Richardson’s Extrapolation

» Given: A formula Nj(h) that approximates an unknown
constant M for any h # 0.

» Given: Truncation error satisfies power series for h # 0
M — Ni(h) = Kih+ Koh® + Kzh® +--- = O (h),

with (unknown) constants K1, Ky, K3, - - .

‘Goal: Generate higher order approximations‘

» Key: Equation (1) works for any h # 0.



Extrapolation, Step |

M_Nl(h) = th-l-K2h2—|—K3h3-|-...7 (2)
h B h h 9 h 3
M=-N(3) = K+ K +KG)+- - (3)
(3)x2— (2):
M —No(h) = K2h2 3K3h3 (1= 2Dyt -
def K2h2—|—K3h3—|-"'Ktht—|—---:O(h2), (4)

where  Na(h) = /vl(g) + </v1(g) - Nl(h)) .

’Equation (4) again power series, but now 2nd order.‘




Extrapolation, Step Il

M— No(h) = Koh®+ Ksh®+ - Kbt + -+, (5)
h ~ h ~ h
M — N2(§) = K2(§)2 + K3(§)3 R (6)
22 -1
K 1_o—(t=2) _
M—N3(h) = _?3[73_..._#}(”#_”"

hy , No(3)— Na(h
where  N3(h) def /\/2(2)4_2(2)32()'

One more power series, but now 3rd order.‘




Extrapolation, Step Il
» Assume
M — Ni(h) = Kil + K B+ Kbt 4

» replace h by h/2:

~ h; ~ h
M= N(3) = Ki(5Y + Ria(GF 4 R(g) -+
second equation x2/— first equation
2 —1 '
Rj+1 i+1 +1
M= Nia(h) = —oBoptt o= 0 (W)

S 2(2—1)

where  Njii(h) = Ni(z)+



Richardson’s Extrapolation Table

Ny (h }
Nl(g)} Nz(h)\_;

Ni(2)Ne Nao(B) N\ Ns(h)N\,
Ni(g)—  No(2)— N3(5)—  Na(h)



Richardson’s Extrapolation: even power series

» Given: A formula Nj(h) that approximates an unknown
constant M for any h # 0.

» Given: Truncation error satisfies even power series for h # 0
M — Ny(h) = Kih® + Koh* + K3h® +--- = O (h*), (7)

with (unknown) constants K1, Ky, K3, - - .

‘Goal: Generate higher order approximations‘

» Key: Equation (7) works for any h # 0.



Even power extrapolation, Step |

M — Ny(h) = Kih?*+ Koh* + Ksh® + .- (8)
h . h2 h4 h6
M-N(3) = KG)+KEGE) +KE)°+- (9)
(9)x2°— (8)
21
_ p-2(t-1)
M — Ny(h) = _Kapa 5K3h6—--'—LKth2t_"'7
4 16 3
L RKoh* + KehS 4 K+ =0 (K,  (10)

where  Np(h) = Nl(g) + N(l27)3N1(h)

‘Equation (10) again even power series, but now 4th order.‘




Evan extrapolation, Step Il

M—No(h) = Koh*+ Ksh® 4 Kh? +-..,  (11)
h b, -~ h
M—No(5) = Ka(5) +Ka(5)°+---. (12)
2 2 2
(12)x2'- (11),
24 -1 ’
R?: 6 1—2-2(t=2) ot
M — N3(h) 20h G \ :

hy , No(3)— Na(h

One more even power series, but now 6-th order.‘




Evan extrapolation, Step Il

» Assume

M — Nj(h) = Kih¥ + Kj1h?U+D

» replace h by h/2:

o hoa o~ .
) = Ki(5) + K (370

second equatlon ><4J— first equatlon

-1
3Ki1
M — Niy1(h) = 4(4Jjj 1)h2(1+1)
def ,,  h /Vj(

where  Nji1(h) = N;(5

.. Rth2t 4+
= h

Vb Ke(5)%
2

-0 (h2(j+1))
3) — Nj(h)
4 -1



Richardson’s Evan Extrapolation Table

o(h%) O(h*)  O(h°)  O(h®)
Nl(h)>

Nl(g)} Nz(h)\_:>

Ni(@) N Na(5) N0 Ns(h)\,
Ni(g)—  No(2)— N3(5)—  Na(h)



