Double nodes (1)

» Given 2 distinct points

(X07 f(XO))7 (X17 f(Xl))
» Interpolating polynomial of degree <1

P(X) = ao+al(X—X0)
with P(x) = f(x0), P(xa)=f(x),

Where Fx1) — F(x0)
X1) — X
ap = f(Xo), dy = :qfxoo



Double nodes (1)
» Given 2 distinct points
(x0, f(x0)), (x1, F(x1))
» Interpolating polynomial of degree <1

P(X) = ao+al(X—X0)
with P(x) = f(x0), P(xa)=f(x),
Where

a=1"f a =
o =f(x), a P

Now let x; — xo, we obtain (Taylor expansion)
P(x) = ap + ai(x — x0),
’ def
where a9 = f(x0), a1 = f'(x0) = f[xo, o]

P(Xo) = f(Xo), P/(X()) = f/(Xo).



Double nodes (1)
» Given 3 distinct points
(%0, f(x0)), (x1, F(x1)), (x2, F(x2)),
> Interpolating polynomial of degree < 2

P(x) = a0+ ai(x — x0) + a2(x — x0)(x — x1),
with P(xo) = f(x0), P(x1)="f(x1), P(x)="f(x),

where we have ag = f[xo], a1 = f[xo, x1],

f —f
2 = f[X07X1,X2] = [X]"Xz] [XO7X]_] .
X2 — X0



Double nodes (1)
» Given 3 distinct points
(x0, f(x0)), (31, F(x1)), (x2, F(2)),
> Interpolating polynomial of degree < 2

P(x) = a0+ ai(x — x0) + a2(x — x0)(x — x1),
with P(xo) = f(x0), P(x1)="f(x1), P(x)="f(x),

where we have ag = f[xo], a1 = f[xo, x1],

flx1, xo] — f[xp, x
a2 = flxo, x1, %] = ba.xe] = flo,a]
X2 — X0

Now let xo = x1, we obtain (mixed interpolation)

f[Xl,XQ] = f/(Xl) = f[Xl,Xl],
a = f[XI’X;] :;EXO,Xl] %l Flxo, 1, 1]
P(x) = ap+ ai(x —x0) + az2(x — x0)(x — x1)

P(xo) = f(x0), P(x1)=f(x1) P'(x1) = f(x1).



Double nodes (I11)

» Given 4 distinct points
(x0, F(x0)), (x1, (x1)), (%2, F(x2)), (33, F(x3)),
> Interpolating polynomial of degree < 3
P(x) = ag+a1(x—xo)+a2(x—x0)(x—x1)+az(x—xo) (x—x1) (x—x2).
where ag = f[xo], a1 = f[xo0, x1], It follows

f[Xl,XQ] — f[Xo,Xl]

o = flxo,x1,x] = —

flx1, x2, x3] — f[x0, x1, X2]

a3 = f[xo,x1,%,x3] = ~ x
3 — X0



Double nodes (1V)

Let x; = xp, and x3 = x». It follows that

a = f[X(),Xl] = f[Xo,X()]
0 flx1, x2] — f[x0, x1] _ flxo0, x2] — f[x0, 0]
2 X2 — Xo X2 — X0
f —f
a3 = flxo,x1,%,x] = bo, 0] = o, X0, 0]
X2 — X0
Hermite Interpolation:
P(x) = ao +a1(x—xo)+a2(x—x0)2 +a3(x—x0)2(x—xz)

P(Xo) = f(Xo), P,(Xo) = f’(Xo), P(X2) = f(XQ), PI(XQ) = f/(XQ).



Newton Divided Differences

> Given m + 1 distinct points

(ZO’ f(ZO)), (217 f(zl))v R (Zm’ f(zm))v

> Interpolating polynomial of degree < m

P(x) = ap+ ai(x—2z)+ ax(x — z0)(x — z1) +
ot amx—z2)(x—z1) - (X — zZm-1),
with P(zg) = f(z), P(z1) =f(z1), -+, P(zm) = f(zm).
» where

aj=flzg,z1,--- ,z], for j=0,1,---,m.



