect to see some negative terms. For the bundles referred to in the conjecture, and reasonable values of n and k, we have done a number of these computations and the results invariably have positive coefficients. Note also that if the n! conjecture were to fail, we should not even expect to obtain a polynomial in (7.10). For the specialization to Hilbert series, the formula can be evaluated for values of n much larger than those for which we can check the n! conjecture. A. Garsia and I have done some of these computations for n as large as 20, always obtaining polynomials with positive coefficients. I regard this as strong evidence for both the n! conjecture and Conjecture 7.5.

8. The commuting variety

The material in this section is based on my conversations with I. Grojnowski, and represents joint work in progress. At present our results are not definitive, but we have made some observations and conjectures which I will discuss briefly.

Definition. The commuting variety C_n is the variety of pairs of n × n matrices (X, Y ) such that XY = Y X.

Little is known about C_n, except that it is irreducible of dimension n^2 + n [28,31]. It is not even known whether the equations XY = Y X generate its ideal, although this is

MACDONALD POLYNOMIALS AND GEOMETRY 41

conjectured to be true. There is also a conjecture, generally attributed to Hochster, that C_n is Cohen-Macaulay.

We will be interested in the open set C^0_n of pairs for which the vectors X^hY^ke_1 span C^n, where e_1 is the first unit coordinate vector. This is an open set, since its complement is defined by the vanishing of the n × n minors of the matrix whose columns are X^hY^ke_1.

Given an ideal I ⊆ C[x, y] belonging to Hilb^n(C^2), let us fix a basis {1, v_2, . . . , v_n} of C[x, y]/I. With respect to this basis, the operators X and Y of multiplication by x and y are represented by commuting matrices, and the pair (X, Y ) belongs to C^0_n because we took our first basis vector to be 1. Conversely, given (X, Y ) ∈ C^0_n, we have a surjective map θ : C[x, y] → C^n sending p(x, y) to p(X, Y )e_1, whose kernel is an ideal I ∈ Hilb^n(C^2). Then θ induces an isomorphism C[x, y]/I → C^n, under which the unit coordinate basis e_1, . . . , e_n of C^n corresponds to a basis 1, v_2, . . . , v_n of C[x, y]/I. It is easy to see that these two constructions are mutually inverse and so define a smooth fibration

C^0_n → Hilb^n(C^2)

with fiber G, where G ⊆ GL_n is the stabilizer of e_1 (so G parametrizes ordered bases of C^n whose first vector is given). In particular this shows that C^0_n is non-singular. Definition. The iso-spectral commuting variety IC_n is the variety of tuples (X, Y, a, b) ∈ C_n × C^{2n} such that (a_1, b_1), . . . , (a_n, b_n) is the joint spectrum of X and Y in some order. In other words, we have the identity

det(I + rX + sY ) = n∏ i=1 (1 + ra_i + sb_i), (8.1)

where r, s are indeterminates.

Note that if X and Y commute there is a g ∈ GL_n such that g^{−1}Xg and g^{−1}Y g are both upper triangular, by Lie’s theorem. In particular they have a joint spectrum as defined above, given by the diagonal entries of the triangular form. Note also that there is an action of S_n on IC_n, permuting the pairs (a_i, b_i). Under this action we have IC_n/S_n = C_n, since the invariants p_{h,k} (a, b) are equal to tr X^hY^k and so reduce to functions on C_n.

Let IC^0_n denote the open subset of IC_n lying over C^0_n. From the definition of the isospectral Hilbert scheme X_n it follows immediately that we have (set-theoretically) a fiber square IC^0_n −−−→ X_n

C^0_n −−−→ Hilb^n(C^2).

Since the bottom arrow is a smooth morphism, so is the top arrow in the scheme-theoretic fiber square. Hence the scheme-theoretic fiber product is reduced and therefore equal to the set-theoretic fiber product. This proves Proposition 8.1. The open set IC^0_n in IC_n is Cohen-Macaulay (and hence Gorenstein) if and only if X_n is.

42 MARK HAIMAN

Conjecture 8.1. The iso-spectral commuting variety IC_n is Gorenstein.

Note that this implies the conjecture that the commuting variety C_n = IC_n/S_n is Cohen- Macaulay, as well as the n! conjecture. We should point out here that the ideal of IC_n is certainly not generated by the ideal of C_n (conjecturally XY = Y X) together with equations (8.1). This fails even for n = 2.

References

[1] D. Bayer and M. Stillman, MACAULAY: A computer algebra system for algebraic geometry, version 3.0, Public domain computer program distributed by Harvard University (1989).

[2] V. V. Batyrev and D. I. Dais, Strong McKay correspondence, string-theoretic Hodge numbers and mirror symmetry, Topology 35 (1996) 901–929.

[3] N. Bergeron and A. M. Garsia, On certain spaces of harmonic polynomials, Contemporary Mathematics 138 (1992) 51–86.

[4] J. Briançon, Description de Hilb^n C{x, y}, Invent. Math. 41 (1977) 45–89. [5] J. Cheah, Cellular decompositions for nested Hilbert schemes of points, Pacific J.

