Term Projects
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SOLVING LINEAR EQUATIONS WITH (GAUSSIAN
ELIMINATION

v

THE QR ALGORITHM FOR SYMMETRIC EIGENVALUE
PROBLEM

THE QR ALGORITHM FOR THE SVD
QUASI-NEWTON METHODS

v

v



Solving linear equations with Gaussian Elimination (1)

v

Gaussian Elimination with Partial Pivoting (GEPP)
Gaussian Elimination with Complete Pivoting (GECP)

v

Iterative Refinement

v

» Comparison with matlab \ function.



Gaussian Elimination with partial pivoting

dil di2 -+ din

dp1 a2 - ap
A= ]

dnl dn2 *°°  ann



Gaussian Elimination with partial pivoting

dil di12 -+ din

dp1 a2 - ap
A= ]

dnl dan2 - dnn

Let E; be the j-th row of A
» fors=1,2,---,n—1:
» pivoting: choose largest entry in absolute value:

. def
piv, = argmax,;,lasl, Es < Epiv,



Gaussian Elimination with partial pivoting

ail  a12 ain

daz1 a» azn
A= ]

anl an2 ann

Let E; be the j-th row of A
» fors=1,2,---,n—1:
» pivoting: choose largest entry in absolute value:

. def . .
piv, = argmax,.;,las|, Es <> Epv, (row interchange: permutation).



Gaussian Elimination with partial pivoting

ail  a12 ain

daz1 a» azn
A=

anl an2 ann

Let E; be the j-th row of A
» fors=1,2,---,n—1:
» pivoting: choose largest entry in absolute value:

. def . .
piv, = argmax,.;,las|, Es <> Epv, (row interchange: permutation).

» eliminating x; from Eg;; through E,:

aj .
/jS = iz S+1SJ§”7
dss

ax = ax—lsask, s+1<j, k<n.



GEPP as LU factorization

Theorem: Let A = (a;;) € R™" be non-singular. Then GEPP
computes an LU factorization with permutation matrix P such that

porero- (O] [N

P is the accumulation of row interchanges, L is unit lower
triangular, and U upper triangular.



Solving general linear equations with GEPP

Ax=b, P-A=L-U

> interchanging components in b
P-(Ax)=(P-b), (L-U)x=(P-b).
» solving for b with forward and backward substitution

x = (L-U)"(P-b)
= (UL (PB))).



Gaussian Elimination with complete pivoting

ail a2 e aln
a1 a2 e an

A=



Gaussian Elimination with complete pivoting

ail ar2 o aln
A a1 a2 e an
anl an2 s ann

» fors=1,2,---,n—1:
» pivoting: choose largest entry in absolute value:

.\ def
(ip.jp) = argmax,; ;c,lajl, Es ¢ Ep.

‘swap matrix columns/variables s and jp‘




Gaussian Elimination with complete pivoting

ail ar2 e aln
a1 a2 e an

anl an2 s ann

» fors=1,2,---,n—1:
» pivoting: choose largest entry in absolute value:

. .y def
(ip,jp) = argmax,.; i< la;|, Es <> Ep.

‘swap matrix columns/variables s and jp‘

» eliminating x; from E;i; through E,:

djs overwrite

djx = Adjk — —— dsk ——
aSS

ajk, 5+1§j§n7 5+1§k§n7

’More numerically stable, too expensive. ‘ GECP computes LU
factorization with permutations Pyow and Pcolumn.

PrOW'A'Pcolumn:L'U: k . \




Error Bounds and lterative Refinement

Assume that X is an approximation to the solution x of Ax = b.

> RESIDUALT S b— Ax= A (x —X) . Thus small ||x —X]||

implies small |¥]].
Thm: Assume X is an approximate solution with ¥ = b — AX. Then
for any natural norm,

X —=x| < AT IFl,
[[x — x| Il
S K‘(A) ITNTE
x| bl

=

where £ (A) Al |[A71]| is the CONDITION NUMBER of A [



ITERATIVE REFINEMENT (I)

» Let Ax = b with non-singular A and non-zero b.

> Let F(-) be an in-exact equation solver, so F (b) is
approximate solution.

» Assume F (-) is accurate enough that there exists a p < 1 so

[b—AF (b)]

<p foranyb=#0.
bl



ITERATIVE REFINEMENT (I)

» Let Ax = b with non-singular A and non-zero b.

> Let F(-) be an in-exact equation solver, so F (b) is
approximate solution.