Newton Divided Difference Table
Zj f[Z,'] f[Z,'_l, Z,'] f[Z,'_Q, Zi—1, Z,'] e f[Zo, Z1, ,Zm]
zy flzo] = ag
f[Zo, 21] = al
n flz] f[z0,21,22] = a2
f[Zl, 22]
Z flz] flz1, z2, z3]
f[Zz, 23]
z3 f|z3] flz2, z3, z4]
flz3, z4]
z4 f(za] flzs, za, zs5] o flz0,21, -+ ,Zm] = am
f[Z4, 25]
Z5 flzs] flza, 25, 6]
f[Z5, 26]
Z6 f{ze] flzs, 26, z7]
f[Z6, 27]
z7 flz7] flzes, 27, 28]
flz7, zg]
zZg f[Zg]




Double nodes, m = 2n+ 1, x; = z|j/5|, f[x;, xj| = f'(x;)

X; flxi] flzi-1, zi] flzi—2, zi-1, zi] flzo,z1,- 5 Zm]
X0 f[x()] = 4dg
f[xo,Xo] = a1
X0 f[xo] f[xo, X0, X1] = a2
f[xo, x1]
X1 f[Xl] f[XO7X1; Xl]
fx1, x1]
X1 fx1] fx1, x1, x2]
f[Xl, X2]
X2 f[Xz] f[Xl, X2, X2] f[Xo, X0, " , Xp, Xn]
f[XQ, X2]
X2 f[Xz] f[XQ, X2, X3]
fx2, x3]
X3 f[X3] f[XQ, X3, X3]
f[X3, X3]
X3 f[X3]




Hermite Interpolation

» Given n+ 1 distinct points

(XOv f(XO)v f,(XO))’ (le f(Xl)v f,(Xl))’ Tty (X,,, f(Xﬂ)’ f/(X,,)),

» Interpolating polynomial H(x) of degree <2n+ 1 with

H(xo) = f(x), H'(x0) = f'(x0),
H(x1) = f(xa), H'(x1)=f'(x),

H(x,) = f(xn), H'(x1) = f'(xn).

» 2n+ 2 conditions, 2n + 2 coefficients in H(x).
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Hermite Interpolation: Newton Divided Differences

» Given n+ 1 distinct points

(XOv f(XO)v f/(XO))’ (X17 f(Xl)v f,(Xl))v ) (X,,, f(X,,), f/(X,,)),

» Interpolating polynomial of degree <2n+1

H(X) = ao+al(X—X0)+32(X—X0)2
4 aani1(x — x0)? (x - x1) (x — xn—1)%(x — xn).
aj = flz0,2z1,--,z], for j=0,1,---,2n+1,

with zp; = 2j41 = X| fori=0,1,---,n.



Hermite Interpolation: m =2n+1, f[x;, xj] = f'(x;)

X; flxi] flzi-1, zi] flzi—2, zi-1, zi] flzo,z1,- 5 Zm]
X0 f[x()] = 4dg
f[xo,Xo] = a1
X0 f[xo] f[xo, X0, X1] = a2
f[xo, x1]
X1 f[Xl] f[XO7X1; Xl]
fx1, x1]
X1 fx1] fx1, x1, x2]
f[Xl, X2]
X2 f[Xz] f[Xl, X2, X2] f[Xo, X0, " , Xp, Xn]
f[XQ, X2]
X2 f[Xz] f[XQ, X2, X3]
fx2, x3]
X3 f[X3] f[XQ, X3, X3]
f[X3, X3]
X3 f[X3]




Newton Divided Differences for Hermite Interpolation

| ]
function F = NDD2(x,f,df)

S
% This function implements Newton's Divided Difference Algorithm
% for Hermite Interpolation. f is the vector of function values
% and df vector of derivatives.
%
% Updated by Ming Gu for Math 128A, Spring 2015
%
N = length(x);
x x(:);
xx = reshape(repmat(x',2,1),2%N,1);
f = f(:);
df= df(:);
F = reshape(repmat(f*,2,1),2+N,1);
NN = N * 2;
F(2%(1:N)) = df;
F(1+2%(1:N-1)) = (F(2:N)-F(1:N-1))./(x(2:N)—x(1:N-1));
for k=3:2xN

for j = 2%N:-1:k

F(j) = (F(3)-F(ij-1))/(xx(j)—xx(j—k+1));

end

end

DA



Evaluate Hermite Polynomial given coefficients

function ¥ = EvaluateNDD2(xnew,x,F)