Math. 183 (1998) 39–90.

[6] C. de Concini and C. Procesi, Symmetric functions, conjugacy classes, and the flag variety, Invent. Math. 64 (1981) 203–230.

[7] G. Ellingsrud and S. A. Strömme, On the homology of the Hilbert scheme of points in the plane, Invent. Math. 87 (1987) 343–352.

[8] J. Fogarty, Algebraic families on an algebraic surface, Amer. J. Math. 90 (1968) 511–521.

[9] A. M. Garsia and M. Haiman, A graded representation model for Macdonald’s polynomials, Proc. Nat. Acad. Sci. U.S.A. 90 (1993) 3607–3610.

[10] A. M. Garsia and M. Haiman, Some natural bigraded S_n-modules and q, t-Kotska coefficients, Electronic Journal of Combinatorics, 3, No. 2: Foata Festschrift (1996) R24, 60 pp.

[11] A. M. Garsia and M. Haiman, A random q, t-hook walk and a sum of Pieri coefficients.

Journal of Combinatorial Theory (A) 82, no. 1 (1998) 74-111.

[12] A. M. Garsia and M. Haiman, A remarkable q, t-Catalan sequence and q-Lagrange inversion, J. Alg. Combinatorics 5 (1996) 191–244.

[13] A. M. Garsia and C. Procesi, On certain graded S_n-modules and the q-Kostka polynomials, Advances in Math. 94 (1992) 82–138.

[14] A. M. Garsia and J. Remmel, Plethystic formulas and positivity for q, t-Kostka coefficients. Mathematical essays in honor of Gian-Carlo Rota, Cambridge, MA (1996), 245–262.

[15] A. M. Garsia and G. Tesler, Plethystic formulas for Macdonald q, t-Kostka coefficients, Advances in Math. 123 (1996) 144–222.

[16] M. Gordan, Les invariants des formes binaires, Journal de Mathématiques Pures et Appliquées (Liouville’s Journal) 6 (1900) 141–156.

MACDONALD POLYNOMIALS AND GEOMETRY 43

[17] G. Gotzmann, Eine Bedingung für die Flachheit und das Hilbertpolynom eines graduierten Ringes, Math. Z. 158 (1978) 61–70.

[18] A. Grothendieck, Techniques de construction et théorèmes d’existence en géométrie algébrique, IV: Les schemas de Hilbert, Séminaire Bourbaki 221, IHP, Paris (1961).

[19] M. Haiman, Conjectures on the quotient ring by diagonal invariants, J. Alg. Combinatorics 3 (1994) 17–76.

[20] M. Haiman, t, q-Catalan numbers and the Hilbert scheme, Discrete Math. 193 (1998) 201-224.

[21] R. Hotta and T. A. Springer, A specialization theorem for certain Weyl group representations and an application to Green polynomials of unitary groups, Invent. Math. 41, (1977) 113–127.

[22] A. Iarrobino, Reducibility of the family of 0-dimensional subschemes on a variety, Invent. Math. 15 (1972) 72–77.

[23] A. N. Kirillov and M. Noumi, Affine Hecke algebras and raising operators for Macdonald polynomials, Duke Math. J. 93 (1998) 1–39.

[24] F. Knop, Integrality of two variable Kostka functions, J. Reine Angew. Math. 482 (1997) 177–189.

[25] H. Kraft, Conjugacy classes and Weyl group representations, Proc. 1980 Torun Conf.

Poland, Astérisque 87–88 (1981) 195–205.

[26] I. G. Macdonald, A new class of symmetric functions, Actes du 20^e Séminaire Lotharingien, Publ. I.R.M.A. Strasbourg 372/S–20 (1988) 131–171.

[27] I. G. Macdonald, Symmetric Functions and Hall Polynomials, 2nd Edition, Clarendon Press, Oxford, England (1995).

[28] T. S. Motzkin and O. Taussky, Pairs of matrices with property L, A.M.S. Transactions 73 (1952) 108–114.

[29] I. Nakamura, Simple singularities, McKay correspondence, and Hilbert schemes of G-orbits. Preprint (1996).

[30] M. Reid, McKay correspondence, Mathematics e-Print archive at xxx.lanl.gov, alggeom/9702016 (1997).

[31] R. W. Richardson, Commuting varieties of semisimple Lie algebras and algebraic groups, Compositio Math. 38 (1979) 311–327.

[32] S. Sahi, Interpolation, integrality, and a generalization of Macdonald’s polynomials, Internat. Math. Res. Notices (1996), no. 10, 457–471.

[33] T. A. Springer, A construction of representations of Weyl groups, Invent. Math. 44 (1978) 279–293.

[34] A. S. Tikhomirov, On Hilbert schemes and flag varieties of points on algebraic surfaces, Preprint (1992).

[35] H. Weyl, The Classical Groups, Their Invariants and Representations, Second Edition, Princeton Univ. Press, Princeton, N.J. (1946).

Dept. of Mathematics, UCSD, La Jolla, CA, 92093-0112 E-mail address: mhaiman@macaulay.ucsd.edu