Evan extrapolation, example
Consider Taylor expansion for a given function f(x) with h > 0:

1 1
f(x+h) = HA+W&M+§W&MAP~+EAW@W+~W

f(x—h) = “@—FQM+%W&ML%~+%ﬂWﬂCwy+~m
Take the difference:
f(x+h) —f(x=h) 1 (2t+1) 2t
o = f/(x)+ +@;ﬁﬁf (x) h?t +

This is an even power series with 2nd order approximation

def f(X-%-h)—f(X—h).

F1(x), ~ Na(h) -




Evan extrapolation, example
Consider Taylor expansion for a given function f(x) with h > 0:

1 1
f(x+h) = H@+W&M+§W&MAP~+EAWHW+~W

f(x—h) = “@—FQM+%W&ML%~+%ﬂWﬂCwy+~m
Take the difference:
f(x+h) —f(x=h) 1 (2t+1) 2t
o = f/(x)+ +@;ﬁﬁf (x) h?t +

This is an even power series with 2nd order approximation

def f(X-%-h)—f(X—h).

F1(x), ~ Na(h) -

4th order approximation

fix) =~ Nl(h)+N1(h)—3N1(2h)

f(x —2h) — 8f(x — h) + 8f(x + h) — f(x 4 2h)
12h '




Evan extrapolation, example

Approximate 1'(2.0) with N;(0.1) and N»(0.1) for f(x) = xe*.
Solution:

f'(x) = (1 + x)e*, therefore f'(2.0) = 3 ~ 22.167.

£(2.1) — £(1.9)

Ni(0.1) = =741

~2 22.229.

f(2.2) — (1.8

N>(0.1) = Nl(h)+N1(h)—3N1(2h)

/2 22.167.



Numerical Integration: general idea

» Goal: Numerical method /quadrature for approximating
b
[5 f(x)dx.



Numerical Integration: general idea
» Goal: Numerical method /quadrature for approximating
fab f(x)dx.
» Approach: Replacing f(x) by a polynomial.
» Choose: n+ 1 pointsa<xpg <x3 < -+ <x, <b.
> Interpolation:

_ Fr(¢(x)) 1 , _ A
f(x) = P(XH_WE(X_XJ)’ P(x) = _ f(x;)Lj(x).

» Approximate Integration:

b b b
/ f(x)dx = (/ P(X)dx) Jr(n—il)l/ F(E(x)) | (x = x;) dx

- (Zajf(x,-))+(njl)! i) TLex - x) o

3

2
‘\m

Ny
—~~
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Numerical Integration: general idea

» Goal: Numerical method /quadrature for approximating
fab f(x)dx
» Approach: Replacing f(x) by a polynomial.
» Choose: n+ 1 pointsa<xpg <x3 < -+ <x, <b.
> Interpolation:

n+1 (

) = PO+ )

X”Hx—xﬂ PLx) = D flg)Li(x).

» Approximate Integration:

b b b
/ f(x)dx = (/ P(X)dx) Jr(n—il)l/ F(E(x)) | (x = x;) dx

Jj=0
. n . . 1 b oi1) n |
) (Z a’ f(x’)) ), D T s) o
n b b (X B Xk)
~ aj f(XJ) with aj Lj(X)dX _ "
j:0 /a /a k;éj (XJ — Xk)



The Trapezoidal Rule: n=1, x; = a,x; = b.
» Linear Interpolation:
(x —x1)

B N (x — x0)
Pl(X) - (XO — Xl)f( 0) + (Xl _XO)