B

% This function evaluates the Hermite interpolating polynomial given
% point xnew, nodes x, and NDF coefficients F

S

n = length(x);

m = length(xnew);

f = F(2%n)*ones(m,1);

z = kron(x(:),ones(2,1));

for k=2%n-1:-1:1

f = F(k) + T .* (xnew—z(k));

m
23
a



Hermite Interpolation on €* on [—1,1]

Hermite Interpolation (red) vs. exact function (blue) for € on [-1, 1], 11 points
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Coefficients a; for Hermite Interpolation

Divided Difference Coefficients, semilog scale
T
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Hermite Interpolation on 02+ —=— on [—1,1]

Hermite Interpolation (red) vs. exact function (blue) for 1/(0.2+x2) on [-1, 1], 21 points
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Coefficients a; for Hermite Interpolation

Divided Difference Coefficients, semilog scale
T T
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Hermite Interpolation

» Given n+ 1 distinct points

(XOv f(XO)v f,(XO))’ (le f(Xl)v f,(Xl))’ Tty (X,,, f(Xﬂ)’ f/(X,,)),

» Interpolating polynomial H(x) of degree <2n+ 1 with

H(xo) = f(x), H'(x0) = f'(x0),
H(x1) = f(xa), H'(x1)=f'(x),

H(x,) = f(xn), H'(x1) = f'(xn).

» 2n+ 2 conditions, 2n + 2 coefficients in H(x).



(Equivalent) Hermite Interpolation Solution

» Given n+ 1 distinct points

(X07 f(X0)7 f/(XO))7 (X17 f(Xl)v f/(xl))7 R (Xm f(Xn)7 fl(Xn))7

» Interpolating polynomial H(x) is
H(x) = 3 F0g) Hi(x) + 3 F'0g) Fi(0),
j=0

where
Hi(x) = (1= 2(x = x)Li(x)) L(x),  Hj(x) = (x =) LF(x),

X — Xj

with Li(x) =[]

I#JXJ._XI.'



(Equivalent) Hermite Interpolation Solution

» Given n+ 1 distinct points

(X07 f(X0)7 f/(XO))7 (X17 f(Xl)v f/(xl))7 R (Xm f(Xn)7 fl(Xn))7

» Interpolating polynomial H(x) is
H(x) = 3 F0g) Hi(x) + 3 F'0g) Fi(0),
j=0

where
Hi(x) = (1= 2(x = x)Li(x)) L(x),  Hj(x) = (x =) LF(x),

X — Xj

with Li(x) =[]

I#JXJ._XI.'



(Equivalent) Hermite Interpolation Solution

» Interpolating polynomial H(x) is

H(x) =" flx) Hi(x) + Y F(x) Hi(x),
j=0 j=0
where
Hi(x) = (1= 2(x = x)Li(x) LF(x),  Hi(x) = (x =) L3 (x)
> For i #j



Hermite Interpolation Error

Theorem: Suppose xg, X1, - - - , X, are distinct numbers in the
interval [a, b] and f € C2"2[a, b]. Then, for each x € [a, b], a
number £(x) between , xg, x1, -+ , x, (hence € (a, b)) exists with

Fer2)(€(x))

f(X) = H(X) + (2n T 2)| (X — X0)2(X — X]_)2 A (X _ Xn)2

)

where H(x) is the interpolating polynomial.



Hermite Interpolation Error: Proof

If x = xg,x1,-**, Xn, then error = 0 and theorem is true. Now

let x be not equal to any node. Define function g for t € [a, b]

g(t) E (F(t) - H(t)) - (F(x) - H(x)) (t = x0)*(t = x1)?--- (t = xp)?

(x — x0)2(x — x1)2 -+ - (x — xp)?

n

(F(t) = H(t)) = (F(x) = HO) ] | (t—x)°

2
2n+2
i (x =) eC [a, b].

Then g(t) vanishes at n+ 2 distinct points:

g(x)=0, g(x)=0, ,for k=0,1,---,n.
and g’(t) vanishes at n+ 1 distinct points:
g'(x)=0, ,for k=0,1,---,n.
There must be a £ between x and nodal points such that

g(2n+2) (5) —0.