» Assume F (-) is accurate enough that there exists a p < 1 so

[b—AF (b)]

<p foranyb#0.
|[b]]

For this project,

» F(-) will be: LU factorization without pivoting, LU
factorization with partial pivoting, and LU factorization with

complete pivoting.

Fb)y=U"t(L"b).



ITERATIVE REFINEMENT (II)

Given a tolerance 7 > 0 and x(©)
» Initialize r(® = b — Ax(0).

> for k=0,1,---

» Compute

Ax(k)
x(k+1)

p(k+1)

= F (r(k)) ,

x4+ Axk),
r() — AAx),

> If ||[r+ D] < 7 ||b] stop.



PROJECT REQUIREMENTS

» Implement GE, GEPP, GECP, with and without iterative
refinement.

» Compare with matlab \ function in terms of accuracy
(residual norm) and execution time.



The QR Algorithm for Symmetric Eigenvalue Problem

» Householder reduction to tridiagonal

» Implicit BULGE CHASING scheme for tridiagonal QR
Algorithm.

> Recover eigenvectors.



Householder Reduction for symmetric A € R"*"

» Let v; € R"/ be the unit vector in the Householder
Reflection matrix H; = | — 2v; vJT so that

I.
H % (J ﬁ>eR"X”, j=1,-,n—1.
j

» Perform n — 1 Householder reflections so that

a1 A1
f1 az B2

Hop_1 -+ HHAH{ - HT | = B2 az [ def T

/Bn—l Op
» Householder's Method,

HTAH=T, or A=HTHT,

def 1 T
where H = H --- H _;.



Computing H

Forj=n—-2,n—-3,---,2,1, let

Hj+1 s Hn,1 = 1 . Then



4.6.2 The tridiagonal QR algorithm

In the symmetric case the Hessenberg QR algorithm becomes a tridiagonal QR algorithm.

This can be executed in an explicit or an implicit way. In the explicit form, a QR step
is essentially

1: Choose a shift g

2: Compute the QR factorization 4 — pl = QR
3. Update A by A = RQ + pl.

Of course, this is done by means of plane rotations and by respecting the symmetric
tridiagonal structure of A.

In the more elegant implicit form of the algorithm we first compute the first Givens
rotation Gy = G(1,2,%) of the QR factorization that zeros the (2,1) element of A — wf,

(4.12) [ 75 2 ] [“1‘112: “] = [;] X &= cos(tg), s = sin(ip).

Performing a similary transformation with Gy we have (n = 35)

x %+
x ox X
GoAG, = A = [+ = = x
® %X
x %

Similar as with the double step Hessenberg QR algorithm we chase the bulge down the
diagonal. In the 5 x 5 example this becomes

x x o+ = x 0
x X X x ox X o+
——L» E S #——) 0D = = x
= G(1,2,1) x x x| =G(2,3,91) + x o=
wox x X
= = 0 B S
> x ok ox
L TN O e — x x x 0
= G(3,4,92) 0 x x x| =G(4,5,¥) x % x
+ x = 0 = =

The full step is given by

A= AQ, Q=0CyC; - G



PROJECT REQUIREMENTS

» Householder reduction to tridiagonal form

> Implicit BULGE CHASING tridiagonal QR Algorithm for all
eigenvalues.

» Accumulate all Householder reflections and Givens rotations
to recover all eigenvectors.

» Total cost O(n?) flops.

» Compare with matlab eig function in terms of accuracy
(residual and orthogonality) and execution time.

ALGORITHM DETAILS

http://people.inf.ethz.ch/arbenz/ewp/Lnotes/chapterd.pdf



The QR Algorithm for SVD

» Householder reduction to bidiagonal form
» Implicit BULGE CHASING scheme for bidiagonal SVD.

» Recover singular vectors.



Householder Bidiagonal Reduction for A € R™" (1)

Partition matrix A = ( a ,31 ) e R™", ,2\\1 e Rx(n=1)

» Let u; € R" be the unit vector in the Householder Reflection

. def =~
matrix G = Gy =/ —2u; ulT so that

élal = (ngle)(ig(%l). and

~ ~ b/
GlA = (Glal GlA1>d§f<O(é]1 All>

» Let vi € R"! be the unit vector in the Householder
Reflection matrix H; = | —2vy v{ so that,

FHib, = (iH('))le)dg(%) With H1:<1 ﬁ1)7

a; bJHy \der (a1 B 07
A ( 0 AH 0 a, A



07 .
G1AH1:<061 o ) By € RO-DX(0-2)

» Let uy € R™ 1 be the unit vector in Go = | — 2u» u; so that

= e . 1
Goay — <i||82\|2>d:f<062>‘ With (52:( @2>»