) = P+ 5P (E()(x— x0)(x — ).

f(x),



The Trapezoidal Rule: n=1, x; = a,x; = b.
» Linear Interpolation:
(x —x1)

B . (x — x0)
Pl(X) - (XO — Xl)f( 0) + (Xl — XO)

F) = Pulx) + 5 (€0 x — 0)(x — ).

f(x1),

» Quadrature:

/ab Pi(x)dx = /ab ( K22 ) 4 520 f(xl)) *

(X0 — x1) (x1 — xo0)

X — x1)? X — x0)? Xl
— 5 (B0 + S0 ) ) = 2 (7o) + 7).

2 (XO — Xl) (Xl - XO)




The Trapezoidal Rule: n=1, x; = a,x; = b.
» Linear Interpolation:
(x —x1)

B . (x — x0)
Pl(X) - (XO — Xl)f( 0) + (Xl — XO)

F) = Pulx) + 5 (€0 x — 0)(x — ).

f(x1),

» Quadrature:

/ab P1(x)dx = /ab (&":1)) f(x0) + ((2_2)) f(xl)) dx

_} (X_X1)2 X (X_X0)2 X Xl—l X X
=5 <(X0—x1)f( 0) + (X1—Xo)f( 1)>XO =5 (f(x0) + f(x1))-
» Error:
b1 1 f”(f b
/a §f (EONx = x0)(x —x1)dx = > / x — x0)(x — x1)dx
f‘l/(é-)

= (b—a)’.



Trapezoidal Rule, n=1, xg=a,x;=b, h=b—a

b 3
[ =5 (70 + 7)) - 5 £(9)

E DA



SkmxoWsRuk:n::2,&y:arn::%¥w@::b,h::%;_

» Quadratic Interpolation:

Pa(x;) = f(x;), Jj=0,1,2.

o ex)x—x) o
Pa(x) = (x0 — x1)(x0 — x2) flxo) +

(x — x0)(x — x2)
(Xl - Xo)(Xl - X2) f(Xl)'



Simpson’s Rule: n =2, xg = a,x; = %”’XQ — b, h= %_

» Quadrature Rule

b bix — x1)(x — x» bix — x1)(x — x
/3P2(X)dX_ f(Xo)/a ( )( )) dX—i—f(Xz)/; ( )( 0) dx

(XO — X1)(X0 — X2 (X2 — X1)(X2 — Xo)

+f(X1)/b(X —0)(x ~ xo) dx.

(x1 — x0)(x1 — x2)



Simpson’s Rule:
f(x) = Py(x) + %f(:’;)(g(x))(x — x0)(x — x1)(x — x2).

» Quadrature Error:

b
;/ FOE))(x = x0)(x = x1)(x — x2) dx

®3) b
:f6(§)/a (x — x0)(x — x1)(x — x2) dx

res

=0.

Error estimate wrong. Need better approach. ‘




Simpson's Rule: n=3, xp = a,x = 22, x, = b, h =

2 2 ’

» Cubic Interpolation, x; is double node:

Pi(x) = f(x), j=0,1,2 P3(x1)=F(x).

2 2

X — X2) (x —x)

X0 — X2)

(x —x1)
(X0 —x1)

(x — x0) F(x0)

Psba = (2 — x1)2(x2 — x0)

3 f(xo0) +

(
(
(x — x0)(x — x2) (x — x1)(2x1 — xp — x2)
e (0 ) o)

(x1 —X0)(x1 — X (X1 - Xo)(Xl - X2)

(x = x0)(x = x1)(x — x2) ,
(x1 = x0)(x1 — x2) Fla).