Hermite Interpolation Error: Proof

Since

n — x; 2
£ = (F(6) - M) e — (7(6) ~ HOON[T (=)
0 Ji

= A7) — (100~ HOO) [
=0
Therefore

Fer2(E(x))

(2n + 2)! (x — xo)2(x — x1)2 c(x — Xn)27



The Splines Idea

» Given n+ 1 distinct points

(XOa f(XO))’ (Xla f(Xl))v T (Xnv f(X,,)),
» Find cubic spline interpolant S(x),

» for x € [xj,xj41], j=0,1,---,n—1,

S(x) = Si(x) & a; + bi(x — X)) + ¢i(x — x)> + di(x — x})°.

(5(x) piece-wise low-degree polynomial)

> S(XJ): f(XJ) J:O’]-a , .
(5(x) matches f(x) at all nodal points)

> S(x) € C?[x0, Xn].
(5(x) remains smooth-enough)



Carl de Boor: The book about Splines
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The Splines Idea

» Spine Interpolant S(x) for given n+ 1 distinct points
(Xo, f(XO))v (Xla f(xl))a T (X,,, f(X,,)),

noX o on oI AR




The Splines Equations (1)

For x € [xj, xj+1], j=0,1,---,n—1,
S(x) = Si(x) € a; + bi(x — ) + Gi(x — x7)? + di(x — x))*.

» forj=0,1,--- ,n—1,
aj = 5j(x) = f(x)-
> let hj = xj41 — xj, for j=0,1,--- ,n—1,
ajt1 = 5j+1(Xj+1) = SJ(X_,+1) = a; + bjh; + thf + djhj‘?’

bj+cjhj+djhj?:w, j=0,1,---,n—1.
J

This ensures S(x) € C[xp, Xn].



The Splines Equations (II)

For x € [Xjaxj+1]a Jj=01---,n-1,
Si(x) = aj+bi(x —x) + glx — %)% + di(x — x)°
Si(x) = by +2¢(x = x;) +3d;(x — x;)°

» Define b, =S, _1(xp); for j=0,---,n—1,
bjt1 = Sj11(x41) = Sj(x41) = by + 2¢h; + 34,7

This ensures S'(x) € Clxo, Xa]-



The Splines Equations (III)

For x € [xj,xj+1], j=0,1,---,n—1,

Si(x) = aj+ bi(x — x;) + ¢i(x — x)* + dj(x — x)*
S/'(x) = 2¢ +6di(x —x)

» Define ¢, =S/ _1(xn)/2; for j=0,--- ,n—1,
241 = 5741 (g41) = 5 (x11) = 26 + 6djh;.

This ensures S”(x) € C[xo, Xn]-



The Splines Equations (IV)

Forj=0,---,n—1,

261 =2 + 6y, so =T
3h;
ajy1— aj h; ajy1 — aj
bj+cihj+d;h? = 71“/7' I so b= _gf(zcj+cj+1)+7f“h. L
J J

bj+1 = bj +2c;h; + 3dJ'hJ2, so bji1 = bj+ hj(cj + ¢jt1).

Last two equations do not involve d;. Next get rid of b;.



The Splines Equations (V)

Forj=0,---,n—2,

_hin
3

ajy2 — aj
j+2 lj+1
(2611 + ¢it2) h

j+1

w + hi(¢j + ¢jy1),
J

h.
=3+ gu)+
which simplifies to (for j=1,--- ,n—1)

9j+1— 4 4 —

hj,1 Cj—1+ 2(hj,1 + hj) G+ hjCj+1 =3 <
h; hj_1

n — 1 equations with n+ 1 unknowns.



Natural Splines: Sg(x0) = S, _1(x) =0

> o= S!(x0)/2=0, ch=S"_,(xn)/2 = 0.
n—1

> Equations for {¢;}7,

2(h0+h1)C1+h1C2:3 (a2h_al — alh_ao) s
1 0

dj41 — aj aj —aj— .
hjlcjl+2(hj1+hj)cj+hjcj+1:3(J+Ih - Jh : 1>,2§J§n—2,
i J—1
hnf2 Cn—2 + 2(hn72 + hnfl) Cn71:3 n — 9n-1 - =17 9n-2
hn—l hn—2



