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Gram-Schmidt Process (1)
Given A % ( a; ay --- a, ) € R™M with m > n.
Gram-Schmidt Process computes an orthonormal basis
{a1 @2 -+ a, jforspan(a; a --- a,)
IDEA: MAKE { q1 Q2 --- q; } ORTHONORMAL BASIS FOR
span(a; a, -~ aj JFORj=1,---,n

Algorithm 1 Gram-Schmidt Process

Compute unit vector q; € R™ so that |lai]|, g1 = a;.
for j=2,--- ,ndo
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qkTaj> dk, and |lujl, q; = u;

end for

In case u; = 0 for any j > 2, choose q; to be any unit vector
orthogonalto { q1 q2 -+ qj_1 }



Gram-Schmidt Process (I1)

Re-arrange terms in equations, for j =1,---

j—1
u = aj—z<qkTaj) qk, oOr
k=1
j—1
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a = > (alay) ax+lull, @
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Gram-Schmidt Process (I1)

Re-arrange terms in equations, for j =1,--- | n
j—1
u = aj—z (qkTaj> qk, oOr
k=1
j—1
a = > (ala) au+llul, 0 (o
k=1

In matrix form,

A = (a a -+ ap)
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QR Factorization for A € R™*" (1)

Partition matrix A = ( a ,31 ) , with a; € R", ,2\\1 e Rmx(n=1),

» Let u; € R™ be the unit vector in the Householder Reflection
) def =~
matrix Gy = Gy =1 —2u; ulT so that

élal = ( + Hngz > def ( rtil ) and

-
- =~ nip n2 r
GIA = ( )déf S
1 Glal G1A1 0 ay A2



QR Factorization for A € R™*" (Il)

-
_( 11 n2 & 7 (m—1)x(n—2)
G A= ~ A eR .
1 < 0 a, A2 > ) 2 €

» Let up € R™1 be the unit vector in 62 =/-2uw u2T so that

Gan = (Fll ) () wen = (1 ),

=T
rni npg rf def o2 s
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QR Factorization for A € R™*" (1ll)

» After m — 1 Householder Reflections,

r171 rl,j r17n

Gm_1--G G A= hGj - rj.,n d;f(g)
I'n,n
o --- 0 --- 0

> Partition (Gm_1--- G2 G1)T & (@ Q@+ ) with Q e R™.
Then A= QR.



QR Factorization for A € R™" (1V)

Algorithm 2 QR Factorization

forj=1,--- ,m—1do R
Compute Householder Reflection H; on vector A(j : m, j).
A(G:m,j:n)=H;A(j:m,j:n).

end for

Inconvenience: rj; =0 in R if A(j : m,j) = 0 for some j.




QR Factorization with column pivoting

Algorithm 3 QR Factorization with column pivoting

forj=1,--- ., m—1do
)= argmax;cc, [AG = m. K
swap columns j and j in A. R
Compute Householder Reflection H; on vector A(j : m, j).
AG:m,j:n)=H;A(j:m,j:n).
end for

Let 1 be the accumulation of column permutations,

All=QR.

‘rank(A) = # of non-zero diagonal entries in R.




QR with column pivoting (QRCP)

Inputs: A € R™*", target rank k
Outputs: 11, Q, R such that All = QR

M=1:nr=|A1:mi)ll2 (1<i<n)

for j=1,k do
Find imax = argmaxj<i<nti
vaagjth column and imaxth column in A, update I1
[Q. R] = qr(A( : m, j))

AG:mj+1:n)« QTAG:m,j+1:n)
Update r; = [[AG +1:m, )|l (J+1<i<n)

end for



Randomized QRCP (RQRCP)

Inputs: A € R™*", target rank k, block size b, oversampling p
Outputs: 11, Q, R such that AlT = QR

N=1:n QeN(01)btP)xm B—QAe REFP)IXN
for j =1,k bdo
b= min(b,k —j+1)
b-step partial QRCP on B(:,j : n) to obtain b pivots
vaag the corresponding columns in A, update I1
[Q.Rl = ar(A(j : m,j : j+b—1))
AG:m,j+b:n)< QTA(:m,j+b:n)
if j+1— b < k then
Update B(:,j + b : n)
end if
end for
Instead of computing a random projection of the trailing matrix of
A, we efficiently update B.



Idea of RQRCP

We recursively find b pivots on B and apply these pivots on A until
we reach the target rank k.

Random Projection n

— » RunQRCPon

. B=0.A bt

b pivots

Figure: Use random projection to find b pivots in each block step.



Spectrum revealing QR factorization (SRQR)

A € R™*". Consider a partial QR factorization

Al = Q < Ruy gz ) , with Ry1 € R, Define

R = ( Ri1 Ri ) For any 1 < k < ¢, denote ﬁk the rank-k
truncated SVD of R. There exists permutation I1 such that

oi(R) > 7i(A) = 7(4) (1<j<0),

\/”('fii%'i)z \/1+o((w>2>
HAI'I—Q< ’f)k > 2§0’k+1(A)J1+O ((Z:%)z)

RQRCP can be used to compute an SRQR quickly in
practice




Approximation effectiveness

Original k=2442 Truncated QR k=244




Run times

MNIST Data. m=60000, n=784, b=64, p=10.
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Figure: Comparative performance of the spectrum-revealing QR

factorization (SSRQP) on sequential (leftmost) and distributed memory
(rightmost) computers, respectively.