T ar B 07

womn - (3 & ) (% n )
ray GrA =
0 0 A

» Let v, € R"2 be the unit vector in ﬁg =/—-2w va so that,

Hab, = (i\;’ﬂz)dg(%). With H2:</2 ﬁ2>

a pr 07 ap p1 0 0T
GG AHiH, = | 0 az bJH, | “ [ 0 a2 B 07
0 0 Zg H> 0 0 a3 Az



Householder Bidiagonal Reduction for A € R"™" (Il1)

» After n — 1 pairs of Householder Reflections,

a1 1
oy o

Gho1--G2G1AH  Hy---Hpo1 = a3
6n71

Qp

B is an upper bidiagonal matrix.
> Next step is QR algorithm for bidiagonal SVD.

18
oy



a; B

Input matrix B = a3 . tolerance 7

Bn-1
an 3
Algorithm 1 BidiSVD (B, 7)
while NOT YET CONVERGED do
if n=1 then return SVD of B
forj=1,--- ,n—1do
if |3j| < 7 then
return BidiSVD (B(1:/,1:j),7) and
BidiSVD (B(j+1:n,j+1:n+1),7)
end if
if |C¥j‘ < 7 then
return BidiSVD (B(1:j—1,1:j),7) and
BidiSVD (B(j:n,j+1:n+1),7)
end if
end for

Compute shift 0. Bulge-chasing QR with .
end while



All forms Bidiagonal

ar B

az B

B = Qa3
ar B

az B

E = Qa3

. B=
5n71
an  Bn
B
%)
, B=
5n—1
ap

A1

Qa2

2

as

B2

as

5n71

Bn—l
Qp ﬁn




All forms Bidiagonal

ar B B1
az P az
B = a3 s /B\:
5n71
ap B
ar B b1
az B ay B
E = a3 ,EZ a3
5n—1
Qn
b1
az B
Next: QR for SVD of B = o3
5n71
Qn

B2

as

5n71

Bn—l
an B




Bidiagonal SVD

» B BT is symmetric tridiagonal.

B3 a5y
wpPr a3+ B8 a3

BB = asfy o+ 3

: apfn—1
Olnﬁn—l a% + ,8,2,

» Bottom 2 x 2 matrix

< Ck%—l +6,21_1 Oénﬂnfl > — SST Wlth 5 déf < p_1 ﬂnfl

CVnﬂnfl Ck,% + ﬁ,21 Qp

Shift o is the singular value of S closer to \/a?2 + (2.
» Bulge-chasing QR based on QR factorization of

pi—o? a2
BBT_O_ZIZ a251 Oz%—l—ﬂ%—gz

anﬁn—l
apfn_1 Q2+ B2 02

W)



Bulge-chasing QR for Bidiagonal SVD (1)

» Givens rotation on first column of BBT — &

1 51 B% —0’2 *
G1 (BBT—0'2/> déf ( —51 C1 > ( 04251 ) = ( 0 )
In—2 0 0

G is the first Givens rotation towards QR factorization of

2]

BBT —o21.
» Creating bulge: ( Z; g > def < f;l 2 > ( g; 502 >
d f x +
d b * %
G1 B = a3 = *
. 5n—1
Qp Bn * ok

» Next: Chase Bulge (+) down along the diagonals.



Bulge-chasing QR for Bidiagonal SVD (I1)

d fi * 4
d b * %
G1 B = a3 - = *
. anl
o7 Bn

Cc1 S1
. . . def _ _
» Givens rotation on first row, H; = ( -5 ¢

(4 0V 0 )% (G o)

» Compute

d b Cc1 S1 Tdif
a3 —S1 C1 o



Bulge-chasing QR for Bidiagonal SVD (lI)

b *
dy f> *
ds f3 B3 + ok X
G BH, = . =
(o7} . *
ﬁn—l
Qp Bn
1
. . . def C S
» Givens rotation on first column, G, = e o

( o 52><0'2 f 0>d§f<a2 d> f2>
—S O d3 f3 ﬁ3 0 d3 f3 .



Bulge-chasing QR for Bidiagonal SVD (IV)

31 *
&2 d2 f2 * ok
3 f3 kK
G, Gy BH, = =
Qg *
6n—1
ap B

» New Givens rotation:
d _N\T B 0

( d3 7%) ( f; z2> = 33 ?3

0 « 2 2 ds Fa

> Repeat procedure until bulge disappears at the lower right

corner.



PROJECT REQUIREMENTS

» Householder reduction to bidiagonal form

> Implicit BULGE CHASING bidiagonal QR Algorithm for all
singular values.