Natural Splines: equations in matrix form

. n—1
» Equations for {c; gy
2(ho + h1) hy a n—a _ a—a
hy 2(hy + h2) o 21 o
— 3 '
hn—3  2(hy—3 + hy_2) hp—2 Ch2 N Za—1 _ In=17n-2
hn—2 2(hp—2 + hy—1) Cn—1 hn—1 Fn—2

» Equations for {d;j}7_, {bj}7_,,

Ci+1 — G

d; =
/ 3h;

h.
Cand b= g+ gu) +



Clamped Splines: Sj(x0) = f'(x0), S;_1(xa) = f'(xn)
» Equation for ¢y, c1:

h _
flx) = Shx0) = bo = —2(2c0+ 1) + = ho .

2hoco + hpci = 3 (al h_ o f’(x0)> '
0

» Equation for ¢,_1, ¢,:

f'(xn) = Sp_1(Xn) = bn = bp_1+ hp_1(cn-1+ Cn)

hn— an — an—
= - n31(2Cn—1+cn)+”T7:1

+ hn—l(Cn—l + C,,),

which leads to

hp—1Cn—1 + 2hp_1¢ch =3 (f/(xn) _ anh—3:—1> .
e



Clamped Splines: equations in matrix form

» Equations for {¢;}_g,

2ho hg <)} ap 7031 _a1—ag
ho  2(ho + h1) a P TRy
=3 :
hp_o  2(hp_2+ hp_1)  hp_1 Ch1 a";an—l _ an—ﬁlﬂ
hn—1 2h, 1 Cn n—1 n—2
f/(x ) — an—3aph—1
n h
n—1

> Equations for {d;}7_, {bj}7_,,

C; — Cj
o Yn -
di=2- 7

3j+1 — 3
3 + :

h.
Cand b= P2+ gur) + T
J



Clamped Splines

function Splines = ClampedSplines(x,f,df)

-] H B5'H o0 o0 df df oP o
|

T Q0 &k e

Splines.a
Splines.b
Splines.c
Splines.d

This code implements the clamped splines

Written by Ming Gu for Math 128aA, Fall 2008
Updated by Ming Gu for Math 128A, Spring 2015

length(x);

diff(x(:)):;

hs = 3 * Aiff([dE(1l);diff(£(:))./h;df(2)]);

= diag(h,1l)+diag(h,-1)+2*diag([[0;h]+[h;0]1]);

compute the c coefficients. This is a simple
but very slow way to do it.

A \ rhs;

(diff(c)./h)/3;
diff(f(:))./h—(h/3).*(2*c(l:n-1)+c(2:n));
£(:);

b;

<

4a;



Natural Splines, f(x) =€, xo=0,x1 = 1,x = 2,x3 = 3




Clamped Splines, f(x) = e*,
X0 — O,Xl = ].,X2 = 2,X3 = 3, f’(O) = ].7 f’(3) = e3




Splines
» Given n+ 1 distinct points
(XO? f(XO))’ (Xla f(Xl))a MR (Xnv f(Xn))v

» Find cubic spline interpolant S(x) € C?[xo, xn],

S(x) = Si(x) & aj + bi(x — x) + ¢i(x — x)? + dj(x — x;)°

for x € [xj,xj+1], 0<j<n—1.
> S(x) =f(x), 0<j<n

XX X ... X X Xjia cee Xyg Xy X, X




Two flavors of Splines

» Natural Splines: SJ(x0) = S” ;(x,) = 0.

» Clamped Splines: S{(x0) = f'(x0), S,_1(xn) = f'(xn).



A duck in Splines

» A duck in flight

» Goal: to approximate the top profile.



duck top profile
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Duck top profile in Natural Splines, a coefficients
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Duck top profile in 20-degree polynomial interpolation
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Parametric Curves: x = x(t), y = y(t)




Parametric Curve Approximation
» Given n+ 1 distinct points
(X07.y0)a (X17y1)7 T (men)a

where

xi=x(tj), yj=y(t), j=01,---,n.

» Example




Parametric Curve Approximation

» Polynomial interpolation on x = x(t), and y = y(t),
respectively.

x(t) = <<<64t—¥)t+60>t—1—;)t—1,
y(t) = (((—%t+48>t—¥)t+11> t.