GEPP, GECP, and randomized GECP

» GEPP performs row pivoting in LU factorization, cheaper but
less reliable.

» GECP performs complete pivoting in LU factorization, more
expensive but more reliable.

» randomized GECP as cheap as GEPP, as reliable as GECP.



GEPP

Input: n X n matrix A
Output: lower triangular L with unit diagonal, upper triangular U,
row permutation I1,.

fork=1,---,n—1do
> compute 3 = argmax, <<, |A(J, k)|.
swap rows k and 5 of A.
» compute A(k+1:n k) =A(k+1:n k)/A(k,k);
» update A(k+1:nk+1:n) —= A(k+1:
n, k)« A(k,k+1: n);




=> n = 158;

»» A = Zxeye(n)-trillones(n,n));

=»> All:n-1,n) = 1; %Kahan Matrix

»» A=A+ trillrandin,n)); %plus random tril

>» [L,U,P] = lulA);

=» semilogy(svdilU), 'b.-")

»» title{'Singular values of U Facter for Kahan Matrix+tril{rand{n,n)}','FontSize',15)
=»> axis tight

=» ¥ = randnin,1l); b = A % x;

=> norn{P-eyeln))

ans = @

=> xx = A\ b;

=> norm{b-A%xx)/norm(b)

ans = 14,5208
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=> n = 158;

»> A = Zxeye(n)-trillones(n,n});

=»> All:n-1,n) = 1; %Kahan Matrix

»» A=A+ trillrandin,n)); %plus random tril
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semilogy(svdiU), 'b.-")

»» title{'Singular values of U Facter for Kahan Matrix+tril{rand{n,n)}','FontSize',15)
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GE with column-norm based Complete Pivoting (GECP)

Input: n X n matrix A
Output: lower triangular L with unit diagonal, upper triangular U,
row permutation l1,, and column permutation Il..

fork=1,---,n—1do
> compute o = argmax, <, [|A(k : n,j)|,.
swap columns k and a of A.
> compute (3 = argmax, <, |A(J, k)|.
swap rows k and § of A.
» compute A(k+1:n,k)=A(k+1:nk)/A(k, k);
» update A(k+1:nk+1:n) —= A(k+1:
n, k)« A(k, k +1: n);




GE with Randomized Complete Pivoting

Input: n X n matrix A, sampling dimension r > 0
Output: lower and upper triangular L, U, permutations 1, and I..

sample Q(i,j) ~N(0,1) forall 1 <i<rand1<;<n
compute ¥V =Q - A
fork=1,--- ,n—1do
> compute ( = argmax, <, ||V (:,J)l],-
et { kLI G Rl = WG O,
¢ , otherwise.
» swap columns k and « of A and V.
» compute [ = argmax, -, |A(/, k)|.
swap rows k and 3 of A.
» compute A(k+1:nk)=A(k+1:n k)/A(k,k);
> A(k+1:nk+1:n) —= A(k+1:n,k)-A(k, k+1: n);
» update V(:, k : n)




Run times

Runtime for =4 and no thresholding
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Figure: Relative run times of GERCP and GEPP Fortran code, each
averaged over 10 separate trials



Subspace lteration

» BASIC SUBSPACE ITERATION as extension of Power
Iteration, for approximate truncated SVD.

» RANDOMIZED SUBSPACE ITERATION



Basic Subspace Iteration

Input: m x n matrix A with n < m, integers 0 < k < /¢ < n,
and n x ¢ start matrix Q.
Output: a rank-k approximation.

Compute Y = (AAT)? AQ.

Compute an orthogonal column basis @ for Y.
Compute B = QT A.

Compute By, the rank-k truncated SVD of B.
Return QB.

vV vYyyVvyy



Randomized Subspace lteration

Input: m X n matrix A with n < m, integers 0 < k </,
Output: a rank-k approximation.

» Draw a random n x ¢ start matrix .
» Compute a rank-k approximation with Algorithm ?77.



Thm: Let A= UZ V7 be the SVD of A, and 0 < p<{t—k.
Further let @By be a rank-k approximation computed by RSI.
Given any 0 < A « 1, define

CA—:{l< ) <\/W+\[+\/2logz>.

We must have for j =1,--- , k,

9j

0j(@Bx)) =

= 4g+2’
g
e ()
0j

4q
1A= @Billz < /02, + kC3o? Zt—pit
kll2 = k+1 A 0—pt1

Ok

and

with exception probability at most A.



RSI vs. Randomized Block Lanczos Algorithm

Daily Activities Dataset, target k = 200, j = 200
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