» Accumulate all Householder reflections and Givens rotations
to recover all singular vectors.

» Total cost O(n®) flops.

» Compare with matlab svd function in terms of accuracy
(residual and orthogonality) and execution time.



Quasi-Newton Methods (BFGS) for miny g (x)
» BFGS Method:

xHD) — 5 o B lvg (x(k)> ,  where By e R™".

DESIRED PROPERTY I: "Mimics” B (x(¥)) in some sense.
DESIRED PROPERTY 11I: "Easy” to compute B;il from B;l.
Ensure symmetry in By

Step size selection as in Steepest Descent.

vV v v VY

Broyden, Fletcher, Goldfarb, Shanno



BFGS Method: Derivation

» Assume for some step k > 0, we have available x(k) € R" and
Bi € R™". By BFGS Method:

» Secant equation

Vg (x(k+1)> — Vg (x(k)> ~H (x(k)) <x(k+1) — x(k)> .

» BFGS ideas:

» Approximate secant equation: Bjyi1Sk41 = Yk+1, Where
Yi+1 & Vg (X(kﬂ)) —Vg (X(k)> ,  Sk+1 def x(k+1) _ x (k)

» Choose a special, symmetric B, 1 that does not differ much
from By

T T
Yit1Yir1 Bk Sk+1Skyq Bk
Biy1 = Bk + -

T T
Yit1 Sk+1 Sit1 Bk Sk+1




BFGS Method

» Initialization: Given x(®) € R".
» Choose symmetric By € R"™", typically SPD.
» For k=0,1,---,

xkt) = x() _ 4B 1Vg (x(k)> :

T T
Yi+1¥ep1 Bk Sk+1Skpq Bk .
By = Br+ 7 - —F ,  with
Yi+1 Sk+1 Si+1 By sk+1

Yki1 = Vg <X(k+1)> - Vg (X(k)) , o sepr = xUFD (k)




BFGS Method

» Initialization: Given x(®) € R".
» Choose symmetric By € R"™", typically SPD.
» For k=0,1,---,

xkt) = x() _ 4B 1Vg (x(k)> :

T T
Yi+1¥ep1 Bk Sk+1Skpq Bk .
By = Br+ 7 - —F ,  with
Yi+1 Sk+1 Si+1 By sk+1

Yki1 = Vg <X(k+1)> - Vg (X(k)) , o sepr = xUFD (k)

Practical details:

» B, remains SPD for CONVEX problems.

» Cholesky factorization of By can help to compute Cholesky
factorization of Byx11? (updating Cholesky factorization)

» BFGS inverse update:

T T \' T
Bl —[/_ Sk+1Yk+1 51— Sk+1Yk+1 i Sk+1Sk+1
k+1 = ST k ST s :
k+1 Yk+1 k+1 Yk+1 k+1 Yk+1



Limited Memory BFGS (L-BFGS) Method (1)

B;jl maybe too large to fit in memory

» L-BFGS: Mimics BFGS, but with linear memory.

BFGS inverse update, from B;l to B;ilz

T T \' T
-1 Sk+1 yk+1 -1 Sk+1 Yk+1 Sk+1 sk+1
B =(l-——"""1B | — ———= R
k+1 ST k ST ST
k+1 Yk+1 k+1 Yk+1 k+1 Yk+1

‘Big Idea: Go back only m + 1 steps in inverse update




Limited Memory BFGS (L-BFGS) Method (I1)

T T T
B_l _ Sk+1Sp41 Ty Sk+1 Yir1 | Sk4+1-m Yiri—m
k+1 = T ., . T o ] Y
Sk+1 Yk+1 Siy1 Yk+1 Sk+1—m Yk+1-m

T T
B-1 | Yk+1-mSii1-m | Yk4+1Sk41
X k_m J— T— Y J— Ti
Sk+1—m Yk+1-m Sk+1 Yk+1

m—1 T
n  Sk+l ka [ Sk+1—j Yk4+1—j
T .
=0 5k+1 Yk+1 Skr1—j Yk+1—j

.qT Y T
y Sk—jSk—j / Yk+1—jSky1-j / Yi+1Skyq
T v . Y T R N Y
Sk—jYk—j Ski1—j Yk+1—j Si+1 Yk+1

‘ Big Idea: Go back only m + 1 steps in inverse update: Set B;_lm = Bo_l




Computing B, |, h for any vector h (1)

