UCB Math 228A, Fall 2014: Homework Set 4

Due Nov. 3, 2014

Code Submission: E-mail all requested and supporting MATLAB files to
Luming at lwang@berkeley.edu as a zip-file named lastname_firstname_4.zip,
for example luming_wang_4.zip.



1. The Cash-Karp method below is a 4/5-order embedded Runge-Kutta scheme. Recall that the
vectors b” and b7 in the last two rows are used to produce two solution updates,
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where 1 is used only for estimation of the local trunction error 7 2 |fins1 — sl [se.
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Implement a MATLAB function rkck.m with the syntax
function [t,ul=rkck(f,tlim,ud,abstol,hmin,hmax)

for solving ODEs using the Cash-Karp scheme with step size control. The input parame-
ters are the right-hand side function £(t,u), the start and end times tlim=[t0,t1], the
initial solution w0, the absolute tolerance abstol=4, and the smallest and largest acceptable
timesteps hnin, hmax. The outputs are the times t and the solutions u at the actual timesteps
(including 0 and t1).

For the step size control, set the initial step size b = fpg,, and use the tollowing strategy:

1. Take a step using the scheme and estimate 7

2. If 7 < 6h accept the step, otherwise reject the step

3. Assuming that 7(h) = Kh®, find a new step size huew such that 7(heew) = 0.5 - Shuew
4. Set h + min(min{max(hye, 0.14), 4h), by

5. If h < hyy,, terminate with error message

fi. If needed, adjust h so that the final step will end exactly at the final time t =

7. Repeat until final time reached

Test the function using the seript erkiml on the course web page, only replacing the call to
oded5 with vour function rkck. Set abstol=1e-3, hmin=le-6, and hmax=1.0.



2. Write a MATLAB function with the syntax
function [t,u]=crbit(m,T,ad)

which uses reck from problem 1 to solve for the pasition up to time T of & planst B =
(X, Y) of mess mz and & moon r = {xr,y] of mass my, starting from the initial conditions
ug = [X, ¥, z, . JIL', Y, &, yJT Assume thet only gravitational forees are present and that the
sun of mass mey s fixed (see figure below). The [attractive) gravitational force between two
bodies of mass m, e at =, F s given by

F=-—mh=—Z
|l - =
and the motion ®(#) of & body of mass m is given by Newton's second law, m@ = the total
force acting on the body, Use abstol=le-6, hmin=1le-6, and hmax=1.0. Test the function
using the commends

e=[1,1/100,1/8000] ; T=30; wd=[6;0:;5.1;0;0;.2:0;.3];
[t,u]=0rbit{m,T,ud);

figura{1) ,plot{uli, ), ul2,:) w3, :) ,ul4,:)) ,axis equal
figure(2] ,sexilegy{t(l:end-1) ,dif£(z]})

3. a) Implement a MATLAB function
function c=ckfdstencil{x,xbar, k)
which computes the coefficients o; far & finite difference approximation w'*'[Z) = b E D
b} Implement a MATLAB function
function u=bwplix,f,sigma,betal
which solves the boundary value problem
u'(z) = flz), u'(a)=o ulb)=3 (2)

using S-point finite differences on a nomuniform grid. The inputs sre the grid points x,
the right-hand side function £{x), and the boundary values. The output u is the solution
vector. Test the function using the commands
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x=linspacell,1,100).72;
f=@{x) sin{2epis*x). *exp(x);
u=bvpl(x,£,0,0);

plotix,u)

¢} Implement a MATLAR function
function [el,e2,slopel,slops2] =bvpconvins)

which solves the problem in b using fiz) = e, 0= =5, 8 =3, a =0, & = 3§, and
grids with n points for each velues noin the vector na. Use the following two point
distributions:

1. x=3*linspace(d,l,n)."2;

2, x=3xzortirand(l,n)); x{1)=0; x(n)=3;

The outputs el,e2 should be the inifinity norms of the errors for the twe grid types
{compare with the true solution), and slopel,slope2 should be the estimated conver-
genee rites (the slopes of the error versus 1/n in & log-log graph). Test the function
using the commands

ns=round{logspace(1,3,500);
[el,e2,21,22] =bwpconving) ;
loglogl(l./nas,el,1./n8,a82)
[81,82]