(x(®), ¥(2)

—1 1 x




Parametric Curves in Computer Graphics

» Design: Piece-wise cubic Hermite polynomial.

> Feature: Each cubic Hermite polynomial is completely
determined by function/derivative at endpoints.

» Consequence:, Each portion of the curve can be changed
while leaving most of the curve the same.

Iy
&J 'Jujﬂ; ’
S .

4
.
= [~

As duck flies, parametric curve can effectively evolve.




Parametric Curves: Piece-wise cubic Hermite polynomials

» Given: n+ 1 data points (x(t), y(t0)), - , (x(tn), y(tn))-

d
» Given: n -+ 1 derivatives d—y |t:ti' 0<i<n.
Ix

» Find: Piece-wise cubic Hermite polynomial:

X = Xi(t)a y = yl(t)7 fOI' IE [ti7 ti+1]7 0 é ] g n,

such that
xi(t;) = x(t;), yi(t)) =y(ti), xi(tix1) = x(tiz1), yi(tiv1) = y(tiz1),
dy ~yi(t) ly ~ yi(tiv)
e |t:t,- — 7 ’ and — }t:fiﬂ I
dx x!(t;) dx x!(tiy1)

‘8 parameters in x;(t), yi(t) with 6 given conditions for each i.‘




Guidepoints guide slopes (assume [t;, ti+1] = [0, 1])
» The cubic Hermite polynomial x(t) on [0, 1] satisfies

x(0) = x9, x(1) = x1,x'(0) = ap, and x'(1) = a.
» The cubic Hermite polynomial y(t) on [0, 1] satisfies

y(0) = yo, y(1) =y1,y'(0) = Bo, and y'(1) = f1.

» Guidepoints guide slopes

dy _ Do and — |1 = —
dx 't oo’ dx 't '

(xo + a0 + Bo)

ey — ety — B

(g, ¥}
(x0)




Guidepoints, example

» Given end points

(XOaYO) = (O’ O)a and (X17y1) = (170)'



Guidepoints, example
» Given end points

(XOaYO) = (O’ O)a and (Xl,yl) = (170)'

» Given end points

(xo+ a0, y0+ Bo) = (1,1), and (x1—a1,y1—pB1) =(0,1).



Guidepoints, example
» Given end points

(XOaYO) = (O’O)a and (X17y1) = (170)'

» Given end points

(xo+ a0, y0+ Bo) = (1,1), and (x1—a1,y1—pB1) =(0,1).




» The cubic Hermite polynomial x(t) = t satisfies

x(0) =0, x(1)=1,x(0)=1, and x'(1) =1.



» The cubic Hermite polynomial x(t) = t satisfies

x(0) =0, x(1)=1,x(0)=1, and x'(1) =1.

» The cubic Hermite polynomial y(t) = —t? + t satisfies
y(0) =0, y(1)=0,y/(0)=1, and y'(1) = —1.



» The cubic Hermite polynomial x(t) = t satisfies

x(0) =0, x(1)=1,x(0)=1, and x'(1) =1.

» The cubic Hermite polynomial y(t) = —t? + t satisfies
y(0) =0, y(1)=0,y/(0)=1, and y'(1) = —1.

» Slopes



» The cubic Hermite polynomial x(t) = t satisfies

x(0) =0, x(1)=1,x(0)=1, and x'(1) =1.

» The cubic Hermite polynomial y(t) = —t? + t satisfies
y(0) =0, y(1)=0,y/(0)=1, and y'(1) = —1.

» Slopes
dy 1 dy -1
dx lt=0 1 yan dx =1 1
LY
1 \{9. 1) /,"(1. 1)




Numerical Differentiation

Derivative of given function f(x) at xo

f(xo + h) — f(x0)

filo) = flli_r>n0 h
f(Xo + h) — f(Xo)

for small values of h.

%

h

’ How good is this approximation?‘

By Taylor expansion, there is a & between xg and xg + h,

foo+h) = Flxo)+hf(x)+ %/ﬂ £1(€),

f h)—f 1
therefore f'(xp) = o+ f)w bao) _ Eh ().




Numerical Differentiation

f/(XO) — f(XO + hzl - f(XO) o %h f//(g)
f(xo + h) — f(x0)
b .

» forward-difference formula for h > 0,
» backward-difference formula for h < 0.