—1 Sk+1 ykT+1 Sk+1-m ykT+17m -1
B iih=akuskr1i+ |l - |l - By Akt1-m
Sk+1Yk+1 Sk+1—m Yk+1-m

v T
n Z _ Sk+1 Yk+1 | Skt1—j Yky1-j
T
Sk+1 Yk+1 Skr1—j Yk+1—j

T
X T o Ak+1—j;
Sk—jYk—j

s/, h
h _ k+1 —h
where air1 = 5 Gk+1 = W — Qpp1 Ykl
Sk+1 Yk+1
-
def yes{ Yk4+1Sp41
qQ@i = I — T Sl W T v . h
St Yt Sk+1 Yk+1
T
St de+1
= Q1 —QrY¥t, Qpr=———, t=k,--- k+1-m

=
S: Yt



Computing B, |, h for any vector h (1I)
Let Zit1-m = Bo dk+1—m- Then

1 Sk+1 y;z-+1 Sk+1-m Y[Z-+1_m
Bk+1 h= Ok4+1 Sk+1 T - T - | I — T | Zk+1-m
Sk+1 Yk+1 Skt1—mYk+1-m

m—1 T
Skl yk 1 Sk+1—j Y1
+ SRR IR I—T—J X (k—j Sk—j)
=0 Sk+1 Yk+1 Sir1—j Yk+1—j



Computing B, |, h for any vector h (1I)
Let Zks1-m = By " Gkt1—m. Then

1 Sk+1 y;z-+1 Sk+1-m yz-+1_m
Bk+1 h= Ok4+1 Sk+1 T - T - | I — T | Zk+1-m
Sk+1 Yk+1 Skt1—mYk+1-m

T
Sk+1Y Sk+1—j Yit1—j
+Z ( + k+1> .. (/_ TJ’<+11> X (pj Sk—j)

Sk+1 Yk+1 Skr1—j Yk+1—j

T T
- Sk+1 Yir1 | Sk+2—-m Yiio—m
=akp1Skr1t - ——— |\ - | Zk+2-m
Skt1 Yk+1 Skro—mYk+2—-m

-
Sk+1Y Sk+1—j Yky1—j
+Z ( + k+1> .. (/_ TJ’<+11> X (vp—j Sk—j)

S{i1 Ykt Skr1—j Yk+1—j

where Ziyo-m = Zgtl-m Tt (ak+1—m - Bk—l—l—m) Sk4+1—m»

T

Yir1—mZk+l—m
Brkt1-m = S
Skt1—mYk+1-m



Algorithm 2 Computing B,;ll h for any vector h

Set q = h.
fort=k+1,k,---  k+1—mdo
qu
Compute oy = Ty 9=a - arye
end for

Computez:Bo_lq
fort=k+1—m,---  k+1do

Compute 3 = y}Tyz, z=z+ (a: — ) st
end for t

Return z




Step-size Selection

» Ensure reduction in g (x): Algorithm 3 will halt with an
az > 0 so that g (x(9) + a3d)) < g (x(¥)).

Algorithm 3 g (x) Reduction

Set a3 = 1.

while g (x(k) + a3 d(k)) >g (x(k)) do
Set a3 = %.

end while




Step-size Selection

» Ensure reduction in g (x): Algorithm 3 will halt with an
az > 0 so that g (x(9) + a3d)) < g (x(¥)).

Algorithm 3 g (x) Reduction

Set a3 = 1.

while g (x() + a3 d®)) > g (x(¥)) do
Set a3 = ()43

end while

» Ensure SUFFICIENT reduction in g (x) with a(k):

Algorithm 4 g (x) Sufficient Reduction

Set aip = a3/2. Compute coefficients hg, hy, hy
soP(a)=hp+ha+ha(a—a) interpolates
g (x(k) + ad(k)) at @ =0, ap, 3. Set ag = (ag — hi/h2)

olk) = argmin, (g a,.05)8 (x( )+ ad(k)> .




BFGS Method for miny g (x)

» Initialization: Given x(©) € R".
» Choose symmetric By € R"*", typically SPD.
» For k=0,1,---,

» Compute x(9) = —B,:l Vg (x(k)).

» Compute step size a.
'S

L N < P (x(k)) ,
i Biskiis]. B
Bes1 = Bk+y/;—+1yk+1 _ ka+1 k+1 k7 with
Yit1Sk+1 Sk1 Bk Skt1

Yk+1 = Vg (X(k+1)) - Vg (x(k)) , Skp1 = x(k+1) _ (k).



PROJECT REQUIREMENTS

» Implement BFGS and L-BFGS
» Run BFGS and L-BFGS with logistic objective function