Simpson's Rule: n=3, xp = a,x = 22, x, = b, h =

2 2

» Quadrature Rule

/a 733(x)dx - f(xo)/ ((X - Xl)z

X0 — X1)

) P(x = x1)*(x = x0)
X0 — X2) o+ f(X2)/(X2 —x1)%(x2 — X0) o

%) (1 _ (x—xa)(2a —x - X2)> d

— x2) (x1 —x0) (31 — x2)

(
(
(X - Xp)
)

+f(X1) (X1 o

(x
(xa

L )/ (x —x0)(x —x1)(x —x)

(x1 — x0)(x1 — x2)



Simpson’s Rule: n =3, xg = a,x; = %”’XQ — b, h= %_

» Quadrature Rule

/a 733(x)dx - f(xo)/ ((X —x)’

xo — x1)%(x0 — x2)

x— %)

b(x —x1)%(x — x0)
(x2 — x1)?(x2 — x0)

(
(
+f(x1)/((x _XO;(X - x2) (1 B (x —x1)(2x1 — xp — X2)> dx

X1 — X0 ( —X2) (Xl —Xg)(Xl —X2)

dx

-+ Floa)f

+f’(X1)/ (x —x0)(x —x1)(x —x)

(x1 — x0)(x1 — x2)

g (f(x0) +4f(x1) + f(x2)).

‘Stroke of luck: f’(x1) does not appear in quadrature




Simpson’s Rule:
f(x) = Pa(x) + 5 f (X)) (x = x0)(x = x1)*(x — x2).

» Quadrature Rule:

b b b
/af(x)dx —/a P3(x)dx+:!/a f(4)(§(x))(x—Xo)(x—xl)z(x—xz)dx

_ g (F(x0) + 4F(x1) + F(30))
b
+$ / FOE())(x = x0)(x — x1)2(x — x2) dx

~ g (f(x0) +4f(x1) + f(x2)).

» Quadrature Error:

L [* o )
4l J, FH(E())(x = x0)(x = x1)"(x = x2) dx

(4) b @
_f 2:5)/3 (x — x0)(x — x1)2(x — xa) dx = — " géé) 5



Simpson's Rule: n =3, xp = a,x = L2, 5, = b, h = 252,

b h (
/ f(x)dx = 3 (f(x0) +4f(x1) + f(x2)) —

I FollowjlEhelHomer Simpson
rrul e . Eiends who buy

go%‘l%ends For




Simpson's Rule: n =3, xg

a, x| = agb,x =b, h= T"
(@
/ Flx)e = B (F(0) + 470a) + F(0)) — s e
¥

Wrong:

slopes differ at midpoint

[m]

=

DA



Simpson's Rule: n =3, xp = a,x = L2, 5, = b, h = 252,

/ab f(x)dx =

Wl >

Right: slopes match at midpoint.‘




Example: approximate fo x)dx: Simpson wins

(a) (b) (c) (d) (e) {0
fi) Pt X (L | R S sinx ¢

Exactvalue  2.667 6.400 1.099 2958 1416 6389
Trapezoidal 4000 16000 133 3.326 0909 8389
Simpson's 1667 6.667 L1 2964 1425 64l




Degree of precision

» Degree of precision: the largest positive integer n such that
quadrature formula is exact for xk, for each k=10,1,--- ,n.



Degree of precision

» Degree of precision: the largest positive integer n such that
quadrature formula is exact for xk, for each k=10,1,--- ,n.

» Implication: quadrature formula is exact for all polynomials
of degree at most n.



Degree of precision

» Degree of precision: the largest positive integer n such that
quadrature formula is exact for xk, for each k=10,1,--- ,n.

» Implication: quadrature formula is exact for all polynomials
of degree at most n.

» Simplification: only need to verify exactness on interval [0, 1].



Degree of precision

v

Degree of precision: the largest positive integer n such that
quadrature formula is exact for xk, for each k=10,1,--- ,n.

v

Implication: quadrature formula is exact for all polynomials
of degree at most n.

v

Simplification: only need to verify exactness on interval [0, 1].

DoP = 1 for Trapezoidal Rule, DoP = 3 for Simpson.