Numerical Differentiation

f/(XO) _ f(XO + hzl - f(XO) o %h f/l(g)
f(xo+ h) — f(x0)

p .

» forward-difference formula for h > 0,
» backward-difference formula for h < 0.

Slape f*(xg)

ope i




Numerical Differentiation, example

Example: Use the forward-difference formula to approximate the
derivative of f(x) = In(x) at xop = 1.8, using = 0.1,0.05, 0.01.

Because (&) = —1/&2 for & € [xo,x0 + h] C [1.8,1.9], it follows
that the approximation error

1, ., 1| h
E‘hf(g)‘éi 1.82




Numerical Differentiation, example

Example: Use the forward-difference formula to approximate the
derivative of f(x) = In(x) at xop = 1.8, using = 0.1,0.05, 0.01.

Because (&) = —1/&2 for & € [xo,x0 + h] C [1.8,1.9], it follows
that the approximation error

%\h el <;

211.82|
f(18+H) - F(18) i
h 18+h LR
fLE+H) p AL8P
0.1 0.64185380 0.5406722 0.0154321
0.05 0.61518564 0.5470705 0.0077160

0.01 (.59332685 (.5540180 (0.0015432



Numerical Differentiation, via polynomial interpolation

Suppose that {xp, x1, -, Xxp} are n+ 1 distinct numbers,

X) = y x:)L;(x w ; X—X; i\xX) = x = )
f()(jzof(J)Lj( ))+ CE] H)( i) Lf()_g(@—x;)’

for some £(x).



Numerical Differentiation, via polynomial interpolation

Suppose that {xp, x1, -, Xxp} are n+ 1 distinct numbers,
- FD(E(x) T (x — xi)
= (Jz; f(Xj)Lj(X)> +W H)(X—Xi), Lj(x) = g (x — xi)’

for some £(x). So

, FrDEx)\ d [
= (Growen) - (7T) & fe-o)
d (fDE) N (T
+dx< (n+1)! )(g(x_xf)>'

Messy. But last term =0 for x = xx, k =0,1,--- | n




Numerical Differentiation, via polynomial interpolation

n Flo1) ¢
f/(xk) = 2 f XJ L’ Xk ) + ((n—|—]_) (ll;{(xk — Xj )

n

F ) L (x)-
j=0

Q

‘(n + 1)-point formula, works for any nodal choices. ‘




3-point formulas (n =2), j =0,1,2

(x=x1)(x = x7) ) L-x-n
= T wehave L) =
W -nm-n) o ) (xg - x1)(1p - 12)



3-point formulas (n =2), j =0,1,2

(x=x1)(x = x7) ) L-x-n
= e Wehave LX) = e,
W -nm-n) o ) (xg - x1)(1p - 12)
-x-n d=-x-x

and Ly(x) =

L.' - P ——
i (11 = x)(x; = x2) T - w)n-x)



3-point formulas (n =2), j =0,1,2

(x=x)(x - x) , Lo-x -
=T wehwe L) =
G-np-m) ) (xg = 11)(1 = x9)

; L-xn-xn ; Li-x-x
L=—"" ad L= —
1) (X1 = x)(x) - x2) tnd Ly (X —xp)(x = x1)

x Xp — X2
f(x)—f(Xn}[W} tf J}[m}

2x; —
+f{2)[ R

3 _
(2 — x0) Gz ]+ ! (5)]‘[(4 )

&:—J



3-point formulas (n = 2), equi-spaced nodes
Choose x; = xp + h,xo = xp + 2h, with h # 0.

’ a 1 3 5 | K 3
f{Iﬂ}—E —Ef(-flﬂ+ f'[-fj}—ﬁf{xﬂ +§f (&n).



3-point formulas (n = 2), equi-spaced nodes
Choose x; = xp + h,xo = xp + 2h, with h # 0.

o L[ 3 5 1 K )
f{Iﬂ}—ﬁ —Ef(-flﬂ-F f(xj}—iffxﬂ +§f (&n).

, 11 3 1 i
[0 = {—iﬂxﬂ) +2/ G+~ 5 [+ :zm] + ?f[s](,Eo),



3-point formulas (n = 2), equi-spaced nodes
Choose x; = xp + h,xo = xp + 2h, with h # 0.

o L[ 3 5 1 K )
f{m}—ﬁ —if(-flﬂ-F f(xj}—iffxz} +§f (&n).

11 3 1 i
[0 = {—iﬂxﬂ) +2/ G+~ 5 [+ zm] + ?f”‘ (&),

( +h}—1 1{} 1{ +2h) E"“f]
[ ixo —h—zfxn+2fxn —6f &),



3-point formulas (n = 2), equi-spaced nodes
Choose x; = xp + h,xo = xp + 2h, with h # 0.

o L[ 3 5 1 K @
f{m}—ﬁ —if(-flﬂ-F f(xj}—iffxz} +§f (&n).

11 3 1 i
[0 = {—iﬂxﬂ) +2/ G+~ 5 [+ zm] + ?f”‘ (&),

( +h}—1 1{} 1{ +2h) E"“f]
[ ixo —h—zfxn+2fxn —6f &),

111 3 B
flotd)=+ Eﬂxﬂ) -2 +1)+ 5[0t zh)] n ?fm(,fz)-



5-point formulas, equi-spaced nodes

Choose x; = xg — h,xo = xp — 2h, x3 = xo + h, x4 = xp + 2h,with

h# 0.

| If
)= o= 20 8= 4300 +1)- g +2h)]+ﬁf“’ifl.



Second order derivatives, equi-spaced points

1 1
f(XO -+ h) = f(Xo) + f/(Xo) h+ §f”(X0) W + gf,/,(Xo) h3

1

0] 4

1 1

f(xo—h) = f(xo)—f(x)h+ 5f”(xo) h? — 6f’”(xo) h3

1

— @) p*.



Second order derivatives, equi-spaced points

1 1
f(XO -+ h) = f(Xo) + f/(Xo) h+ §f”(X0) W + afm(Xo) h3
1
— f(4) 4

1 1
f(xo—h) = f(xo)—f(x)h+ 5f”(xo) h? — 6f’”(xo) h3

1
— @ (e Y pA
()

Adding up, terms with difference signs cancel,

Foo+h) 4 Floo— ) = 2f(0) + o) I+ o (F9(E,) + FO( )

4
= 2f(x0) + f(x0) W + %f(“)(g).



Second order derivatives, equi-spaced points

1 1
f(XO -+ h) = f(Xo) + f/(Xo) h+ §f//(X0) W + afm(Xo) h3
1
— f(4) 4

1 1
f(xo—h) = f(xo)—f(x)h+ 5f”(xo) h? — 6f’”(xo) h3

1
— @ (e Y pA
()

Adding up, terms with difference signs cancel,

Foo+h) 4 Floo— ) = 2f(0) + o) I+ o (F9(E,) + FO( )

4
= 2f(x0) + f(x0) W + %f(“)(g).

Therefore
f(Xo+h)—|—f(X0—h)—2f(X0) 7/772

1" _
Fio) = h2 12

F(E).




Round-Off Error Instability

(For example) three-point midpoint formula

f/(Xo) _ f(XO + h)2_hf(X0 - h) - h62f(3)(£)

> every step in the computation could incur round-off error.
» division by 2h could magnify round-off error.

Assume round-off error model
f(xo+h) = F(xo+h)+e(xo+h) and F(xo—h) = F(xo—h)+e(xo—h),

where |e(xo + h)| <€, |e(xo — h)| < €. No other round-off errors.



It follows

Flo) Fxo + h)2—hA(x0 —h) _ elo+ h)2—he(x0 —h /: F9)e)




It follows

ooy TN =Flo k) _ elath—ebo=h) K g
?(xo—i—h)z—h/\(x()—h) e(X0+h)2_/7e(X0_h) +l762’f(3)(§)"

f'(x0) —

Assume |e(xo + h)| < €, |e(xo — h)| < € and |FG)(&)| < M, an
upper bound on |f(3)(x)|,

~ ~

f(xo+ h) —f(xo— h)
2h

2
M def ,p)

f'(x0) — < —+

€
h 6




Round-Off Error Instability: optimal h choice

e MHh

= () =0 ()

e(hmin) = % <9/\€/12>§ -0 (ei) .

e(h) becomes large if h i s too small or too big

is smallest at

W=

with

1esa

1es3p




